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Abstract. We will give an explicit description of non-commutative extensions over an

Fp-algebra of the additive group scheme (resp. the additive formal group scheme) by the

group scheme (resp. the formal group scheme) which gives a deformation of the additive

group scheme to the multiplicative group scheme (resp. the additive formal group

scheme to the multiplicative formal group scheme).

Introduction

In the previous work [2] we gave an explicit description on the non-

commutative extensions of ĜGa;A by ĜGm;A or of Ga;A by Gm;A when A is a ring

of characteristic p > 0. More precisely, we have constructed isomorphisms

ðKer½F : WðAÞ ! WðAÞ�ÞN !@ H 2ðĜGa;A; ĜGm;AÞ=H 2
0 ðĜGa;A; ĜGm;AÞ

and

ðKer½F : ŴWðAÞ ! ŴWðAÞ�ÞðNÞ !@ H 2ðGa;A;Gm;AÞ=H 2
0 ðGa;A;Gm;AÞ;

using the Artin-Hasse exponential series. Our aim of this article is to

generalize the isomorphisms to those for ĜG
ðMÞ
A instead of ĜGm;A. Here

GðMÞ ¼ Spec Z½T ; 1=ð1þMTÞ� is a group scheme giving a deformation of Ga

to Gm (the definition is mentioned in 3.1). More precisely, our result is stated

as follows.

Theorem. Let A be an Fp½M �-algebra. Then the correspondence

ðarÞrb1 7!
QðMÞ

rb1 E
ðMÞ
p ðar;XY prÞ induces bijective homomorphisms

ðKer½F ðMÞ : W ðMÞðAÞ ! W ðMÞðAÞ�ÞN !@ H 2ðĜGa;A; ĜG
ðMÞ
A Þ=H 2

0 ðĜGa;A; ĜG
ðMÞ
A Þ

and
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ðKer½F ðMÞ : ŴW ðMÞðAÞ ! ŴW ðMÞðAÞ�ÞðNÞ !@ H 2ðGa;A;G
ðMÞ
A Þ=H 2

0 ðGa;A;G
ðMÞ
A Þ;

where
QðMÞ

denotes the product for the multiplication in ĜGðMÞðAÞ or GðMÞðAÞ.

(Theorem 3.5. For the notation, see the section 3.)

Now we explain the contents of the article.

In the first two sections, we recall necessary facts to state the main

result. At first, we give a short review on Witt vectors WðAÞ and a variant of

Witt vectors W ðMÞðAÞ, defined by [6]. In the section 2, we recall the definition

of the second Hochschild cohomology groups H 2ðG;HÞ for formal group

schemes or group schemes G and H, mentioning the main result concerning

H 2ðĜGa;A; ĜGm;AÞ and H 2ðGa;A;Gm;AÞ in the previous work [2].

In the section 3, the main theorem is stated and proved. It is crucial that

we have a splitting exact sequence of formal group schemes

0 ! ĜG
ðMÞ
A ! dY

B=A

Gm;B

Y
B=A

Gm;B

0@ 1A! ĜGm;A ! 0

and a splitting exact sequence of group schemes

0 ! W ðMÞ !
Y
B=A

WB ! WA ! 0;

where A ¼ Z½M �, B ¼ A½t�=ðt2 �MtÞ and
Q
B=A

denotes the Weil restriction

functor. Furthermore, we obtain a commutative diagram with splitting exact

rows

0 ���! W ðMÞðAÞ ���! WðBÞ ���! WðAÞ ���! 0

x
ðMÞ
r;A

???y xr;B

???y xr;A

???y
0 ���! Z2ðĜGa;A; ĜG

ðMÞ
A Þ ���! Z2ðĜGa;B; ĜGm;BÞ ���! Z2ðĜGa;A; ĜGm;AÞ ���! 0;

which allows us to deduce the theorem from the main result in [2].

In the section 4, we discuss functorialities concerning H 2ðĜGa;A; ĜG
ðMÞ
A Þ.
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Notation

p: a prime number

A: Fp-algebra
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Ga;A: the additive group scheme over A

Gm;A: the multiplicative group scheme over A

WA: the group scheme of Witt vectors over A

ĜGa;A: the additive formal group scheme over A

ĜGm;A: the multiplicative formal group scheme over A

ŴWA: the formal group scheme of Witt vectors over A

H 2ðG;HÞ: the Hochschild cohomology group consisting of 2-cocycles of G with

coe‰cients in H for formal group schemes or group schemes G and H

B�: the multiplicative group GmðBÞ for a commutative ring B

MN (resp. MðNÞ):
Q

i AN Mi (resp. 0i AN Mi) where Mi ¼ M for a commutative

group M

lM: Ker½l : M ! M � for an endomorphism l of a commutative group M.

1. Witt vectors

We start with reviewing necessary facts on Witt vectors. For details, see

Demazure-Gabriel [1, Chap. V] or Hazewinkel [3, Chap. III].

1.1. For each rb 0, we denote by FðTÞ ¼ FrðT0;T1; . . . ;TrÞ the so-called

Witt polynomial

FrðTÞ ¼ T
pr

0 þ pT
pr�1

1 þ � � � þ prTr

in Z½T� ¼ Z½T0;T1; . . . ;Tr�. We define polynomials

SrðX ;YÞ ¼ SrðX0; . . . ;Xr;Y0; . . . ;YrÞ;

PrðX ;YÞ ¼ PrðX0; . . . ;Xr;Y0; . . . ;YrÞ

in Z½X ;Y � ¼ Z½X0;X1; . . . ;Xr;Y0;Y1; . . . ;Yr� inductively by

FrðS0ðX ;YÞ;S1ðX ;YÞ; . . . ;SrðX ;YÞÞ ¼ FrðXÞ þFrðYÞ;

FrðP0ðX ;YÞ;P1ðX ;YÞ; . . . ;PrðX ;YÞÞ ¼ FrðXÞFrðYÞ

respectively.

