
Hiroshima Math. J.

32 (2002), 87–124

Global bifurcation phenomena of standing pulse solutions

for three-component systems with competition and di¤usion1

Dedicated to Professors Masayasu Mimura and Takaaki Nishida

on their sixtieth birthdays

Hideo Ikeda

(Received April 9, 2001)

(Revised August 6, 2001)

Abstract. Standing pulse solutions of three-component systems with competition and

di¤usion are considered. Under the assumption that travelling front and back solutions

with the same zero velocity coexist, it is shown that standing pulse solutions bifurcate

globally from these travelling front and back solutions. The direction of bifurcation

and stability properties of bifurcated solutions are also shown.

1. Introduction

Spatio and/or temporal patterns arising in ecological and biological prob-

lems have been investigated theoretically by applying several mathematical

concepts. Among them, reaction-di¤usion systems have been used extensively

as continuous space-time models for interacting and di¤using biological species

in population dynamics. Lotka and Volterra classify their relationships into

three types of interactions between individuals with the di¤usion terms which

model the migration of each species; competition for limited resouces, prey-

predator interaction, and mutualistic relationships. Though these systems are

relatively simple, they can exhibit a variety of interesting spatial and spatio-

temporal patterns, including travelling fronts and pulses.

In this article, we study the following 3-component reaction-di¤usion

systems for three competing species:

u1; t ¼ d1u1;xx þ ðr1 � a11u1 � a12u2 � a13u3Þu1
u2; t ¼ d2u2;xx þ ðr2 � a21u1 � a22u2 � a23u3Þu2;
u3; t ¼ d3u3;xx þ ðr3 � a31u1 � a32u2 � a33u3Þu3

8<
: ðt; xÞ A Rþ � R; ð1:1Þ

where uiðt; xÞ denote the population densities of three competing species at time
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t and spatial position x. di are the di¤usion rates, ri are the intrinsic growth

rates, aii are the intraspecific competition rates of ui, and aij ði0 jÞ are the

interspecific competition rates between ui and uj, respectively. All of the

coe‰cients are positive constants.

Under a suitable transformation, (1.1) is rewritten as

u1; t ¼ ~dd1u1;xx þ að1� u1 � a12u2 � a13u3Þu1
u2; t ¼ ~dd2u2;xx þ bð1� a21u1 � u2 � a23u3Þu2;
u3; t ¼ u3;xx þ ð1� a31u1 � a32u2 � u3Þu3

8><
>: ðt; xÞ A Rþ � R: ð1:2Þ

~ddi; a; b and aij are all positive constants. Here we assume that two species u1
and u2 di¤use slowly relative to the third species u3.

(H1) ~dd1 ¼ e2, ~dd2 ¼ de2 for d > 0 and small e > 0.

Simply, we often write (1.2) with (H1) as

ut ¼ e2Duxx þ fðu; vÞ
vt ¼ vxx þ gðu; vÞ

�
; ðt; xÞ A Rþ � R; ð1:3Þ

where D ¼ diagf1; dg and

u ¼ u1

u2

� �
; fðu; vÞ ¼ f1ðu; vÞ

f2ðu; vÞ

� �
¼ að1� u1 � a12u2 � a13vÞu1

bð1� a21u1 � u2 � a23vÞu2

� �
;

v ¼ u3; gðu; vÞ ¼ ð1� a31u1 � a32u2 � vÞv:

Null sets of the nonlinearities of f1; f2 and g are given in Fig. 1. First we

assume the following: If the u1 species is absent, the u2 and the v species

coexist. That is, we may say that if the competition between the u2 and the v

species is not so strong, they can coexist. Similarly if the u2 species is absent,

the u1 and the v species coexist. Thus, we assume

(H2) a13 < 1, a23 < 1, a31 < 1; a32 < 1.

Let q� ¼ ð1� a21Þ=ða23 � a21a13Þ and qþ ¼ ð1� a12Þ=ða13 � a12a23Þ be the third

components of Q� and Qþ, and p� ¼ ð1� a31Þ=ð1� a13a31Þ and pþ ¼ ð1� a32Þ=
ð1� a23a32Þ be the third components of P� and Pþ (see Fig. 1), respective-

ly. And we use the symbol Iða@ bÞ1 ða; bÞ if a < b, 1 fag if a ¼ b,1 ðb; aÞ
if b < a. Next we assume that 1� a13o > 0 and 1� a23o > 0 for any

o A Iðp� @ pþÞ (see Fig. 7). That is,

(H3) maxfp�; pþg < minf1=a13; 1=a23g

is assumed. Finally we assume the one of the following three conditions

depending on the relation between a12; a13; a21; a23:

Hideo Ikeda88



(H4-a) Iðp� @ pþÞH ðq�; qþÞ when maxfa21; 1=a12g < a23=a13;

(H4-b) Iðp� @ pþÞH ðqþ; q�Þ when a23=a13 < minfa21; 1=a12g;

(H4-c) maxfp�; pþg < minfq�; qþg when 1=a12 < a23=a13 < a21.

The term (H4) is used simply in a sense that any condition of the above three is

taken.

Under the assumptions (H2)@(H4), the equilibrium states P� and Pþ are

both asymptotically stable in (1.3) (Fig. 1 corresponds to the case satisfying

(H2), (H3) and (H4-a)). We fix aij ði; j ¼ 1; 2; 3; i0 jÞ arbitrarily to satisfy

(H2)@(H4) and for these a12; a13; a23; a31; a32, define an interval of a21, say

J ¼ ða21; a21Þ, such that any a21 A J satisfies (H2)@(H4).

In this situation, let us consider travelling front solutions of (1.3) con-

necting two stable states PG. That is, introducing the travelling coordinate

z ¼ xþ eyt, such solutions satisfy the following ordinary di¤erential equations

e2Duzz � eyuz þ fðu; vÞ ¼ 0

vzz � eyvz þ gðu; vÞ ¼ 0
; z A R

ðu; vÞð�yÞ ¼ P�; ðu; vÞðþyÞ ¼ Pþ:

8><
>: ð1:4Þ

Fig. 1. Null sets of f1; f2 and g.

Standing pulses of 3-component systems 89



We write these solutions P� ! Pþ symbolically, depending on the boundary

conditions of (1.4). By using the geometric or topological singular pertur-

bation method, Miller shows that (1.3) has a travelling front solution P� ! Pþ
in [13] and this is stable in [14]. Similarly we can study the existence and

stability of travelling back solutions Pþ ! P�. Under the assumptions

(H1)@(H4), we obtain the following global branches of stable travelling front

and back solutions with the velocity eyðeÞ with respect to the parameter a21 A J

(see Fig. 2).

At ða21; yðeÞÞ ¼ ðâa21; 0Þ, the stable travelling front and back solutions with

the same zero velocity coexist. When a21 increases from âa21, there are also two

travelling wave solutions, the front and back solutions. But the sign of their

velocities are di¤erent. By the aid of numerical simulations, we make such

travelling wave solutions colide each other in Fig. 3, Fig. 4, Fig. 5. This

simulation corresponds to the invension problem of the u2 (resp. u1) species

from the both side on the locally stable state P� (resp. Pþ). Note that the

parameters in Fig. 3, (Fig. 4, Fig. 5) satisfy (H4-a) ((H4-b), (H4-c)), respecti-

vely. In Fig. 3 and Fig. 4, it seems that the travelling front and back solutions

are blocked by a stable standing pulse solution. Then, what happens in Fig. 5?

It seems that they annihilate and then recover the stable equilibrium state P�.

In spite of the fact that the branches of travelling wave solutions in each case

have the same structure as in Fig. 2, where does this di¤erence come from?

Motivated by the above question, we carefully study the existence and

stability of standing pulse solutions (i.e., stationary solutions) of the problem

(1.3) with conditions ðu; vÞðt;GyÞ ¼ P�. We write these solutions P� ! P�
symbolically. Quite similarly, we can consider standing pulse solutions

Pþ!Pþ, too. Under the assumptions (H1)@(H4), we show the global exis-

Fig. 2. Global branches of stable travelling front and back solutions. Velocity yðeÞ versus a21.
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tence and stability of standing pulse solutions, which bifurcate from the points

where travelling front and back solutions with zero velocity coexist. The

direction of bifurcated solutions and their stability properties do depend on

the both signs of p� � pþ and
qy

qo
of Lemma 2.5. Since these situation is

complicated, we sum up them in Fig. 6 (see Theorems 3.9 and 4.13 for details).

Using the parameters in Fig. 3, we can calculate p� ¼ 0:455::; pþ ¼ 0:833::,

âa21 ¼ 1:03:: and a13 � a23 < 0. Then by Lemma 2.5, we find that
qy

qo
< 0.

Fig. 3. Numerical solutions of (1.3) with e ¼ 0:01, a ¼ b ¼ d ¼ 1:0. Travelling front and back

solutions collide and are blocked by a stable standing pulse solution when a12 ¼ 1:3, a13 ¼ 0:7,

a21 ¼ 1:04, a23 ¼ 0:8, a31 ¼ 0:8, a32 ¼ 0:5.
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Thus, Fig. 3 corresponds to the case (a) in Fig. 6 and shows the existence of

a stable standing pulse solution P� ! P�. Similarly we can check the fol-

lowing by using the parameters in each case: Fig. 4 does to the case (d) in

Fig. 6 and shows the existence of a stable standing pulse solution P� ! P�.

On the other hand, Fig. 5 does to the case (b) in Fig. 6. For the parameters in

Fig. 5, there exists only an unstable standing pulse solution Pþ ! Pþ. With the

aid of these results, we may understand the above numerical simulations as

follows: Travelling front and back solutions are blocked by stable standing

Fig. 4. Numerical solutions of (1.3) with e ¼ 0:01, a ¼ b ¼ d ¼ 1:0. Travelling front and back

solutions collide and are blocked by a stable standing pulse solution when a12 ¼ 0:9, a13 ¼ 0:8,

a21 ¼ 1:5, a23 ¼ 0:5, a31 ¼ 0:75, a32 ¼ 0:8.
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pulse solutions P� ! P� in Fig. 3 and Fig. 4. But there are no stable standing

pulse solutions P� ! P� in Fig. 5. Then ðu1; u2; vÞðt; xÞ decays to the one of

the stable equilibrium states, P�, as t ! y.

The problem (1.4) can be rewritten as an equivalent six-dimensional

dynamical system

d

dx
V ¼ FðV; e; a21; yÞ; x A R ð1:5Þ

for V ¼ ðu1; eu1;x; u2; eu2;x; v; vxÞ. When ða21; yÞ ¼ ðâa21; 0Þ, (1.5) has two hetero-

Fig. 5. Numerical solutions of (1.3) with e ¼ 0:01, a ¼ b ¼ d ¼ 1:0. Travelling front and back

solutions collide and annihilate when a12 ¼ 1:3, a13 ¼ 0:8, a21 ¼ 2:2, a23 ¼ 0:7, a31 ¼ 0:8, a32 ¼ 0:5.
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clinic orbits from P� ¼ ð½P��1; 0; ½P��2; 0; p�; 0Þ to Pþ ¼ ð½Pþ�1; 0; ½Pþ�2; 0; pþ; 0Þ
and Pþ to P� forming a loop which is called a heteroclinic loop, where ½PG�i is
the i-th component of PG. Under this situation, Kokubu et al [12] show the

bifurcation of homoclinic orbits with respect to P� or Pþ, which correspond to

standing pulse solutions P� ! P� or Pþ ! Pþ. And Nii [16] gives the stability

criterion of these standing pulse solutions by using stability index of homoclinic

orbits. This stability index is related to the signs of p� � pþ and
qy

qo
. But

their results are local theory on a small neighborhood of ða21; yÞ ¼ ðâa21; 0Þ. To

get a global information of the above bifurcated standing pulse solutions, we

use the singular perturbation method here.

