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Abstract. The purpose of this paper is to establish the formulas on the power of

the normal bundle associated to an immersion of the real projective space RPn in the

Euclidean space Rnþk , and apply them to the problem of extendibility and stable

extendibility. Furthermore, we give an example of a 2-dimensional R-vector bundle

over RP2 that is stably extendible to RP3 but is not extendible to RP3.

1. Introduction

Let F stand for either the real number field R or the complex number field

C, and let X be a space and A its subspace. A t-dimensional F -vector bundle

z over A is said to be extendible (respectively stably extendible) to X , if and

only if there is a t-dimensional F -vector bundle over X whose restriction to A

is equivalent (respectively stably equivalent) to z, that is, if and only if z

is equivalent (respectively stably equivalent) to the induced bundle i�a of a

t-dimensional F -vector bundle a over X under the inclusion map i : A ! X (cf.

[11, p. 20], [12, p. 191 and p. 209] and [3, p. 273–p. 274]). For simplicity, we

use the same letter for a vector bundle and its equivalence class.

We study the question:

Determine the dimension n for which an F -vector bundle over RPn is

extendible (or stably extendible) to RPm for every mb n.

The answers are obtained for the tangent bundle t ¼ tðRPnÞ of the real

projective n-space RPn in [8, Theorem 4.2], its complexification ct in [7,

Theorem 1], the square t2 ¼ tðRPnÞn tðRPnÞ and its complexification ct2 in

[5, Theorems 4 and 5], and the power t r ¼ tðRPnÞn � � �n tðRPnÞ (r-fold) and

its complexification ctr in [10, Theorems A and B], wheren denotes the tensor

product and r > 0.
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The purpose of this paper is to study the question for the power

nr ¼ nn � � �n n (r-fold) of the normal bundle n of an immersion of RPn in

Rnþk and its complexification cnr, where r > 0 and k > 0. The partial answer

to the question above are obtained in [9, Theorems B and D] and [6, Theorems

2 and 4].

The following results on n and n2 were obtained.

Theorem 1.1 (cf. [9, Theorem B]). Let n be the normal bundle associated

to an immersion of RPn in Rnþk, and let nþ 1a ka nþ 12. Then the fol-

lowing three conditions are equivalent:

( i ) n is extendible to RPm for every mb n.

( ii ) n is stably extendible to RPm for every mb n.

(iii) 1a na 8.

Theorem 1.2 (cf. [6, Theorem 2]). Let n2 be the square of the normal

bundle n associated to an immersion of RPn in R2nþ1. Then the following three

conditions are equivalent:

( i ) n2 is extendible to RPm for every mb n.

( ii ) n2 is stably extendible to RPm for every mb n.

(iii) 1a na 17 or n ¼ 20; 21.

The first purpose of this paper is to obtain the answer for the r-fold power

nr. Denote by fðnÞ the number of integers s such that 0 < sa n and s1 0; 1; 2

or 4 mod 8. Then we have

Theorem A. Let k, n and r be positive integers with n < kr, and let

nr ¼ nn � � �n n be the r-fold power of the normal bundle n associated to an

immersion of RPn in Rnþk. Then the following three conditions are equivalent:

( i ) n r is extendible to RPm for every mb n.

( ii ) n r is stably extendible to RPm for every mb n.

(iii) There is an integer a satisfying

ð2nþ k þ 2Þr � kr
a a2fðnÞþ1

a ð2nþ k þ 2Þr þ kr:

If r ¼ 1 and nþ 1a ka nþ 12, condition (iii) is equivalent to the con-

dition: 1a na 8, and if r ¼ 2 and k ¼ nþ 1, it is equivalent to the condition:

1a na 17 or n ¼ 20; 21. (Note that 2fðnÞ > 2nþ 13 for nb 9 and that there

does not exist any integer a such that 4ðnþ 1Þ2 a a2fðnÞ a 5ðnþ 1Þ2 for

n ¼ 18; 19 and nb 22.) Hence Theorem A is a generalization of Theorems 1.1

and 1.2.

The following results on cn and cn2 were obtained.

Theorem 1.3 (cf. [9, Theorem D]). Let cn be the complexification of the

normal bundle n associated to an immersion of RPn in Rnþk, and let

nþ 1a ka nþ 8. Then the following three conditions are equivalent:
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( i ) cn is extendible to RPm for every mb n.

