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ABSTRACT. This paper gives applications of the enclosure method introduced by the
author to typical inverse obstacle and crack scattering problems in two dimensions.
Explicit extraction formulae of the convex hull of unknown polygonal sound-hard
obstacles and piecewise linear cracks from the far field pattern of the scattered field at
a fixed wave number and at most two incident directions are given. The main new
points of this paper are: a combination of the enclosure method and the Herglotz wave
function; explicit construction of the density in the Herglotz wave function by using the
idea of the Vekua transform. By virtue of the construction, one can avoid any re-
striction on the wave number in the extraction formulae. An attempt for the case when
the far field pattern is given on limited angles is also given.

1. Introduction

In this paper we consider typical inverse problems for the Helmholtz equation
in two-dimensions. First let us consider an inverse obstacle scattering problem.
Let D = R? be a bounded open set with Lipschitz boundary and satisfy that RZ\D
is connected. Using a variational method (e.g., see [6] and references therein),
one knows that: given k >0 and d € S' there exists a unique u € C*(R*\D)
satisfying (1) to (3) described below:

(1) u satisfies the Helmholtz equation

Au+k*u=0  in R*\D;

(2) there exists a disc Bg with radius R centered at 0 such that D = Bg,
Ul 5 € H'(Br\D) and for all ¢ € H'(Bg\D) with ¢ =0 on 0Bg

| wu-vo—rupas—o (1)
Bx\D
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(3) w=u—e* satisfies the outgoing Sommerfeld radiation condition
. 0
lim \/;7<—W - ikw) =0
r—o0 or

where r = |x]|.

Note that the condition u|, 5 € H Y(BR\D) of (2) gives a restriction on the
singularity of » in a neighbourhood of dD; (1.1) is a weak formulation of the
boundary condition du/dv =0 on dD where v denotes the unit outward normal
relative to R*\D.

It is well known that w has the asymptotic expansion as r — oo uniformly
with respect to g e S!:

ek 1
w(re) = WF((p;d, k)+ O(W)
The coefficient F(¢p;d, k) is called the far field pattern of the reflected wave w at
direction ¢.

In this paper we are interested in seeking extraction formulae of infor-
mation about the location and shape of D from the far field pattern for fixed d
and k. Recently the author established an extraction formula of the convex
hull of D from the data w on the boundary of any fixed open disc that contains D
provided D is polygonal ([11]). It is an application of the idea of the enclosure
method to the inverse scattering problem (see [9, 12] for a simpler problem).
Since the extraction formula in [11] is the starting point, we give a precise de-
scription of the formula and point out the problem.

DeriniTION 1.1. We say that D is polygonal if D=D;UD,U---UD,;
each D; is a simply connected open set and polygon; D;ND; = & for j # j'.

In this paper we always assume that D is polygonal. Given direction
we S define hp(w) =sup,.px-w. We call the function w +— hp(w) the
support function of D. From the support function of D one obtains the convex
hull of D.

DerINITION 1.2.  We say that the direction  is regular with respect to D
if the set {x|x-® = hp(w)} NOD consists of only one point.

We have already established the following.

THEOREM 1.1 ([11]). Let w be regular with respect to D.  Then the formula

J (6_uv — th)da
0Bz \OV ov

= hp(w), (1.2)
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is valid where v(x) = X HVTHEO) and ok = (wy, —w)) for o = (w1, w).
Moreover we have:
if t>hp(w), then

ou  ov
. —1t _ —_N.
}me e LBR <_(3v v u) da| = 0;
if t < hp(w), then
lim e LBR <gz v— % u) do| = o0.

It is well known that du/dv on dBg can be computed from u on 0By by
using the Dirichlet-to-Neumann map outside Bg. Moreover one can calculate
u on 0Bg from F(-;d, k) for fixed d and k by using, e.g., a formula in the
point source method (see [16]). Thus one can say that (1.2) essentially gives an
extraction formula of the support function from the far field pattern for fixed
d and k. However, the computation involves mainly two limiting procedures:
the first is the procedure for calculating u and du/dv on 0By from F(-;d, k); the
second is the procedure for calculating /ip(w) from u and Ju/dv on 0Br by
using (1.2).

