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Abstract. This paper gives applications of the enclosure method introduced by the

author to typical inverse obstacle and crack scattering problems in two dimensions.

Explicit extraction formulae of the convex hull of unknown polygonal sound-hard

obstacles and piecewise linear cracks from the far field pattern of the scattered field at

a fixed wave number and at most two incident directions are given. The main new

points of this paper are: a combination of the enclosure method and the Herglotz wave

function; explicit construction of the density in the Herglotz wave function by using the

idea of the Vekua transform. By virtue of the construction, one can avoid any re-

striction on the wave number in the extraction formulae. An attempt for the case when

the far field pattern is given on limited angles is also given.

1. Introduction

In this paper we consider typical inverse problems for the Helmholtz equation

in two-dimensions. First let us consider an inverse obstacle scattering problem.

Let DHR2 be a bounded open set with Lipschitz boundary and satisfy that R2nD
is connected. Using a variational method (e.g., see [6] and references therein),

one knows that: given k > 0 and d A S1 there exists a unique u A CyðR2nDÞ
satisfying (1) to (3) described below:

(1) u satisfies the Helmholtz equation

4uþ k2u ¼ 0 in R2nD;

(2) there exists a disc BR with radius R centered at 0 such that DHBR,

ujBRnD A H 1ðBRnDÞ and for all f A H 1ðBRnDÞ with f ¼ 0 on qBR

ð
BRnD

ð‘u � ‘f� k2ufÞdx ¼ 0; ð1:1Þ
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(3) w ¼ u� eikx�d satisfies the outgoing Sommerfeld radiation condition

lim
r!y

ffiffi
r

p qw

qr
� ikw

� �
¼ 0

where r ¼ jxj.
Note that the condition ujBRnD A H 1ðBRnDÞ of (2) gives a restriction on the

singularity of u in a neighbourhood of qD; (1.1) is a weak formulation of the

boundary condition qu=qn ¼ 0 on qD where n denotes the unit outward normal

relative to R2nD.

It is well known that w has the asymptotic expansion as r ! y uniformly

with respect to j A S1:

wðrjÞ ¼ eikrffiffi
r

p F ðj; d; kÞ þO
1

r3=2

� �
:

The coe‰cient Fðj; d; kÞ is called the far field pattern of the reflected wave w at

direction j.

In this paper we are interested in seeking extraction formulae of infor-

mation about the location and shape of D from the far field pattern for fixed d

and k. Recently the author established an extraction formula of the convex

hull of D from the data w on the boundary of any fixed open disc that contains D

provided D is polygonal ([11]). It is an application of the idea of the enclosure

method to the inverse scattering problem (see [9, 12] for a simpler problem).

Since the extraction formula in [11] is the starting point, we give a precise de-

scription of the formula and point out the problem.

Definition 1.1. We say that D is polygonal if D ¼ D1 UD2 U � � �UDm;

each Dj is a simply connected open set and polygon; Dj VDj 0 ¼ q for j0 j 0.

In this paper we always assume that D is polygonal. Given direction

o A S1 define hDðoÞ ¼ supx AD x � o. We call the function o 7! hDðoÞ the

support function of D. From the support function of D one obtains the convex

hull of D.

Definition 1.2. We say that the direction o is regular with respect to D

if the set fx j x � o ¼ hDðoÞgV qD consists of only one point.

We have already established the following.

Theorem 1.1 ([11]). Let o be regular with respect to D. Then the formula

lim
t!y

log

ð
qBR

qu

qn
v� qv

qn
u

� �
ds

����
����

t
¼ hDðoÞ; ð1:2Þ
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is valid where vðxÞ ¼ ex�ðtoþi
ffiffiffiffiffiffiffiffiffiffi
t2þk2

p
o?Þ and o? ¼ ðo2;�o1Þ for o ¼ ðo1;o2Þ.

Moreover we have:

if tb hDðoÞ, then

lim
t!y

e�tt

ð
qBR

qu

qn
v� qv

qn
u

� �
ds

����
����¼ 0;

if t < hDðoÞ, then

lim
t!y

e�tt

ð
qBR

qu

qn
v� qv

qn
u

� �
ds

����
���� ¼ y:

It is well known that qu=qn on qBR can be computed from u on qBR by

using the Dirichlet-to-Neumann map outside BR. Moreover one can calculate

u on qBR from Fð� ; d; kÞ for fixed d and k by using, e.g., a formula in the

point source method (see [16]). Thus one can say that (1.2) essentially gives an

extraction formula of the support function from the far field pattern for fixed

d and k. However, the computation involves mainly two limiting procedures:

the first is the procedure for calculating u and qu=qn on qBR from F ð� ; d; kÞ; the
second is the procedure for calculating hDðoÞ from u and qu=qn on qBR by

using (1.2).

In this paper we present a direct formula that extracts the value of the

support function of unknown polygonal sound hard obstacles from the far field

pattern for fixed d and k just by using only one limiting procedure.

We identify the point Q ¼ ðQ1; Q2Þ A S1 with the complex number Q1 þ iQ2

and denote it by the same symbol Q.

