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Abstract. In this paper we derive error bounds for asymptotic expansions of the

hypergeometric functions 1F1ðn; nþ b;ZÞ and 1F1ðn; nþ b;�ZÞ, where Z is a p� p

symmetric nonnegative definite matrix. The first result is applied for theoretical ac-

curacy of approximating the moments of L ¼ jSej=jSe þ Shj, where Sh and Se are

independently distributed as a noncentral Wishart distribution Wpðq;S;S1=2WS1=2Þ and

a central Wishart distribution Wpðn;SÞ, respectively. The second result is applied for

theoretical accuracy of approximating the probability density function of the maximum

likelihood estimators of regression coe‰cients in the growth curve model.

1. Introduction

It is well known that some distributions or moments in multivariate

analysis are expressed in terms of the hypergeometric functions of one matrix

argument and two matrix arguments. For these results, see James (1964),

Muirhead (1982), Mathai, Provost and Hayakawa (1995), etc. These functions

have power series expansions in terms of zonal polynomials. However, such

series generally converge extremely slowly. So, it is important to approximate

these functions. Asymptotic expansions for some types of hypergeometric

functions have been obtained, see, e.g., Muirehead (1970a, 1970b, 1982),

Sugiura and Fujikoshi (1969), Fujikoshi (1970), etc.

In this paper we are interested in theoretical accuracy for asymptotic

expansions of the hypergeometric function 1F1. More precisely we derive error

bounds for (i) asymptotic expansions of 1F1ðn; nþ b;ZÞ and (ii) asymptotic

expansions for 1F1ðn; nþ b;�ZÞ, where Z is a p� p symmetric nonnegative

definite matrix. It may be noted that our error bounds are expressed in

computable forms. The result for (i) is applied for theoretical accuracy of

approximating the moments of L ¼ jSej=jSe þ Shj, where Sh and Se are inde-
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pendently distributed as a noncentral Wishart distribution Wpðq;S;S1=2WS1=2Þ
and a central Wishart distribution Wpðn;SÞ, respectively. The distribution of

L appears as, for example, the one of a likelihood ratio test for testing a linear

hypothesis in a multivariate linear model. The result for (ii) is applied for

theoretical accuracy of approximating the probability density function of the

maximum likelihood estimators of regression coe‰cients in the growth curve

model. Further, some problems to be solved are also discussed.

2. Hypergeometric functions of matrix argument

The power series expansion for the hypergeometric function rFs of one

matrix argument is given (Constantine (1963)) by

rFsða1; . . . ; ar; b1; . . . ; bs;ZÞ ¼
Xy
k¼0

X
k

ða1Þk . . . ðarÞk
ðb1Þk . . . ðbsÞk

� CkðZÞ
k!

; ð2:1Þ

where a1; . . . ; ar, b1; . . . ; bs are real or complex constants, k ¼ fk1; . . . ; kpg
denotes a partition of the integer k such that k1 þ � � � þ kp ¼ k and

k1 b � � �b kp b 0 and CkðZÞ is the zonal polynomial of the p� p symmetric

matrix Z corresponding to k. Further,

ðaÞk ¼
Yp
i¼1

a� 1

2
ði � 1Þ

� �
ki

; ðxÞn ¼ xðxþ 1Þ . . . ðxþ n� 1Þ: ð2:2Þ

For integer pb 1, the multivariate gamma function GpðaÞ is defined by

GpðaÞ ¼
ð
Y>0

etrð�Y ÞjY ja�ðpþ1Þ=2
dY

¼ ppðp�1Þ=4
Yp
i¼1

Gða� ði � 1Þ=2Þ;

where etrðZÞ ¼ expðtr ZÞ and the real part of að¼ RðaÞÞ > ðp� 1Þ=2. The

multivariate beta function Bpða; bÞ is defined by

Bpða; bÞ ¼
GpðaÞGpðbÞ
Gpðaþ bÞ

¼
ð
0<Y<Ip

jY ja�ðpþ1Þ=2jIp � Y jb�ðpþ1Þ=2
dY ;

where RðaÞ > ðp� 1Þ=2 and RðbÞ > ðp� 1Þ=2. In general, it is said that a

positive definite random matrix S is distributed as a Whishart distribution

Wpðn; IpÞ when the probability density function of S is given by
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1

Gp
1
2 n
� � etrð�SÞjSjðn�p�1Þ=2:

