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ABSTRACT. A complete surface of constant mean curvature 1 (CMC-1) in hyperbolic 3-
space with constant curvature —1 has two natural notions of “total curvature”—one is
the total absolute curvature which is the integral over the surface of the absolute value of
the Gaussian curvature, and the other is the dual total absolute curvature which is the
total absolute curvature of the dual CMC-1 surface. In this paper, we completely
classify CMC-1 surfaces with dual total absolute curvature at most 4z. Moreover, we
give new examples and partially classify CMC-1 surfaces with dual total absolute cur-
vature at most 87m.

With the developments of the last decade on constant mean curvature 1
(CMC-1) surfaces in hyperbolic 3-space H? (the complete simply-connected 3-
manifold of constant sectional curvature —1), and with so many examples now
known, it is a natural next step to classify all such surfaces with low total
absolute curvature.

As CMC-1 surfaces in H?® share quite similar properties with minimal
surfaces in Euclidean 3-space R>, let us first comment that the total absolute
curvature of a minimal surface in R® is equal to the area (counted with mul-
tiplicity) of the Gauss image of the surface, and that complete minimal surfaces
in R* with total curvature at most 87 have been classified. (See Lopez [6] and
also Table 2.) Furthermore, as the Gauss map of a complete conformally
parametrized minimal surface is holomorphic, and has a well-defined limit at
each end when the surface has finite total curvature, the area of the Gauss
image must be an integer multiple of 4x.

The question of classifying low total curvature CMC-1 surfaces in H? is
analogous—however, unlike minimal surfaces in R?, CMC-1 surfaces in H?
have two Gauss maps: the hyperbolic Gauss map G and the secondary Gauss
map ¢g. So there are two ways to pose the question in H?3, with two very
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different answers. One way is to consider the true total absolute curvature,
which is the area of the image of g, but since g might not be single-valued on
the surface, the total curvature might not be an integer multiple of 4z. This
allows for many more possibilities and makes the problem more difficult than
for minimal surfaces in R®. The authors take up this question in a separate
paper [13].

The second way, which is the theme of this paper, is to study the area of
the image of G, which we call the dual total absolute curvature, as it is the true
total curvature of the dual CMC-1 surface (which we define in Section 1) in H?>.
This way has the advantage that G is single-valued on the surface, and so the
dual total curvature is always an integer multiple of 4z, like the case of mini-
mal surfaces in R®. Furthermore, the dual total curvature satisfies not only
the Cohn-Vossen inequality, but also the hyperbolic analogue of the Osserman
inequality (which cannot be said about the true total curvature) [19, 23] (see
also (2.1) in Section 2). So the dual total curvature shares more properties
with the total curvature of minimal surfaces in R*, motivating our interest in it.

In this paper, we classify CMC-1 surfaces with dual total absolute cur-
vature at most 4z, and we go much of the way toward classifying CMC-1 sur-
faces with dual total absolute curvature at most 8z (as a first step to a full
classification of the 8z case). In Section 1, we give a summary of the results,
and in Section 2 we give preliminaries for the latter sections. The classification
of CMC-1 surfaces with dual total absolute curvature less than or equal to 4z
is given in Section 3. Surfaces with dual total absolute curvature 8z are dis-
cussed in Section 4—and there we find new examples, we classify certain cases,
and we show nonexistence in certain other cases. In Section 5, from defor-
mations of corresponding minimal surfaces in R®, we produce two classes of
new CMC-1 surfaces with dual total absolute curvature 8z. For the readers’
convenience, we attach Appendix A to explain the computation of log-term
coefficients of second order linear ordinary differential equations with regular
singularities.
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1. Summary of the results

To state our results precisely, we begin with some notations. Let
f: M — H? be a complete conformal CMC-1 immersion of a Riemann surface
M into H3. By Bryant’s representation formula, there is a holomorphic null
immersion F : M — SL(2,C) such that f = FF*, where M is the universal
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cover of M and F*='F. (“null” means det(F~! dF)=0.) Here, we con-
sider H3 = SL(2,C)/SU(2) = {aa* |a e SL(2,C)} [1, 15]. We call F the lift of
f, and F satisfies

(9 -\ Q2
(L1) dFF(l _g)dg

on M, where ¢ (the secondary Gauss map) is a meromorphic function defined
on M and Q (the Hopf differential) is a holomorphic 2-differential on M.
Then the induced metric ds®> and complexification of the second fundamental

form h are
2

Q , h=—-0—0+ds’.