( ii ) cn is stably extendible to RPm for every mb n.

(iii) 1a na 9.

Theorem 1.4 (cf. [6, Theorem 4]). Let cn2 be the complexification of the

square n2 of the normal bundle n associated to an immersion of RPn in R2nþ1.

Then the following three conditions are equivalent:

( i ) cn2 is extendible to RPm for every mb n.

( ii ) cn2 is stably extendible to RPm for every mb n.

(iii) 1a na 18 or n ¼ 20; 21.

The second purpose of this paper is to obtain the answer for the com-

plexification cnr of the r-fold power nr. For a real number x, let ½x� denote the

largest integer n with na x and let hxi denote the smallest integer n with

xa n. Then we have

Theorem B. Let k, n and r be positive integers with hn=2ia kr. Then,

for the complexification cnr ¼ cðnn � � �n nÞ of the r-fold power nr of the normal

bundle n associated to an immersion of RPn in Rnþk, the following three

conditions are equivalent:

( i ) cnr is extendible to RPm for every mb n.

( ii ) cnr is stably extendible to RPm for every mb n.

(iii) There is an integer b satisfying

ð2nþ k þ 2Þr � kr
a b2½n=2�þ1

a ð2nþ k þ 2Þr þ kr:

If r ¼ 1 and nþ 1a ka nþ 8, condition (iii) is equivalent to the con-

dition: 1a na 9, and if r ¼ 2 and k ¼ nþ 1, it is equivalent to the condition:

1a na 18 or n ¼ 20; 21. (Note that 2½n=2� > 2nþ 9 for nb 10 and that there

does not exist any integer b such that 4ðnþ 1Þ2 a b2½n=2� a 5ðnþ 1Þ2 for n ¼ 19

and nb 22.) Hence Theorem B is a generalization of Theorems 1.3 and 1.4.

In the proof of Theorem 2.2 of [9], it is shown that the tangent bundle

tðSnÞ of the standard n-sphere Sn is stably extendible to Snþ1 but is not

extendible to Snþ1 if n0 1; 3; 7. In this paper we have

Theorem C. There is a 2-dimensional R-vector bundle over RP2 that is

stably extendible to RP3 but is not extendible to RP3.

This paper is arranged as follows. In Section 2 we establish the formulas

on the r-fold power nr ¼ nn � � �n n of the normal bundle n associated to an

immersion of the real projective n-space RPn in the Euclidean ðnþ kÞ-space
Rnþk. In Section 3 we apply the results in Section 2 to the problem of

extendibility and stable extendibility of the r-fold power nr and give a proof of

Theorem A. In Section 4 we establish the formulas on the complexification
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cnr ¼ cðnn � � �n nÞ of nr. In Section 5 we study the problem of extendibility

and stable extendibility of cn r and prove Theorem B. In Section 6 we recall

some known results and prove Theorem C by using them.

The authors wish to express sincere thanks to the referee for valuable

suggestions.

2. The r-fold power of the normal bundle associated to an immersion of

RPn in Rnþk

Let xn denote the canonical line bundle over RPn. Then we have

Theorem 2.1. Let nr ¼ nn � � �n n be the r-fold power of the normal

bundle n associated to an immersion of RPn in Rnþk, where k > 0. Then the

following holds in the Grothendieck group KOðRPnÞ.

nr ¼ �2�1fð2nþ k þ 2Þr � krgxn þ 2�1fð2nþ k þ 2Þ r þ krg:

Proof. Let t ¼ tðRPnÞ be the tangent bundle of RPn. Then tl 1 ¼
ðnþ 1Þxn and tl n ¼ nþ k, where l denotes the Whitney sum. Hence n ¼
nþ k þ 1� ðnþ 1Þxn in KOðRPnÞ. So the equality holds for r ¼ 1.