Similarly, it is said that a random matrix S satisfying 0 < S < Ip is distributed

as a multivariate beta distribution bpða; bÞ when the density function of S is

given by

1

Bpða; bÞ
jSja�ðpþ1Þ=2jIp � Sjb�ðpþ1Þ=2:

The hypergeometric function rFs in (2.1) was originally defined (Herz

(1955)) by using the recurrence relation based on a generalization of Laplace

and inverse Laplace transformations. Some of the the hypergeometric func-

tions have integral representations. The integral representation for 1F1 is given

by

1F1ða; b;ZÞ ¼ Bpða; b� aÞ�1

ð
0<Y<Ip

etrðZY Þ

� jY ja�ðpþ1Þ=2jIp � Y jb�a�ðpþ1Þ=2
dY : ð2:3Þ

The hypergeometric function 1F1 satisfies the Kummer formula given by

1F1ða; b;ZÞ ¼ etrðZÞ1F1ðb� a; b;�ZÞ: ð2:4Þ

3. Asymptotic expansions and error bounds

First we consider an asymptotic expansion of 1F1
1
2 n;

1
2 ðnþ bÞ;Z

� �
when

n is large, where Z is any symmetric matrix. The following method was

proposed by Fujikoshi (1968), Sugiura and Fujikoshi (1969), Fujikoshi (1970),

etc. Note that

ðnþ bÞk ¼ nk

�
1þ 1

2n
f2bk þ a1ðkÞg þ

1

24n2
fk þ 12b2kðk � 1Þ

þ 12bðk � 1Þa1ðkÞ � a2ðkÞ þ 3a1ðkÞ2g þ � � �
�
;

where

a1ðkÞ ¼
Xp

a¼1

kaðka � aÞ; a2ðkÞ ¼
Xp

a¼1

kað4k2
a � 6aka þ 3a2Þ:

Therefore we can write as
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1F1
1

2
n;
1

2
ðnþ bÞ;Z

� �
¼

Xy
k¼0

X
k

1
2 n

� �
k

1
2 ðnþ bÞ
� �

k

� CkðZÞ
k!

¼
Xy
k¼0

X
k

1� 1

n
bk þ 1

n2
1

2
b2kðk þ 1Þ þ ba1ðkÞ

� �
þ � � �

� �

� CkðZÞ
k!

:

Now we use the following formulas (Fujikoshi (1968), Sugiura and Fujikoshi

(1969), Fujikoshi (1970)) for weighted sums of zonal polynomials.

Xy
k¼0

X
k

k
CkðZÞ
k!

¼ etrðZÞ tr Z;

Xy
k¼0

X
k

kðk � 1ÞCkðZÞ
k!

¼ etrðZÞðtr ZÞ2;

Xy
k¼0

X
k

a1ðkÞ
CkðZÞ
k!

¼ etrðZÞ tr Z2:

These imply the following asymptotic expansions:

1F1
1

2
n;
1

2
ðnþ bÞ;Z

� �
¼ etrðZÞ½1þOðn�1Þ�;

1F1
1

2
n;
1

2
ðnþ bÞ;Z

� �
¼ etrðZÞ 1� b

n
tr Z þOðn�2Þ

� �

¼ etrðZÞ 1� b

nþ b
tr Z þOðn�2Þ

� �
;

1F1
1

2
n;
1

2
ðnþ bÞ;Z

� �
¼ etrðZÞ

�
1� b

n
tr Z þ 1

n2
b

1

2
b tr Zðtr Z þ 2Þ þ tr Z2

� �

þOðn�3Þ
�
:

Our interests are to give computable error bounds for the terms Oðn�1Þ,
Oðn�2Þ, etc. In the following, we consider to derive error bounds for two

asymptotic approximations given by

etrðZÞ and etrðZÞ 1� b

nþ b
tr Z

� �
: ð3:1Þ

16 Yasunori Fujikoshi



Our error bounds are obtained for each of two cases Zb 0 and Za 0. First

we assume that Zb 0, and consider error bounds for the approximations in

(3.1). Using (2.3) we can rewrite as

1F1
1

2
n;
1

2
ðnþ bÞ;Z

� �
¼ EY ½etrðYZÞ�

¼ etrðZÞES½etrð�ZSÞ�; ð3:2Þ

where Y is a random matrix having bp
1
2 n;

1
2 b

� �
, and

S ¼ Ip � Y @ bp
1

2
b;
1

2
n

� �
:

Using (3.2) and

e�x ¼ 1� e�y1xx

¼ 1� xþ 1

2
e�y2xx2;

we have

1F1
1

2
n;
1

2
ðnþ bÞ;Z

� �
¼ etrðZÞf1� ES½tr ZSe�y1 trZS �g; ð3:3Þ

1F1
1

2
n;
1

2
ðnþ bÞ;Z

� �
¼ etrðZÞ 1� ES½tr ZS � þ

1

2
ES½ðtr ZSÞ2e�y2 trZS�

� �
; ð3:4Þ

where 0 < y1 < 1 and 0 < y2 < 1.