In § 2, we give the basic results for outer and inner approximate solu-

tions, which plays an important role in the proof of the existence and stability

of standing pulse solutions. In § 3, we show the existence of standing pulse

solutions of (1.3) by using the analytical singular perturbation method. In

§ 4, applying the SLEP method developed by Nishiura and Fujii [17], we study

Fig. 6. Global bifurcation diagrams of standing pulse solutions. Velocity yðeÞ versus a21. The

symbols S and U stand for a stable branch and an unstable one, respectively. (a) p� < pþ and

qy

qo
ðo�; âa21Þ < 0; (b) p� < pþ and

qy

qo
ðo�; âa21Þ > 0; (c) pþ < p� and

qy

qo
ðo�; âa21Þ < 0; (d) pþ < p�

and
qy

qo
ðo�; âa21Þ > 0.
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the stability properties of the above solutions. In § 5, we give a few com-

ments.

Finally we should note the work by Mimura and Fife [15], which discuss

the same system on a finite interval. They show that the stationary solutions

of (1.1) exhibit spatial segregation, though two competing reaction-di¤usion

systems never do such phenomena. Their results are on the approximate

solutions and not completed by virtue of technical di‰culty. But their work

contributes greatly to solve it completely and give us a clue to analyze our

problem.

We use the following function spaces. Let e and s be positive numbers

and 0 < s < 1. Let

C2
e ½0; 1�1 u A C2½0; 1�

�� kukC 2
e ½0;1� ¼

X2
i¼0

sup
x A ½0;1�

���� e
d

dx

� �i
uðxÞ

���� < y

( )
;

C
�
2
e;N ½0; 1�1 fu A C2

e ½0; 1� j uxð0Þ ¼ 0 ¼ uð1Þg;

X 2
s; eðRGÞ1 u A C2ðRGÞ

�� kukX 2
s; eðRGÞ ¼

X2
i¼0

sup
x ARG

esjxj
���� e

d

dx

� �i
uðxÞ

���� < y

( )
;

X
�
2
s; eðRGÞ1 fu A X 2

s; eðRGÞ j uð0Þ ¼ 0g;

BCðRþÞ1 the set of the bounbed and uniformly continuous

functions defined on Rþ;

H 1
DðRþÞ1 fu A H 1ðRþÞ j uð0Þ ¼ 0g; H 1

NðRþÞ1 fu A H 1ðRþÞ j uxð0Þ ¼ 0g;

HsðRþÞ1 the interpolation space ½H 1ðRþÞ;L2ðRþÞ�1�s;

ðHsÞaðRþÞ1 the dual space of HsðRþÞ;

ðH 1
� Þ

aðRÞ1 the dual space of H 1
� ðRÞ;

where � ¼ D or N.

2. Preliminary

We can get the same results as that in [13], [14] by using the analytical

singular perturbation method. Here we will give the only parts of that we

have need in our analysis. Two types of approximate equations, the outer and

the inner approximate equations, give us an important information for the

existence and stability of travelling wave solutions. First, let us consider the v-

component of the outer approximate equations.
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V�
zz þ gð1� a13V

�; 0;V�Þ ¼ 0; z A R�

Vþ
zz þ gð0; 1� a23V

þ;VþÞ ¼ 0; z A Rþ

V�ð�yÞ ¼ p�;V
Gð0Þ ¼ o;VþðþyÞ ¼ pþ:

8>><
>>: ð2:1ÞG

To avoid a trivial solution for (2.1)G, we assume p� 0 pþ and fix o A Iðp� @ pþÞ
arbitrarily. For these equations, we have the following lemma:

Lemma 2.1. Under (H2), there exists o� A Iðp� @ pþÞ such that (2.1)G
with o ¼ o� have monotone increasing (resp. decreasing) solutions VG;0ðz;o�Þ
satisfying V�;0

z ð0;o�Þ ¼ Vþ;0
z ð0;o�Þ when p� < pþ (resp. pþ < p�).

The proof is easily achieved by using phase plane method. So we omit it.

Note that o� does not depend on a21 A J. Using these solutions, we can

describe the outer approximate solutions of (1.4), which approximate an exact

solution away from a layer position.

Next, let us consider the inner approximate equations, whose solutions

approximate an exact solution in a neighborhood of the layer position.

Duxx � yux þ fðu;oÞ ¼ 0; x A R

u1ð0Þ ¼ b

uð�yÞ ¼ ð1� a13o; 0Þ; uðþyÞ ¼ ð0; 1� a23oÞ:

8><
>: ð2:2Þ

Fix b A ð0; 1� a13oÞ arbitrarily. Under the assumptions (H3) and (H4), (2.2)

becomes a bistable system (see Fig. 7). Then we have the following lemma:

Fig. 7. Isoclines of f1ðu1; u2;oÞ ¼ 0 and f2ðu1; u2;oÞ ¼ 0.
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Lemma 2.2 (Kan-on [7]). For any o A Iðp� @ pþÞ and any a21 A J,

there exists y ¼ yðo; a21Þ such that (2.2) has a strictly monotone positive so-

lution uðx;o; a21Þ ¼ ðu1; u2Þðx;o; a21Þ with u1;xðx;o; a21Þ < 0, u2;xðx;o; a21Þ > 0.

Furthermore there exists âa21 A J such that yðo�; âa21Þ ¼ 0.

Remark 2.3. Kan-on [7] shows that for any fixed o A Iðp� @ pþÞ,
there exists a21 A J satisfying yðo; a21Þ ¼ 0 as in Lemma 2.2. But we can

show that for any fixed a21 A J, there exists o ¼ oða21Þ A Iðp� @ pþÞ satisfy-

ing yðoða21Þ; a21Þ ¼ 0 by using the same method as in [7]. We note that

o� ¼ oðâa21Þ.

When we define the linearized operator of (2.2) around uðx;o; a21Þ by

LðpÞ1Dpxx � ypx þ fup;

we know that LðuxÞ ¼ 0. The adjoint operator of L, say L�, is defined by

L�ðpÞ1Dpxx þ ypx þ tfup;

where tA stands for the transpose of a matrix A. For this operator, Kan-on

and Yanagida [11] show that

Lemma 2.4. Any non-trivial bounded solution p�ðxÞ ¼ ðp�
1 ; p

�
2 ÞðxÞ of

L�ðpÞ ¼ 0 satisfies p�
1 ðxÞp�

2 ðxÞ < 0 for all x A R.

By virtue of this lemma, we know the dependency of y on o and a21.

Lemma 2.5. yðo; a21Þ is a smooth function of o A Iðp� @ pþÞ and a21 A J

and satisfies

qy

qo
ðo; a21Þ ¼ �

Ðy
�yfaa13u1 p�

1 þ ba23u2 p
�
2gdxÐy

�yfu1;x p�
1 þ u2;x p

�
2gdx

;

qy

qa21
ðo; a21Þ ¼ �

b
Ðy
�y u1u2 p

�
2dxÐy

�yfu1;x p�
1 þ u2;x p

�
2gdx

< 0:

Furthermore the following relation also holds:

qy

qo
ðo; a21Þ ¼ � a13

2ð1� a13oÞ
yðo; a21Þ þ

bffiffiffi
a

p ða13 � a23Þ
ð1� a13oÞ3=2

qS

qA
;

where
qS

qA
> 0 (see the Appendix for the definition of S).

The proof is given in the Appendix.

Note that âa21 is determined by the relation yðo�; âa21Þ ¼ 0. The sign of
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qy

qo
ðo�; âa21Þ changes depending on the values a13 and a23. Then we must

consider the following two cases on the next lemma:

Lemma 2.6. If
qy

qo
ðo�; âa21Þ < 0, for any fixed a21 > a21 > âa21 (resp.

a21 < a21 < âa21), there exists o0 < o� (resp. o0 > o�) such that (2.2) with y ¼ 0

and o ¼ o0 has a unique strictly monotone solution ~uuðxÞ ¼ ð~uu1; ~uu2ÞðxÞ satisfying

~uu1;xðxÞ < 0, ~uu2;xðxÞ > 0 for x A R. Conversely if
qy

qo
ðo�; âa21Þ > 0, for any fixed

a21 < a21 < âa21 (resp. a21 > a21 > âa21), there exists o0 < o� (resp. o0 > o�)

such that (2.2) with y ¼ 0 and o ¼ o0 has a unique strictly monotone solution

~uuðxÞ ¼ ð~uu1; ~uu2ÞðxÞ satisfying ~uu1;xðxÞ < 0, ~uu2;xðxÞ > 0 for x A R.

The proof is given in the Appendix.

Though
qy

qo
ðo�; âa21Þ0 0 is necessary to show the existence of standing

pulse solutions (see § 3), the sign of
qy

qo
ðo�; âa21Þ plays an important role in the

stability of them (see § 4).

3. Standing pulse solutions

We study the existence of standing pulse solutions for any fixed

a21 A J. Here we suppose that p� < pþ. For the other case pþ < p�, we will

give some comments if we need. First, we assume that
qy

qo
ðo�; âa21Þ < 0 (i.e.,

qy

qo
ðoða21Þ; a21Þ < 0 for any a21 A J). By using the analytical singular per-

turbation method, we construct standing pulse solutions of the problem

e2Duxx þ fðu; vÞ ¼ 0

vxx þ gðu; vÞ ¼ 0
; x A R

ðu; vÞðGyÞ ¼ P�:

8><
>: ð3:1Þ

In order to find standing pulse solutions of (3.1), using the symmetry of them,

we can rewrite (3.1) equivalently as follows:

e2Duxx þ fðu; vÞ ¼ 0

vxx þ gðu; vÞ ¼ 0
; x A Rþ

ðux; vxÞð0Þ ¼ 0; ðu; vÞðyÞ ¼ P�:

8><
>: ð3:2Þ

Suppose that a standing pulse solution of (3.2) has an internal transition layer
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at x ¼ t (see Fig. 8), divide Rþ into two parts I11 ½0; t� and I21 ½t;yÞ and

write (3.2) as

e2Duxx þ fðu; vÞ ¼ 0

vxx þ gðu; vÞ ¼ 0
; x A I1

ðux; vxÞð0Þ ¼ 0; ðu; vÞðtÞ ¼ ðb; n;oÞ

8><
>: ð3:3Þ

and

e2Duxx þ fðu; vÞ ¼ 0

vxx þ gðu; vÞ ¼ 0
; x A I2

ðu; vÞðtÞ ¼ ðb; n;oÞ; ðu; vÞðyÞ ¼ P�:

8><
>: ð3:4Þ

Fig. 8. Spatial profiles of a standing pulse solution ðu1; u2; vÞðx; eÞ of (3.1).
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Here we fix b arbitrarily in the interval ð0; 1� a13o
0Þ. The width of this

interval corresponds to a transition of the u1-component in a neighborhood of

x ¼ t. Then we define t; n and o by the relations u1ðtÞ ¼ b; u2ðtÞ ¼ n and

vðtÞ ¼ o, respectively. First, we fix t; n;o suitably and solve the problems

(3.3) and (3.4), separately. Second, we determine t; n;o as functions of e

to match these solutions of (3.3) and (3.4) smoothly. Then we will get the

standing pulse solutions of (3.1).