Assume that the formula holds for rb 1. Then

nrþ1 ¼ nn nr

¼ f�ðnþ 1Þxn þ ðnþ k þ 1Þg

� ½�2�1fð2nþ k þ 2Þr � krgxn þ 2�1fð2nþ k þ 2Þr þ krg�

¼ �2�1fð2nþ k þ 2Þrþ1 � krþ1gxn þ 2�1fð2nþ k þ 2Þrþ1 þ krþ1g

since xn n xn ¼ 1. Hence the equality holds for any positive integer r by

induction on r. r

Using Theorem 2.1, we obtain

Theorem 2.2. For any positive integer r and any integer a, the following

holds in KOðRPnÞ.

nr ¼ 2�1fa2fðnÞþ1 � ð2nþ k þ 2Þr þ krgxn þ 2�1fð2nþ k þ 2Þr þ kr � a2fðnÞþ1g:

Proof. Adding a2fðnÞðxn � 1Þ ¼ 0 (cf. [1, Theorem 7.4]) to the equality in

Theorem 2.1, we have the desired equality. r

Theorem 2.3. Assume that there is an integer a satisfying

ð2nþ k þ 2Þr � kr
a a2fðnÞþ1

a ð2nþ k þ 2Þr þ kr:

Then
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nr ¼ 2�1fa2fðnÞþ1 � ð2nþ k þ 2Þr þ krgxn l 2�1fð2nþ k þ 2Þr þ kr � a2fðnÞþ1g

holds as R-vector bundles if n < kr.

Proof. Set X ¼ 2�1fa2fðnÞþ1 � ð2nþ k þ 2Þr þ krg and Y ¼ 2�1fð2nþ
k þ 2Þr þ kr � a2fðnÞþ1g. Then, by the assumption, X b 0 and Y b 0, and, by

Theorem 2.2, nr ¼ Xxn þ Y in KOðRPnÞ. If nð¼ dim RPnÞ < krð¼ dim nr ¼
dimðXxn lYÞÞ, we have nr ¼ Xxn lY as R-vector bundles (cf. [2, Theorem

1.5, p. 100]). r

3. Stable extendibility of the r-fold power of the normal bundle associated

to an immersion of RPn in Rnþk

We recall the following result.

Theorem 3.1 (cf. [8, Theorem 4.1]). Let z be a t-dimensional R-vector

bundle over RPn. Assume that there is a positive integer l such that z is stably

equivalent to ðtþ lÞxn and tþ l < 2fðnÞ. Then n < tþ l and z is not stably

extendible to RPtþl .

We prove

Theorem 3.2. Let nr be the r-fold power of the normal bundle n associated

to an immersion of RPn in Rnþk, where r > 0 and k > 0. Then nr is stably

extendible to RPm for every mb n if and only if there is an integer a satisfying

ð2nþ k þ 2Þ r � kr
a a2fðnÞþ1

a ð2nþ k þ 2Þr þ kr:

Proof. First, we prove the ‘‘if ’’ part. Let X and Y be defined as in

the proof of Theorem 2.3. Then X b 0 and Y b 0 by the assumption, and

nr ¼ Xxn þ Y by Theorem 2.2. Since Xxn lY is extendible to RPm for every

mb n and since dim nr ¼ kr ¼ dimðXxn lYÞ, nr is stably extendible to RPm

for every mb n (cf. [7, Lemma 2.1]).

To prove the ‘‘only if ’’ part, we prove the contraposition. Assume that

every integer a satisfies

a2fðnÞþ1 < ð2nþ k þ 2Þr � kr or ð2nþ k þ 2Þr þ kr < a2fðnÞþ1:

Clearly there is an integer a with a2fðnÞþ1 < ð2nþ k þ 2Þr � kr. Define

A as the maximum integer such that A2fðnÞþ1 < ð2nþ k þ 2Þr � kr. If A

satisfies A2fðnÞþ1 a ð2nþ k þ 2Þr þ kr � 2fðnÞþ1, we have ð2nþ k þ 2Þr � kr a

ðAþ 1Þ2fðnÞþ1 a ð2nþ k þ 2Þr þ kr and these are inconsistent with our

assumption. Hence A satisfies

A2fðnÞþ1 > ð2nþ k þ 2Þr þ kr � 2fðnÞþ1:
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Putting z ¼ nr, t ¼ kr and l ¼ 2�1fA2fðnÞþ1 � ð2nþ k þ 2Þr � kr þ 2fðnÞþ1g in

Theorem 3.1, we see that nr is not stably extendible to RPtþl , since tþ l < 2fðnÞ

and l > 0.