In this paper we present a direct formula that extracts the value of the
support function of unknown polygonal sound hard obstacles from the far field
pattern for fixed d and k just by using only one limiting procedure.

We identify the point 9 = (31, %) € S! with the complex number 9; + i3,
and denote it by the same symbol 9.

Now we state the results. Given N=1,..., t1>0, weS' and k>0
define the function gy(-;7,k,®) on S! by the formula

1 lk¢ m
1k ) = — L 1.3
gn(p ) =5 ;_;N{(T Y k2)w} (1.3)

THEOREM 1.2. Let w be regular with respect to D. Let [, be the unique
positive solution of the equation

2
- 1 =0.
es+ ogs

Let f satisfy 0 < < . Let {t(N)}y_, . be an arbitrary sequence of positive
numbers satisfying, as N — oo
_BN

o(N) =+ O(1).
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Then the formula

g || FpidRhav(on (). K, )dolo)|

is valid — Moreover we have:
if t > hp(w), then

lim e ")
N—owo

JS] F(—p;d, k)gn(p;T(N), kw)da(gp)’ =0;
if t <hp(w), then

lim e "W
N—owo

||, Pt k. 0)dote)| = o

Note that there is no restriction on k. (1.4) means that if one knows the
Fourier coefficients of the far field pattern

| Fsd kg doto) =) | F(-pia.pmdote) i <N
for sufficiently large N and a disc that contains D, then one can know an

approximate value of hp(w). g=gn(-;7(N),k,») satisfies, as N — oo

J e g(p)do(p) & e TWOHVINT RO ¢ B
Sl

in an appropriate sense (see Theorem 2.1 in Section 2). The function

j Mg (p)do(p)
Sl

is called the Herglotz wave function with density g and satisfies the Helmholtz
equation Av+ k?v =0 in the whole space.

For a simple explanation of the origin of the desired density we make use of
the idea of the Vekua transform which maps harmonic functions into solutions of
the Helmholtz equations (see [17, 1] and also [2] for a recent study). Recall
the Bessel function of order m = 0,+1,+2,... given by the formula

In(z) = (g)mi:#%m) Gyn.

n=0

The Vekua transform in two-dimensions takes the form:
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dt
V1—t

where v is an arbitrary harmonic function in R?. Using the formulae

1
Trv(x) = v(x) — kT)dJO o(tx)Jy (k|x|V1 — 1)

2

1
_,2\m R
k|x|J (1 =w)"Jy(k|x[w)dw =1 <k|x|

) mlJ,, (k|x]), m=0,1,...
0

one can easily know that, for m=0,1,2 ...
. 2\" .
Tk . rmeilmﬁ — <k> Wl!-]m (k}")eilmg,

Using this property (rule), we reduce the construction problem of the density to
that of the density in the “harmonic” Herglotz wave function

|| feratrmmire oo 1y g)dot).

See Section 2 for details. Note that one can state and prove the main result
of Section 2 (Theorem 2.1) without using the Vekua transform. However, the
presence of the “harmonic” Herglotz wave function is something interesting.

(1.4) gives us a direct formula for extracting information about the convex
hull from the far field pattern by using only one limiting procedure. An in-
teresting question is to seek such a formula in the case when F(-;d, k) is given
only on a proper subset of S'. In Section 4 we present a small first step that
gives extraction formulae of the support function from the far field pattern on
given nonempty open subset of S!' provided the center of the coordinates is
inside the obstacles.

For another approach to the problem one can cite the no response test
introduced in [15]. Therein, for fixed ¢ > 0 they define the functional of test
domains D, by taking the least upper bound of the quantity

| Fendnaodn)
with respect to all g e L?(—I) satisfying

sup
yeD,

| emegtontate) < (15)

Their idea is to make use of this functional to decide whether D is contained
in D;. In contrast to the enclosure method the form of the density of the
Herglotz wave function is not specified except for a restriction on the bound
(1.5) of the corresponding Herglotz wave function. Note that Theorem 1.2
gives an explicit way in the case when I'=S' of deciding whether D is
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contained in the special test domain BxN{xeR*|x-w <t} for each ¢ with
7] < R.

Note that if one has the complete knowledge of the far field pattern for all
d and fixed k, then one has two reconstruction formulae for general D. One is
due to Kirsch ([13]) and another is due to the author ([7, §]).