3.1. On solutions of the problem (3.3)

Using the transformation y ¼ x=t, we have

e2Duyy þ t2fðu; vÞ ¼ 0

vyy þ t2gðu; vÞ ¼ 0
; y A ð0; 1Þ

ðuy; vyÞð0Þ ¼ 0; ðu; vÞð1Þ ¼ ðb; n;oÞ:

8><
>: ð3:5Þ

Putting e ¼ 0 approximately, we have

fðu; vÞ ¼ 0

vyy þ t2gðu; vÞ ¼ 0; y A ð0; 1Þ
vyð0Þ ¼ 0; vð1Þ ¼ o:

8><
>: ð3:6Þ

Since we are interested in a solution connecting two di¤erent branches of

fðu; vÞ ¼ 0, we solve the first equation as u ¼ ðu1; u2Þ ¼ ð0; 1� a23vÞ. Thus

(3.6) can be reduced to

vyy þ t2gð0; 1� a23v; vÞ ¼ 0; y A ð0; 1Þ
vyð0Þ ¼ 0; vð1Þ ¼ o:

(
ð3:7Þ

For this equation, we easily know the following:

Lemma 3.1. For any k satisfying p� < k < pþ, put

t ¼ tðk;oÞ ¼
ð k
o

dtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
Ð k
t
gð0; 1� a23s; sÞds

q > 0:

Then (3.7) with vð0Þ ¼ k has a unique strictly monotone decreasing solution

Vðy; k;oÞ A C
�
2
1;N ½0; 1� which satisfiesð k

VðyÞ

dtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
Ð k
t
gð0; 1� a23s; sÞds

q ¼ tðk;oÞy;

d

dy
Vð1; k;oÞ ¼ �tðk;oÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ð k
o

gð0; 1� a23s; sÞds

s
: ð3:8Þ
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Moreover Vðy; k;oÞ is uniformly continuous with respect to k and o in the

C
�
2
1;N ½0; 1�-topology.

Then

u1 ¼ U1ðy; k;oÞ ¼ 0; u2 ¼ U2ðy; k;oÞ ¼ 1� a23Vðy; k;oÞ; v ¼ Vðy; k;oÞ

is an outer approximation of (3.5). Since Uðy; k;oÞ ¼ ðU1;U2Þðy; k;oÞ does

not satisfy the boundary condition of (3.5) at y ¼ 1, we remedy this in a

neighborhood of y ¼ 1. For this purpose, we introduce the stretched variable

x ¼ ðy� 1Þ=e. Put

uðyÞ ¼ Uðy; k;oÞ þ u
y� 1

e

� �
; vðyÞ ¼ Vðy; k;oÞ þ e2v

y� 1

e

� �

and substitute this into (3.5). Letting e ¼ 0, we have

Duxx þ t2fðu1; 1� a23oþ u2;oÞ ¼ 0

vxx þ t2gðu1; 1� a23oþ u2;oÞ � t2gð0; 1� a23o;oÞ ¼ 0
; x A R�

ðu; vÞð�yÞ ¼ 0; vxð�yÞ ¼ 0

uð0Þ ¼ ðb; n� 1þ a23oÞ:

8>>><
>>>:

ð3:9Þ

From Lemma 2.6, we know that there exists o0 ¼ oða21Þ A ðp�; pþÞ such that

the problem

D~uuxx þ fð~uu;o0Þ ¼ 0; x A R

~uuð�yÞ ¼ ð1� a13o
0; 0Þ; ~uu1ð0Þ ¼ b

~uuðyÞ ¼ ð0; 1� a23o
0Þ

8><
>:

has a unique strictly monotone solution ~uuðxÞ ¼ ð~uu1; ~uu2ÞðxÞ satisfying ~uu1;xðxÞ < 0,

~uu2;xðxÞ > 0 for x A R. Put n0 ¼ ~uu2ð0Þ. Let p�ðxÞ ¼ ðp�
1 ; p

�
2 ÞðxÞ be any non-

trivial bounded solution of the adjoint equation Dpxx þ t~ffup ¼ 0, where ~ffu is

the linearized matrix of fðu;o0Þ around ~uu. From Lemma 2.4, we find that

p�
1 ðxÞp�

2 ðxÞ < 0 for all x A R. Then we know that

Lemma 3.2. When ðo; nÞ are su‰ciently close to ðo0; n0Þ, the problems

D~uuGxx þ fð~uuG;oÞ ¼ 0; x A RG

~uu�ð�yÞ ¼ ð1� a13o; 0Þ; ~uuGð0Þ ¼ ðb; nÞ
~uuþðyÞ ¼ ð0; 1� a23oÞ

8><
>: ð3:10Þ

have unique strictly monotone solutions ~uuGðx;o; nÞ ¼ ð~uuG1 ; ~uuG2 Þðx;o; nÞ such that

(i) ~uuG1;xðx;o; nÞ < 0, ~uuG2;xðx;o; nÞ > 0 and ~uuGðx;o0; n0Þ ¼ ~uuðxÞ for x A RG,

(ii) ~uuGðx;o; nÞ are uniformly continuous with respect to ðo; nÞ in the

ðX 2
t0;1

ðRGÞÞ2-topology for some t0 > 0,
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(iii)
q

qo
~uu�1;xð0;o0; n0Þ � q

qo
~uuþ1;xð0;o0; n0Þ

� �
p�
1 ð0Þ

þ d
q

qo
~uu�2;xð0;o0; n0Þ � q

qo
~uuþ2;xð0;o0; n0Þ

� �
p�
2 ð0Þ

¼
ðy
�y

faa13~uu1ðxÞp�
1 ðxÞ þ ba23~uu2ðxÞp�

2 ðxÞgdx;

(iv)
q

qn
~uu�1;xð0;o0; n0Þ � q

qn
~uuþ1;xð0;o0; n0Þ

� �
p�
1 ð0Þ

þ d
q

qn
~uu�2;xð0;o0; n0Þ � q

qn
~uuþ2;xð0;o0; n0Þ

� �
p�
2 ð0Þ ¼ 0:

The proof is stated in the Appendix.

Therefore we know a solution of (3.9) as follows:

u1ðx; k;o; nÞ ¼ ~uuþ1 ð�tx;o; nÞ; u2ðx; k;o; nÞ ¼ ~uuþ2 ð�tx;o; nÞ � 1þ a23o;

vðx; k;o; nÞ ¼ �t2
ð x
�y

ð h
�y

fgðu1; 1� a23oþ u2;oÞ � gð0; 1� a23o;oÞgdsdh:

Let k0 be an arbitrarily fixed number in ðp�; pþÞ and put Ld ¼ fðk;o; nÞ A
R3 j jk� k0j þ jo� o0j þ jn� n0j < dg for a small positive d. For any r ¼
ðk;o; nÞ A Ld, we seek an exact solution ðu; vÞ of (3.5) of the form

u ¼ Uðy; k;oÞ þ yðyÞu y� 1

e
; r

� �
þ rðy; eÞ � bsðy; eÞ

v ¼ Vðy; k;oÞ þ e2yðyÞ v
y� 1

e
; r

� �
� vð0; rÞ

� �
þ sðy; eÞ;

8>>>><
>>>>:

ð3:11Þ

where b ¼ tð0; a23Þ and yðyÞ A Cy½0; 1� satisfies

yðyÞ ¼ 0; 0a ya
1

2
; yðyÞ ¼ 1;

3

4
a ya 1; 0a yðyÞa 1;

1

2
a ya

3

4
:

Substituting (3.11) into (3.5), we define the following operator for ðr; sÞ:

Tðr; s; e; rÞ1 e2Duyy þ t2fðu; vÞ
vyy þ t2gðu; vÞ

� �

with the boundary conditions
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ðry; syÞð0; eÞ ¼ ðr; sÞð1; eÞ ¼ 0:

Tðr; s; e; rÞ is the di¤erential operator from Y
�
e½0; 1� � ð0; e0Þ � Ld into Z½0; 1�,

where

Y
�
e½0; 1� ¼ C

�
2
e;N ½0; 1� � C

�
2
e;N ½0; 1� � C

�
2
1;N ½0; 1�;

Z½0; 1� ¼ C0½0; 1� � C0½0; 1� � C0½0; 1�:

It is apparent that (3.5) is equivalent to solve T ¼ 0 in Y
�
e½0; 1�.

Lemma 3.3. There exist e0 > 0, d0 > 0 and K > 0 such that for any

e A ð0; e0Þ and r A Ld0 , Tðr; s; e; rÞ has the following properties:

(i) lim
e#0

kTð0; 0; e; rÞkZ½0;1� ¼ 0 uniformly in r A Ld0 ;

(ii) For any ðr1; s1Þ; ðr2; s2Þ A Y
�
e½0; 1�,���� qT

qðr; sÞ ðr1; s1; e; rÞ �
qT

qðr; sÞ ðr2; s2; e; rÞ
����
Y
�
e½0;1�!Z½0;1�

aKkðr1; s1Þ � ðr2; s2ÞkY�e½0;1�;

where qT=qðr; sÞ is the Fréchet derivative of T with respect to ðr; sÞ;

(iii)
qT

qðr; sÞ

� ��1
ð0; 0; e; rÞ

�����
�����
Z½0;1�!Y

�
e ½0;1�

aK :

Moreover (i)–(iii) also hold for qT=qk, qT=qo and qT=qn instead of T.

The proof is stated in the Appendix.

Thus, applying the implicit function theorem [1, Theorem 3.4] to

Tðr; s; e; rÞ ¼ 0; ð3:12Þ
we have the following lemma:

Lemma 3.4. There exist e0 > 0 and d0 > 0 such that for any e A ð0; e0Þ and

r A Ld0 , (3.12) has a unique solution ðr; sÞðe; rÞ A Y
�
e½0; 1�. Moreover ðr; sÞðe; rÞ,

qðr; sÞ=qkðe; rÞ, qðr; sÞ=qoðe; rÞ and qðr; sÞ=qnðe; rÞ are uniformly continuous with

respect to ðe; rÞ A ð0; e0Þ � Ld0 in the Y
�
e½0; 1�-topology and satisfy

kðr; sÞðe; rÞk
Y
�
e½0;1�

¼ oð1Þ

kqðr; sÞ=qkðe; rÞk
Y
�
e½0;1�

¼ oð1Þ

kqðr; sÞ=qoðe; rÞk
Y
�
e½0;1�

¼ oð1Þ

kqðr; sÞ=qnðe; rÞk
Y
�
e½0;1�

¼ oð1Þ

8>>>>>><
>>>>>>:

as e # 0 uniformly in r A Ld0 .
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To emphasize that U;V ; u; v; r; s and b are constructed on the interval I1,

we write them as Uð1Þ;V ð1Þ, uð1Þ; vð1Þ; rð1Þ; sð1Þ and bð1Þ, respectively. Thus, we

have a solution ðuð1Þ; vð1ÞÞðx; e; k;o; nÞ of (3.3) on I1 ¼ ½0; t�, which takes the

form

uð1Þðx; e; k;o; nÞ ¼ Uð1Þ x

t
; k;o

� �
þ y

x

t

� �
uð1Þ

x� t

et
; k;o; n

� �

þ rð1Þ
x

t
; e; k;o; n

� �
� bð1Þsð1Þ

x

t
; e; k;o; n

� �

vð1Þðx; e; k;o; nÞ ¼ V ð1Þ x

t
; k;o

� �
þ e2y

x

t

� ��
vð1Þ

x� t

et
; k;o; n

� �

� vð1Þð0; k;o; nÞ
�
þ sð1Þ

x

t
; e; k;o; n

� �
;

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

ð3:13Þ

where t ¼ tðk;oÞ.