Clearly there is an integer a with ð2nþ k þ 2Þ r þ kr < a2fðnÞþ1. Define

B as the minimum integer such that ð2nþ k þ 2Þr þ kr < B2fðnÞþ1. If B

satisfies B2fðnÞþ1 b ð2nþ k þ 2Þr � kr þ 2fðnÞþ1, we have ð2nþ k þ 2Þr � kr a

ðB� 1Þ2fðnÞþ1 a ð2nþ k þ 2Þr þ kr and these are inconsistent with our

assumption. Hence B satisfies

B2fðnÞþ1 < ð2nþ k þ 2Þr � kr þ 2fðnÞþ1:

Putting z ¼ nr, t ¼ kr and l ¼ 2�1fB2fðnÞþ1 � ð2nþ k þ 2Þr � krg in Theorem

3.1, we see that nr is not stably extendible to RPtþl , since tþ l < 2fðnÞ and

l > 0. r

Proof of Theorem A. According to Theorem 2.2 in [9], for mb n, nr is

extendible to RPm if and only if nr is stably extendible to RPm, provided

n < kr. Hence the result follows from Theorem 3.2. r

4. The complexification of the r-fold power of the normal bundle associated

to an immersion of RPn in Rnþk

Complexifying the equality in Theorem 2.1, we have

Theorem 4.1. Let cn r ¼ cðnn � � �n nÞ be the complexification of the r-fold

power nr of the normal bundle n associated to an immersion of RPn in Rnþk,

where r > 0 and k > 0. Then the following holds in the Grothendieck group

KðRPnÞ.

cnr ¼ �2�1fð2nþ k þ 2Þr � krgcxn þ 2�1fð2nþ k þ 2Þr þ krg;

where cxn denotes the complexification of xn.

Using Theorem 4.1, we obtain

Theorem 4.2. In KðRPnÞ

cnr ¼ 2�1fb2½n=2�þ1 �ð2nþ k þ 2Þr þ krgcxn þ 2�1fð2nþ k þ 2Þr þ kr � b2½n=2�þ1g

holds for any integer b.

Proof. Adding b2½n=2�ðcxn � 1Þ ¼ 0 (cf. [1, Theorem 7.3]) to the equality

in Theorem 4.1, we have the desired equality. r

Using Theorem 4.2, we obtain

Theorem 4.3. Assume that there is an integer b satisfying
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ð2nþ k þ 2Þr � kr
a b2½n=2�þ1

a ð2nþ k þ 2Þr þ kr:

Then

cnr ¼ 2�1fb2½n=2�þ1 � ð2nþ k þ 2Þr þ krgcxnl2�1fð2nþ k þ 2Þr þ kr � b2½n=2�þ1g

holds as C-vector bundles, if hn=2ia kr.

Proof. Set V ¼ 2�1fb2½n=2�þ1 � ð2nþ k þ 2Þr þ krg and W ¼ 2�1fð2n þ
k þ 2Þr þ kr � b2½n=2�þ1g. Then, by the assumption, V b 0 and W b 0, and

by Theorem 4.2, cnr ¼ Vcxn þW in KðRPnÞ. If hn=2ið¼ hðdim RPnÞ=2iÞa
krð¼ dim cnr ¼ dimðVcxn lWÞÞ, we have cnr ¼ Vcxn lW as C-vector bun-

dles (cf. [2, Theorem 1.5, p. 100]). r

5. Stable extendibility of the complexification cn r

We recall the following result.

Theorem 5.1 (cf. [8, Theorem 2.1]). Let z be a t-dimensional C-vector

bundle over RPn. Assume that there is a positive integer l such that z is stably

equivalent to ðtþ lÞcxn and tþ l < 2½n=2�. Then ½n=2� < tþ l and z is not stably

extendible to RP2tþ2l .

Theorem 5.2. Let nr be the r-fold power of the normal bundle n associated

to an immersion of RPn in Rnþk, where r > 0 and k > 0, and let cnr be its

complexification. Then cnr is stably extendible to RPm for every mb n if and

only if there is an integer b satisfying

ð2nþ k þ 2Þr � kr
a b2½n=2�þ1

a ð2nþ k þ 2Þr þ kr:

Proof. First, we prove the ‘‘if ’’ part. Let V and W be defined as in the

proof of Theorem 4.3. Then V b 0 and W b 0 by the assumption, and

cnr ¼ Vcxn þW by Theorem 4.2. Since Vcxn lW is extendible to RPm for

every mb n and since dim cnr ¼ kr ¼ dimðVcxn lWÞ, cnr is stably extendible

to RPm for every mb n (cf. [7, Lemma 2.1]).