Now we state the results. Given N ¼ 1; . . . , t > 0, o A S1 and k > 0

define the function gNð� ; t; k;oÞ on S1 by the formula

gNðj; t; k;oÞ ¼
1

2p

X
jmjaN

ikj

ðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo

( )m

: ð1:3Þ

Theorem 1.2. Let o be regular with respect to D. Let b0 be the unique

positive solution of the equation

2

e
sþ log s ¼ 0:

Let b satisfy 0 < b < b0. Let ftðNÞgN¼1;... be an arbitrary sequence of positive

numbers satisfying, as N ! y

tðNÞ ¼ bN

eR
þOð1Þ:
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Then the formula

lim
N!y

log

ð
S 1

Fð�j; d; kÞgNðj; tðNÞ; k;oÞdsðjÞ
����

����
tðNÞ ¼ hDðoÞ; ð1:4Þ

is valid. Moreover we have:

if tb hDðoÞ, then

lim
N!y

e�tðNÞt
ð
S1

F ð�j; d; kÞgNðj; tðNÞ; koÞdsðjÞ
����

����¼ 0;

if t < hDðoÞ, then

lim
N!y

e�tðNÞt
ð
S 1

F ð�j; d; kÞgNðj; tðNÞ; k;oÞdsðjÞ
����

���� ¼ y:

Note that there is no restriction on k. (1.4) means that if one knows the

Fourier coe‰cients of the far field pattern

ð
S 1

Fðj; d; kÞjm dsðjÞ ¼ ð�1Þm
ð
S 1

Fð�j; d; kÞjm dsðjÞ; jmjaN

for su‰ciently large N and a disc that contains D, then one can know an

approximate value of hDðoÞ. g ¼ gNð� ; tðNÞ; k;oÞ satisfies, as N ! yð
S 1

eiky�jgðjÞdsðjÞAey�ðtðNÞoþi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tðNÞ2þk2

p
o?Þ; y A BR

in an appropriate sense (see Theorem 2.1 in Section 2). The functionð
S 1

eiky�jgðjÞdsðjÞ

is called the Herglotz wave function with density g and satisfies the Helmholtz

equation 4vþ k2v ¼ 0 in the whole space.

For a simple explanation of the origin of the desired density we make use of

the idea of the Vekua transform which maps harmonic functions into solutions of

the Helmholtz equations (see [17, 1] and also [2] for a recent study). Recall

the Bessel function of order m ¼ 0;G1;G2; . . . given by the formula

JmðzÞ ¼
z

2

� �mXy
n¼0

ð�1Þn

n!Gðnþ 1þmÞ
z

2

� �2n
:

The Vekua transform in two-dimensions takes the form:
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TkvðxÞ ¼ vðxÞ � kjxj
2

ð1
0

vðtxÞJ1ðkjxj
ffiffiffiffiffiffiffiffiffiffi
1� t

p
Þ dtffiffiffiffiffiffiffiffiffiffi

1� t
p

where v is an arbitrary harmonic function in R2. Using the formulae

kjxj
ð1
0

ð1� w2ÞmJ1ðkjxjwÞdw ¼ 1� 2

kjxj

� �m
m!JmðkjxjÞ; m ¼ 0; 1; . . .

one can easily know that, for m ¼ 0; 1; 2; . . .

Tk : r
meGimy 7! 2

k

� �m
m!JmðkrÞeGimy:

Using this property (rule), we reduce the construction problem of the density to

that of the density in the ‘‘harmonic’’ Herglotz wave functionð
S 1

feikjðy1þiy2Þ=2 þ eikjðy1�iy2Þ=2 � 1ggðjÞdsðjÞ:

See Section 2 for details. Note that one can state and prove the main result

of Section 2 (Theorem 2.1) without using the Vekua transform. However, the

presence of the ‘‘harmonic’’ Herglotz wave function is something interesting.

(1.4) gives us a direct formula for extracting information about the convex

hull from the far field pattern by using only one limiting procedure. An in-

teresting question is to seek such a formula in the case when Fð� ; d; kÞ is given

only on a proper subset of S1. In Section 4 we present a small first step that

gives extraction formulae of the support function from the far field pattern on

given nonempty open subset of S1 provided the center of the coordinates is

inside the obstacles.

For another approach to the problem one can cite the no response test

introduced in [15]. Therein, for fixed e > 0 they define the functional of test

domains Dt by taking the least upper bound of the quantityð
�G

F ð�j; d; kÞgðjÞdsðjÞ
����

����
with respect to all g A L2ð�GÞ satisfying

sup
y ADt

ð
�G

eiky�jgðjÞdsðjÞ
����

����a e: ð1:5Þ

Their idea is to make use of this functional to decide whether D is contained

in Dt. In contrast to the enclosure method the form of the density of the

Herglotz wave function is not specified except for a restriction on the bound

(1.5) of the corresponding Herglotz wave function. Note that Theorem 1.2

gives an explicit way in the case when G ¼ S1 of deciding whether D is
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contained in the special test domain BR V fx A R2 j x � o < tg for each t with

jtj < R.

Note that if one has the complete knowledge of the far field pattern for all

d and fixed k, then one has two reconstruction formulae for general D. One is

due to Kirsch ([13]) and another is due to the author ([7, 8]).

Next we consider an inverse scattering problem for piecewise linear cracks.

Let S be the union of finitely many disjoint closed piecewise linear segments

S1;S2; . . . ;Sm. Assume that there exists a simply connected open set D such

that D is a polygon and each Sj is contained in qD. We assume that DHBR.

We denote by n the unit outward normal relative to BRnD. Denote by

H 1ðBRnSÞ the set of all L2ðBRÞ functions u such that, uþ ¼ ujBRnD A H 1ðBRnDÞ,
u� ¼ ujD A H 1ðDÞ and uþ ¼ u� on qDnS.

It is well known that: given k > 0 and d A S1 there exists a unique

u A CyðR2nSÞ satisfying (4) to (6) described below:

(4) u satisfies the Helmholtz equation

4uþ k2u ¼ 0 in R2nS;

(5) ujBR
A H 1ðBRnSÞ and for all f A H 1ðBRnSÞ with f ¼ 0 on qBRð

BRnS
ð‘u � ‘j� k2ujÞdx ¼ 0; ð1:6Þ

(6) w ¼ u� eikx�d satisfies the outgoing Sommerfeld radiation condition

(see (3)).

(1.6) is a weak formulation of the boundary condition qu=qn ¼ 0 on S

where n stands for the unit outward normal relative to BRnD.

Define

hSðoÞ ¼ sup
x AS

x � o; o A S1:

We call hS the support function of S. We say that the direction o A S1 is

regular with respect to S if the set fx j x � o ¼ hSðoÞgVS consists of only one

point.