3.2. On solutions of the problem (3.4)

Using the transformation y ¼ x� t, we have

e2Duyy þ fðu; vÞ ¼ 0

vyy þ gðu; vÞ ¼ 0
; y A Rþ

ðu; vÞð0Þ ¼ ðb; n;oÞ; ðu; vÞðyÞ ¼ P�:

8><
>: ð3:14Þ

Put e ¼ 0 approximately. We have

fðu; vÞ ¼ 0

vyy þ gðu; vÞ ¼ 0; y A Rþ

vð0Þ ¼ o; vðyÞ ¼ p�:

8><
>: ð3:15Þ

Since we are interested in a solution connecting two di¤erent branches of

fðu; vÞ ¼ 0, here we solve the first equation as u ¼ ðu1; u2Þ ¼ ð1� a13v; 0Þ.
Thus (3.15) can be reduced to

vyy þ gð1� a13v; 0; vÞ ¼ 0; y A Rþ
vð0Þ ¼ o; vðyÞ ¼ p�:

(
ð3:16Þ

By virtue of the phase plane analysis, we know that (3.16) has a unique strictly

monotone decreasing solution Vðy;oÞ satisfying

ðVðy;oÞ � p�Þ A X 2
sþ;1

ðRþÞ;
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d

dy
Vð0;oÞ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ð p�

o

gð1� a13s; 0; sÞds

s
; ð3:17Þ

where sþ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a31

p
. Moreover Vðy;oÞ is uniformly continuous with respect

to o in the X 2
sþ;1

ðRþÞ-topology. Then

u1 ¼ U1ðy;oÞ ¼ 1� a13Vðy;oÞ; u2 ¼ U2ðy; k;oÞ ¼ 0; v ¼ Vðy;oÞ

is an outer approximation of (3.14). Since Uðy;oÞ ¼ ðU1;U2Þðy;oÞ does

not satisfy the boundary condition of (3.14) at y ¼ 0, we remedy this in a

neighborhood of y ¼ 0. Introduce the stretched variable x ¼ y=e, put

uðyÞ ¼ Uðy;oÞ þ u
y

e

� �
; vðyÞ ¼ Vðy;oÞ þ e2v

y

e

� �
and substitute this into (3.14). Letting e ¼ 0, we have

Duxx þ fð1� a13oþ u1; u2;oÞ ¼ 0

vxx þ gð1� a13oþ u1; u2;oÞ � gð1� a13o; 0;oÞ ¼ 0;
x A Rþ

uð0Þ ¼ ðb � 1þ a13o; nÞ
ðu; vÞðyÞ ¼ 0; vxðyÞ ¼ 0:

8>>><
>>>:

From Lemma 3.2, we know that

u1ðx;o; nÞ ¼ ~uu�1 ð�x;o; nÞ � 1þ a13o; u2ðx;o; nÞ ¼ ~uu�2 ð�x;o; nÞ;

vðx;o; nÞ ¼ �
ðy
x

ðy
h

fgð1� a13oþ u1; u2;oÞ � gð1� a13o; 0;oÞgdsdh:

Put Sd ¼ fðo; nÞ A R2 j jo� o0j þ jn� n0j < dg for a small positive d. For any

p ¼ ðo; nÞ A Sd, we seek an exact solution ðu; vÞ of (3.14) of the form

u ¼ Uðy;oÞ þ u
y

e
; p

� �
þ rðy; eÞ � bsðy; eÞ

v ¼ Vðy;oÞ þ e2 v
y

e
; p

� �
� e�syvð0; pÞ

n o
þ sðy; eÞ;

8><
>:

where b ¼ tða13; 0Þ and s is any fixed number satisfying 0 < s < sþ.

Substituting this into (3.14), we define the following operator for ðr; sÞ:

Tðr; s; e; pÞ1 e2Duyy þ fðu; vÞ
vyy þ gðu; vÞ

� �

with the boundary conditions

ðr; sÞð0; eÞ ¼ ðr; sÞðy; eÞ ¼ 0:
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Tðr; s; e; pÞ is the di¤erential operator from Y
�
s; eðRþÞ � ð0; e0Þ � Sd into ZsðRþÞ,

where

Y
�
s; eðRþÞ ¼ X

�
2
s; eðRþÞ � X

�
2
s; eðRþÞ � X

�
2
s;1ðRþÞ;

ZsðRþÞ ¼ X 0
s;1ðRþÞ � X 0

s;1ðRþÞ � X 0
s;1ðRþÞ:

It is apparent that (3.14) is equivalent to solve T ¼ 0 in Y
�
s; eðRþÞ. Noting that

the lemma similar to Lemma 3.3 holds for this operator T , we get the following

lemma:

Lemma 3.5. There exist e0 and d0 such that for any e A ð0; e0Þ and

p A Sd0 , T ¼ 0 has a unique solution ðr; sÞðe; pÞ A Y
�
s; eðRþÞ. Moreover ðr; sÞðe; pÞ,

qðr; sÞ=qoðe; pÞ and qðr; sÞ=qnðe; pÞ are uniformly continuous with respect to

ðe; pÞ A ð0; e0Þ � Sd0 in the Y
�
s; eðRþÞ-topology and satisfy

kðr; sÞðe; pÞk
Y
�
s; eðRþÞ

¼ oð1Þ

kqðr; sÞ=qoðe; pÞk
Y
�
s; eðRþÞ

¼ oð1Þ

kqðr; sÞ=qnðe; pÞk
Y
�
s; eðRþÞ

¼ oð1Þ

8>>>><
>>>>:

as e # 0 uniformly in p A Sd0 .

To emphasize that U;V ; u; v; r; s and b are constructed on the interval I2,

we write them as Uð2Þ;V ð2Þ, uð2Þ; vð2Þ; rð2Þ; sð2Þ and bð2Þ, respectively. Thus, we

have a solution ðuð2Þ; vð2ÞÞðx; e; k;o; nÞ of (3.4) on I2 ¼ ½t;yÞ, which takes the

form

uð2Þðx; e; k;o; nÞ ¼ Uð2Þðx� t;oÞ þ uð2Þ
x� t

e
;o; n

� �
þ rð2Þðx� t; e;o; nÞ � bð2Þsð2Þðx� t; e;o; nÞ

vð2Þðx; e; k;o; nÞ ¼ V ð2Þðx� t;oÞ þ e2
�
vð2Þ

x� t

e
;o; n

� �

� e�sðx�tÞvð2Þð0;o; nÞ
�
þ sð2Þðx� t; e;o; nÞ;

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð3:18Þ

where t ¼ tðk;oÞ.

3.3. On solutions of the problem (3.2)

Finally we construct solutions of (3.2) on the interval Rþ, matching

ðuð1Þ; vð1ÞÞðx; e; k;o; nÞ and ðuð2Þ; vð2ÞÞðx; e; k; n;oÞ at x ¼ t ¼ tðk;oÞ in C 1-sense.

For this purpose, we define three functions F, C and W by
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Fðe; k;o; nÞ1 e
d

dx
u
ð1Þ
1 ðt; e; k;o; nÞ � e

d

dx
u
ð2Þ
1 ðt; e; k;o; nÞ

Cðe; k;o; nÞ1 e
d

dx
u
ð1Þ
2 ðt; e; k;o; nÞ � e

d

dx
u
ð2Þ
2 ðt; e; k;o; nÞ

Wðe; k;o; nÞ1 d

dx
vð1Þðt; e; k;o; nÞ � d

dx
vð2Þðt; e; k;o; nÞ

8>>>>>>><
>>>>>>>:

ð3:19Þ

and determine k, o and n as functions of e such that

Fðe; k;o; nÞ ¼ Cðe; k;o; nÞ ¼ Wðe; k;o; nÞ ¼ 0: ð3:20Þ

Setting E as E ¼ fðe; k;o; nÞ j e A ð0; e0Þ; ðk;o; nÞ A Ld0g, we know from Lemmas

3.4 and 3.5 that Fðe; k;o; nÞ, Cðe; k;o; nÞ and Wðe; k;o; nÞ are uniformly con-

tinuous in E. Therefore, F, C and W can be continuously extended so as to

be defined for E. Setting e ¼ 0 in (3.19), we put

F0ðk;o; nÞ ¼ Fð0; k;o; nÞ;C0ðk;o; nÞ ¼ Cð0; k;o; nÞ;W0ðk;o; nÞ ¼ Wð0; k;o; nÞ:

Then we easily find that

F0ðk;o; nÞ ¼
1

t
u
ð1Þ
1;xð0; k;o; nÞ � u

ð2Þ
1;xð0;o; nÞ ¼ �~uuþ1;xð0;o; nÞ þ ~uu�1;xð0;o; nÞ

C0ðk;o; nÞ ¼
1

t
u
ð1Þ
2;xð0; k;o; nÞ � u

ð2Þ
2;xð0;o; nÞ ¼ �~uuþ2;xð0;o; nÞ þ ~uu�2;xð0;o; nÞ

W0ðk;o; nÞ ¼
1

t
V ð1Þ
y ð1; k;oÞ � V ð2Þ

y ð0;oÞ:

8>>>>>>><
>>>>>>>:

First we determine ðk0;o0; n0Þ to satisfy ðF0ðk0;o0; n0Þ;C0ðk0;o0; n0Þ;
W0ðk0;o0; n0ÞÞ ¼ 0. Note that F0ðk;o; nÞ and C0ðk;o; nÞ are independent

of k. In fact, o0 and n0 have been determined to satisfy F0ðk0;o0; n0Þ ¼ 0

and C0ðk0;o0; n0Þ ¼ 0 (see Lemma 3.2). Then k0 is defined by the relation

W0ðk0;o0; n0Þ ¼ 0 as follows: By virtue of (3.8) and (3.17), W0ðk0;o0; n0Þ ¼ 0

is equivalent to the relation

ð p�

o0

gð1� a13s; 0; sÞds ¼
ð k0

o0

gð0; 1� a23s; sÞds: ð3:21Þ

Recall that o� A ðp�; pþÞ is defined by the relationð p�

o �
gð1� a13s; 0; sÞds ¼

ð pþ

o �
gð0; 1� a23s; sÞds

(see Lemma 2.1). If o0 > o�, we can not find a value k0 A ðo0; pþÞ satisfying
the relation (3.21). Conversely, if o0 < o�, we see that there exists k0 A ðo0; pþÞ
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satisfying (3.21) (see Fig. 9). Note that the relation a21 > âa21 must be satisfied

in order that o0 < o� holds. Moreover the following relation holds:

qW0

qk
ðk0;o0; n0Þ ¼ � gð0; 1� a23k

0; k0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
Ð k0

o0 gð0; 1� a23s; sÞds
q < 0:

Remark 3.6. From the point of view of the singular perturbation

method, we could say the following: If o0 > o�, we may construct inner

approximate solutions of standing pulse solutions (see Lemma 2.6), but we

can not do outer approximate solutions.