Lemma 3.1. Let S be distributed as a multivariate beta distribution

bp
b
2 ;

n
2

� �
. Then

ES½ðtr ZSÞ i� ¼ diðb; n;ZÞ; i ¼ 1; 2; ð3:5Þ
where

d1ðb; n;ZÞ ¼ b

nþ b
tr Z;

d2ðb; n;ZÞ ¼ 1

3

bðbþ 2Þ
ðnþ bÞðnþ bþ 2Þ fðtr ZÞ

2 þ 2 tr Z2g

þ 2

3

bðb� 2Þ
ðnþ bÞðnþ b� 2Þ fðtr ZÞ2 � tr Z2g:

Proof. In general, it holds (see, e.g., Muirhead (1982)) that

ES½CkðZSÞ� ¼
1
2 b
� �

k
1
2 ðnþ bÞ

� �
k

CkðZÞ:
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Using Cð1ÞðZÞ ¼ tr Z, we have

ES½tr ZS � ¼ ES½Cð1ÞðZSÞ�

¼
1
2 b

� �
ð1Þ

1
2 ðnþ bÞ

� �
ð1Þ

Cð1ÞðZÞ

¼ b

nþ b
tr Z:

Note that there are the following relations (James (1964), Fujikoshi (1970)):

ðtr ZÞ2

tr Z2

" #
¼ 1

2

2 2

2 �1

� �
Cð2ÞðZÞ
Cð12ÞðZÞ

� �
;

Cð2ÞðZÞ
Cð12ÞðZÞ

� �
¼ 1

3

1 2

2 �2

� �
ðtr ZÞ2

tr Z2

" #
:

Therefore, we have

ES½ðtr ZSÞ2� ¼ ES½Cð2ÞðZSÞ þ Cð12ÞðZSÞ�

¼
1
2 b

� �
ð2Þ

1
2 ðnþ bÞ

� �
ð2Þ

Cð2ÞðZÞ þ
1
2 b

� �
ð12Þ

1
2 ðnþ bÞ

� �
ð12Þ

Cð12ÞðZÞ

which is equal to d2ðb; n;ZÞ. This completes the proof.

Using (3.4) and the first formula in Lemma 3.1 we have

1F1
1

2
n;
1

2
ðnþ bÞ;Z

� �
� etrðZÞ

				
				 ¼ jetrðZÞES½tr ZSe�y1 trZS �j

a etrðZÞES½tr ZS �

¼ etrðZÞd1ðb; n;ZÞ; ð3:6Þ

since je�y1 trZS ja 1 for 0 < S < I . Similarly, from (3.4) and Lemma 3.1 we have

1F1
1

2
n;
1

2
ðnþ bÞ;Z

� �
� etrðZÞf1� bðnþ bÞ�1 tr Zg

				
				

¼ 1

2
jetrðZÞES½ðtr ZSÞ2e�y2 trZS�j

a
1

2
etrðZÞES½ðtr ZSÞ2�

¼ 1

2
etrðZÞd2ðb; n;ZÞ: ð3:7Þ

These imply the following theorem.
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Theorem 3.1. Let Z be any nonnegative definite matrix. Then

ð1Þ 1F1
1

2
n;
1

2
ðnþ bÞ;Z

� �
� etrðZÞ

				
				a etrðZÞd1ðb; n;ZÞ;

ð2Þ 1F1
1

2
n;
1

2
ðnþ bÞ;Z

� �
� etrðZÞf1� bðnþ bÞ�1 tr Zg

				
				

a
1

2
etrðZÞd2ðb; n;ZÞ;

where d1ðb; n;ZÞ and d2ðb; n;ZÞ are given in Lemma 3.1.

Note that the order of d1ðb; n;ZÞ is Oðn�1Þ and the order of d2ðb; n;ZÞ is

Oðn�2Þ.
Next we consider the case where Z is any negative definite matrix. For

this, we consider 1F1ðn; nþ b;�ZÞ where Z is any nonnegative definite matrix.