Given o ¼ ðo1;o2Þ A S1 set o? ¼ ðo2;�o1Þ. Define the indicator function

I do ðt; tÞ by the formula

I do ðt; tÞ ¼ e�tt

ð
jxj¼R

qu

qn
v� qv

qn
u

� �
ds

�����
�����

where �y < t < y, t > 0 and v ¼ ex�ðtoþi
ffiffiffiffiffiffiffiffiffiffi
t2þk2

p
o?Þ.

In [11] we gave an extraction formula of the convex hull of S from the

indicator function for a single incident direction d.
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Theorem 1.3 ([11]). Let o be regular with respect to S. If every end point

of S1;S2; . . . ;Sm satisfies x � o < hSðoÞ, then the formula

lim
t!y

log I do ðt; 0Þ
t

¼ hSðoÞ;

is valid. Moreover, we have:

if tb hSðoÞ, then limt!y I do ðt; tÞ ¼ 0;

if t < hSðoÞ, then limt!y I do ðt; tÞ ¼ y.

If there is an end point y of some Sj such that y � o ¼ hSðoÞ, then, for d that is

not perpendicular to n on Sj near the point, the same conclusions as above are

valid.

Note that n on Sj in a neighbourhood of y becomes a constant vector if y is an

end point of Sj.

From the definition of regularity of o one knows that the set

fx j x � o ¼ hSðoÞgVS consists of a single point (say x0). Then every endpoint

of S1; . . . ;Sm satisfies x � o < hSðoÞ if and only if there exists j such that

x0 A Sj and n on Sj has discontinuity at x0.

One of two implications of Theorem 1.3 is: one can delete the sentences ‘‘If

every end point of S1;S2; . . . ;Sm satisfies x � o < hSðoÞ’’ and ‘‘If there is an

end point . . . are valid’’ in Theorem 1.3 by introducing the new indicator

function

Ioðt; tÞ ¼ I d1o ðt; tÞ þ I d2o ðt; tÞ

where d1, d2 are two arbitrary linearly independent incident directions and

fixed. This indicator function makes use of two reflected waves for two

incident plane waves at a fixed wave number. This idea is coming from that

of the multi probe method (see [10]). We obtain the following.

Theorem 1.4. Let o be regular with respect to S. The formula

lim
t!y

log Ioðt; 0Þ
t

¼ hSðoÞ;

is valid. Moreover, we have:

if tb hSðoÞ, then limt!y Ioðt; tÞ ¼ 0;

if t < hSðoÞ, then limt!y Ioðt; tÞ ¼ y.

The next theorem corresponds to Theorem 1.2.

Theorem 1.5. Fix two arbitrary linearly independent directions d1 and d2.

Let o be regular with respect to S. Let ftðNÞgN¼1;... be the same as that of

Theorem 1.2. Then the formula
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lim
N!y

log
X2
j¼1

ð
S 1

Fð�j; dj ; kÞgNðj; tðNÞ; k;oÞdsðjÞ
����

����
( )

tðNÞ ¼ hSðoÞ;

is valid. Moreover we have:

if tb hSðoÞ, then

lim
N!y

e�tðNÞt
X2
j¼1

ð
S 1

F ð�j; dj; kÞgNðj; tðNÞ; k;oÞdsðjÞ
����

����¼ 0;

if t < hSðoÞ, then

lim
N!y

e�tðNÞt
X2
j¼1

ð
S 1

Fð�j; dj; kÞgNðj; tðNÞ; k;oÞdsðjÞ
����

���� ¼ y:

The outline of this paper is as follows. In Section 2 we describe the der-

ivation of the density given by (1.3) by using the idea of the Vekua transform and

establish the desired property. The proof of Theorem 1.2, 1.4 and comment on

the proof of Theorem 1.5 are found in Section 3. In Section 4 a case when the far

field pattern is given on limited angles is discussed.

2. Construction of the density in the Herglotz wave function

The aim of this section is to construct a density g A L2ðS1Þ explicitly such

that ð
S1

eiky�jgðjÞdsðjÞAey�ðtoþi
ffiffiffiffiffiffiffiffiffiffi
t2þk2

p
o?Þ; y A BR:

We start with an elementary fact.

Proposition 2.1. Let m be an arbitrary integer. Let x be an arbitrary

complex vector. We have

1

2p

ð
S 1

eQ�xðQ1 þ iQ2ÞmdsðQÞ ¼

z

2

� �mXy
n¼0

1

n!ðmþ nÞ!
1

2

� �2n
ðz�zÞn; if mb 0;

z�

2

� ��mXy
n¼0

1

n!ð�mþ nÞ!
1

2

� �2n
ðz�zÞn; if m < 0

8>>>>><
>>>>>:

ð2:1Þ

where x ¼ ðx1; x2Þ, z ¼ x1 þ ix2 and z� ¼ x1 � ix2.

Proof. Let w ¼ eiy. Then
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x1 cos yþ x2 sin y ¼ x1
2
ðwþ w�1Þ þ x2

2i
ðw� w�1Þ

¼ 1

2
ðz�wþ zw�1Þ:

This gives the expression

ð
S 1

eQ�xðQ1 þ iQ2ÞmdsðQÞ ¼
ð2p
0

ex1 cos yþx2 sin yeimy dy

¼ 1

i

ð
jwj¼1

wm�1eð1=2Þðz
�wþzw�1Þ dw

¼ 2p Resw¼0ðwm�1eð1=2Þðz
�wþzw�1ÞÞ:

Write

wm�1eð1=2Þðz
�wþzw�1Þ ¼

Xy
n¼0

1

n!

1

2

� �n
ðz�wþ zw�1Þnwm�1

¼
Xy
n¼0

1

n!