2 22| ¢
as’ = (1+1g)| 2

By (1.1), the secondary Gauss map satisfies
dF, dF», <F11(Z) F12(2)>
=——"=—-—= where F(z) = .
g dFll dF21 ( ) le(Z) F22(Z)

The map ¢ is determined uniquely up to a Mobius transformation g — a x g by
a € SU(2), where, for general a = (a;) € SL(2,C), we denote

aig +an
ang+an’
The hyperbolic Gauss map G of f is defined by

_dFyy  dFp
CdEy dFy’

axg =

which can be interpreted as stereographic projection of the endpoints in the
sphere at infinity of H> of the oriented normal geodesics emanating from the
surface. In particular, G is a meromorphic function on M.

The inverse matrix F~! is also a holomorphic null immersion, and pro-
duces a new CMC-1 immersion f# = F~'(F~1)" : M — H?, called the dual of
f [19]. The induced metric ds** and the Hopf differential Q% of f# are
0

dG

So ds* and Q% are well-defined on M itself, even though f# might be defined
only on M. This duality between f and f¥ interchanges the roles of the
hyperbolic Gauss map G and secondary Gauss map g. In particular, one has

(1.2) ds* = (1+|6P)? 1=, 0*=-0

Hence dFF~! is single-valued on M, whereas F~!' dF generally is not.
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Since ds** is single-valued on M, we can define the dual total absolute
curvature

TA() = | (-K*)aa?,
M
where K# (< 0) and d4¥ are the Gaussian curvature and area element of ds>*,
respectively.  As

W (_ _
(1.4) do™™ = (-K (1+16)%)?

is a pseudo-metric of constant curvature 1 with developing map G, TA(f#) is
the area of the image of G on CP' = S2. The following assertion is important
for us:

LemMa 1.1 ([19, 22]). The Riemannian metric ds** is complete (resp. non-
degenerate) if and only if ds* is complete (resp. nondegenerate).

So from now on, we suppose f is complete and has TA(f#) < +c0. By
Lemma 1.1, the conformal metric ds** is complete. As TA(f#) < +oo, M is
biholomorphic to a compact Riemann surface M, of some genus y with finitely
many points excluded [8, Theorem 9.1]:

(15) M:M}'\{p17-~-apl’l} (plr"aPHEM}’)'

The points p; are called the ends of the immersion f.

If G has an essential singularity at any end p;, then TA(f #) = 400,
since TA(f#) is the area of G(M) in CP'=S?. Since we have assumed
TA(f#) < 400, G is meromorphic on all of M,. In particular, TA(f#) =
4n deg G € 4nZ.

Since the dual immersion has finite total curvature, the Hopf differential
0% = —Q can be extended to M, as a meromorphic 2-differential [1, Prop-
osition 5]. Let

d; = ord,, Q = order of Q at the end p;

for each j=1,...,n. We say that f is a surface of type I'(di,...,d,) if
M = M,\{p1,...,p,} and Q has order d; at each end p;. We use I' because
it is the capitalized letter corresponding to y, the genus of M,. For instance,
the class I(—4) (resp. O(—2, —3)) means the class of surfaces of genus 1 (resp.
genus 0) with 1 end (resp. 2 ends) so that Q has a pole of order 4 at the single
end (resp. a pole of order 2 at one end and order 3 at the other). Then our
results are shown in Table 1. In the table,
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Table 1. CMC-1 surfaces in H® with TA(f#) < 8xn. (The corresponding results for minimal
surfaces in R are shown in Table 2.)