From (3.2) we have

1F1
1

2
n;
1

2
ðnþ bÞ;�Z

� �
¼ etrð�ZÞES½etrðZSÞ�; ð3:8Þ

where S@ bp
b
2 ;

n
2

� �
. Using

etrðZSÞ ¼ 1þ ðtr ZSÞ etrðy1ZSÞ

¼ 1þ tr ZS þ 1

2
ðtr ZSÞ2 etrðy2ZSÞ;

we have

1F1
1

2
n;
1

2
ðnþ bÞ;�Z

� �
¼ etrð�ZÞES½1þ ðtr ZSÞ etrðy1ZSÞ�; ð3:9Þ

1F1
1

2
n;
1

2
ðnþ bÞ;�Z

� �
¼ etrð�ZÞES 1þ tr ZS þ 1

2
ðtr ZSÞ2 etrðy2ZSÞ

� �
: ð3:10Þ

Therefore, we have

1F1
1

2
n;
1

2
ðnþ bÞ;�Z

� �
� etrð�ZÞ

				
				a etrð�ZÞES½ðtr ZSÞ etrðy1ZSÞ�

a etrð�ZÞES½ðtr ZSÞ etrðZÞ�

¼ d1ðb; n;ZÞ; ð3:11Þ

since tr y1ZSa tr Z for 0 < S < Ip. Similarly we have
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1F1
1

2
n;
1

2
ðnþ bÞ;�Z

� �
� etrð�ZÞf1þ bðnþ bÞ�1g

				
				

a etrð�ZÞES

1

2
ðtr ZSÞ2 etrðy2ZSÞ

� �

a etrð�ZÞES
1

2
ðtr ZSÞ2 etrðZÞ

� �

¼ 1

2
d2ðb; n;ZÞ: ð3:12Þ

These imply the following theorem.

Theorem 3.2. Let Z be any nonnegative definite matrix. Then

ð1Þ 1F1
1

2
n;
1

2
ðnþ bÞ;�Z

� �
� etrð�ZÞ

				
				a d1ðb; n;ZÞ;

ð2Þ 1F1
1

2
n;
1

2
ðnþ bÞ;�Z

� �
� etrð�ZÞf1þ bðnþ bÞ�1 tr Zg

				
				a 1

2
d2ðb; n;ZÞ;

where d1ðb; n;ZÞ and d2ðb; n;ZÞ are given in Lemma 3.1.

4. Applications

Let Sh and Se be independently distributed as a noncentral Wishart

distribution Wpðq;S;S1=2WS1=2Þ and a central Wishart distribution Wpðn;SÞ,
respectively. Then, the sth moment of L ¼ jSej=jSe þ Shj can be expressed

(Constantine (1963)) as

EðLsÞ ¼ Gpðn=2þ sÞGpððnþ qÞ=2Þ
Gpðn=2ÞGpððnþ qÞ=2þ sÞ 1F1 s;

1

2
ðnþ qÞ þ s;� 1

2
W

� �
: ð4:1Þ

Bulter and Wood (2002) studied Laplace approximations for (4.1). Using (2.4)

we can write the hypergeometric function in (4.1) as

1F1 s;
1

2
ðnþ qÞ þ s;� 1

2
W

� �
¼ etr � 1

2
W

� �
1F1

1

2
ðnþ qÞ; 1

2
ðnþ qÞ þ s;

1

2
W

� �
:

Therefore, from Theorem 3.1 we obtain

ðaÞ 1F1 s;
1

2
ðnþ qÞ þ s;� 1

2
W

� �
� 1

				
				a d1 2s; nþ qþ 2s;

1

2
W

� �
; ð4:2Þ

ðbÞ 1F1 s;
1

2
ðnþ qÞ þ s;� 1

2
W

� �
� f1þ 2sðnþ qþ 2sÞ�1 tr Wg

				
				

a
1

2
d2 2s; nþ qþ 2s;

1

2
W

� �
: ð4:3Þ
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The results hold for any nonnegative definite matrix W. Under the assumption

W ¼ Oð1Þ it holds that

di 2s; nþ qþ 2s;
1

2
W

� �
¼ Oðn�iÞ; i ¼ 1; 2:

Let X ¼ ŶY; b� g be the normalized estimator of regression coe‰cient

matrix in the growth curve model. Then it is known (Gleser and Olkin (1970),

Fujikoshi and Shimizu (1989)) that the probability density function is given by

f ðX Þ ¼ ð2pÞ�bg=2 Ggððmþ rÞ=2ÞGgððmþ bÞ=2Þ
Ggðm=2ÞGgððmþ bþ rÞ=2Þ

� 1F1
1

2
ðmþ bÞ; 1

2
ðmþ bþ rÞ;� 1

2
X 0X

� �
: ð4:4Þ

Here the constants b, g and r are fixed, but m depends on the sample size. It

may be interesting in an asymptotic expansion of the density fuction of X when

m is large and its error bound. From Theorem 3.2 it holds that for the

hypergeometric function in (4.4)

ðcÞ 1F1
1

2
ðmþ bÞ; 1

2
ðmþ bþ rÞ;� 1

2
X 0X

� �
� etr � 1

2
X 0X

� �				
				

a d1 r;mþ b;
1

2
X 0X

� �
; ð4:5Þ

ðdÞ
				1F1

1

2
ðmþ bÞ; 1

2
ðmþ bþ rÞ;� 1

2
X 0X

� �

� etr � 1

2
X 0X

� �
1þ 1

2
rðmþ bþ rÞ�1 tr X 0X

� �				
a

1

2
d2 r;mþ b;

1

2
X 0X

� �
: ð4:6Þ

On the other hand, Fujikoshi and Shimizu (1989) gave an asymptotic

expansion of the probability density function of X given by

f̂f ðX Þ ¼ ð2pÞ�bg=2 etr � 1

2
X 0X

� �
� 1þ r

2m
ðtr X 0X � bgÞ

� �
:

Integrating f̂f ðY Þ on the space fyij ; yij a xij; i ¼ 1; . . . ; b; j ¼ 1; . . . ; gg, we obtain
an asymptotic expansion of the distribution function of X given by

F̂FðXÞ ¼ F0ðX Þ 1þ r

2m

Xb

i¼1

Xg

j¼1

Fð2ÞðxijÞfFðxijÞg�1

" #
;
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where F is the distribution function of Nð0; 1Þ and F0ðX Þ ¼
Qb

i¼1

Qg
j¼1 FðxijÞ.

Fujikoshi and Shimizu (1989) obtained error bounds for the approximations

f̂f ðXÞ and F̂FðXÞ of f ðX Þ and FðXÞ, respectively. Their derivation is based on

that X has a probabilistic structure

X ¼ U � V1W
�1=2V2;

where all the elements of the random matrices U ; b� g, V1; b� r and V2; r� g

are independently distributed as Nð0; 1Þ, W ; r� r is distributed as a central

Wishart distribution Wrðm� g; IpÞ, and they are all independent. These results

imply that there exists some bound ~ddiðb; n;ZÞ in Theorem 3.2 such thatð
Z

~ddiðb; n;ZÞdZ ¼ Oðn�iÞ; i ¼ 1; 2;

where
Ð
Z
denotes the integral over the elements of Z. It is expected to find a

direct method of deriving such an error bound.

Let S be the sample covariance matrix based on a sample of size N ¼ nþ 1

from a p-variate normal population Npðm;SÞ. Then, nS is distributed as a

central Wishart distribution Wpðn;SÞ. Let l1 > � � � > lp and l1 b � � �b lp > 0

be the characteristic roots of S and S, respectively. Then, it is known (see,

e.g., Muirhead (1982)) that

Pðl1 a xÞ ¼ Gpððpþ 1Þ=2Þ
Gpððnþ pþ 1Þ=2Þ jðn=2ÞxS

�1jn=2

� 1F1
1

2
n;
1

2
ðnþ pþ 1Þ;� 1

2
nxS�1

� �
:

Therefore, the distribution function of y1 ¼
ffiffiffiffiffiffiffiffi
n=2

p
fl1=l1 � 1g is expressed as

Pðy1 a xÞ ¼ Gpððpþ 1Þ=2Þ
Gpððnþ pþ 1Þ=2Þ jðn=2ÞDjn=2

� 1F1
1

2
n;
1

2
ðnþ pþ 1Þ;� 1

2
nD

� �
; ð4:7Þ

where D ¼ ð1þ
ffiffiffiffiffiffiffiffi
2=n

p
xÞ diagð1; l1=l2; . . . ; l1=lpÞ. It is interesting to find error

bounds for an asymptotic expansion of 1F1ðn; nþ b; nDÞ. This problem is left

as a future problem.
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