1

2

� �nXn
r¼0

n

r

� �
ðz�Þn�r

zrwn�2rþm�1: ð2:2Þ

Consider the case when mb 0. If n < m, then nþm > 2nb 2r for 0a ra n.

Thus n� 2rþm� 10�1. This gives

Resw¼0ðwm�1eð1=2Þðz
�wþzw�1ÞÞ

¼ Resw¼0

Xy
n¼m

1

n!

1

2

� �nXn
r¼0

n

r

� �
ðz�Þn�r

zrwnþm�2r�1

 !

¼ Resw¼0

Xy
l¼0

1

ðmþ lÞ!
1

2

� �mþlXmþl

r¼0

mþ l

r

� �
ðz�Þmþl�r

zrw2ðm�rÞþl�1

 !
:

If l ¼ 2l 0, l 0 ¼ 0; . . . , then 2ðm� rÞ þ l � 1 ¼ 2ðmþ l 0 � rÞ � 1. Since 0a ra

mþ 2l 0, 2ðm� rÞ þ l � 1 becomes �1 only for r ¼ mþ l 0. If l ¼ 2l 0 þ 1,

l 0 ¼ 0; . . . , then 2ðm� rÞ þ l � 1 ¼ 2ðmþ l 0 � rÞ and thus never become �1.

Therefore

Resw¼0ðwm�1eð1=2Þðz
�wþzw�1ÞÞ

¼
Xy
l 0¼0

1

ðmþ 2l 0Þ!
1

2

� �mþ2l 0 mþ 2l 0

mþ l 0

� �
ðz�Þmþ2l 0�ðmþl 0Þ

zmþl 0
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¼
Xy
l 0¼0

1

l 0!ðmþ l 0Þ!
1

2

� �mþ2l 0

ðz�Þ l
0
zmþl 0

¼ z

2

� �mXy
n¼0

1

n!ðmþ n!Þ
1

2

� �2n
ðz�zÞn: ð2:3Þ

This gives (2.1) in the case when mb 0. Consider the case when m < 0.

If 0a n < �m, then nþm < 0 and thus nþm� 1� 2r < �2r� 1a�1 for

0a ra n. Then from (2.2) we have

Resw¼0ðwm�1eð1=2Þðz
�wþzw�1ÞÞ

¼ Resw¼0

Xy
n¼�m

1

n!

1

2

� �nXn
r¼0

n

r

� �
ðz�Þn�r

zrwnþm�2r�1

 !

¼ Resw¼0

Xy
l¼0

1

ð�mþ lÞ!
1

2

� ��mþl X�mþl

r¼0

�mþ l

r

� �
ðz�Þ�mþl�r

zrwl�2r�1

 !

¼ Resw¼0

Xy
l 0¼0

1

ð�mþ 2l 0Þ!
1

2

� ��mþ2l 0 X�mþ2l 0

r¼0

�mþ 2l 0

r

� �
ðz�Þ�mþ2l 0�r

zrw2ðl 0�rÞ�1

 !

¼
Xy
l 0¼0

1

ð�mþ 2l 0Þ!
1

2

� ��mþ2l 0 �mþ 2l 0

l 0

� �
ðz�Þ�mþl 0

zl
0

¼
Xy
l 0¼0

1

l 0!ð�mþ l 0Þ!
1

2

� ��mþ2l 0

zl
0 ðz�Þ�mþl 0

¼ z�

2

� ��mXy
l 0¼0

1

l 0!ð�mþ l 0!Þ
1

2

� �2l 0
ðz�zÞ l

0
: r

Given o ¼ ðo1;o2Þ A S1 set o? ¼ ðo2;�o1Þ. In this paper we denote the

complex number o1 þ io2 by o again and thus o ¼ o1 � io2.

We give another expression of (2.1) for x¼ rðtoþ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
o?Þ with r> 0.

Since x1 ¼ rðto1 þ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
o2Þ and x2 ¼ rðto2 � i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
o1Þ, we have

z ¼ rðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo; z� ¼ rðt�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo

and z�z ¼ �ðrkÞ2. Then (2.1) gives

1

2p

ð
S 1

eQ�xðQ1 þ iQ2ÞmdsðQÞ ¼

ðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo

k

( )m

JmðkrÞ; if mb 0;

ðt�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo

k

( )�m

J�mðkrÞ; if m < 0:

8>>>>>><
>>>>>>:

ð2:4Þ
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Note that using the equation J�mðkrÞ ¼ ð�1ÞmJmðkrÞ one can rewrite (2.4) as for

all integer m

1

2p

ð
S 1

erQ�ðtoþi
ffiffiffiffiffiffiffiffiffiffi
t2þk2

p
o?ÞðQ1 þ iQ2ÞmdsðQÞ ¼

ðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo

k

( )m

JmðkrÞ;

however, for our purpose (2.4) is more convenient. From (2.4) we obtain the

expansion formula

ey�ðtoþi
ffiffiffiffiffiffiffiffiffiffi
t2þk2

p
o?Þ ¼

Xy
m¼0

ðt�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo

k

( )m

JmðkrÞeimy

þ
Xy
m¼0

ðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo

k

( )m

JmðkrÞe�imy � J0ðkrÞ ð2:5Þ

where y ¼ ðr cos y; r sin yÞ.
Define the harmonic function eoðy; t; kÞ in the whole space by the formula

eoðy; t; kÞ ¼ eðt�
ffiffiffiffiffiffiffiffiffiffi
t2þk2

p
Þoðy1þiy2Þ=2 þ eðtþ

ffiffiffiffiffiffiffiffiffiffi
t2þk2

p
Þoðy1�iy2Þ=2 � 1:

Then from (2.5) one immediately obtains the following.

Proposition 2.2. The Vekua transform of the harmonic function eoðy; t; kÞ
coincides with ey�ðtoþi

ffiffiffiffiffiffiffiffiffiffi
t2þk2

p
o?Þ.