To prove the ‘‘only if ’’ part, we prove the contraposition. Assume that

every integer b satisfies

b2½n=2�þ1 < ð2nþ k þ 2Þr � kr or ð2nþ k þ 2Þr þ kr < b2½n=2�þ1:

Clearly there is an integer b with b2½n=2�þ1 < ð2nþ k þ 2Þr � kr. Define

C as the maximum integer such that C2½n=2�þ1 < ð2nþ k þ 2Þr � kr. If C

satisfies C2½n=2�þ1 a ð2nþ k þ 2Þr þ kr � 2½n=2�þ1, we have ð2nþ k þ 2Þr � kr a

ðC þ 1Þ2½n=2�þ1 a ð2nþ k þ 2Þr þ kr and these are inconsistent with our

assumption. Hence C satisfies
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C2½n=2�þ1 > ð2nþ k þ 2Þr þ kr � 2½n=2�þ1:

Putting z ¼ cnr, t ¼ kr and l ¼ 2�1fC2½n=2�þ1 � ð2nþ k þ 2Þr � kr þ 2½n=2�þ1g
in Theorem 5.1, we see that cnr is not stably extendible to RP2tþ2l , since

tþ l < 2½n=2� and l > 0.

Clearly there is an integer b with ð2nþ k þ 2Þr þ kr < b2½n=2�þ1. Define

D as the minimum integer such that ð2nþ k þ 2Þr þ kr < D2½n=2�þ1. If D

satisfies D2½n=2�þ1 b ð2nþ k þ 2Þr � kr þ 2½n=2�þ1, we have ð2nþ k þ 2Þr � kr a

ðD� 1Þ2½n=2�þ1 a ð2nþ k þ 2Þr þ kr and these are inconsistent with our

assumption. Hence D satisfies

D2½n=2�þ1 < ð2nþ k þ 2Þr � kr þ 2½n=2�þ1:

Putting z ¼ cn r, t ¼ kr and l ¼ 2�1fD2½n=2�þ1 � ð2nþ k þ 2Þr � krg in Theorem

5.1, we see that cnr is not stably extendible to RP2tþ2l , since tþ l < 2½n=2� and

l > 0. r

Proof of Theorem B. According to Theorem 2.3 in [9], for mb n, cn r is

extendible to RPm if and only if cnr is stably extendible to RPm, provided

hn=2ia kr. Hence the result follows from Theorem 5.2. r

6. Proof of Theorem C

We recall some known results.

Theorem 6.1 (cf. [11, Theorem 1]). Let z be a 2-dimensional R-vector

bundle over RPn, where nb 3. Then z is equivalent to a sum of two line

bundles, that is, z is equivalent to one of the bundles: 2, 2xn or xn l 1.

Theorem 6.2 (cf. [4, p. 490 and p. 501]). Let z be a non-orientable n-

dimensional R-vector bundle over RPn, where n is even. Then there is an infinite

number of equivalent classes of n-dimensional R-vector bundles over RPn which

are stably equivalent to z.

Proof of Theorem C. Consider the bundle x2 l 1 over RP2. By

Theorem 6.2, there are infinitely many 2-dimensional R-vector bundles over

RP2 which are not equivalent to each other but are stably equivalent to x2 l 1,

since x2 l 1 is non-orientable. Let a be a 2-dimensional R-vector bundle over

RP2 which is stably equivalent to x2 l 1 but is not equivalent to x2 l 1. Then

a is stably extendible to RP3, since x2 l 1 is extendible to RP3. But a is

not extendible to RP3. In fact, if there is a 2-dimensional R-vector bundle

b over RP3 such that the restriction of b to RP2 is equivalent to a, then b

is equivalent to one of the bundles: 2, 2x3 or x3 l 1, by Theorem 6.1. So a is

equivalent to one of the bundles: 2, 2x2 or x2 l 1. This is impossible. r
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