Type TA(f#) | Reducibility Status cf.
0(0) 0 #3-reducible | classified” | Horosphere
O(—4) 4n A 3-reducible | classified Duals of Enneper cousins

[10, Example 5.4]

0(-2,-2) 4n reducible classified Catenoid cousins and warped
catenoid cousins with embedded
ends [1, Example 2], [15], [13]

O(-5) 8n A3 -reducible | classified Theorem 4.14
O(-6) 8n #3-reducible | classified Theorem 4.14
0(-2,-2) 8n reducible classified Double covers of catenoid cousins

and warped catenoid cousins with
m =2 in [15, Theorem 6.2], [13]

O(-1,-4) 8n A3 -reducible | classified” | Theorem 4.13
0(-2,-3) 8n A -reducible | classified Theorems 4.11, 4.12
O(-2,-4) 8n #'-reducible | classified Theorem 4.9
A3-reducible | classified Theorem 4.10
O(-3,-3) 8n reducible existence Proposition 4.8
O(-1,-1,-2) 8n A -reducible | classified” | Theorem 4.7
O(-1,-2,-2) 8n #'-reducible | classified Theorem 4.5

A 3-reducible | classified Theorem 4.6

0(-2,-2,-2) 8n irreducible classified [20, Theorem 2.6]
H#'-reducible | existencet | Example 4.3
H#3-reducible | existencet | Example 4.4

I(-3) 8n unknown

1(—4) 8n existence Proposition 4.2

I(-1,-1) 8n unknown® | Proposition 4.1

1(-2,-2) 8n existence Genus 1 catenoid cousins [9]

* classified means the complete list of the surfaces in such a class is
known (and this means not only that we know all the possibilities for
the form of the data (G, Q), but that we also know exactly for which
(G, Q) the period problems of the immersions are solved).
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Table 2. The classification of complete minimal surfaces
([6]), for comparison with Table 1.
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in

R® with TA < 8=

Type TA The surface c.f.
0(0) 0 | Plane
O(—4) 4n | Enneper’s surface
O(-5) 8n [6, Theorem 6]
O(-6) 8n [6, Theorem 6]
0O(-2,-2) 4n | Catenoid

8z | Double cover of the catenoid

O(-1,-3) 8n [6, Theorem 5]
O(-2,-3) 8n [6, Theorem 4, 5]
O(-2,-4) 8n [6, Theorem 3]
O(-3,-3) 8n [6, Theorem 4]
O(—-1,-2,-2) 8n [6, Theorem 5]
0(-2,-2,-2) 8n [6, Theorem 5]
I(—4) 8n | Chen-Gackstatter surface [6, Theorem 5], [2]

+ classified® means there exists a unique surface (up to isometries of H3
and deformations that come from its reducibility).
+ existence means that examples exist, but they are not yet classified.
- existencet means that all possibilities for the data (G, Q) are determined
in this paper, but the period problems are solved only for special cases.
- unknown means that neither existence nor non-existence is known yet.
- unknown® means that all possibilities for the data (G, Q) are determined
in this paper, but the period problems are still unsolved.
Any class and type of reducibility not listed in Table 1 cannot contain sur-
faces with TA(f#) < 8zn. For example, any irreducible or A 3-reducible sur-
face of type O(—2,—3) must have dual total absolute curvature at least 12z.
(See Section 2 for the definitions of irreducibility, # I_reducibility, and #3-

reducibility.)

2. Preliminaries

Before we begin proving the results, we prepare some fundamental pro-
perties and tools, which will play important roles in the latter sections.
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Analogue of the Osserman inequality. The second and third authors showed
[19]:

1 )
(2.1) ETA(f#)Z—)((M)+n=2(y+n—1).
Moreover, equality holds exactly when all the ends are properly embedded:
This follows by noting that equality is equivalent to all ends being regular and
embedded ([19]), and that any properly embedded end must be regular (proved
recently by Collin, Hauswirth and Rosenberg [4]).

Formulas for TA(f#). Let ﬂj# € Z be the branching order of G at the end p;
for each j=1,...,n. Since G is a (u]# + 1)-to-1 mapping in a neighborhood
Of pj>

1
# _ #
(2.2) o SdegG—l—47Z TA(f™) - 1.

The umbilic points of f are the zeroes of Q = —Q%, which are also the
umbilic points of f#. Moreover, the order of Q equals the branching order of
G at each point in M, since ds** in (1.2) is non-degenerate. Let g¢i,...,qx be
the umbilic points of f and set

(2.3) ¢, :=ord, Q= [the branching order of G at g (I=1,...,k).