The ring structure of the scheme of Witt vectors

WZ ¼ Spec Z½T0;T1;T2; . . .�

is given by the addition

T0 7! S0ðTn 1; 1nTÞ; T1 7! S1ðTn 1; 1nTÞ;

T2 7! S2ðTn 1; 1nTÞ; . . .

and the multiplication
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T0 7! P0ðTn 1; 1nTÞ; T1 7! P1ðTn 1; 1nTÞ;

T2 7! P2ðTn 1; 1nTÞ; . . . :

We denote by ŴWZ the formal completion of WZ along the zero section.

ŴWZ is considered as a subfunctor of WZ. Indeed, if A is a ring, then

ŴWðAÞ ¼ ða0; a1; a2; . . .Þ A WðAÞ; ai is nilpotent for all i and

ai ¼ 0 for all but a finite number of i

� �
:

1.2. Let A be an Fp-algebra. The Verschiebung homomorphism V : WðAÞ !
WðAÞ is defined by

ða0; a1; a2; . . .Þ 7! ð0; a0; a1; a2; . . .Þ;

and the Frobenius homomorphism F : WðAÞ ! WðAÞ is defined by

ða0; a1; a2; . . .Þ 7! ðap
0 ; a

p
1 ; a

p
2 ; . . .Þ:

Then it is verified without di‰culty that F is a ring homomorphism. It is

obvious that ŴWðAÞ is stable under F .

1.3. Let A be an Fp-algebra. Then we can verify without di‰culty that:

(1) FV ¼ VF ¼ p;

(2) VðFðaÞbÞ ¼ aVðbÞ for a; b A WðAÞ.
Now let a A A. We denote the Witt vector ða; 0; 0; . . .Þ by ½a�. The

element ½a� is called the Teichmüller lifting of a. It is readily seen that:

(1) ½a�½b� ¼ ½ab�;
(2) F ½a� ¼ ½ap�;
(3) ða0; a1; a2; . . .Þ ¼

Py
k¼0 V

k½ak�.
Next we recall variants of Witt vectors defined in [4, Sect. 1].

1.4. For each rb 0, we define

FðMÞ
r ðTÞ ¼ FðMÞ

r ðT0; . . . ;TrÞ A Z½M �½T0; . . . ;Tr�
by

FðMÞ
r ðTÞ ¼ 1

M
FrðMT0; . . . ;MTrÞ

¼ Mpr�1T
pr

0 þ pMpr�1�1T
pr�1

1 þ � � � þ pr�1Mp�1T
p
r�1 þ prTr:

Furthermore, we define

SðMÞ
r ðX;YÞ ¼ SðMÞ

r ðX0; . . . ;Xr;Y0; . . . ;YrÞ A Z½M �½X0; . . . ;Xr;Y0; . . . ;Yr�;

PðMÞ
r ðX ;YÞ ¼ PðMÞ

r ðX0; . . . ;Xr;Y0; . . . ;YrÞ A Z½M �½X0; . . . ;Xr;Y0; . . . ;Yr�
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by

SðMÞ
r ðX ;YÞ ¼ 1

M
SrðMX0; . . . ;MXr;MY0; . . . ;MYrÞ;

PðMÞ
r ðX ;YÞ ¼ 1

M
PrðX0; . . . ;Xr;MY0; . . . ;MYrÞ

respectively.

1.5. Put W ðMÞ ¼ Spec Z½M �½T0;T1;T2; . . .�. Then a morphism

W ðMÞ �Z½M � W
ðMÞ

¼ Spec Z½M �½T0 n 1;T1 n 1;T2 n 1; . . . ; 1nT0; 1nT1; 1nT2; . . .�

! W ðMÞ ¼ Spec Z½M �½T0;T1;T2; . . .�

defined by

T0 7! S
ðMÞ
0 ðTn 1; 1nTÞ; T1 7! S

ðMÞ
1 ðTn 1; 1nTÞ;

T2 7! S
ðMÞ
2 ðTn 1; 1nTÞ; . . .

gives an addition on W ðMÞ, which induces a structure of a commuatative group

scheme over Z½M � on W ðMÞ (cf. [6, Sect. 1]).

Furthermore, a morphism

WZ½M � �Z½M � W
ðMÞ

¼ Spec Z½M �½T0 n 1;T1 n 1;T2 n 1; . . . ; 1nT0; 1nT1; 1nT2; . . .�

! W ðMÞ ¼ Spec Z½M �½T0;T1;T2; . . .�

defined by

T0 7! P
ðMÞ
0 ðTn 1; 1nTÞ; T1 7! P

ðMÞ
1 ðTn 1; 1nTÞ;

T2 7! P
ðMÞ
2 ðTn 1; 1nTÞ; . . .

gives an action of WZ½M �, which induces a structure of WZ½M �-module on W ðMÞ

(cf. [4, Sect. 1]).

Remark 1.5.1. Let A be a Z½M �-algebra. Let a; b A W ðMÞðAÞ and

c A WðAÞ. We will denote sometimes aþ b, c � a by aþðMÞ b, c �ðMÞ a, re-

spectively, to avoid confusion.

1.6. Let A be a Z½M �-algebra, and let m denote the image of M in A. We

denote sometimes W ðMÞ nZ½M � A by W ðmÞ. We define also
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SðmÞ
r ðX ;YÞ ¼ SðmÞ

r ðX0; . . . ;Xr;Y0; . . . ;YrÞ A A½X0; . . . ;Xr;Y0; . . . ;Yr�;

PðmÞ
r ðX ;YÞ ¼ PðmÞ

r ðX0; . . . ;Xr;Y0; . . . ;YrÞ A A½X0; . . . ;Xr;Y0; . . . ;Yr�

by substituting M by m in S
ðMÞ
r ðX ;YÞ, P

ðMÞ
r ðX ;YÞ, respectively.