Next we consider an inverse scattering problem for piecewise linear cracks.
Let 2 be the union of finitely many disjoint closed piecewise linear segments
21,25,..., 2, Assume that there exists a simply connected open set D such
that D is a polygon and each X is contained in dD. We assume that D < Bg.
We denote by v the unit outward normal relative to Bg\D. Denote by
H'(Bg\X) the set of all L*(Bg) functions u such that, u* = u|, 5 € H'(Bg\D),
u =ulpe H' (D) and u* =u~ on 0D\ZX.

It is well known that: given k>0 and d e S' there exists a unique
ue C*(R?\X) satisfying (4) to (6) described below:

(4) u satisfies the Helmholtz equation

Au+k*u=0  in R*\Z;

(5) ulp, € H'(Bg\X) and for all ¢ e H'(Bg\X) with ¢ =0 on 0B

JB \Z(Vu Vo — k*up)dx = 0; (1.6)
R

(6) w=u—e™ satisfies the outgoing Sommerfeld radiation condition
(see (3)).

(1.6) is a weak formulation of the boundary condition du/dv=0 on X
where v stands for the unit outward normal relative to Bg\D.

Define

hx(w) =sup x - o, we S
xeX

We call /iy the support function of X. We say that the direction we S! is
regular with respect to X if the set {x|x-w = hx(w)} N X consists of only one
point.

Given o = (w1, ;) € S' set ' = (w1, —w;). Define the indicator function

19(z,t) by the formula
J <@ v— g u> do
|x|=R oy oy

where —o0 < 1< 00, 7> 0 and v = e¥ (VI k0l
In [11] we gave an extraction formula of the convex hull of X' from the
indicator function for a single incident direction d.

I, 0) =™
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THEOREM 1.3 ([11]). Let w be regular with respect to X. If every end point
of X21,2,..., 2, satisfies x-w < hx(w), then the formula

d
lim log 1(z,0)

T— 00 T

= hz(a)),

is valid — Moreover, we have:

if t>hs(w), then lim,_, 19(z,{) = 0;

if t < hs(w), then lim,_., I(z,1) = oo.
If there is an end point y of some X; such that y-w = hx(w), then, for d that is
not perpendicular to v on X; near the point, the same conclusions as above are
valid.

Note that v on 2 in a neighbourhood of y becomes a constant vector if y is an
end point of 2.

From the definition of regularity of w one knows that the set
{x|x o =hs(w)} N2 consists of a single point (say xp). Then every endpoint
of Xy,...,%,, satisfies x-w < hx(w) if and only if there exists j such that
Xo€2; and v on X; has discontinuity at xo.

One of two implications of Theorem 1.3 is: one can delete the sentences “If
every end point of Xy, 25,..., 2, satisfies x-w < hx(w)” and “If there is an
end point ... are valid” in Theorem 1.3 by introducing the new indicator
function

I,(z, 1) = Iu‘f‘ (z,1) + Icfz(r, 1)

where d), d, are two arbitrary linearly independent incident directions and
fixed. This indicator function makes use of two reflected waves for two
incident plane waves at a fixed wave number. This idea is coming from that
of the multi probe method (see [10]). We obtain the following.

THEOREM 1.4. Let w be regular with respect to X. The formula

lim log I,(7,0)

T— 00 T

= hz(a)),

is valid.  Moreover, we have:
if t>hs(w), then lim,_, I,(z,t) =0;
if t <hz(w), then lim,_,, I,(t,t) = 0.

The next theorem corresponds to Theorem 1.2.

THEOREM 1.5. Fix two arbitrary linearly independent directions d; and ds.
Let w be regular with respect to X. Let {t(N)}y_,  be the same as that of
Theorem 1.2. Then the formula
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2
log{z Ll F(—p;di, k)gn(@;T(N), k, w)da(p) ‘}
lim /=1

N (V)

= hz(a))7

is valid ~ Moreover we have:
if t>hs(w), then

2
lim e "W § j
N—w "
J=1

if t <hs(w), then

2
lim e "W § :
N—w -
J=1

The outline of this paper is as follows. In Section 2 we describe the der-
ivation of the density given by (1.3) by using the idea of the Vekua transform and
establish the desired property. The proof of Theorem 1.2, 1.4 and comment on
the proof of Theorem 1.5 are found in Section 3. In Section 4 a case when the far
field pattern is given on limited angles is discussed.

an F(—gp;d;, k)gn(p;T(N), k, a))do((p)‘ —0;

|, Pyt k. o)do(e)| = .