Remark 3.7. When pþ < p�, o
0 should satisfy the relation o0 > o� so

that there exists k0 A ðpþ;o0Þ satisfying (3.21).

On the other hand, Lemma 3.2 says that

det
qðF0;C0Þ
qðo; nÞ ðk0;o0; n0Þ

� �

¼ � qC0

qn
ðk0;o0; n0Þ

ðþy

�y
faa13~uu1 p�

1 þ ba23~uu2 p
�
2gdx=p�

1 ð0Þ:

This implies that

det
qðF0;C0;W0Þ
qðk;o; nÞ ðk0;o0; n0Þ

� �
¼ qW0

qk
ðk0;o0; n0Þ � det qðF0;C0Þ

qðo; nÞ ðk0;o0; n0Þ
� �

¼ � qW0

qk
ðk0;o0; n0Þ qC0

qn
ðk0;o0; n0Þ

ðþy

�y
faa13~uu1 p�

1 þ ba23~uu2 p
�
2gdx=p�

1 ð0Þ:

Fig. 9. Relation between o�; k0 and o0.
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Here we used the relation
q

qk
F0ðk0;o0; n0Þ ¼ 0 and

q

qk
C0ðk0;o0; n0Þ ¼ 0.

Furthermore it holds that
qC0

qn
ðk0;o0; n0Þ0 0. If

qC0

qn
ðk0;o0; n0Þ ¼ 0,

qF0

qn
ðk0;o0; n0Þ ¼ 0 also holds by the relation (iv) in Lemma 3.2. This implies

that the problem

LðpÞ ¼ 0; x A R

pð0Þ ¼ tð0; 1Þ; pðGyÞ ¼ 0

(

has a solution pðxÞ ¼ tðp1; p2ÞðxÞ on R and it is represented as

pðxÞ ¼ CuxðxÞ; x A R

for some C0 0. But at x ¼ 0, this relation does not hold. This is a

contradiction. Then we have
qC0

qn
ðk0;o0; n0Þ0 0. We already assume

qy

qo
ðo�; âa21Þ < 0, that is,

qy

qo
ðo0; a21Þ < 0. Then we have

aa13

ðþy

�y
~uu1 p

�
1 dxþ ba23

ðþy

�y
~uu2 p

�
2 dx0 0

(see Lemma 2.5). Therefore we can apply the implicit function theorem [1,

Theorem 4.3] to (3.20) and have

Lemma 3.8. There is e0 > 0 such that for any e A ½0; e0Þ, there exist kðeÞ,
oðeÞ and nðeÞ satisfying

Fðe; kðeÞ;oðeÞ; nðeÞÞ ¼ Cðe; kðeÞ;oðeÞ; nðeÞÞ ¼ Wðe; kðeÞ;oðeÞ; nðeÞÞ ¼ 0

and

lim
e#0

kðeÞ ¼ k0; lim
e#0

oðeÞ ¼ o0; lim
e#0

nðeÞ ¼ n0:

We can get the same result as in Lemma 3.8 for the case that
qy

qo
ðo�; âa21Þ > 0. Then we have the following theorem:

Theorem 3.9. Suppose that p� < pþ (resp. pþ < p�). Under the assump-

tions (H1)@(H4), we consider the following two cases: (I)
qy

qo
ðo�; âa21Þ < 0

and a21 > a21 > âa21 (resp. a21 < a21 < âa21), and (II)
qy

qo
ðo�; âa21Þ > 0 and

a21 < a21 < âa21 (resp. a21 > a21 > âa21). For the both cases (I) and (II), there is

e0 > 0 such that for any e A ð0; e0Þ, (3.1) has a standing pulse solution ðu; vÞðx; eÞ,
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which is symmetric with respect to x ¼ 0 and has the form (3.13) on ½0; tðeÞ� and
(3.18) on ½tðeÞ;yÞ for k ¼ kðeÞ, o ¼ oðeÞ, n ¼ nðeÞ, t ¼ tðeÞ ¼ tðkðeÞ, oðeÞÞ.

Corollary. We assume that (H1)@(H4). If p� < pþ, standing pulse

solutions bifurcate globally to the right-hand (resp. left-hand) side along the a21-

axis at ðâa21; 0Þ in the a21 � y plane when
qy

qo
ðo�; âa21Þ < 0 (resp. > 0). Con-

versely, if pþ < p�, standing pulse solutions bifurcate globally to the right-hand

(resp. left-hand) side along the a21-axis at ðâa21; 0Þ when
qy

qo
ðo�; âa21Þ > 0 (resp.

< 0) (see Fig. 6).

4. Stability of standing pulse solutions

Here we will study the stability of the standing pulse solutions. We

suppose that p� < pþ. We will give some comments for the other case

pþ < p� if we need. Let us consider the following linearized eigenvalue

problem of (3.1) around ðu; vÞðx; eÞ:

lw ¼ e2Dwxx þ f euðxÞwþ f evðxÞy
ly ¼ yxx þ g e

uðxÞ � wþ ge
vðxÞy

; x A R

(
ð4:1Þ

and ðw; yÞðx; e; lÞ A ðBCðRÞÞ3, where w ¼ tðw1;w2Þ, u ¼ tðu1; u2Þ, f ¼ tð f1; f2Þ,

f euðxÞ ¼
f1u1ðuðx; eÞ; vðx; eÞÞ f1u2ðuðx; eÞ; vðx; eÞÞ
f2u1ðuðx; eÞ; vðx; eÞÞ f2u2ðuðx; eÞ; vðx; eÞÞ

� �
;

and the other functions f evðxÞ, ge
uðxÞ and ge

vðxÞ are similarly defined. � means

the usual inner product in R2. For our purpose, it is enough to examine the

distribution of isolated eigenvalues of (4.1), because the essential spectrum of

the above linearized operator is not dangerous and linear stability implies

nonlinear stability (see [2]).

By virtue of the symmetry of the standing pulse solution, the eigenvalue

problem (4.1) on R is decomposed into an equivalent pair of the following

eigenvalue problems on Rþ, say, (4.2)D and (4.2)N :

lw ¼ e2Dwxx þ f euðxÞwþ f evðxÞy
ly ¼ yxx þ ge

uðxÞ � wþ ge
vðxÞy

; x A Rþ

wð0Þ ¼ 0;wðyÞ ¼ 0

yð0Þ ¼ 0; yðyÞ ¼ 0

8>>><
>>>:

ð4:2ÞD

and
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lw ¼ e2Dwxx þ f euðxÞwþ f evðxÞy
ly ¼ yxx þ ge

uðxÞ � wþ ge
vðxÞy

; x A Rþ

wxð0Þ ¼ 0;wðyÞ ¼ 0

yxð0Þ ¼ 0; yðyÞ ¼ 0

8>>><
>>>:

ð4:2ÞN

(This equivalence is proved in the Appendix). Then it su‰ces for us to

analyze the both eigenvalue problems (4.2)D and (4.2)N . Suppose that there

is an isolated eigenvalue l A Cd0 1 fl A C jRe l > �d0g ðd0 > 0Þ of (4.2)D or

(4.2)N with the corresponding eigenfunction ðw; yÞðx; e; lÞ A ðBCðRþÞÞ3. Then

ðw; yÞ must decay with the exponential order as x ! y by (H2), (H3) and

(H4). This guarantees us to impose the boundary conditions ðw; yÞðy; e; lÞ ¼ 0

in (4.2)D and (4.2)N .

4.1. Eigenvalue problem (4.2)D

We define the operators L e
D and L

e;�
D by

Le
Dw ¼ e2Dwxx þ f euðxÞw and L

e;�
D w ¼ e2Dwxx þ tf euðxÞw

with the boundary condition wð0Þ ¼ 0 on Rþ, respectively. Let fzD; e
n ; fD; e

n g
(resp. fzD; e;�

n , fD; e;�
n g) be eigenpairs of the eigenvalue problem

L e
Df ¼ zf; x A Rþ

fð0Þ ¼ 0

f; fx; fxx A BCðRþÞ;

8><
>: resp:

L
e;�
D f� ¼ z�f�; x A Rþ

f�ð0Þ ¼ 0

f�; f�
x ; f

�
xx A BCðRþÞ;

8><
>:

0
B@

1
CA

where ffD; e
n g and ffD; e;�

n g are normalized as kfD; e
n kL2ðRþÞ ¼ 1 and

hfD; e
n ; fD; e;�

n iL2ðRþÞ ¼ 1 ðn ¼ 0; 1; 2; . . .Þ. Assume that Re zD; e
n aRe zD; e

0

ðnb 1Þ. Then we easily find that

zD; e;�
n ¼ zD; e

n ðnb 0Þ:

Hereafter we use the symbol t0 in place of tðk0;o0Þ.

Lemma 4.1. fzD; e
n g satisfy the following properties:

(i) Re zD; e
0 ¼ eLDðeÞ and Im zD; e

0 ¼ oðeÞ as e ! 0, where

LDð0Þ ¼ � qy

qo
ðo0; a21Þ

ð t0
0

g Uð1Þ x

t0
; k0;o0

� �
;V ð1Þ x

t0
; k0;o0

� �� �
dx:

(ii) There are e0 > 0 and d0 > 0 such that Re zD; e
n < �d0 for any e A ð0; e0Þ

and nb 1.
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We can prove this in a way similar to that of Lemma 1.4 in [17], so we

omit it.

Applying the SLEP method which is developed by Nishiura and Fujii [17],

we will calculate the distribution of isolated eigenvalues of (4.2)D. Let Se
D

be the set of all eigenvalues of (4.2)D for e A ð0; e0Þ. The following lemma is

needed for this procedure.

Lemma 4.2 ([17, Lemma 2.1]). zD; e
0 B Se

D for e A ð0; e0Þ.