Example 1.6.1. It is clear that

Sð1Þ
r ðX ;YÞ ¼ SrðX ;YÞ; Pð1Þ

r ðX ;YÞ ¼ PrðX ;YÞ;

and therefore W
ð1Þ
Z is nothing but the scheme of Witt vectors WZ.

Example 1.6.2. It follows that

Sð0Þ
r ðX ;YÞ ¼ Xr þ Yr; Pð0Þ

r ðX ;YÞ ¼ FrðXÞYr

(cf. [6, 1.4]). Hence the group scheme W
ð0Þ
Z is isomorphic to the direct product

GN
a;Z.

1.7. Let A be a Z½M �-algebra and B ¼ A½t�=ðt2 �MtÞ. Let e denote the image

of t in B. Then we have e2 ¼ Me. We define a map i : W ðMÞðAÞ ! WðBÞ by

ða0; a1; a2; . . .Þ 7! ðea0; ea1; ea2; . . .Þ:

Then i : W ðMÞðAÞ ! WðBÞ is a homomorphism. Moreover, let p : B ! A

denote the ring homomorphism defined by e 7! 0. Then p : B ! A induces a

ring homomorphism WðBÞ ! WðAÞ, denoted also by p. We have an exact

sequence

0 ! W ðMÞðAÞ !i WðBÞ !p WðAÞ ! 0:

Let pM : B ! A denote the ring homomorphism defined by e 7! M. The

pM : B ! A induces a ring homomorphism WðBÞ ! WðAÞ, denoted also by

pM . A homomorphism aðMÞ : W ðMÞðAÞ ! WðAÞ is defined as the composite

pM � i. More concretely, aðMÞ : W ðMÞðAÞ ! WðAÞ is given by

ða0; a1; a2; . . .Þ 7! ðMa0;Ma1;Ma2; . . .Þ:

As in the classical case, we define a map V : W ðMÞðAÞ ! W ðMÞðAÞ by

ða0; a1; a2; . . .Þ 7! ð0; a0; a1; . . .Þ:

Then V : W ðMÞðAÞ ! W ðMÞðAÞ is a homomorphism, and we have a com-

mutative diagram

W ðMÞðAÞ ���!i WðBÞ

V

???y ???yV

W ðMÞðAÞ ���!i WðBÞ:
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Furthermore, if A is an Fp½M �-algebra, we define a map

F ðMÞ : W ðMÞðAÞ ! W ðMÞðAÞ by

ða0; a1; a2; . . .Þ 7! ðMp�1a
p
0 ;M

p�1a
p
1 ;M

p�1a
p
2 ; . . .Þ:

Then F ðMÞ : W ðMÞðAÞ ! W ðMÞðAÞ is a homomorphism and we have a com-

mutative diagram

W ðMÞðAÞ ���!i WðBÞ

F ðMÞ

???y ???yF ðMÞ

W ðMÞðAÞ ���!i WðBÞ:

1.8. Let A be a Z½M �-algebra and a A A. We denote ða; 0; 0; . . .Þ A W ðMÞðAÞ
by ½a�. Then for ða0; a1; a2; . . .Þ A W ðMÞðAÞ, ðc0; c1; c2; . . .Þ A WðAÞ and a; c A A,

we have

(1) ½c� � ða0; a1; a2; . . .Þ ¼ ðca0; cpa1; cp
2

a2; . . .Þ;
(2) ðc0; c1; c2; . . .Þ � ½a� ¼ ðc0a;Mp�1c1a

p;Mp2�1c2a
p2 ; . . .Þ;

(3) F ðMÞð½a�Þ ¼ ½Mp�1ap�
(cf. [6, Lemma 1.13.1]).

Remark 1.9. The assertion stated above can be formulated as follows

([6, Th. 1.21]). Put A ¼ Z½M � and B ¼ Z½M; t�=ðt2 �MtÞ. Then W ðMÞ is

isomorphic to Ker

�
p :
Q
B=A

WB ! WA

�
, where

Q
B=A

denotes the Weil re-

striction functor. Furthermore, the inclusion A ! B defines a section of

p :
Q
B=A

WB ! WA, and therefore we obtain a splitting exact sequence

0 ! W ðMÞ !i
Y
B=A

WB !p WA ! 0:

The endomorphisms F ðMÞ and V of W ðMÞ are induced by F and V on
Q
B=A

WB.

2. Hochschild cohomology

First we recall Hochschild cohomology groups. For generalities of

Hochschild cohomology, see [1, Chap. II.3 and Chap. III.6].

2.1. Let A be a ring, and let G and H be group schemes or formal group

schemes over A, which are commutative in both the algebraic and formal

cases. As usual, we define

Z2ðG;HÞ ¼ f2-cocycle of G with coe‰cients in Hg;

Z2
0 ðG;HÞ ¼ fsymmetric 2-cocycle of G with coe‰cients in Hg;

B2ðG;HÞ ¼ f2-coboundary of G with coe‰cients in Hg:
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Then we have

B2ðG;HÞHZ2
0 ðG;HÞHZ2ðG;HÞ:

Moreover, we define

H 2ðG;HÞ ¼ Z2ðG;HÞ=B2ðG;HÞ;

H 2
0 ðG;HÞ ¼ Z2

0 ðG;HÞ=B2ðG;HÞ:

It is well known that:

1) H 2ðG;HÞ is isomorphic to the group of classes of central extensions of G

by H, which split as extensions of formal A-schemes or A-schemes,

2) H 2
0 ðG;HÞ is isomorphic to the group of classes of commutative extensions

of G by H, which split as extensions of formal A-schemes or A-schemes.