2. Construction of the density in the Herglotz wave function

The aim of this section is to construct a density g € L?(S') explicitly such
that

J M 0g(p)da(p) OV oy e By
S

We start with an elementary fact.

ProposITION 2.1.  Let m be an arbitrary integer. Let & be an arbitrary
complex vector. We have

1 <;>m§:n|(ml+n)| (;)2”(2*2)”, if m=>0,

n=0
&) S @) v "o

where & = (&1,&y), z=¢ + i and z5 = & — ié,.

Proor. Let w=e¢?. Then
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AN

&y cos O+ & sin = !

(w+w) +%(w —wh)

=0

(z'w 4 zw ™).

This gives the expression

2n
J 6‘9'6(91 + l.'gz)mda_(lg) _ J eq’lcos0+52 sin0€im0 do
S! 0

1 . -

_ fJ Wmfle(l/Z)(z w+zw 1) dw
l [wl=1

= 27 Res,_o(w" ! e1/2E w2070y

Write

o0 n
m—1,(1/2)(z*w+zw™!) _ l l * —1yn, m—1
w" e ! = E o (2 (z'w+zw ) W™

LS s

n=0 r=0

Consider the case when m > 0. If n <m, then n+m >2n>2r for 0 <r <n.
Thus n—2r+m—1# —1. This gives

Res,_o (wmfl6,(1/2)(:*’w’+zw’l ) )

o0 1 n n n
= Resi—o Z al <§) ( . ) (Z*)"_rzrw”’”z"l)
n=m r=0

0 1 1 m+lm+1 m+ / N 5
_ - sym+l—r_r. 2(m—r)+I-1
= Reswo< E (Wl n l)! (2) E ( ; )(Z ) z'w + .

r=0

If /=2 1'"=0,...,then 2m—r)+1—1=2(m+1'"—r)—1. Since 0 <r<

m+2l', 2(m—r)+1/—1 becomes —1 only for r=m+1'. If 1=2I"+1,

I"=0,..., then 2(m—r)+1—1=2(m+1'—r) and thus never become —1.
Therefore

Res,,_o(w" Tell/DE wawh))

20
_ S 1 l m+ m + 20 (Z*)m+2]’—(m+/’)zm+l'
m+21 2 m+ 1

1'=0
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0 1 (1>m+2l’ y y
- (Z*) Zm+
2T (m+ 1) \2

() S () &

This gives (2.1) in the case when m > 0. Consider the case when m < 0.
If 0<n< -m, then n+m<0 and thus n+m—-1-2r< -2r—1< -1 for
0<r<n. Then from (2.2) we have

NI

Res,,_o (w1 1/DE w20

0 1 1 n n n
=Resio| D n! (2> 5 < r ) (z)" T
n=—m =

0 1 1 el -m+1 sy—m+l—r_r 1-2r—1
= Res,—o <Zm (E) Z ( r )(Z ) zZ'w

=0 r=0
o 1 1 —m+2l" —m+-21" —m 4+ 20 o _p Iy

= Res,,— <Zm (5) Z < r >(Z ) m+21 z Wz(/ )—1
=0 . r=0

_i; 1 —m+2l' _m+2l/ (Z*)ferllzl/

= Cmran 2 r

=3 @mw}f’( oy

NSRRI

7 —m o 1 1 20 N
_<2) ;l’!(—m—i—l’!) <2> (z%2)" U

Given o = (w1, ) € S' set w' = (wy, —w;). In this paper we denote the
complex number w; + iw; by w again and thus @ = w; — iw;.

We give another expression of (2.1) for & = r(tw + ivt2 + k2wt) with r > 0.
Since ¢ = r(tw; + VT2 + k2w;) and & = r(twy — ivVt? + k?wy), we have

z=r(t+ V12 + ko, F=rt— V12 +k¥)o
and z*z = —(rk)®. Then (2.1) gives

227"
{w} Tu(kr),  if m>0,
1 gé’ . m _
ELI (9 + i92)"da(9) =
if m < 0.