The pseudometric do* in (1.4) is said to have order f# at p if it is asymptotic
to |z — z(p)|*dzdz, where z is a complex coordinate around p. Then the
branching order of G is equal to the order of the metric do** in (1.4), the
Gauss-Bonnet theorem implies that

1 . n k
(2.4) 5 TAU®) = 2(My) + 3 uf +) &
= =

where y(-) is the Euler characteristic. (This also follows from the Riemann-
Hurwitz formula, since M, is a branched cover of S? via the map G.)
Since Q is a meromorphic 2-differential, the total order of Q satisfies

k n
(2.5) S &+ d = ~24(M,).
=1 j=1

By (2.4) and (2.5), we have
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Completeness of the metric ds* at p; implies 4 —d; = 1. However, the case
,u]# —d; =1 cannot occur ([19, Lemma 3]), so

(2.7) uf —dp=2.

Effects of transforming the lift F. Here we consider the change F = aFb~! of
the lift F, where a,b e SL(2,C). Then F is also a holomorphic null immer-
sion, and the hyperbolic Gauss map G, the secondary Gauss map § and the
Hopf differential Q of F are given by (see [17))

(2.8) G=axG, §=bxy, 0=0.

In particular, the change F = aF moves the surface by a rigid motion of
H?3, and does not change g and Q. By choosing a suitable rigid motion
a e SL(2,C) of the surface in H3, we shall frequently use the following change
of the hyperbolic Gauss map to simplify its expression:

_011G+Cllz

2.9 G: *G_i,
(29) ¢ an G+ ax

(aij)i,j:l,Z e SL(2,C).
The Schwarzian derivative relation. A direct computation implies that the sec-

ondary Gauss map ¢ depends on G and Q as follows ([15]):
(2.10) S(g) - S(G) = 20,

w-[@E)] (-2)

is the Schwarzian derivative of g. Here, z is a complex coordinate of M,.

where

SU(2)-monodromy conditions. Here we recall from [10] the construction of
CMC-1 surfaces with given hyperbolic Gauss map G and Hopf differential Q,
which will play a crucial role in this paper. Let M, be a compact Riemann
surface and M := M,\{pi,...,p,}. Let G and Q be a meromorphic function
and meromorphic 2-differential on M,. The pair (G, Q) must satisfy the fol-
lowing two compatibility conditions:

(2.11) For all ge M, ord, Q is equal to the branching order of G, and
(2.12) for each end p,,y/# —d; = 2.

The first condition implies that the metric ds** is (and hence ds® is also, by
Lemma 1.1) non-degenerate at ¢ € M. The second condition implies that the
metric ds** is complete (and hence ds? is also, again by Lemma 1.1) at p; e M,

(j=1,...,n).
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For such a pair (G, Q), a solution g of equation (2.10) has singularities
at the branch points of G (umbilic points or ends) and the poles of Q (ends).
However, regardless of whether ¢ € M is a regular or umbilic point, ds** and
Q% as in (1.2) give a (non-degenerate) Riemann metric and holomorphic 2-
differential in a neighborhood U, =« M of ¢q. Then, by the fundamental the-
orem of surfaces, there exists a CMC-1 immersion f# of U, into H® with
induced metric ds** and Hopf differential Q%. So the hyperbolic Gauss map
g of f#, which is a solution of (2.10), is a well-defined meromorphic function
on U,. Since the solution of (2.10) is unique up to Mobius transformations
g—ax*xg (aeSL(2,C)), for any solution g of (2.10) defined on the universal
cover M of M, there exists a representation

py (M) — PSL(2) such that got ! = Py(T) % g

for each covering transformation 7 € 7;(M).

We now consider when the dual f = (f/*)* (with data (G,Q)) of f* is
well-defined on M. Choosing F so that F~!' is a lift of f# (and then also
(F)™'=F is a lift of (f*)* = f), and noting that the representation %
(M) — PSL(2,C) can be lifted into SL(2,C) [10], (2.8) implies

(2.13) Florl=p (0)F!
for each ten;(M). Thus

(214)  forl=(For ) (For )" = F(p (1) ((py(0)) ) F",

and so f is well-defined on M if p,(7) € SU(2) for all zem(M). This is
the crux of the following Lemma 2.1. Before stating this lemma, we need a
definition:

DerINITION 1. A CMC-1 immersion f: M — H? is reducible if
{Py(1)}cn ) are simultaneously diagonalizable (i.e. if there exists a Pe
PSL(2,C) such that Ppg(z)P*1 is diagonal for all Ten;(M)). If f is not
reducible, it is called irreducible. When f is reducible, it is either #3-reducible
or # '-reducible [10], and f is called #3-reducible if {Pg(1)}ieny(a) are all the

ten(
identity, and is called #'-reducible otherwise.