By virtue of Lemmas 4.1 and 4.2, we can solve the first equation of (4.2)D
with respect to w for l A Cd0 VSe

D:

w ¼ ðLe
D � lÞ�1ð�f ev yÞ:

Let Pe
D be the projection operator onto the eigenspace ffD; e

0 g:

P e
Dð�Þ ¼ h� ; fD; e;�

0 ifD; e
0 ;

and decompose ðL e
D � lÞ�1 into two parts

ðL e
D � lÞ�1ð�Þ ¼ 1

zD; e
0 � l

P e
Dð�Þ þ ðLe

D � lÞyð�Þ:

Then we know that there exists a positive constant M satisfying

kðL e
D � lÞykL2ðRþÞ!L2ðRþÞ aM

for any e A ð0; e0Þ, l A Cd0 VSe
D. w is represented explicitly as

w ¼ � hf ev y; f
D; e;�
0 i

zD; e
0 � l

fD; e
0 � ðL e

D � lÞyðf ev yÞ: ð4:3Þ

Substituting (4.3) into the second equation of (4.2)D, we have the

eigenvalue problem with respect to y A H 1
DðRþÞ:

yxx �
hf ev y; f

D; e;�
0 i

zD; e
0 � l

ge
u � f

D; e
0 � g e

uðLe
D � lÞyðf ev yÞ þ ge

v y ¼ ly; x A Rþ: ð4:4Þ

The core of the SLEP method consists of the following two key lemmas, which

characterize the asymptotic behaviours of the second and the third terms of the

left-hand side of (4.4).

Lemma 4.3 (The first key lemma.) ([19, Theorem 2]). For any y A L2ðRþÞ
and any s A ð0; 1=2Þ,

ðL e
D � lÞyðf ev yÞ ! ðf 0u � lÞ�1ðf 0v yÞ as e ! 0

strongly in ðHsÞaðRþÞ-sense and uniformly in l A Cd0 , where
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f 0u ¼
f1u1ð�Þ f1u2ð�Þ
f2u1ð�Þ f2u2ð�Þ

� �
; f 0v ¼ tð f1vð�Þ; f2vð�ÞÞ;

� ¼
Uð1Þ x

t0
; k0;o0

� �
;V ð1Þ x

t0
; k0;o0

� �� �
x A ½0; t0�

ðUð2Þðx� t0;o0Þ;V ð2Þðx� t0;o0ÞÞ x A ½t0;yÞ:

8><
>:

Moreover, the above convergence is uniform on a bounded set in Cd0 � L2ðRþÞ.

Let Bd be a closed ball with center at the origin and radius d > 0 in C.

Lemma 4.4 ([17, Proposition 2.1]). Suppose that l is an eigenvalue of

(4.2)D which stays outside of Bd for small e. Then there exist positive constants

d � and ed such that

Re l < �d � for 0 < e < ed;

where d � does not depend on d and e A ð0; edÞ.

This lemma implies that if (4.2)D has an eigenvalue l A Cd � , l should tend

to 0 as e ! 0. In order to catch such eigenvalues, we give the following

lemma:

Lemma 4.5 (The second key lemma.) ([17, Lemma 2.3]). As e ! 0,

(i)
1ffiffi
e

p f ev � f
D; e;�
0 ! � qy

qo
ðo0; a21Þdt0 ,

(ii)
1ffiffi
e

p ge
u � f

D; e
0 ! �½gð0; 1� a23o

0;o0Þ � gð1� a13o
0; 0;o0Þ�dt0

in ðH 1
DÞ

aðRþÞ-sense uniformly for l A Cd � , where dt0 ¼ dðx� t0Þ is a Dirac’s

d-function at t0.

Remark 4.6. When pþ < p�, the relation (ii) in Lemma 4.5 is replaced by

1ffiffi
e

p ge
u � f

D; e
0 ! ½gð0; 1� a23o

0;o0Þ � gð1� a13o
0; 0;o0Þ�dt0 :

Let l ¼ oð1Þ and l0OðeÞ as e ! 0. Using the above two key lemmas,

we can easily show that this l is not an eigenvalue of (4.2)D. Then we can put

l ¼ lðeÞ ¼ emD and take the limit e ! 0 of (4.4) in ðH 1
DÞ

aðRþÞ, and get the

singular limit eigenvalue problem (SLEP):

yxx �
c�hy; dt0i

LDð0Þ � mD
dt0 � g0uðf 0uÞ

�1f 0v yþ g0v y ¼ 0; y A H 1
DðRþÞ; ð4:5Þ

where

c� ¼ qy

qo
ðo0; a21Þ½gð0; 1� a23o

0;o0Þ � gð1� a13o
0; 0;o0Þ�;
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which is identical to the relation

yxx �
c�hy; dt0i

LDð0Þ � mD
dt0 þ det�y ¼ 0; y A H 1

DðRþÞ; ð4:6Þ

where

det� ¼ g0v � g0uðf 0uÞ
�1f 0v < 0;

and g0u and g0v are defined similarly to f 0u and f 0v . Without loss of generality,

we can normalize the limiting eigenfunction y as hy; dt0i ¼ yðt0Þ ¼ 1. Then

(4.6) is equivalent to the following equations:

d 2

dx2
yðiÞ þ det�yðiÞ ¼ 0; x A Ii

yð1Þðt0Þ ¼ 1 ¼ yð2Þðt0Þ

yð1Þð0Þ ¼ 0; yð2ÞðyÞ ¼ 0

d

dx
yð2Þðt0Þ � d

dx
yð1Þðt0Þ ¼ c�

LDð0Þ � mD

8>>>>>>>>>><
>>>>>>>>>>:

ð4:7Þ

for i ¼ 1; 2, where I1 ¼ ð0; t0Þ, I2 ¼ ðt0;yÞ,

c�

LDð0Þ � mD
¼ �½gð0; 1� a23o

0;o0Þ � gð1� a13o
0; 0;o0Þ�ð t0

0

g Uð1Þ x

t0
; k0;o0

� �
;V ð1Þ x

t0
; k0;o0

� �� �
dxþ mD

�
qy

qo
ðo0; a21Þ

:

The first three equations of (4.7) do not depend on mD and are closed by

themselves. We can easily solve them and express solutions y
ðiÞ
0;DðxÞ ði ¼ 1; 2Þ

explicitly by using outer approximations in § 3.1 and § 3.2:

y
ð1Þ
0;DðxÞ ¼ V ð1Þ

x

x

t0
; k0;o0

� �.
V ð1Þ
x ð1; k0;o0Þ; x A I1;

y
ð2Þ
0;DðxÞ ¼ V ð2Þ

x ðx� t0;o0Þ=V ð2Þ
x ð0;o0Þ; x A I2:

Then we have the next lemma.

Lemma 4.7. The singular limit eigenvalue problem (4.7) has a unique so-

lution ðyðxÞ; mDÞ ¼ ðy0;DðxÞ; 0Þ A H 1
DðRþÞ � C such that y0;DðxÞ is smooth, non-

negative and convex in each of the subintervals I1 and I2 (see Fig. 10).

To get an information of the dependency of mD on e > 0, we convert the

SLEP equation (4.5) into the equivalent transcendental equation. Let us in-

troduce the di¤erential operator T
D; e
mD : H 1

DðRþÞ ! ðH 1
DÞ

aðRþÞ;

TD; e
mD 1� d 2

dx2
þ ge

uðL e
D � emDÞyðf ev �Þ � ge

v þ emD: ð4:8Þ
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Lemma 4.8 ([17, Lemma 3.1], [18, Lemma 3.6]). There exists a positive

constant e0 such that the di¤erential operator T D; e
mD has a uniformly bounded

inverse K
D; e
mD : ðH 1

DÞ
aðRþÞ ! H 1

DðRþÞ for any e A ð0; e0Þ, which is continuous on

e A ½0; e0Þ and analytic on mD A C in the operator norm sense.

(4.4) with l ¼ emD is rewritten as

TD; e
mD y ¼ � hf ev y; f

D; e;�
0 i

zD; e
0 � emD

ge
u � f

D; e
0 :

Then, applying the operator K
D; e
mD to this equation, we have

y ¼ � hf ev y; f
D; e;�
0 =

ffiffi
e

p
i

zD; e
0 =e� mD

K
D; e
mD ðge

u � f
D; e
0 =

ffiffi
e

p
Þ; ð4:9Þ

which implies that y is a constant multiple of K
D; e
mD ðge

u � f
D; e
0 =

ffiffi
e

p
Þ, that is, for a

constant a

y ¼ aKD; e
mD ðge

u � f
D; e
0 =

ffiffi
e

p
Þ A H 1

DðRþÞ: ð4:10Þ

Substituting (4.10) into (4.9), we see that a nontrivial solution y of (4.9) exists if

and only if mD satisfies the algebraic-like equation

zD; e
0

e
� mD ¼ KD; e

mD ge
u �

fD; e
0 ffiffi
e

p
 !

;�f ev
fD; e;�
0 ffiffi
e

p
* +

: ð4:11Þ

Then we put

Fig. 10. Spatial profiles of solutions y
ðiÞ
0;DðxÞ and y

ðiÞ
0;NðxÞ ði ¼ 1; 2Þ of (4.7) and (4.15), respec-

tively.
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FDðmD; eÞ1 zD; e
0

e
� mD � KD; e

mD g e
u �

fD; e
0 ffiffi
e

p
 !

;�f ev
fD; e;�
0 ffiffi
e

p
* +

¼ 0: ð4:12Þ

Lemmas 4.1, 4.5 and 4.8 guarantee us to be able to take the limit e ! 0 in

(4.12). Thus the limiting equation is given by

FD
0 ðmDÞ1FDðmD; 0Þ ¼ LDð0Þ � mD þ c�hKD;0

mD dt0 ; dt0i ¼ 0:

Note that KD;0
mD is independent of mD and

hKD;0
mD dt0 ; dt0i ¼

ð t0
0

g Uð1Þ x

t0
; k0;o0

� �
;V ð1Þ x

t0
; k0;o0

� �� �
dx

½gð0; 1� a23o0;o0Þ � gð1� a13o0; 0;o0Þ� :

We find that

FD
0 ðmDÞ ¼ �mD;

which implies FD
0 ð0Þ ¼ 0 and

dFD
0

dmD
ð0Þ0 0. This corresponds to the result in

Lemma 4.7. Applying a usual implicit function theorem to (4.12) at e ¼ 0, we

obtain that (4.12) has a unique solution mD ¼ mDðeÞ satisfying mDðeÞ ! 0 as

e ! 0. That is, the linearized eigenvalue problem (4.2)D have an eigenvalue

l ¼ emDðeÞ satisfying mDðeÞ ! 0 as e ! 0. On the other hand, it is clear that

the linearized eigenvalue problem (4.2)D has zero eigenvalue. Then they must

be identical. Moreover l ¼ 0 is simple by virtue of
dFD

0

dmD
ð0Þ0 0. Then we

have

Lemma 4.9. (4.2)D has only simple eigenvalue l ¼ 0 in Cd � .