{(T_ ”TZ_HCZ)(D}M J_m(kr),
(2.4)

k
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Note that using the equation J_,,(kr) = (—1)"J,,(kr) one can rewrite (2.4) as for
all integer m

1 . L
_J VIR (9, 19\ dg(9) =
Sl

. TZ 5 m
L {<+— vk+k>w} Juli),

however, for our purpose (2.4) is more convenient. From (2.4) we obtain the
expansion formula

0 /2 m .
eV (to+iVT W Z{ T + k? ) } Jm(kr)ezml)
0
e 5 kz m
+ Z{(”— M)‘”} Tn(kr)e ™ — Jo(kr)  (2.5)
m=0 k
where y = (r cos 0, r sin 0).

Define the harmonic function e, (y;7, k) in the whole space by the formula

eo(y;T, k) = TV +in) /2y VR o(yi=i2)/2 _ 1

Then from (2.5) one immediately obtains the following.

PROPOSITION 2.2.  The Vekua transform of the harmonic function e, (y;7, k)
coincides with e (totivVeitkion)

Next consider the case when ¢ in (2.1) is given by the complex vector
E=ikrp, peS', r>0. Then z=ikrp, z* =ikrp and z*z = —r’k*>. Thus
from (2.1) we have

1

. . \m " if
ZJ elk"lg‘(/’(gl + i92)n1d0(19) _ { (l(ﬂ) J; (kr)) nmz= 07
Sl

(i@) "I _(kr), if m <0.

This gives the Jacobi-Anger expansion

ko — Z(i@)"’]m (kr)e’mﬁ + Z(i(p)mJ,n(kr)e_i”’H — Jo(kr) (2.6)
m=0 m=0

where y = (rcos 0,rsin §). Then the following statement becomes trivial.
PropPOSITION 2.3.  The Vekua transform of the harmonic function
Ron+ina) /2 o pikp(yi=iv2)/2 _ |
coincides with ™.

Let I" be a non empty open subset of S!. Given g € L?>(S') the function
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J {RPH/2 | kon=)/2 1} g()da(p)
r

is harmonic in the whole space. As a corollary of Proposition 2.3 one knows
that the Vekua transform of this harmonic function coincides with the Herglotz
wave function with density ¢

j R 0g(p)do().
I

Taking account of Proposition 2.2 and the fact mentioned above, it suffices to
construct g in such a way that

Jr{eikqﬁ(y1+iyz)/2 + ek =202 _ 1Y g(p)da(p) x ew(y; T, k). (2.7)

Using the power series expansion of the exponential function, one knows that if
g satisfies the system of equations

(5) L(@)mg(w)daw):{“‘— Z*"z)‘”} m=01... (28)

and

(%)mjrwgw>da<m{“+— ;”‘2)”’}}“ m=l... (@9

then ¢ satisfies (2.7) exactly. We construct g in the form

0

.
9(@) =D Bup™ + > Bp™
m=0 1

m=
Now consider the case when I' = S!'. Since

32| 7 ato)doto) = b,

and

1
ELI 9"g(p)da(p) = B_,

from (2.8) and (2.9) we get

B —L —lk g m=20
" on (t+ Vi + kYo ’ R
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and

5 _ @+ VeP+ o "
M 2n ik ’

Then g becomes
k m 0 5 + k2 m
Z e+ Z T+ Ve + ko m)cu (2.10)
m= 027Z T + Ve + k ) m= 2n lk(ﬂ

The first term is convergent and has the form
1 (+VP+ho
T (t4+ V2 kD)o —ikp

However the second term is always divergent since 7+ V12 + k2 > k. So we
consider a truncation of (2.10):

1 & ik Tl (t+ V1> +k?) "
ngMOMZLHﬁ%@J+§Z{ %¢(ﬂ

m=1

where N = 1,.... This coincides with the expression given by (1.3). Then one
obtains

|| gerstrimre g grotr 2 g (i ke )date) — eu(vi. )
S

=-> — m! { T; Sl } (y1 +iy2)"

m>N

T+ 7:2—1—k2 Cm
-3 e )
m>N

This shows gy (-; 7, k, w) satisfies (2.7) in this sense. Taking the Vekua transform
of the both sides of (2.11) we obtain the equation

J 1 eiky-ng((p; 1, k,w)do(p) — e)"(fwwLi\/fer—kzwl)
s

_ —Z{ \/’L’z+k2) } Jm(kr)eimH

m>N

T (kr)e=m0 (2.12)

m>N

_Z{ T+VT2+k2) }
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where y = (rcos 0,rsin §). Note that this can be checked also directly. For
our purpose we have to consider how to choose 7 depending on N. One answer
to this question is the following and it is the main result of this section.