Clearly f is #*-reducible if and only if the lift F itself is single-valued on
M, by (2.13). The name #'-reducibility (resp. #>-reducibility) comes from
the fact that the surface has exactly a 1 (resp. 3) dimensional deformation
through surfaces preserving G and Q and the mean curvature, which is iden-
tified with the 1 (resp. 3) dimensional hyperbolic space #! (resp. #°) [10].
On the other hand, if f is irreducible, f has no deformation preserving mean
curvature and (G, Q) (see [17, 10]).
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Lemma 2.1 ([17]). Let G and Q be a meromorphic function and a mer-
omorphic 2-differential on M, satisfying (2.11) and (2.12). Assume g is a
solution of (2.10) such that the image of p, lies in PSU(2). Then there exists a
complete CMC-1 immersion f : M — H?3 with hyperbolic Gauss map G, Hopf
differential Q, and secondary Gauss map g.

If [ is irreducible, then f is the unique surface with data (G,Q). If f is
A -reducible (resp. A 3-reducible), then there exists exactly a 1 (resp. 3) param-
eter family of CMC-1 surfaces with data (G, Q).

In the case that M is of genus y = 0 with at most two ends, f is reducible,
as the fundamental group is commutative. More generally, for the case y =0
with n ends, by Lemma 2.1 and the theory of linear ordinary differential equa-
tions (see Appendix A), we have:

PrOPOSITION 2.2. Let My= CU{x} and M = My\{p1,...,p.} with
Ply---yPn1 €C. Let G and Q be a meromorphic function and a meromorphic
2-differential on C U {0} satisfying (2.11) and (2.12). Consider the linear ordi-
nary differential equation

d*u
(EO) @ + V(Z)Z/l = 07
where r(z)dz? := (S(G)/2) + Q. Suppose n>2, and also d; =ord, Q> -2
and the indicial equation of (E.0) at z = p; has the two roots i(lj),/l(z‘i) and log-
term coefficient ¢;, for j=1,2,...,.n—1.

(1)  Suppose that )flj) — /1(2") €Z" and ¢;=0 for j <n—1. Then there is
exactly a 3-parameter family of complete conformal CMC-1 immer-
sions of M into H? with hyperbolic Gauss map G and Hopf differential
Q. Moreover, such surfaces are #>-reducible.

(2)  Suppose that /l(lj) — /l(zj) €eZ' and ¢;=0 for j<n-—2, and that
/1(1"_1) — /«én—l) € R\Z. Then there exists exactly a 1-parameter family
of complete conformal CMC-1 immersions of M into H?> with
hyperbolic Gauss map G and Hopf differential Q. Moreover, such
surfaces are H'-reducible.

Here we denoted by Z* the set of positive integers.

The ordinary differential equation (E.0) has also been applied in [7] for
constructing certain classes of #3-reducible CMC-1 surfaces.

ProOE. The general theory of Schwarzian derivatives shows ([21, Chapter
4]) that for a linearly independent pair u;,u, of solutions of (E.0), the func-
tion ¢ :=u;/u, satisfies (2.10). Conversely, any function g satisfying S(g) =
2r(z)dz? is obtained in this way.
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If )flﬂ - )fzj) =meZ" and ¢; =0, then there is a fundamental system of
solutions of (E.0) in a neighborhood of p; of the form
2 ()

v A
(2.15) w=E-p)" o), w=(E-p)h

" (2),
where ¢, (z) and ¢,(z) are holomorphic and nonzero at z = p;. Then g := u; /u,
satisfies

10
(2.16) go‘c;l = [0 1}*(,

where 7; is the covering transformation which corresponds to a small loop
around z = p;, implying p,(7;) = identity. So for case (1), we have p,(z;) =
identity for all j=1,...,n— 1, and therefore also for j = n, which implies that
g is a meromorphic function on CU {oo}. By Lemma 2.1, there exists a con-
formal CMC-1 immersion f, on M with the secondary Gauss map a x g for all
aeSL(2,C). If aeSU(2), then f, coincides with figenity by (2.14), so we have
that the 3-parameter family (/) cs1(2, c)/sU(2) ar€ complete conformal CMC-1
immersions with hyperbolic Gauss map G and Hopf differential Q.