2.2. Let A be a ring. By the definition of the Hochschild complex, we

have

Z2ðĜGa;A; ĜGm;AÞ

¼ FðX ;Y Þ A A½½X ;Y ���; FðX ;Y Þ1 1 mod deg 1;

FðX ;Y ÞFðX þ Y ;ZÞ ¼ F ðX ;Y þ ZÞFðY ;ZÞ

� �
;

Z2
0 ðĜGa;A; ĜGm;AÞ

¼ F ðX ;Y Þ A A½½X ;Y ���;
FðX ;Y Þ1 1 mod deg 1;

FðX ;Y ÞF ðX þ Y ;ZÞ ¼ F ðX ;Y þ ZÞFðY ;ZÞ;
FðX ;Y Þ ¼ FðY ;X Þ

8<:
9=;;

B2ðĜGa;A; ĜGm;AÞ ¼
F ðX ÞFðYÞ
F ðX þ YÞ ;F ðTÞ A A½½T ���;FðTÞ1 1 mod deg 1

� �
:

We have also

Z2ðGa;A;Gm;AÞ

¼ fF ðX ;YÞ A A½X ;Y ��;FðX ;Y ÞF ðX þ Y ;ZÞ ¼ F ðX ;Y þ ZÞFðY ;ZÞg;

Z2
0 ðGa;A;Gm;AÞ

¼ F ðX ;YÞ A A½X ;Y ��; FðX ;YÞFðX þ Y ;ZÞ ¼ FðX ;Y þ ZÞF ðY ;ZÞ;
FðX ;YÞ ¼ F ðY ;XÞ

� �
;

B2ðGa;A;Gm;AÞ ¼
FðXÞF ðYÞ
FðX þ Y Þ ;FðTÞ A A½T ��

� �
:

In the previous work [2], we have verified the following assertion:
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2.3. Let A be an Fp-algebra. Then the correspondence ðarÞrb1 7!Q
rb1 Epðar;XY prÞ gives rise to isomorphisms

ðKer½F : WðAÞ ! WðAÞ�ÞN !@ H 2ðĜGa;A; ĜGm;AÞ=H 2
0 ðĜGa;A; ĜGm;AÞ

and

ðKer½F : ŴWðAÞ ! ŴWðAÞ�ÞðNÞ !@ H 2ðGa;A;Gm;AÞ=H 2
0 ðGa;A;Gm;AÞ

([2, Theorem 2.8]). Here EpðTÞ denotes the Artin-Hasse exponential series:

EpðTÞ ¼ exp
X
rb0

T pr

pr

 !
A ZðpÞ½½T ��:

For U ¼ ðUrÞrb0, we put

EpðU ;TÞ ¼
Y
rb0

EpðUrT
prÞ ¼ exp

X
rb0

FrðUÞT pr

pr

 !
:

3. Statement and proof of the theorem

3.1. Let A be a Z½M �-algebra. We define a group scheme G
ðMÞ
A over A by

G
ðMÞ
A ¼ Spec A T ;

1

1þMT

� �
with

(1) the multiplication: T 7! T n 1þ 1nT þMT nT ;

(2) the unit: T 7! 0;

(3) the inverse: T 7! �T=ð1þMTÞ.
Moreover, we define an A-homomorphism a

ðMÞ
A : G

ðMÞ
A ! Gm;A by

U 7! 1þMT : A U ;
1

U

� �
! A T ;

1

1þMT

� �
:

If M is invertible in A, a
ðMÞ
A is an A-isomorphism. On the other hand, if

M ¼ 0 in A, G
ðMÞ
A is nothing but the additive group Ga;A.

We denote by ĜG
ðMÞ
A the formal completion of G

ðMÞ
A along the zero section.

Remark 3.2. Let A be a Z½M �-algebra and B ¼ A½t�=ðt2 �MtÞ. Let

e denote the image of t in B. Then we have e2 ¼ Me. Defining a ring

homomorphism B ! A by e 7! 0, we have

Ker½B� ! A�� ¼ f1þ ea; a A A; 1þMa is invertible in Ag:

89Extensions of group schemes



Hence G
ðMÞ
A is isomorphic to Ker

� Q
B=A

Gm;B ! Gm;A

�
, where

Q
B=A

denotes the

Weil restriction functor. Furthermore, the inclusion A ! B defines a section

of
Q
B=A

Gm;B ! Gm;A, and therefore, the exact sequence

0 ! G
ðMÞ
A !

Y
B=A

Gm;B ! Gm;A ! 0

splits.

3.3. Let A be an Fp½M �-algebra. The 2-cochain group C 2ðĜGa;A; ĜG
ðMÞ
A Þ is

identified to

fFðX ;YÞ A A½½X ;Y ��;FðX ;YÞ1 1 mod deg 1g

with the multiplication

ðF ðX ;YÞ;GðX ;YÞÞ 7! FðX ;Y Þ þ GðX ;YÞ þMFðX ;YÞGðX ;YÞ:

Under this identification, we have

Z2ðĜGa;A; ĜG
ðMÞ
A Þ

¼ FðX ;Y Þ A A½½X ;Y ��;
FðX ;YÞ1 0 mod deg 1;

FðX ;YÞ þ FðX þ Y ;ZÞ þMF ðX ;YÞF ðX þ Y ;ZÞ
¼ F ðX ;Y þ ZÞ þ FðY ;ZÞ þMF ðX ;Y þ ZÞFðY ;ZÞ