Next consider the case when x in (2.1) is given by the complex vector

x ¼ ikrj, j A S1, r > 0. Then z ¼ ikrj, z� ¼ ikrj and z�z ¼ �r2k2. Thus

from (2.1) we have

1

2p

ð
S 1

eikrQ�jðQ1 þ iQ2ÞmdsðQÞ ¼
ðijÞmJmðkrÞ; if mb 0;

ðijÞ�m
J�mðkrÞ; if m < 0:

�

This gives the Jacobi-Anger expansion

eiky�j ¼
Xy
m¼0

ðijÞmJmðkrÞeimy þ
Xy
m¼0

ðijÞmJmðkrÞe�imy � J0ðkrÞ ð2:6Þ

where y ¼ ðr cos y; r sin yÞ. Then the following statement becomes trivial.

Proposition 2.3. The Vekua transform of the harmonic function

eikjðy1þiy2Þ=2 þ eikjðy1�iy2Þ=2 � 1

coincides with eiky�j.

Let G be a non empty open subset of S1. Given g A L2ðS1Þ the function
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ð
G

feikjðy1þiy2Þ=2 þ eikjðy1�iy2Þ=2 � 1ggðjÞdsðjÞ

is harmonic in the whole space. As a corollary of Proposition 2.3 one knows

that the Vekua transform of this harmonic function coincides with the Herglotz

wave function with density g ð
G

eiky�jgðjÞdsðjÞ:

Taking account of Proposition 2.2 and the fact mentioned above, it su‰ces to

construct g in such a way thatð
G

feikjðy1þiy2Þ=2 þ eikjðy1�iy2Þ=2 � 1ggðjÞdsðjÞAeoðy; t; kÞ: ð2:7Þ

Using the power series expansion of the exponential function, one knows that if

g satisfies the system of equations

ik

2

� �mð
G

ðjÞmgðjÞdsðjÞ ¼ ðt�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo

2

( )m

; m ¼ 0; 1; . . . ð2:8Þ

and

ik

2

� �mð
G

jmgðjÞdsðjÞ ¼ ðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo

2

( )m

; m ¼ 1; . . . ; ð2:9Þ

then g satisfies (2.7) exactly. We construct g in the form

gðjÞ ¼
Xy
m¼0

bmj
m þ

Xy
m¼1

b�mj
m:

Now consider the case when G ¼ S1. Since

1

2p

ð
S 1

jmgðjÞdsðjÞ ¼ bm

and

1

2p

ð
S 1

jmgðjÞdsðjÞ ¼ b�m;

from (2.8) and (2.9) we get

bm ¼ 1

2p

ik

ðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo

( )m

; m ¼ 0; . . .
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and

b�m ¼ 1

2p

ðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo

ik

( )m

; m ¼ 1; . . . :

Then g becomes

gðjÞ ¼
Xy
m¼0

1

2p

ikj

ðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo

( )m

þ
Xy
m¼1

1

2p

ðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo

ikj

( )m

ð2:10Þ

The first term is convergent and has the form

1

2p

ðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo

ðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo� ikj

:

However the second term is always divergent since tþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
> k. So we

consider a truncation of (2.10):

gNðj; t; k;oÞ ¼
1

2p

XN
m¼0

ikj

ðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo

( )m

þ 1

2p

XN
m¼1

ðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo

ikj

( )m

where N ¼ 1; . . . : This coincides with the expression given by (1.3). Then one

obtainsð
S 1

feikjðy1þiy2Þ=2 þ eikjð y1�iy2Þ=2 � 1ggNðj; t; k;oÞdsðjÞ � eoðy; t; kÞ

¼ �
X
m>N

1

m!

ðt�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo

2

( )m

ðy1 þ iy2Þm

�
X
m>N

1

m!

ðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo

2

( )m

ðy1 � iy2Þm: ð2:11Þ

This shows gNð� ; t; k;oÞ satisfies (2.7) in this sense. Taking the Vekua transform

of the both sides of (2.11) we obtain the equationð
S 1

eiky�jgNðj; t; k;oÞdsðjÞ � ey�ðtoþi
ffiffiffiffiffiffiffiffiffiffi
t2þk2

p
o?Þ

¼ �
X
m>N

ðt�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo

k

( )m

JmðkrÞeimy

�
X
m>N

ðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo

k

( )m

JmðkrÞe�imy ð2:12Þ
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where y ¼ ðr cos y; r sin yÞ. Note that this can be checked also directly. For

our purpose we have to consider how to choose t depending on N. One answer

to this question is the following and it is the main result of this section.

Theorem 2.1. Let b0 be the unique positive solution of the equation

2

e
sþ log s ¼ 0:

Let b satisfy 0 < b < b0. Let ftðNÞgN¼1;... be an arbitrary sequence of positive

numbers satisfying, as N ! y

tðNÞ ¼ bN

eR
þOð1Þ:

Then we have, as N ! y

eRtðNÞ sup
jyjaR

ð
S 1

eiky�jgNðj; tðNÞ; k;oÞdsðjÞ � ey�ðtðNÞoþi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tðNÞ2þk2

p
o?Þ

����
����

þ eRtðNÞ sup
jyjaR

‘

ð
S 1

eiky�jgNðj; tðNÞ; k;oÞdsðjÞ � ey�ðtðNÞoþi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tðNÞ2þk2

p
o?Þ

� �����
����

¼ OðN�yÞ: ð2:13Þ

Proof. We give a direct proof without referring the property of the Vekua

transform. Set

RNðy; tÞ ¼
X
m>N

ðt�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo

k

( )m

JmðkrÞeimy

SNðy; tÞ ¼
X
m>N

ðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þo

k

( )m

JmðkrÞe�imy

Eðt;NÞ ¼ 1

N!

Rðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þ

2

( )N

eRðtþ
ffiffiffiffiffiffiffiffiffiffi
t2þk2

p
Þ=2:

The estimate

jJmðkrÞja
kr

2

� �m 1

m!
;

is well known. Then we have, for all y with jyjaR
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jSNðy; tÞja
1

ðN þ 1Þ!
Rðtþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þ

2

( )Nþ1

eRðtþ
ffiffiffiffiffiffiffiffiffiffi
t2þk2

p
Þ=2 ¼ Eðt;N þ 1Þ:

ð2:14Þ

Now let t ¼ tðNÞ. Since

Eðt;NÞ ¼ 1

N

Rðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þ

2
Eðt;N � 1Þ;

from (2.14) we have, as N ! y

jSN�1ðy; tðNÞÞj þ jSNðy; tðNÞÞj þ jSNþ1ðy; tðNÞÞj ¼ OðEðtðNÞ;N � 1ÞÞ: ð2:15Þ

On the other hand, we have

jRNðy; tÞj

a
1

ðN þ 1Þ!
Rk2

2ðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þ

( )Nþ1

exp
k2R

2ðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þ

¼ 1

ðN þ 1Þ!
Rðtþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þ

2

( )Nþ1

exp
Rðtþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þ

2

2

Rðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þ

( )Nþ1

� Rk2

2ðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þ

( )Nþ1

exp
k2R

2ðtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þ
� Rðtþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ k2

p
Þ

2

( )

¼ OðEðt;N þ 1ÞÞ

and thus this yields

jRN�1ðy; tðNÞÞj þ jRNðy; tðNÞÞj þ jRNþ1ðy; tðNÞÞj ¼ OðEðtðNÞ;N � 1ÞÞ: ð2:16Þ

Here we claim

eRtðNÞEðtðNÞ;N � 1Þ ¼ OðN�yÞ: ð2:17Þ

This is proved as follows. Using the Stirling formula

GðxÞ ¼
ffiffiffiffiffiffi
2p

x

r
x

e

� �x
1þO

1

x

� �� �

as x ! y and

tðNÞRþ
RðtðNÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tðNÞ2 þ k2

q
Þ

2
¼ 2bN=eþOð1Þ;

one gets
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eRtðNÞEðtðNÞ;N � 1Þ

¼ eRtðNÞ
ffiffiffiffiffiffi
N

2p

r
e

N

� �N RðtðNÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tðNÞ2 þ k2

q
Þ

2

8<
:

9=
;

N�1

� eRðtðNÞþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tðNÞ2þk2

p
Þ=2 1þO

1

N

� �� �

¼ O e2bN=eeN logðe=NÞ
ffiffiffiffiffiffi
N

2p

r
fbN=eþOð1ÞgN�1 1þO

1

N

� �� � !

¼ O exp
2bN

e
þN log

e

N
þN logfbN=eþOð1Þg

� �� �

¼ O exp N
2b

e
þ log

eðbN=eþOð1ÞÞ
N

� �� �
ð2:18Þ

Since

eðbN=eþOð1ÞÞ
N

¼ b þO
1

N

� �
;

we get

log
feðbN=eþOð1ÞÞg

N
¼ log b þO

1

N

� �
:

Then from (2.18) one obtains

eRtðNÞEðtðNÞ;N � 1Þ ¼ O exp N
2b

e
þ log b

� �� �
:

Since

2b

e
þ log b < 0;

we obtain (2.17).

Using the recurrence relation

Jmþ1ðkrÞ ¼
m

kr
JmðkrÞ � J 0

mðkrÞ

Jm�1ðkrÞ ¼
m

kr
JmðkrÞ þ J 0

mðkrÞ
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and the formulae

q

qy1
¼ eiy

2

q

qr
þ i

1

r

q

qy

� �
þ e�iy

2

q

qr
� i

1

r

q

qy

� �

q

qy2
¼ �ieiy

2

q

qr
þ i

1

r

q

qy

� �
þ ie�iy

2

q

qr
� i

1

r

q

qy

� �
;

one knows that: qRNðy; tÞ=qyj can be written as a linear combination of

RNþ1ðy; tÞ and RN�1ðy; tÞ whose coe‰cients are at most algebraic growing as

t ! y; qSNðy; tÞ=qyj can be written as a linear combination of SNþ1ðy; tÞ
and SN�1ðy; tÞ whose coe‰cients are at most algebraic growing as t ! y.

Using those facts, and (2.12), (2.15), (2.16) and (2.17), one obtains the desired

conclusion. r

3. Proof of Theorems 1.2, 1.4 and comment on the proof of Theorem 1.5

The starting point is the representation formula given below. The proof

is taken from that of (2.9) in [3]. Therein they made use of the formula to

establish an interesting equation that connects an eigenvalue of the operator

with the integral kernel Kðj; dÞ ¼ Fðj; d; kÞ acting on the functions on S1

with an absorbing medium. Here for reader’s convenience we give a brief

description of the proof.

Lemma 3.1. Let G HS1 be measurable with respect to the standard measure

on S1. Let u A CyðR2nBRÞ satisfy 4uþ k2u ¼ 0 in R2nBR; the outgoing Som-

merfeld radiation condition limr!y
ffiffi
r

p
ðqw=qr� ikwÞ ¼ 0 where r ¼ jxj and w ¼

u� eikx�d . Then the formula

ð
G

Fð�j; d; kÞgðjÞdsðjÞ ¼ � eip=4ffiffiffiffiffiffiffiffi
8pk

p
ð
qBR

qu

qn
vg �

qvg

qn
u

� �
ds;

is valid where vg is the Herglotz wave function with density g A L2ðGÞ

vgðyÞ ¼
ð
G

eiky�jgðjÞdsðjÞ

and n is the unit outward normal relative to BR.