We remark here that if 2 — i) =me Z* and ¢; #0, then the mon-
odromy matrix p,(z;) defined by g o ijl = p,(7j) * g is not diagonalizable and is
not even in SU(2). So any CMC-1 immersion on M (with G and Q) cannot
be well-defined on M when some ¢; # 0.

Next we consider case (2), that is /1(1"71> - /15"71) ¢ Z. There exists a fun-
damental system of solutions of (E.0) of the form

(n-1) 1)
(2.17) w=0E=pe)" 01(2),  wm=0E—p)? p(2),
where ¢,(z) and ¢,(z) are holomorphic and nonzero at z = p,_;. When 7,_;
is the covering transformation induced from a small loop about z = p,_{, g :=
uy Juy satisfies
a(n=1) 5 (n—1)
_ em(A1 4 ) 0
(2.18) got,! = [ 0 em(ﬂ;lmgﬂw)] *g
In particular, p,(z,-1) € SU(2). On the other hand, in the proof of (1), we
have seen that p,(7;) =identity for je(1,...,n—2). Hence p,(7;) € SU(2)

and are diagonal matrices for all j e (1,...,n), and we are in the J# I_reducible
case. Note that this remains true when g is replaced by
0 .
sg(z) = a(s) x g, where a(s) := {\f 1/\/5}, with se R",

where RT is the set of positive reals. So we have a one-parameter family of
complete conformal CMC-1 immersions with hyperbolic Gauss map G and
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Hopf differential Q and secondary Gauss maps sg for se RT. (s;g and syg
for s; # s, will not produce equivalent surfaces, as a(s;)(a(s2))”" ¢ SU(2).)
Furthermore, Lemma 2.1 implies there is only a one-parameter family of CMC-
1 immersions with data (G, Q). ]

By (1.3), we have

I —g
where
# _ #__2
g" =G, o’ = c

By Lemma 2.1 of [15] (replacing F with F~!), we have that X = Fy(z), Fx(2)
satisfies the equation

(E.1)* X" — (log(@™))' X" + QX =0,
and Y = Fy(z), Fi2(z) satisfies the equation
(E.2)" Y" — (log(G*&™))'Y' + QY =0,

where Q(z) = Q(z)dz* and w* = @*(z)dz. (We call them (E.1)* and (E.2)*
because they are the dual versions of equations (E.1) and (E.2) in [15].) These
two equations have been shown in [23] as a modification of the corresponding
equations in [15]. As we will see later, equations (E.1)* and (E.2)* are some-
times more convenient than equation (E.0) for solving monodromy problems.
In fact, we will have use for the following lemma:

LemMmA 2.3. Let G and Q be a meromorphic function and a holomorphic 2-
differential on D* = {z e C;0 < |z| < 1} such that the metric ds** defined by
(1.2) is positive definite on D* and complete at 0. Assume ord.—o Q > —2 and
Q is not identically zero. Then the following three conditions are all equivalent.

(1) The difference of the solutions of the indicial equation of (E.1)* at
z=0 is a positive integer and the log-term coefficient of (E.1)#
vanishes.

(2) The difference of the solutions of the indicial equation of (E.2)* at
z=0 is a positive integer and the log-term coefficient of (E.2)#
vanishes.

(3) The difference of the solutions of the indicial equation of (E.0) at z =0
is a positive integer and the log-term coefficient of (E.0) vanishes.

PrOOF. The hyperbolic Gauss map of the dual surface f# = F~!(F~1)" is
equal to the secondary Gauss map g of f = FF*. Thus conditions (1) and (2)
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are equivalent to the condition that g is single valued at z =0, by Lemma 2.2
of [15]. On the other hand, as seen in the proof of Proposition 2.2, condition
(3) is also equivalent to the condition that ¢ is single valued at z=0. []

Here is a natural place to include the next lemma, which we shall use in the
sequel [13], to this paper.

LemMmA 2.4. With the same assumptions as in Lemma 2.3, the following
three conditions are all equivalent.

(1) The difference of the solutions of the indicial equation of (E.1)* at
z=20 is a real number.