THEOREM 2.1. Let B, be the unique positive solution of the equation
2
—-s+logs=0.
e

Let f satisfy 0 < f < By Let {t(N)}y_, . be an arbitrary sequence of positive
numbers satisfying, as N — oo

(N) = ﬁe)—];{]—i— o(1).

Then we have, as N — o

eRr(N) sup

[y[<R

J eiky'(ﬂgzv((ﬂ; t(N), k, w)da(p) — ey-(f(N)aH—i\/r(N)Z-H(zwL)
SI

+ eR'r(N) sup
<R

= O(N~™). (2.13)

V{J g (s T(N), k, w)da(p) — e Ny T(NMZM}‘
Sl

ProoF. We give a direct proof without referring the property of the Vekua
transform. Set

Ry(p;7) = Z {(f_ ”2_"162)@} T (Kr)e™

m>N k
VI RDw) im
Sv(ri7) = Z{%} Inllr)e "
m>N

TN 2

N
E(T;N)_L{R(r+\/fz‘+k2)} R

The estimate

kr\" 1
‘Jm(kl’)| < (?) %,

is well known. Then we have, for all y with |y| <R
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N+1
1 R 2 k2 2 2
ISy (33 7)] < { Trve s )} REVTR2 - pe N 4 1),

(N +1)! 2 2149

Now let 7 =7(N). Since

_ 1 Rz + VT2 +k?)

E .
(GN) =3

E(TvN_ 1)7
from (2.14) we have, as N — o

ISv-1 (v t(N))] + SN (35 7(N) [+ [Sn1 (5 2(N)[ = O(E(z(N); N = 1)) (2.15)

On the other hand, we have

|Ry (y;7)]

_ Ri2 A N K2R

ORI P =) P e+ v+ i)

1 {R(r + Vi + kz)}N+l exp R(t + V1% +k?) { 2 }NH
- )

(N+1)! 2 2 R(t+ V12 + k2
N+1
y RK? o k’R R+ V24K
20+ VR "V ) 2

= O(E(t;N + 1))
and thus this yields
[Rv-1(y;7(N))| + [Rn (p37(N)) + [Ry41 (35 7(N))| = O(E(z(N); N — 1)) (2.16)
Here we claim

eRNE@(N); N —1) = O(N~™). (2.17)

This is proved as follows. Using the Stirling formula
2 x 1

=30 {o0))
x \e X

R(t(N) + /7(N)* + k2)

as x — oo and

— 28N /e + O(1),

one gets
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RN E(Z(N); N - 1)

N-1

_ eRf(N)\/g(%)N{R(T(N) n 2T(N)2+k2)}

% eR(r(N)+\/r(N)2+k2)/2{l + 0(%)}

0( 26N /e g Nlog(e/N) \/7{ﬁN/e+0( Y ‘{1+0(1>}>

O(exp(—+N10g—+Nlog{ﬂN/e+ o(1 )}))
(

= O exp { + log W}> (2.18)
Since
e(pN /e +0(1) _ !
N0y o( 1)
we get

log {e(ﬂN/e]\;L O} _ og g+ 0(%)

Then from (2.18) one obtains

eRr(N)E(T(N);N -1 = 0<exp N(%Jr log ﬂ))
Since

2
?ﬁ+log/)’<(),

we obtain (2.17).
Using the recurrence relation

T (kr) = (k) = T, (k)
m ’
Jmfl(kr) = _Jm(kr) + Jm(k}")

kr
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and the formulae

0 (o 1oy emio 1
a2 \ar'rae) T 2 \ar v a0

o —ie (0 10 e (o 10

E‘T(E“?@)JFT(E_Z?@)’
one knows that: 0Ry(y;7)/0y; can be written as a linear combination of
Ry+1(y;7) and Ry_1(y;7) whose coefficients are at most algebraic growing as
7 — 0; 0Sy(y;7)/0y; can be written as a linear combination of Sy, i(y;7)
and Sy_;1(y;7) whose coefficients are at most algebraic growing as 7 — 0.
Using those facts, and (2.12), (2.15), (2.16) and (2.17), one obtains the desired
conclusion. ]