4.2. Eigenvalue problems (4.2)N and (4.1)

Under a minor change with respect to the boundary condition wxð0Þ ¼ 0,

we can get the results similar to Lemmas 4.1, 4.2, 4.3, 4.4, 4.5 and Remark 4.6

for the eigenvalue problem (4.2)N . That is, we find that if (4.2)N has an

eigenvalue l A Cd � with a suitable d � > 0, l should be OðeÞ as e ! 0. Then

we can put l ¼ lðeÞ ¼ emN and consider the limiting eigenvalue problem of

the third component of (4.2)N . So we will get the singular limit eigenvalue

problem (SLEP):

yxx �
c�hy; dt0i

LNð0Þ � mN
dt0 � g0uðf 0uÞ

�1
f 0v yþ g0v y ¼ 0; y A H 1

NðRþÞ; ð4:13Þ
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where

c� ¼ qy

qo
ðo0; a21Þ½gð0; 1� a23o

0;o0Þ � gð1� a13o
0; 0;o0Þ�

and

LNð0Þ ¼ � qy

qo
ðo0; a21Þ

ð t0
0

g Uð1Þ x

t0
; k0;o0

� �
;V ð1Þ x

t0
; k0;o0

� �� �
dx;

which is identical to the relation

yxx �
c�hy; dt0i

LNð0Þ � mN
dt0 þ det�y ¼ 0; y A H 1

NðRþÞ: ð4:14Þ

Without loss of generality, we can normalize the limiting eigenfunction y as

hy; dt0i ¼ yðt0Þ ¼ 1. Then (4.14) is equivalent to the following equations:

d 2

dx2
yðiÞ þ det�yðiÞ ¼ 0; x A Ii

yð1Þðt0Þ ¼ 1 ¼ yð2Þðt0Þ

yð1Þx ð0Þ ¼ 0; yð2ÞðyÞ ¼ 0

d

dx
yð2Þðt0Þ � d

dx
yð1Þðt0Þ ¼ c�

LNð0Þ � mN

8>>>>>>>>>><
>>>>>>>>>>:

ð4:15Þ

for i ¼ 1; 2, where

c�

LNð0Þ � mN
¼ �½gð0; 1� a23o

0;o0Þ � gð1� a13o
0; 0;o0Þ�ð t0

0

g Uð1Þ x

t0
; k0;o0

� �
;V ð1Þ x

t0
; k0;o0

� �� �
dxþ mN

�
qy

qo
ðo0; a21Þ

:

Here we note that LNð0Þ ¼ LDð0Þ. The first three equations of (4.15) do not

depend on mN and are closed by themselves. Then we can solve them. Let

the solutions yðiÞðxÞ of (4.15) on Ii as y
ðiÞ
0;NðxÞ ði ¼ 1; 2Þ. Applying a simple

comparison argument between (4.15) and (4.7), we have
d

dx
y
ð1Þ
0;Nðt

0Þ < d

dx
y
ð1Þ
0;Dðt

0Þ

and y
ð2Þ
0;NðxÞ1 y

ð2Þ
0;DðxÞ for x A I2 (see Fig. 10). This implies that

0 >
d

dx
y
ð2Þ
0;Nðt

0Þ � d

dx
y
ð1Þ
0;Nðt

0Þ > d

dx
y
ð2Þ
0;Dðt

0Þ � d

dx
y
ð1Þ
0;Dðt

0Þ;

which means that
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0 >
c�

LNð0Þ � mN
>

c�

LDð0Þ ðmD ¼ 0Þ:

Then we have the next lemma.

Lemma 4.10. The singular limit eigenvalue problem (4.15) has a unique

solution ðy0;NðxÞ; mN
0 Þ A H 1

NðRþÞ � C such that y0;NðxÞ is smooth, strictly

positive and convex in each of the subintervals I1 and I2. Moreover mN
0 < 0

(resp. > 0) when
qy

qo
ðo0; a21Þ < 0 (resp. > 0).

Remark 4.11. When pþ < p�, the assertion in Lemma 4.10 is replaced

as follows by Remark 4.6: The singular limit eigenvalue problem (4.15) has

a unique solution ðy0;NðxÞ; mN
0 Þ A H 1

NðRþÞ � C such that y0;NðxÞ is smooth,

strictly positive and convex in each of the subintervals I1 and I2. Moreover

mN
0 < 0 (resp. > 0) when

qy

qo
ðo0; a21Þ > 0 (resp. < 0).

To see the dependency of mN on e, we can convert the SLEP equation

(4.13) into the following transcendental equation:

FNðmN ; eÞ1 zN; e
0

e
� mN � K

N; e
mN ge

u �
fN; e
0 ffiffi
e

p
 !

;�f ev
fN; e;�
0 ffiffi
e

p
* +

¼ 0; ð4:16Þ

where K
N; e
mN is the inverse operator of T

N; e
mN 1� d 2

dx2
þ ge

uðL e
N � emNÞyðf ev �Þ �

g e
v þ emN (: H 1

NðRþÞ ! ðH 1
NÞ

aðRþÞ). We can take the limit e ! 0 in (4.16)

simillarly to that in § 4.1. Thus the limiting equation is given by

FN
0 ðmNÞ1FNðmN ; 0Þ ¼ LNð0Þ � mN þ c�hKN;0

mN dt0 ; dt0i ¼ 0:

Note that K
N;0
mN is independent of mN and mN

0 is determined by mN
0 ¼ LNð0Þþ

c�hKN;0
mN dt0 ; dt0i, which implies that FN

0 ðmN
0 Þ ¼ 0 and

dFN
0

dmN
ðmN

0 Þ ¼ �10 0.

Applying a usual implicit function theorem to (4.16) at e ¼ 0, we obtain that

(4.16) has a unique solution mN ¼ mNðeÞ satisfying mNðeÞ ! mN
0 as e ! 0. That

is, the linearized eigenvalue problem (4.2)N have an eigenvalue l ¼ emNðeÞ
satisfying mNðeÞ ! mN

0 as e ! 0. Combining this with Lemmas 2.5, 2.6, 4.10,

we have

Lemma 4.12. If
qy

qo
ðo�; âa21Þ < 0, for any fixed a21 satisfying a21 >

a21 > âa21, (4.2)N has only one negative eigenvalue l ¼ emNðeÞ in Cd � . Con-

versely if
qy

qo
ðo�; âa21Þ > 0, for any fixed a21 satisfying a21 < a21 < âa21, (4.2)N has

only one positive eigenvalue l ¼ emNðeÞ in Cd � .
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From Lemmas 4.9 and 4.12, we know that (4.1) has simple eigenvales

l ¼ 0 and l ¼ emNðeÞ in Cd � , where the sign of mNðeÞ depends on the sign of

qy

qo
ðo�; âa21Þ. Then we have our goal.

Theorem 4.13. Suppose that p� < pþ (resp. pþ < p�). When

qy

qo
ðo�; âa21Þ < 0, the standing pulse solutions ðu; vÞðx; eÞ, which bifurcate to the

right-hand (resp. left-hand) side at ðâa21; 0Þ, are asymptotically stable (resp.

unstable). Conversely when
qy

qo
ðo�; âa21Þ > 0, the standing pulse solutions

ðu; vÞðx; eÞ, which bifurcate to the left-hand (resp. right-hand) side at ðâa21; 0Þ, are
unstable (resp. asymptotically stable) (see Fig. 6).

5. Concluding remarks

The result in Fig. 6 is di¤erent from that of two-component activator-

inhibitor systems, that is, the cases (b) and (c) in Fig. 6 are not appeared (see

[3], [4]). On the other hand, under a situation similar to Fig. 2, Kan-on shows

that for two-component systems like (2.2) there exist one parameter families of

two types of standing pulse solutions in [8] and they are both unstable in [9].

The reader will find that the introduction of one more v species makes such

bifurcation phenomena become complex. We can also construct unstable

standing pulse solutions with a Neumann layer, which correspond to Kan-on’s

unstable solutions. Furthermore we can give a similar discussion to the above,

even if we choose a12 ð> 0Þ as a bifurcation parameter.

Our results never give complete answer to the dynamics of the interaction

of travelling front and back solutions as shown in Fig. 3, Fig. 4 and Fig. 5.

We will discuss about such dynamics in [5].
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6. Appendix

Proof of Lemma 2.5

Di¤erentiating (2.2) with y ¼ yðo; a21Þ with respect to o, we find that

ðq1; q2ÞðxÞ1
q

qo
uðx;o; a21Þ satisfy
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q1;xx � yq1;x þ f1;u1q1 þ f1;u2q2 ¼ �f1;o þ you1;x

dq2;xx � yq2;x þ f2;u1q1 þ f2;u2q2 ¼ �f2;o þ you2;x
; x A R

q1ð�yÞ ¼ �a13; q1ðyÞ ¼ 0

q2ð�yÞ ¼ 0; qþ2 ðyÞ ¼ �a23:

8>>><
>>>:

ðA:1Þ

Multiply p�
1 ðxÞ (resp. p�

2 ðxÞ) to the first (resp. the second) equation of (A.1) and

integrate them on R, we have the relations

ðy
�y

½ f1;u2q2 p�
1 � f2;u1q1 p

�
2 �dx ¼

ðy
�y

½you1;x � f1;o�p�
1 dx

ðy
�y

½ f2;u1q1 p�
2 � f1;u2q2 p

�
1 �dx ¼

ðy
�y

½you2;x � f2;o�p�
2 dx;

8>>><
>>>:

from which we directly have

yo

ðy
�y

½u1;x p�
1 þ u2;x p

�
2 �dx�

ðy
�y

½ f1;op�
1 þ f2;o p�

2 �dx ¼ 0:

Since f1;o ¼ �aa13u1 and f2;o ¼ �ba23u2, we have the first relation. Similarly

we can obtain

ya21

ðy
�y

½u1;x p�
1 þ u2;x p

�
2 �dx�

ðy
�y

½ f1;a21p�
1 þ f2;a21p

�
2 �dx ¼ 0:

Noting that f1;a21 ¼ 0 and f2;a21 ¼ �bu1u2, we have the second.

In equations (2.2) with y ¼ y, change the variable from x to z ¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
að1� a13oÞ

p
x and set U1 ¼ u1=ð1� a13oÞ, U2 ¼ bu2=ðað1� a13oÞÞ. Then,

we have the system

U1; zz þ SU1; z þU1ð1�U1 � CU2Þ ¼ 0

dU2; zz þ SU2; z þU2ðA� BU1 �U2Þ ¼ 0
; z A R

ðU1;U2Þð�yÞ ¼ ð0;AÞ
ðU1;U2ÞðyÞ ¼ ð1; 0Þ;

8>>><
>>>:

where S ¼ y=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
að1� a13oÞ

p
, A ¼ bð1� a23oÞ=ðað1� a13oÞÞ, B ¼ ba21=a and

C ¼ aa12=b. By virtue of Kan-on [7], we know that

qS

qA
> 0;

qS

qB
< 0;

qS

qC
> 0:
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Because of y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
að1� a13oÞ

p
S, we have

qy

qo
¼ �

ffiffiffi
a

p
a13

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� a13oÞ

p S þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
að1� a13oÞ

p qS

qo
;

qS

qo
¼ b

a

ða13 � a23Þ
ð1� a13oÞ2

qS

qA
;

from which we have the third relation. Thus the proof of Lemma 2.5 is

completed.

Proof of Lemma 2.6

Note that yðoða21Þ; a21Þ ¼ 0 for any a21 A J. Di¤erentitating this with

respect to a21, we find that
q

qo
yðoða21Þ; a21Þ and

qo

qa21
ða21Þ have the same sign

for any a21 A J by virtue of Lemma 2.5. If
q

qo
yðo�; âa21Þ < 0 (resp. > 0),

q

qo
yðoða21Þ; a21Þ < 0 (resp. > 0) and

qo

qa21
ða21Þ < 0 (resp. > 0) for any a21 A J.

This implies that for a21 > a21 > âa21 (resp. a21 < a21 < âa21), we find

that o0 ¼ oða21Þ < oðâa21Þ ¼ o� (resp. o0 ¼ oða21Þ > oðâa21Þ ¼ o�) when

q

qo
yðo�; âa21Þ < 0 (resp. > 0). Thus we have Lemma 2.6.