8<:
9=;;

Z2
0 ðĜGa;A; ĜG

ðMÞ
A Þ

¼ FðX ;Y Þ A A½½X ;Y ��;

FðX ;YÞ1 0 mod deg 1;

FðX ;YÞ þ FðX þ Y ;ZÞ þMF ðX ;YÞF ðX þ Y ;ZÞ
¼ F ðX ;Y þ ZÞ þ FðY ;ZÞ þMF ðX ;Y þ ZÞFðY ;ZÞ;
FðX ;YÞ ¼ F ðY ;XÞ

8>><>>:
9>>=>>;;

B2ðĜGa;A; ĜG
ðMÞ
A Þ

¼ FðX Þ þ F ðYÞ þMFðX ÞF ðYÞ � FðX þ Y Þ
1þMFðX þ Y Þ ;

F ðTÞ A A½½T ��;
F ðTÞ1 0 mod deg 1

� �
:

We have also

Z2ðGa;A;G
ðMÞ
A Þ

¼ F ðX ;YÞ A A½X ;Y �;
1þMF ðX ;YÞ is invertible in A½X ;Y �;
F ðX ;YÞ þ FðX þ Y ;ZÞ þMFðX ;Y ÞF ðX þ Y ;ZÞ
¼ FðX ;Y þ ZÞ þ F ðY ;ZÞ þMF ðX ;Y þ ZÞFðY ;ZÞ

8<:
9=;;
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Z2
0 ðGa;A;G

ðMÞ
A Þ

¼ FðX ;Y Þ A A½X ;Y �;

1þMFðX ;Y Þ is invertible in A½X ;Y �;
FðX ;Y Þ þ F ðX þ Y ;ZÞ þMFðX ;YÞFðX þ Y ;ZÞ
¼ F ðX ;Y þ ZÞ þ FðY ;ZÞ þMFðX ;Y þ ZÞF ðY ;ZÞ;
FðX ;Y Þ ¼ FðY ;XÞ

8>><>>:
9>>=>>;;

B2ðGa;A;G
ðMÞ
A Þ

¼ F ðXÞ þ FðYÞ þMF ðXÞFðY Þ � F ðX þ YÞ
1þMF ðX þ YÞ ;

FðTÞ A A½T �;
1þMFðTÞ is invertible

in A½T �

8<:
9=;:

3.4. Let U ¼ ðUrÞrb0. We define a formal power series E
ðMÞ
p ðU ;TÞ A

ZðpÞ½M;U0;U1;U2; . . .�½½T �� by

EðMÞ
p ðU ;TÞ ¼ 1

M
½EpðaðMÞU ;TÞ � 1�

¼ 1

M
exp

Xy
r¼0

FrðMU0;MU1; . . . ;MUrÞ
pr

T pr

 !
� 1

" #
:

Remark 3.4.1. [6, 2.3] defines a formal power series E
ðMÞ
p ðU ;L;TÞ A

ZðpÞ½L;M;U0;U1;U2; . . .�½½T ��. The formal power series E
ðMÞ
p ðU ;TÞ is nothing

but E
ðMÞ
p ðU ; 0;TÞ.

Now we can state our main result:

Theorem 3.5. Let A be an Fp½M �-algebra. Then the correspondence

ðarÞrb1 7!
QðMÞ

rb1 E
ðMÞ
p ðar;XY prÞ induces bijective homomorphism

ðKer½F ðMÞ : W ðMÞðAÞ ! W ðMÞðAÞ�ÞN !@ H 2ðĜGa;A; ĜG
ðMÞ
A Þ=H 2

0 ðĜGa;A; ĜG
ðMÞ
A Þ

and

ðKer½F ðMÞ : ŴW ðMÞðAÞ ! ŴW ðMÞðAÞ�ÞðNÞ !@ H 2ðGa;A;G
ðMÞ
A Þ=H 2

0 ðGa;A;G
ðMÞ
A Þ;

where
QðMÞ

denotes the product notation for the multiplication in ĜGðMÞðAÞ or

GðMÞðAÞ.

Proof. For simplicity, we put ~HH 2ðG;HÞ ¼ H 2ðG;HÞ=H 2
0 ðG;HÞ for

formal group schemes or group schemes G and H. Then we have a canonical

isomorphism

Z2ðG;HÞ=Z2
0 ðG;HÞ !@ ~HH 2ðG;HÞ ¼ H 2ðG;HÞ=H 2

0 ðG;HÞ:
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Let A be a Fp½M �-algebra and B ¼ A½t�=ðt2 �MtÞ. Let e denote the

image of t in B. Then we have e2 ¼ Me. The splitting exact sequence of

formal group schemes

0 ! ĜG
ðMÞ
A ! dY

B=A

Gm;B

Y
B=A

Gm;B

0@ 1A! ĜGm;A ! 0

induces a splitting exact sequence

0 ! Z2ðĜGa;A; ĜG
ðMÞ
A Þ !i Z2ðĜGa;B; ĜGm;BÞ ! Z2ðĜGa;A; ĜGm;AÞ ! 0:

More precisely,

Z2ðĜGa;B; ĜGm;BÞ ! Z2ðĜGa;A; ĜGm;AÞ

is induced from the ring homomorphism p : B ! A defined by e 7! 0.