3. Proof of Theorems 1.2, 1.4 and comment on the proof of Theorem 1.5

The starting point is the representation formula given below. The proof
is taken from that of (2.9) in [3]. Therein they made use of the formula to
establish an interesting equation that connects an eigenvalue of the operator
with the integral kernel K(¢,d) = F(p;d,k) acting on the functions on S'
with an absorbing medium. Here for reader’s convenience we give a brief
description of the proof.

LemMa 3.1.  Let I' = S' be measurable with respect to the standard measure
on S'.  Let ue C*(R?\Bg) satisfy Au+ k*u=0 in R*\Bg, the outgoing Som-
merfeld radiation condition lim,_,,, \/r(dw/dr — ikw) =0 where r = |x| and w =
u—e*d  Then the formula

ein/4 ou ov
F(—p;d,k)g(p)do(p) = ——| (v, — Z2u)d
Jr (—p;d, k)g(p)da(p) MLBRQVW dv ”> -

is valid where v, is the Herglotz wave function with density g e L*(I")

0y(y) = Le”‘y*ﬂgw)do(q))

and v is the unit outward normal relative to Bg.

Proor. From the representation formula of w outside Bg ([4]) one obtains
the formula

ein/4 Ju ik aefik‘”‘y
. _ _ o key -
F(p;d k) = ML R(@ve o u)da(y).
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Thus replacing ¢ with —p, we have

ein/4 ou detkry
F(—p;d, k :——J (—e’k‘”——u)da . 3.1
Codk =] (5 —u)da(y) (3.1)
Multiplying the both sides by g(¢) and integrating the resultant on I”, we obtain
the desired formula. U

Now we give a proof of Theorem 1.2. Using Lemma 3.1 for I' = S', we write

e Whp(o) VBTK

ein/4

ou ov
_ —t(N)hp(e) _
e LBR (0‘} v . u) do

|| Fleosd gt e, k)

=L+ (32)

where v = ¥ (VTN and 4, is the Herglotz wave function with density
gn(-;T(N),k,w). In [11] we have already proven that there exist 4 > 0 and
A >0 such that

lim o(N)* || = 4. (3.3)

Theorem 2.1 gives the estimate

t(N)!|I| < o(N)"eR ™) CR(M){Sluge |09y (¥) —v(¥)| + ls‘glv{vg,\,(y) - v(y)}l}

= O(N™™) (3.4)

where Cg(u) is a positive constant depending on u, R and independent of N.
From (3.2), (3.3) and (3.4) one gets

A
(N "E’T(N)hD(w)J F(—¢;d k :7(N), k,w)do ‘—> 3.5
(N) Sl(cﬂ )gn(@; T(N), k, w)da(p) ok (3.5)
as N — co. Then (1.4) and other all conclusions come from (3.5). O

In the following we say that: a function f(r) decays algebraically as
7 — oo in strict sense if 7*|f(7)| converges to a positive number as t — oo for
a positive constant 4; f(7) is decaying at most algebraic if f(7) = O(z™#) as
T — oo for a suitable positive constant .
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Now we give a proof of Theorem 1.4. Let y denote the only one point of
the set {x|x-® =hs(w)}NZX. First consider the case when every end points
of 2,2,,...,%, satisfies x - ® < hzx(w). Then y should be a point where two
segments in some 2; meet. Then from Theorem 4.2 in [11] and a fact similar
to Lemma 5.1 in [11] one obtains that both 1% (z, hx(w)) and I (z, hs(w)) decays
algebraically as 7 — oo in strict sense. This yields the algebraic decaying of
I,(t,hy(w)) as T — oo in strict sense. Then we automatically obtain the desired
results.