(2) The difference of the solutions of the indicial equation of (E.2)* at
z=20 is a real number.

(3) The difference of the solutions of the indicial equation of (E.0) at z =0
is a real number.

ProoF. We write
G(z) = z"G(2), o®(z) = 2o (2)dz,

where G and @§ are nonzero and holomorphic at z = 0, for some integers u
and v.

If ord..g Q= —2, 50 u+v=—1and Q = (0z2 + ---)dz* for some 0 # 0,
then the difference of the solutions of the indicial equations is \/u? — 40 in all
three cases, hence the three statements are clearly equivalent.

If ord._y Q > —1, then the indicial equation in the first case (resp. second
case, third case) is

2
(t—1)—vt=0, (resp. t(t—l)—(Z,U-i-v)l:O,Z(t—1)+1 4ﬂ :0>.

Hence the difference of the roots is |v+ 1| (resp. |2u+ v+ 1|, |¢|), and so all
three statements hold. (l

3. The classification of surfaces with TA(f#) < 4n
We begin our consideration of classification with this simple case:

THEOREM 3.1. A complete CMC-1 immersion f with TA(f#) < 4= is con-
gruent to one of the following:

(1) a horosphere,

(2) an Enneper cousin dual, (g, Q) = (tan v/0z,0 dz*) (0 € C\{0}),

(3) a catenoid cousin,

(9,0) = ( Ly dzz) (ac R, e R\{1}),
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(4) a warped catenoid cousin that has a degree 1 hyperbolic Gauss map,

(9,0) = <az’ +b, 14_2212 dzz) (a,be C\{0}, 1€ Z"\{1}).

Proor. Since TA(f#)e4nZ, we need to consider only the cases
TA(f#) =0 and 4n. If TA(f#) =0, then the hyperbolic Gauss map is con-
stant, so (1.4) implies K#¥ =0. Thus f# is a totally umbilic CMC-1 immer-
sion, so both f# and f are horospheres. So we consider the remaining case
TA(f#)=4n. Then G is meromorphic of degree 1 on M,, which implies
7y =0. Hence we may choose My = CU {0}, and by (2.9), we may assume
G =z. Since G has no branch points, (2.3) implies there are no umbilic
points, and (2.2) implies

(3.1) uf =0
at each end p;. By (2.6) and (3.1) and the fact that y =0, we have

1 n
2 2=—TA(fH)=-2- .
(32) o TA(?) >
By (2.7), we have 2> —-2+2n, so n=1 or 2.

The case n = 1. In this case, (3.2) implies d; = —4. We may put the end at
p1 = oo, and then Q has a single pole of order 4 at oo and no zeroes. Thus
Q = 0 dz* for some 0 e C\{0}.

A CMC-1 surface in H? with secondary Gauss map ¢ =z and Hopf
differential Q = 0 dz? is called an Enneper cousin [1]. So a surface with data
(G, Q) = (2,0 dz?) is the dual of an Enneper cousin [10, Example 5.4]. (Recall
that dualizing switches the two Gauss maps, and changes the Hopf differential
only by a sign.)

The case n=2. In this case, (3.2) becomes 4 = —d; —d>,. Then d; = -2
(j=1,2), by (2.7). Hence the immersion f is a CMC-1 surface of genus 0
whose two ends must both be regular [15], and this type of surface is classified
in [15]. In particular, f is in the case m = 1 of Theorem 6.2 in [15]. So the
surface is either a catenoid cousin [1, Example 2| or a warped catenoid cousin
with embedded ends (the case m =1 in Theorem 6.2 in [15]). ]

The warped catenoid cousins are described in detail in [13].

4. Surfaces with TA(f#) = 8xr
We now assume f has TA(f#)=8z. Then, by (2.6) and (2.7),
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(@1) 6=24 3 —d) =20+

holds. Thus the possible cases are
(y,n) = (0,1),(0,2),(0,3),(1,1),(1,2), and (2,1).
Since TA(f*)=8n, G is meromorphic on M, of degree 2. Hence (2.2)
implies
(4.2) wt <1 (j=12,...,n),
and at each umbilic point ¢,

(4.3) =1 (=12,... k).