Proof. From the representation formula of w outside BR ([4]) one obtains

the formula

F ðj; d; kÞ ¼ � eip=4ffiffiffiffiffiffiffiffi
8pk

p
ð
qBR

qu

qn
e�ikj�y � qe�ikj�y

qn
u

� �
dsðyÞ:
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Thus replacing j with �j, we have

F ð�j; d; kÞ ¼ � eip=4ffiffiffiffiffiffiffiffi
8pk

p
ð
qBR

qu

qn
eikj�y � qeikj�y

qn
u

� �
dsðyÞ: ð3:1Þ

Multiplying the both sides by gðjÞ and integrating the resultant on G , we obtain

the desired formula. r

Now we give a proof of Theorem 1.2. Using Lemma 3.1 for G ¼ S1, we write

�e�tðNÞhDðoÞ
ffiffiffiffiffiffiffiffi
8pk

p

eip=4

ð
S 1

F ð�j; d; kÞgNðj; tðNÞ; k;oÞdj

¼ e�tðNÞhDðoÞ
ð
qBR

qu

qn
v� qv

qn
u

� �
ds

þ e�tðNÞhDðoÞ
ð
qBR

qu

qn
ðvgN � vÞ � q

qn
ðvgN � vÞu

� �
ds

1 I1 þ I2 ð3:2Þ

where v ¼ ey�ðtoþi
ffiffiffiffiffiffiffiffiffiffi
t2þk2

p
o?Þ and vgN is the Herglotz wave function with density

gNð� ; tðNÞ; k;oÞ. In [11] we have already proven that there exist m > 0 and

A > 0 such that

lim
N!y

tðNÞmjI1j ¼ A: ð3:3Þ

Theorem 2.1 gives the estimate

tðNÞmjI2ja tðNÞmeRtðNÞCRðuÞ sup
jyjaR

jvgN ðyÞ � vðyÞj þ sup
jyjaR

j‘fvgN ðyÞ � vðyÞgj
( )

¼ OðN�yÞ ð3:4Þ

where CRðuÞ is a positive constant depending on u, R and independent of N.

From (3.2), (3.3) and (3.4) one gets

tðNÞme�tðNÞhDðoÞ
ð
S 1

F ð�j; d; kÞgNðj; tðNÞ; k;oÞdsðjÞ
����

����! Affiffiffiffiffiffiffiffi
8pk

p ð3:5Þ

as N ! y. Then (1.4) and other all conclusions come from (3.5). r

In the following we say that: a function f ðtÞ decays algebraically as

t ! y in strict sense if tlj f ðtÞj converges to a positive number as t ! y for

a positive constant l; f ðtÞ is decaying at most algebraic if f ðtÞ ¼ Oðt�mÞ as

t ! y for a suitable positive constant m.
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Now we give a proof of Theorem 1.4. Let y denote the only one point of

the set fx j x � o ¼ hSðoÞgVS. First consider the case when every end points

of S1;S2; . . . ;Sm satisfies x � o < hSðoÞ. Then y should be a point where two

segments in some Sj meet. Then from Theorem 4.2 in [11] and a fact similar

to Lemma 5.1 in [11] one obtains that both I d1o ðt; hSðoÞÞ and I d2o ðt; hSðoÞÞ decays
algebraically as t ! y in strict sense. This yields the algebraic decaying of

Ioðt; hSðoÞÞ as t ! y in strict sense. Then we automatically obtain the desired

results.

The problem is the case when y is an end point of some Sj. Since n on

Sj becomes a constant vector in a neighbourhood of y, we denote the constant

vector by nj. Using Theorem 4.3 in [11] for u with d ¼ d1; d2 one concludes

that Ioðt; hSðoÞÞ decays at most algebraically as t ! y. Moreover, an ar-

gument similar to that of the proof of Lemma 5.1 in [11] yields that if both of

I d1o ðt; hSðoÞÞ and I d2o ðt; hSðoÞÞ decay rapidly then d1 � nj ¼ d2 � nj ¼ 0. How-

ever, this is impossible. Thus one concludes that one of them has to be

algebraically decaying as t ! y in strict sense. Then we obtain the algebraic

decaying of Ioðt; hSðoÞÞ as t ! y in strict sense. This completes the proof.

r

It is easy to see that completely the same formula for d ¼ d1; d2 as Lemma 3.1

is valid. Then the proof of Theorem 1.5 can be done along the same line as

that of Theorem 1.2.

4. Limited aperture

In this section we consider the case when the far field pattern with limited

aperture is given. Here we point out an e¤ect of a priori information on the

formulae in Theorem 1.2. Let G be a non empty open subset of S1.

We assume that:

(1) the far field pattern on G is known for fixed d and k;

(2) 0 A D.

(1) means that G is an aperture. (2) means that the center of the coordinates is

inside D and we know it in advance.

The starting point is a theorem established in [5]. Define

WðBRÞ ¼ fv A C2ðBRÞVC1ðBRÞ j4vþ k2v ¼ 0 in BRg:

We denote by WðBRÞ the H 1ðBRÞ closure of WðBRÞ. Given g A L2ð�GÞ define

HgðyÞ ¼
ð
�G

eiky�jgðjÞdsðjÞ y A BR:
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Then Hg A WðBRÞ and the map H : L2ð�GÞ ! WðBRÞ is bounded linear.

They proved the following.

Theorem 4.1 (Theorem 2.6 of [5]). The range of H is dense in WðBRÞ.

Note that: therein they considered only the case when �G ¼ S1, however, by

using the real analyticity of the far field pattern, one knows that the proof is

still valid.