The problem is the case when y is an end point of some X;. Since v on
X becomes a constant vector in a neighbourhood of y, we denote the constant
vector by v;. Using Theorem 4.3 in [11] for u with d = d,d, one concludes
that I,(z,hs(w)) decays at most algebraically as © — oo. Moreover, an ar-
gument similar to that of the proof of Lemma 5.1 in [11] yields that if both of
I9(t,hs(w)) and I%(t,hs(w)) decay rapidly then d) -v; =d>-v; =0. How-
ever, this is impossible. Thus one concludes that one of them has to be
algebraically decaying as 1 — oo in strict sense. Then we obtain the algebraic
decaying of I,(t,hs(w)) as T — oo in strict sense. This completes the proof.

[

It is easy to see that completely the same formula for d = d;,d, as Lemma 3.1
is valid. Then the proof of Theorem 1.5 can be done along the same line as
that of Theorem 1.2.

4. Limited aperture

In this section we consider the case when the far field pattern with limited
aperture is given. Here we point out an effect of a priori information on the
formulae in Theorem 1.2. Let I” be a non empty open subset of S'.

We assume that:

(1) the far field pattern on I is known for fixed d and k;

(2) 0eD.

(1) means that I" is an aperture. (2) means that the center of the coordinates is
inside D and we know it in advance.

The starting point is a theorem established in [5]. Define

W(Bg) = {ve C*(BR)NC'(Bg)| Av+k*v =0 in Bg}.

We denote by W (Bgr) the H'(Bg) closure of W (Bg). Given g e L?(—I") define

Hy(y) = | eoglpdate) v Br
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Then Hge W(Br) and the map H :L*(—~I') — W(Bg) is bounded linear.
They proved the following.

THEOREM 4.1 (Theorem 2.6 of [5]). The range of H is dense in W(Bg).

Note that: therein they considered only the case when —I" = S!, however, by
using the real analyticity of the far field pattern, one knows that the proof is
still valid.

Given ve W(Bg) and 6 >0 an element gy € L*(—I") is called minimum
norm solution of Hg = v with discrepancy o, if g, satisfies ||Hg — v|| H\(Bp) = 0
and

1g0ll z2(—ry = W {[|gll 2y = 1Hg = vll g1y < 0%

Now given 7> 0 and w € S' set v = e (Ve +k207) (¢ W(BR)). Theorem 4.1
ensures the existence of the minimum norm solution of Hg = v with discrepancy
0 (see Theorem 16.11 in [14]). It is given by the formula

g=(al+H*H) "H*v
where « > 0 is any zero of the function
* —1 ryx 2
|[H (ol + H*H)™ H*v = vl|31 5, — 0.
We denote the minimum norm solution by g = g, s(-;k,w). This satisfies
[Hges(- 1k, ) = vll iy <0 (4.1)
Then we obtain the following theorem.

THEOREM 4.2. Assume that 0 € D. Let w be regular with respect to D.
Then the formula

log Jr F(p;d, k)grﬁo‘(—(ﬂ;k,w)da((ﬂ)‘

i T = (o)

is valid — Moreover we have:
if t>hp(w), then

lim e
T—0

[, #0050 o)t =0

if t <hp(w), then

lim e ™

T—00

Jr F(p;d, k)g.s(—p; k, a))da((o)‘ = 0.
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Proor. Using Lemma 3.1, we write

8k
_ o) % Jr F(p;d,k)geo(—p;k,w)dgp

Ju ov
_ ,—thp(w) =
e LBR <6v v a u) do

+ e—ﬂ:hD(a)) J

¢

ou P
BR{E (Hgrs —v) — " (Hgr5 — v)u}da 4.2)

where v = e (fHVTHk20) gnd Hg. s is the Herglotz wave function with density
g:.5(-;k,®). Using the trace theorem, from (4.1) we know that

0

—{Hg, s —
5, (Hws — v}

1Hges = ol + <G (4.3)

Hﬁl/z(@BR)

where C > 0 is independent of 7. The assumption gives /ip(w) > 0. Thus
from (4.3) one knows that the second term of the right hand side of (4.2) is
exponentially decaying as 7 — oo and of course, the first term is decaying
algebraically as © — oo in strict sense by the same reason as described in the
proof of Theorem 1.2. O

In a forthcoming paper we consider algorithms that are based on Theorems 1.2,
1.5 and 4.2.
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