Moreover

i : Z2ðĜGa;A; ĜG
ðMÞ
A Þ ! Z2ðĜGa;B; ĜGm;BÞ

is defined by

GðX ;YÞ 7! 1þ eGðX ;YÞ : A½½X ;Y �� ! B½½X ;Y ���:

On the other hand, we have a commutative diagram with splitting exact

rows

0 ���! W ðMÞðAÞ ���! WðBÞ ���! WðAÞ ���! 0

F ðMÞ

???y F

???y F

???y
0 ���! W ðMÞðAÞ ���! WðBÞ ���! WðAÞ ���! 0

as is remarked in 1.7. Hence we obtain a splitting exact sequence

0 ! F ðMÞW ðMÞðAÞ ! FWðBÞ ! FWðAÞ ! 0:

Obviously the diagram

FWðBÞ ���!p FWðAÞ

xr; B

???y xr;A

???y
Z2ðĜGa;B; ĜGm;BÞ ���!p Z2ðĜGa;A; ĜGm;AÞ;

is commutative. Here the homomorphisms

xr;B : FWðBÞ ! Z2ðĜGa;B; ĜGm;BÞ

and

xr;A : FWðAÞ ! Z2ðĜGa;A; ĜGm;AÞ
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are defined by b 7! Epðb;XY prÞ and by a 7! Epða;XY prÞ, respectively. Hence

we obtain a homomorphism

x
ðMÞ
r;A : F ðMÞW ðMÞðAÞ ! Z2ðĜGa;A; ĜG

ðMÞ
A Þ:

It is readily seen that the map x
ðMÞ
r;A is defined by a 7! E

ðMÞ
p ða;XY prÞ.

To sum up, we obtain a commutative diagram with splitting exact rows

0 ���! F ðMÞW ðMÞðAÞ ���! FWðBÞ ���! FWðAÞ ���! 0

x
ðMÞ
r;A

???y xr;B

???y xr;A

???y
0 ���! Z2ðĜGa;A; ĜG

ðMÞ
A Þ ���! Z2ðĜGa;B; ĜGm;BÞ ���! Z2ðĜGa;A; ĜGm;AÞ ���! 0:

Putting x
ðMÞ
A ¼

Qy
r¼1 x

ðMÞ
r;A , we have gotten a commutative diagram with splitting

exact rows

0 ���! ðF ðMÞW ðMÞðAÞÞN ���! ðFWðBÞÞN ���! ðFWðAÞÞN ���! 0

x
ðMÞ
A

???y xB

???y xA

???y
0 ���! Z2ðĜGa;A; ĜG

ðMÞ
A Þ ���! Z2ðĜGa;B; ĜGm;BÞ ���! Z2ðĜGa;A; ĜGm;AÞ ���! 0:

and therefore, a commutative diagram with splitting exact rows

0 ���! ðF ðMÞW ðMÞðAÞÞN ���! ðFWðBÞÞN ���! ðFWðAÞÞN ���! 0

~xx
ðMÞ
A

???y ~xxB

???y ~xxA

???y
0 ���! ~HH 2ðĜGa;A; ĜG

ðMÞ
A Þ ���! ~HH 2ðĜGa;B; ĜGm;BÞ ���! ~HH 2ðĜGa;A; ĜGm;AÞ ���! 0:

Noting that

~xxB : ðFWðBÞÞN ! ~HH 2ðĜGa;B; ĜGm;BÞ

and
~xxA : ðFWðAÞÞN ! ~HH 2ðĜGa;A; ĜGm;AÞ

are isomorphisms ([2, Theorem 2.8]), we obtain the assertion of the theorem in

the case of formal group schemes. We can prove similarly the assertion for

group schemes.

Example 3.5.1. Let A be an Fp-algebra. As is remarked in 3.1, the

correspondence U 7! 1þ T defines an A-isomorphism

a ¼ að1Þ : G
ð1Þ
A ¼ Spec A T ;

1

1þ T

� �
! Gm;A ¼ Spec A U ;

1

U

� �
:

Furthermore, a induces isomorphisms
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a� : Z
2ðGa;A;G

ð1Þ
A Þ !@ Z2ðGa;A;Gm;AÞ

and

a� : Z
2ðĜGa;A; ĜG

ð1Þ
A Þ !@ Z2ðĜGa;A; ĜGm;AÞ:

More concretely, a� is given by

F ðX ;Y Þ 7! 1þ FðX ;YÞ:
Noting that

1þ
Y
rb1

ð1Þ
Eð1Þ
p ðar;XY prÞ ¼

Y
rb1

Epðar;XY prÞ;

we regain the main result in [2].

Example 3.5.2. Let A be an Fp-algebra. As is remarked in 1.6.2 and

1.7, the additive group W ð0ÞðAÞ is isomorphic to the direct product AN,

and F ð0Þ : W ð0ÞðAÞ ! W ð0ÞðAÞ is the zero map. Then the correspondence

ðarÞrb1 7!
Qð0Þ

rb1 E
ð0Þ
p ðar;XY prÞ gives rise to an isomorphism

~xx
ð0Þ
A : ðANÞN !@ H 2ðĜGa;A; ĜGa;AÞ=H 2

0 ðĜGa;A; ĜGa;AÞ:

Moreover, we have

Eð0Þ
p ðU ;TÞ ¼

Xy
r¼0

UrT
pr

:

In fact, noting that

FrðMU0;MU1; . . . ;MUrÞ ¼ ðMU0Þp
r

þ pðMU1Þp
r�1

þ � � � þ pr�1ðMUr�1Þp

þ prðMUrÞ1 prMUr mod M 2

in Q½U0;U1; . . . ;Ur;M �, we obtain

exp
Xy
r¼0

FrðMU0;MU1; . . . ;MUrÞ
pr

T pr

 !
1 1þM

Xy
r¼0

UrT
pr

mod M 2

in ZðpÞ½U0;U1; . . . ;Ur;M �½½T ��. This implies that

EðMÞ
p ðU ;TÞ1

Xy
r¼0

UrT
pr

mod M:

Hence we obtainY
rb1

ð0Þ
Eð0Þ
p ðar;XY prÞ ¼

X
rb1

X
kb0

ar;kX
pk

Y prþk

:
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We recover then the description of the non-symmetric 2-cocycles of

Z2ðGa;A;Ga;AÞ in Demazure-Gabriel [1, Chap. II.3].