Given v A WðBRÞ and d > 0 an element g0 A L2ð�GÞ is called minimum

norm solution of Hg ¼ v with discrepancy d, if g0 satisfies kHg� vkH 1ðBRÞ a d

and

kg0kL2ð�GÞ ¼ inffkgkL2ð�GÞ : kHg� vkH 1ðBRÞ a dg:

Now given t > 0 and o A S1 set v ¼ ex�ðtoþi
ffiffiffiffiffiffiffiffiffiffi
t2þk2

p
o?ÞðA WðBRÞÞ. Theorem 4.1

ensures the existence of the minimum norm solution of Hg ¼ v with discrepancy

d (see Theorem 16.11 in [14]). It is given by the formula

g ¼ ðaI þH �HÞ�1
H �v

where a > 0 is any zero of the function

kHðaI þH �HÞ�1
H �v� vk2H 1ðBRÞ � d2:

We denote the minimum norm solution by g ¼ gt; dð� ; k;oÞ. This satisfies

kHgt; dð� ; k;oÞ � vkH 1ðBRÞ a d: ð4:1Þ

Then we obtain the following theorem.

Theorem 4.2. Assume that 0 A D. Let o be regular with respect to D.

Then the formula

lim
t!y

log

ð
G

F ðj; d; kÞgt; dð�j; k;oÞdsðjÞ
����

����
t

¼ hDðoÞ;

is valid. Moreover we have:

if tb hDðoÞ, then

lim
t!y

e�tt

ð
G

Fðj; d; kÞgt; dð�j; k;oÞdsðjÞ
����

����¼ 0;

if t < hDðoÞ, then

lim
t!y

e�tt

ð
G

Fðj; d; kÞgt; dð�j; k;oÞdsðjÞ
����

���� ¼ y:
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Proof. Using Lemma 3.1, we write

� e�thDðoÞ
ffiffiffiffiffiffiffiffi
8pk

p

eip=4

ð
G

F ðj; d; kÞgt; dð�j; k;oÞdj

¼ e�thDðoÞ
ð
qBR

qu

qn
v� qv

qn
u

� �
ds

þ e�thDðoÞ
ð
qBR

qu

qn
ðHgt; d � vÞ � q

qn
ðHgt; d � vÞu

� �
ds ð4:2Þ

where v ¼ ey�ðtoþi
ffiffiffiffiffiffiffiffiffiffi
t2þk2

p
o?Þ and Hgt; d is the Herglotz wave function with density

gt; dð� ; k;oÞ. Using the trace theorem, from (4.1) we know that

kHgt; d � vkH 1=2ðqBRÞ þ
q

qn
fHgt; d � vg

����
����
H�1=2ðqBRÞ

aCd ð4:3Þ

where C > 0 is independent of t. The assumption gives hDðoÞ > 0. Thus

from (4.3) one knows that the second term of the right hand side of (4.2) is

exponentially decaying as t ! y and of course, the first term is decaying

algebraically as t ! y in strict sense by the same reason as described in the

proof of Theorem 1.2. r

In a forthcoming paper we consider algorithms that are based on Theorems 1.2,

1.5 and 4.2.

Acknowledgement

This research was partially supported by Grant-in-Aid for Scientific Re-

search (C)(2) (No. 15540154) of Japan Society for the Promotion of Science.

The author thanks the anonymous referee for suggestions for improvement of

the original manuscript.

References

[ 1 ] Begehr, H. and Gilbert, R. P., Transformation, Transmutations, and Kernel Functions,

Volume 1, Longman/Wiley, New York, 1992.

[ 2 ] Charalambopoulos, A. and Dassios, G., On the Vekua pair in spheroidal geometry and its

role in solving boundary value problems, Applicable Analysis, 81 (2002), 85–113.

[ 3 ] Colton, D. and Kress, R., Eigenvalues of the far field operator for the Helmholtz equation

in an absorbing medium, SIAM J. Appl. Math., 55 (1995), 1724–1735.

[ 4 ] Colton, D. and Kress, R., Inverse Acoustic and Electromagnetic Scattering Theory, 2nd

edn., Springer, Berlin, 1998.

[ 5 ] Colton, D. and Kress, R., On the denseness of Herglotz wave functions and electromagnetic

Herglotz pairs in Sobolev spaces, Math. Meth. Appl. Sci., 24 (2001), 1289–1303.

505The enclosure method



[ 6 ] Hettlich, F., On the uniqueness of the inverse conductive scattering problem for the

Helmholtz equation, Inverse Problems, 10 (1994), 129–144.

[ 7 ] Ikehata, M., Reconstruction of an obstacle from the scattering amplitude at a fixed fre-

quency, Inverse Problems, 14 (1998), 949–954.

[ 8 ] Ikehata, M., Reconstruction of obstacle from boundary measurements, Wave Motion, 30

(1999), 205–223.

[ 9 ] Ikehata, M., Enclosing a polygonal cavity in a two dimensional bounded domain from

Cauchy data, Inverse Problems, 15 (1999), 1231–1241.

[10] Ikehata, M., Reconstruction of inclusion from boundary measurements, J. Inv. Ill-Posed

Problems, 10 (2002), 37–65.

[11] Ikehata, M., Inverse scattering problems and the enclosure method, Inverse Problems, 20

(2004), 533–551.

[12] Ikehata, M. and Ohe, T., A numerical method for finding the convex hull of polygonal

cavities using the enclosure method, Inverse Problems, 18 (2002), 111–124.

[13] Kirsch, A., Characterization of the shape of the scattering obstacle using the spectral data of

the far field operator, Inverse Problems, 14 (1998), 1489–1512.

[14] Kress, R., Linear Integral Equations, Springer, 1989.

[15] Luke, D. R. and Potthast, R., The no reponse test—a sampling method for inverse

scattering problems, SIAM J. Appl. Math., 63 (2003), 1292–1312.

[16] Potthast, R., A point source method for inverse acoustic and electromagnetic obstacle

scattering problems, IMA J. Appl. Math., 61 (1998), 119–140.

[17] Vekua, I., Modification of an integral transformation and some of its properties, Bull.

Acad. Sci. Georgian SSR, 6 (1945), 177–183.

Masaru Ikehata

Department of Mathematics

Faculty of Engineering

Gunma University

Kiryu 376-8515, Japan

E-mail: ikehata@math.sci.gunma-u.ac.jp

506 Masaru Ikehata