Proof of Lemma 3.2

We only show (iii) and (iv), because the others can be easily shown by a

phase plane analysis and the general theory of ordinary di¤erential equa-

tions. Di¤erentiating ð3:10ÞG with respect to o, we find that ðqG1 ; qG2 ÞðxÞ1
q

qo
~uuGðx;o0; n0Þ satisfy

qG1;xx þ f1;u1q
G
1 þ f1;u2q

G
2 ¼ �f1; v

dqG2;xx þ f2;u1q
G
1 þ f2;u2q

G
2 ¼ �f2; v

; x A RG

q�1 ð�yÞ ¼ �a13; q
G
1 ð0Þ ¼ 0; qþ1 ðyÞ ¼ 0

q�2 ð�yÞ ¼ 0; qG2 ð0Þ ¼ 0; qþ2 ðyÞ ¼ �a23:

8>>>>>><
>>>>>>:

ðA:2Þ

Note that f1; v ¼ �aa13~uu1ðxÞ (resp. f2; v ¼ �ba23~uu2ðxÞ) and multiply p�
1 ðxÞ (resp.

p�
2 ðxÞ) to the first (resp. the second) equation of (A.2) and integrate them on

RG, we have the four relations
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q�1;xð0Þp�
1 ð0Þ þ

ð0
�y

½ f1;u2q�2 p�
1 � f2;u1q

�
1 p

�
2 �dx ¼

ð0
�y

aa13~uu1ðxÞp�
1 dx

qþ1;xð0Þp�
1 ð0Þ �

ðy
0

½ f1;u2qþ2 p�
1 � f2;u1q

þ
1 p

�
2 �dx ¼ �

ðy
0

aa13~uu1ðxÞp�
1 dx

dq�2;xð0Þp�
2 ð0Þ þ

ð0
�y

½ f2;u1q�1 p�
2 � f1;u2q

�
2 p

�
1 �dx ¼

ð0
�y

ba23~uu2ðxÞp�
2 dx

dqþ2;xð0Þp�
2 ð0Þ �

ðy
0

½ f2;u1qþ1 p�
2 � f1;u2q

þ
2 p

�
1 �dx ¼ �

ðy
0

ba23~uu2ðxÞp�
2 dx;

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

from which we directly obtain (iii). Next we show (iv). By the same way as

the above, ðqG1 ; qG2 ÞðxÞ1 q

qn
~uuGðx;o0; n0Þ satisfy the relations

q�1;xð0Þp�
1 ð0Þ þ

ð0
�y

½ f1;u2q�2 p�
1 � f2;u1q

�
1 p

�
2 �dx ¼ 0

qþ1;xð0Þp�
1 ð0Þ �

ðy
0

½ f1;u2qþ2 p�
1 � f2;u1q

þ
1 p

�
2 �dx ¼ 0

dq�2;xð0Þp�
2 ð0Þ � dp�

2;xð0Þ þ
ð0
�y

½ f2;u1q�1 p�
2 � f1;u2q

�
2 p

�
1 �dx ¼ 0

dqþ2;xð0Þp�
2 ð0Þ � dp�

2;xð0Þ þ
ðy
0

½ f2;u1qþ1 p�
2 � f1;u2q

þ
2 p

�
1 �dx ¼ 0:

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

These lead the relation (iv). Thus the proof of Lemma 3.2 is completed.

Proof of Lemma 3.3

(i) and (ii) are obvious. We show (iii) by using the same arguments as

that in [1] or [6]. The essential part of it is to show the uniform invertibility

of Le;r 1 e2D
d 2

dy2
þ fuðua; vaÞ : C

�
2
e;N ½0; 1� � C

�
2
e;N ½0; 1� ! C0½0; 1� � C0½0; 1� with

respect to ðe; rÞ, where ua ¼ Uðy; k;oÞ þ yðyÞu y� 1

e
; r

� �
, va ¼ Vðy; k;oÞþ

e2yðyÞ v
y� 1

e
; r

� �
� vð0; rÞ

� �
. We show this by the contradiction method in

[10, Lemma 2.8]. If Le;r is not uniformly invertible, we can choose the se-

quence fðen; rn; tnÞg such that ðen; rnÞ ! 0 as n ! y and

1 ¼ ktnkC� 2
e;N

�C
�
2
e;N

a kLen;rn tnkC 0�C 0 for nb 1:

Note that fuðuaðenxÞ; vaðenxÞÞ ! fuðuðxÞ;o�Þ as n ! y uniformly on any
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compact set in R� in the C0-sense. Applying the Ascoli-Arzel�aa theorem, we

can find that there exists t̂tðxÞ satisfying

L0 t̂t1Dt̂txx þ fuðu;o�Þ̂tt ¼ 0; x A R�

t̂tð0Þ ¼ 0

k̂ttðxÞkC 2ðR�Þ�C 2ðR�Þ ¼ 1:

8>><
>>:

To lead the contradiction, we examine the behaviour of bounded solutions

satisfying L0t ¼ 0 for x A R�. Rewrite L0t ¼ 0 into the first order four-

dimensional system
d

dx
X ¼ AðxÞX. We know that Að�yÞ has four eigen-

values with two positive real-parts and two negative real-parts. This implies

that there are two independent solutions t1ðxÞ and t2ðxÞ of L0t ¼ 0 satisfying

tð�yÞ ¼ 0 such that any bounded solution of L0t ¼ 0 is represented as a linear

combination of t1ðxÞ and t2ðxÞ. According to Kan-on [7], we can take

t1ðxÞ ¼ uxðxÞ ¼ ðu1;xðxÞ; u2;xðxÞÞ and t2ðxÞ ¼ ðt21ðxÞ; t22ðxÞÞ with t21ðxÞ > 0 and

t22ðxÞ > 0 for x A ð�y; 0�. Then t̂tðxÞ should be represented as

t̂tðxÞ ¼ k1t1ðxÞ þ k2t2ðxÞ; x A ð�y; 0�

for constants k1 and k2 satisfying jk1j þ jk2j0 0. On the other hand, by

t̂tð0Þ ¼ 0, we have k1t1ð0Þ þ k2t2ð0Þ ¼ 0. Noting that u1;xð0Þu2;xð0Þ < 0, we

conclude that k1 ¼ 0 ¼ k2, which is a contradiction of the definition of k1 and

k2. Thus the proof of Lemma 3.3 is completed.

Proof of the equivalence of (4.1) to (4.2)D and (4.2)N

Let l and VðxÞ ¼ ðw; yÞðxÞ be an eigenvalue and its eigenfunction of (4.1),

respectively. Vð�xÞ is also an eigenfunction associated with l of (4.1) since

the standing pulse solution ðu; vÞðxÞ is symmetric with respect to x ¼ 0. Then

VNðxÞ ¼ VðxÞ þ Vð�xÞ (resp. VDðxÞ ¼ VðxÞ � Vð�xÞ) satisfies (4.2)N (resp.

(4.2)D) with the same l, unless VNðxÞ1 0 (resp. VDðxÞ1 0). Conversely, when

l and VDðxÞ ¼ ðw; yÞðxÞ be an eigenvalue and its eigenfunction of ð4:1ÞD,
VðxÞ ¼ VDðxÞðxb 0Þ; ¼ �VDð�xÞðx < 0Þ is a solution of (4.1) with the same l.

Similarly when l and VNðxÞ ¼ ðw; yÞðxÞ be an eigenvalue and its eigenfunction

of ð4:1ÞN , VðxÞ ¼ VNðxÞðxb 0Þ; ¼ VNð�xÞðx < 0Þ is a solution of (4.1) with the

same l. This completes the proof.

References

[ 1 ] P. C. Fife, Boundary and interior transition layer phenomena for pairs of second-order

di¤erential equations, J. Math. Anal. Appl. 54 (1976), 497–521.

Standing pulses of 3-component systems 123



[ 2 ] D. Henry, Geometric Theory of Semilinear Parabolic Equations, Lecture Notes in Mathe-

matics, 840 (1981), Springer-Verlag.

[ 3 ] H. Ikeda, Singular pulse wave bifurcations from front and back waves in bistable reaction-

di¤usion systems, Methods and Applications of Analysis 3 (1996), 285–317.

[ 4 ] H. Ikeda, Existence and stability of pulse waves bifurcated from front and back waves in

bistable reaction-di¤usion systems, Japan J. Indust. Appl. Math. 15 (1998), 163–231.

[ 5 ] H. Ikeda, Dynamics of weakly interacting front and back waves in three-component sys-

tems, preprint.

[ 6 ] M. Ito, A remark on singular perturbation methods, Hiroshima Math. J. 14 (1984), 619–

629.

[ 7 ] Y. Kan-on, Parameter dependence of propagation speed of travelling waves for competition-

di¤usion equations, SIAM J. Math. Anal. 26 (1995), 340–363.

[ 8 ] Y. Kan-on, Existence of standing waves for competition-di¤usion equations, Japan J.

Indust. Appl. Math. 13 (1996), 117–133.

[ 9 ] Y. Kan-on, Instability of stationary solutions for a Lotka-Volterra competition model with

di¤usion, J. Math. Anal. Appl. 208 (1997), 158–170.

[10] Y. Kan-on and M. Mimura, Singular perturbation approach to a 3-component reaction-

di¤usion system arising in population dynamics, SIAM J. Math. Anal. 29 (1998), 1519–

1536.

[11] Y. Kan-on and E. Yanagida, Existence of non-constant stable equilibria in competition-

di¤usion equations, Hiroshima Math. J. 33 (1993), 193–221.

[12] H. Kokubu, Y. Nishiura, and H. Oka, Heteroclinic and homoclinic bifurcations in bistable

reaction-di¤usion systems, J. Di¤. Eqs. 86 (1990), 260–341.

[13] P. D. Miller, Nonmonotone waves in a three species reaction-di¤usion model, Methods

and Applications of Analysis 4 (1997), 261–282.

[14] P. D. Miller, Stability of non-monotone waves in a three-species reaction-di¤usion model,

Proceedings of the Royal Society of Edinburgh 129A (1999), 125–152.

[15] M. Mimura and P. C. Fife, A 3-component system of competition and di¤usion,

Hiroshima Math. J. 16 (1986), 189–207.

[16] S. Nii, An extension of the stability index for traveling-wave solutions and its application to

bifurcations, SIAM J. Math. Anal. 28 (1997), 402–433.

[17] Y. Nishiura and H. Fujii, Stability of singularly perturbed solutions to systems of reaction-

di¤usion equations, SIAM J. Math. Anal. 18 (1987), 1726–1770.

[18] Y. Nishiura, M. Mimura, H. Ikeda, and H. Fujii, Singular limit analysis of stability of

traveling wave solutions in bistable reaction-di¤usion systems, SIAM J. Math. Anal. 21

(1990), 85–122.

[19] M. Taniguchi, A uniform convergence theorem for singular limit eigenvalue problems,

preprint.

Toyama University

Faculty of Science

Department of Mathematics

Toyama 930-8555, Japan

E-mail address: ikeda@sci.toyama-u.ac.jp

Hideo Ikeda124