3.6. The symmetric 2-cocycles of ĜGa;A by ĜG
ðMÞ
A are determined by Sekiguchi-

Suwa as follows ([6, Theorem 3.5.1 and Remark 3.12]).

Let A be an Fp½M �-algebra. Then the correspondence a 7! F
ðMÞ
p ða;X ;YÞ

gives rise to isomorphisms

Coker½F ðMÞ : W ðMÞðAÞ ! W ðMÞðAÞ� !@ H 2
0 ðĜGa;A; ĜG

ðMÞ
A Þ

and

Coker½F ðMÞ : ŴW ðMÞðAÞ ! ŴW ðMÞðAÞ� !@ H 2
0 ðGa;A;G

ðMÞ
A Þ:

Here the formal power series FpðU ;X ;Y Þ A ZðpÞ½U �½½X ;Y �� is defined by

FpðU ;X ;YÞ ¼ exp
X
ib1

U pi�1 X pi þ Y pi � ðX þ Y Þp
i

pi

 !

([4, 2.2]). For U ¼ ðUrÞrb0, we put

FpðU ;X ;Y Þ ¼
Y
rb0

FpðUr;X
pr

;Y prÞ

¼ exp
Xy
r¼0

FrðUÞX
prþ1 þ Y prþ1 � ðX þ YÞp

rþ1

prþ1

 !

([4, 2.5]). Moreover, the formal power series F
ðMÞ
p ðU ;X ;Y Þ A

ZðpÞ½M;U0;U1;U2; . . .�½½X ;Y �� is defined by

F ðMÞ
p ðU ;X ;Y Þ ¼ 1

M
½FpðaðMÞU ;X ;Y Þ � 1�

([6, 2.7]).

Combining this result with our main theorem, we obtain the following:

Corollary 3.7. Let A be an Fp½M �-algebra and PðX ;Y Þ A Z2ðĜGa;A; ĜG
ðMÞ
A Þ

(resp. Z2ðGa;A;G
ðMÞ
A Þ). Then PðX ;YÞ is cohomologous to a 2-cocycle of the

form:

F ðMÞ
p ðb;X ;Y Þ þ

Y
rb1

ðMÞ
EðMÞ
p ðar;XY prÞ þMF ðMÞ

p ðb;X ;YÞ
Y
rb1

ðMÞ
EðMÞ
p ðar;XY prÞ

" #
;

where b A W ðMÞðAÞ and ðarÞrb1 A ðKer½F ðMÞ : W ðMÞðAÞ ! W ðMÞðAÞ�ÞN (resp.

b A ŴW ðMÞðAÞ and ðarÞrb1 A ðKer½F ðMÞ : ŴW ðMÞðAÞ ! ŴW ðMÞðAÞ�ÞðNÞ
).
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4. Functorialities

In this section, we discuss functorialities of the map x
ðMÞ
A .

Proposition 4.1. Let A be an Fp½M �-algebra. Then:

(1) The diagrams

F ðMÞW ðMÞðAÞ ���!V F ðMÞW ðMÞðAÞ

x
ðMÞ
r;A

???y ???yx
ðMÞ
r;A

H 2ðĜGa;A; ĜG
ðMÞ
A Þ=H 2

0 ðĜGa;A; ĜG
ðMÞ
A Þ ���!

F �
H 2ðĜGa;A; ĜG

ðMÞ
A Þ=H 2

0 ðĜGa;A; ĜG
ðMÞ
A Þ

and

F ðMÞŴW ðMÞðAÞ ���!V F ðMÞŴW ðMÞðAÞ

x
ðMÞ
r;A

???y ???yx
ðMÞ
r;A

H 2ðGa;A;G
ðMÞ
A Þ=H 2

0 ðGa;A;G
ðMÞ
A Þ ���!

F �
H 2ðGa;A;G

ðMÞ
A Þ=H 2

0 ðGa;A;G
ðMÞ
A Þ

are commutative.

(2) The diagrams

F ðMÞW ðMÞðAÞ ���!½cp rþ1��
F ðMÞW ðMÞðAÞ

x
ðMÞ
r;A

???y ???yx
ðMÞ
r;A

H 2ðĜGa;A; ĜG
ðMÞ
A Þ=H 2

0 ðĜGa;A; ĜG
ðMÞ
A Þ ���!

½c� �
H 2ðĜGa;A; ĜG

ðMÞ
A Þ=H 2

0 ðĜGa;A; ĜG
ðMÞ
A Þ

and

F ðMÞŴW ðMÞðAÞ ���!½cp rþ1��
F ðMÞŴW ðMÞðAÞ

x
ðMÞ
r;A

???y ???yx
ðMÞ
r;A

H 2ðGa;A;G
ðMÞ
A Þ=H 2

0 ðGa;A;G
ðMÞ
A Þ ���!

½c� �
H 2ðGa;A;G

ðMÞ
A Þ=H 2

0 ðGa;A;G
ðMÞ
A Þ

are commutative.

Proof.

(1) By the definition, the map F � : Z2ðĜGa;A; ĜG
ðMÞ
A Þ ! Z2ðĜGa;A; ĜG

ðMÞ
A Þ is

given by

FðX ;Y Þ 7! F ðX p;Y pÞ:

In particular, we obtain
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F � : EðMÞ
p ða;XY prÞ 7! EðMÞ

p ða;X pY prþ1Þ:

Moreover, we have

EðMÞ
p ðU ;X pY prþ1Þ ¼ 1

M
exp

X
kb0

FkðMU0;MU1; . . . ;MUkÞðX pY prþ1Þp
k

pk

 !
� 1

" #

¼ 1

M
exp

X
kb0

Fkð0;MU0;MU1; . . . ;MUk�1ÞðXY prÞp
k

pk

 !
� 1

" #

¼ EðMÞ
p ðVU ;XY prÞ

in ZðpÞ½U0;U1;U2; . . . ;M �½½X ;Y ��.
(2) By the definition, the map ½c�� : Z2ðĜGa;A; ĜG

ðMÞ
A Þ ! Z2ðĜGa;A; ĜG

ðMÞ
A Þ is

given by

F ðX ;YÞ 7! FðcX ; cYÞ:

In particular, we obtain

½c�� : EðMÞ
p ða;XY prÞ 7! EðMÞ

p ða; cprþ1XY prÞ:

Moreover, we have

EðMÞ
p ðU ; cp

rþ1XY prÞ

¼ 1

M
exp

X
kb0

FkðMU0;MU1; . . . ;MUkÞðcp
rþ1XY prÞp

k

pk

 !
� 1

" #

¼ 1

M
exp

X
kb0

FkðMcp
rþ1U0;Mcpðp

rþ1ÞU1; . . . ;Mcp
kðprþ1ÞUkÞðXY prÞp

k

pk

 !
� 1

" #

¼ EðMÞ
p ð½cprþ1�U ;XY prÞ

in ZðpÞ½U0;U1;U2; . . . ;M �½½X ;Y ��.
We conclude the article by showing the other functoriality. First we recall

some results of [6].

4.2. Let A be a ZðpÞ½L;M �-algebra. Then the correspondence a 7!
E

ðMÞ
p ða;L;TÞ gives rise to an isomorphism

x1 : Ker½F ðMÞ � ½Lp�1� : W ðMÞðAÞ ! W ðMÞðAÞ� !@ HomA�grðĜGðLÞ
A ; ĜG

ðMÞ
A Þ

([6, Theorem 3.5.1]).

Here the formal power series EpðU ;L;TÞ A ZðpÞ½U ;L�½½T �� is defined by
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EpðU ;L;TÞ ¼ ð1þ LTÞU=L
Yy
r¼1

ð1þ Lpr

T prÞð1=p
rÞfðU=LÞp

r
�ðU=LÞ p

r�1
g

([5, Lemma 2.8]). For U ¼ ðUrÞrb0, we put

EpðU ;L;TÞ ¼
Y
rb0

EpðUr;L
pr

;T prÞ

¼ ð1þ LTÞF0ðUÞ=LYy
k¼1

ð1þ Lpk

T pk Þð1=p
kL pk ÞfFkðUÞ�L pk�1ð p�1ÞFk�1ðUÞg:

Moreover, the formal power series E
ðMÞ
p ðU ;L;TÞ A ZðpÞ½L;M;U0;U1;U2; . . .� �

½½T �� is defined by

EðMÞ
p ðU ;L;TÞ ¼ 1

M
½EpðaðMÞU ;L;TÞ � 1�

([6, 2.3]).

The following assertion is also proved:

Remark 4.3. Let A be a ZðpÞ½L;M �-algebra, a A W ðMÞðAÞ and u A
W ðLÞðAÞ. If F ðMÞðaÞ ¼ ½Lp�1�a,

EðMÞ
p ða;L;EðLÞ

p ðu;TÞÞ ¼ EðMÞ
p ðhu; aiL;M ;TÞ:

Here

hu; aiL;M ¼
Xy
k¼0

V kð½uk�aÞ A W ðMÞðAÞ

([6, Corollary 4.23]).

Proposition 4.4. Let A be an FðpÞ½L;M �-algebra and a A Ker½F ðMÞ �
½Lp�1� : W ðMÞðAÞ ! W ðMÞðAÞ�. Then the diagram

F ðLÞW ðLÞðAÞ ���!h ;aiL;M
F ðMÞW ðMÞðAÞ

x
ðLÞ
r;A

???y ???yx
ðMÞ
r;A

H 2ðĜGa;A; ĜG
ðLÞ
A Þ=H 2

0 ðĜGa;A; ĜG
ðLÞ
A Þ ���!

x1ðaÞ�
H 2ðĜGa;A; ĜG

ðMÞ
A Þ=H 2

0 ðĜGa;A; ĜG
ðMÞ
A Þ

is commutative.

Proof. By the definition, the map x1ðaÞ� : Z2ðĜGa;A; ĜG
ðLÞ
A Þ !

Z2ðĜGa;A; ĜG
ðMÞ
A Þ is defined by FðX ;Y Þ 7! E

ðMÞ
p ða;L;F ðX ;YÞÞ. In particuler,

we have
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x1ðaÞ� : EðLÞ
p ðu;XY prÞ 7! EðMÞ

p ða;L;EðLÞ
p ðu;XY prÞÞ:

Then the result follows from Remark 4.3.

Remark 4.5. We can obtain the functoriality of the case of group schemes

similarly as above.
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[ 1 ] M. Demazure and P. Gabriel, Groupes algébriques, Tome1, Masson-North-Holland, Paris-

Amsterdam, 1970.

[ 2 ] Y. Haraguchi, Non-commutative extensions of Ga by Gm over an Fp-algebra, Tsukuba J.

Math. 29 (2005), 405–435.

[ 3 ] M. Hazewinkel, Formal groups and applications, Academic Press, New York, 1978.

[ 4 ] T. Sekiguchi and N. Suwa, A note on extensions of algebraic and formal groups I, Math.

Z., 206 (1991), 567–575.

[ 5 ] T. Sekiguchi and N. Suwa, A note on extensions of algebraic and formal groups
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