The case (y,n) =(2,1). Since equality holds in (2.1), the single end p; is
embedded. By (4.1), uff —dy =2. Thus the possible cases are

(lul#vdl) = (0’ _2) or (17_1)7

by (4.2). If (uf,di) = (0,-2), the end p; is of type I in the sense of [11],
so the flux about this end does not vanish [11, Proposition 2]. If (uf,di) =
(1, —1), then, since the end is embedded, Corollary 5 in [11] implies that the
flux about the end again does not vanish. But non-vanishing flux at a single
end contradicts the balancing formula [11, Theorem 1], so the case (y,n) =
(2,1) does not occur.

The case (y,n) = (1,2). In this case, (4.1) implies 4 = (uf —dy) + (& — ).
By (2.7), we have ,uj# —d; =2 for j=1,2. Hence (4.2) implies

(uf dj) = (0,-2) or (1,-1)  (j=1,2).

Assume d; = —2 and d» = —1. Then, by the transformation (2.9) if nec-
essary, we may assume the hyperbolic Gauss map has a zero or pole at each
end. In this case, the end p; is regular of type I, and p, is regular of type II in
the sense of [11], contradicting Theorem 7 in [11]. Hence this case is impos-
sible, leaving the two remaining possibilities:

(4'4) (ﬂ?vdl) = (ﬂ?vdZ) = (07 _2)7
(45) (:ui#vdl) = (,U?,dz) = (17 _1)

For the case (4.4), the first author and Sato [9] constructed a one-parameter
family of “genus one catenoid cousins”. Note that such surfaces cannot exist
as minimal surfaces in R>, by Schoen’s result [14].
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Fig. 1. Two CMC-1 trinoids in H?3, which are surfaces of type O(—2,—2,—2), and a genus 1
catenoid cousin, which is a surface of type I(—2,—2), shown in the Poincaré model of H?3.
Only one of two congruent pieces of the right-most two surfaces is shown, and the other half of
each surface is the reflection (in the plane containing the boundary curves seen here) of the piece
shown.

Surfaces of type I(—1,—1). For the case (4.5), we can determine the can-
didates of (G, Q) explicitly as follows (however, the period problem is unsolved
and no example is known):

PROPOSITION 4.1. Let M| = C/I', where I is a lattice on C, and assume
there exists a CMC-1 immersion f: Mi{\{p1, p»} — H> with TA(f#) = 8rn of
type X(—1,—1). Then, after a suitable rigid motion of H?, there exists a
generating pair {vy,02} = C of I' such that the hyperbolic Gauss map G and
Hopf differential Q of f are given by

— (s )= o(z —v1/2)a(z — v2/2) 2
(46) G= @( )’ Q( ) 0 O'(Z)O'(Z _ (Ul i vz)/2) d (0 € C\{O})7
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where p(z) is the Weierstrass p-function and o is the entire function defined by

o(z) := Z,,Elr_[\{o}{ (1 - z) exp 64—22—;2) }

Proor. In this case, the hyperbolic Gauss map G is of degree 2.
Without loss of generality, we may assume that z =0 is an end of the surface.
Moreover, by (2.9) we may assume that z=0 is a pole of G. Asz=01is a
branch point of G (since ,uj# =1), G has a pole of order 2 at z=0. Up toa
constant multiple and an additive constant, the function p(z) is uniquely
characterized as a degree 2 meromorphic function on C/I" with a pole of order
2 at the origin [5]. Thus we have G(z) = cp(z) + b, and we can normalize
c=1and =0, by (2.9).

Suppose {vj,v,} generates I'. Then the branch points of p are 0, v;/2,
v2/2 and (v; +v2)/2 modulo I', which are the ends and umbilic points. We
assume 0 and (v; 4+ v2)/2 are the ends. (If v;/2 is an end, for example, we
may change the generator I' to {#; =v; — v3,0p = v2}.) Thus the umbilic
points are v;/2 and v,/2.

Next we find the Hopf differential Q(z) = ¢(z)dz>, using the following fact:

Facrt ([5]). Let ai,...,a, and by,...,b, be points in C such that a; # by
(mod I'), j,ke{l,...,n}, and 3\ a; =370 by (mod I'). Then

o(z—ay)...o(z—ay)

(2) = 90(2 —by)...a(z—by) (e C\{0})

is a meromorphic function on C/I" such that {ay,...,a,} (resp. {b1,...,b,}) are
the set of zeroes (resp. poles), i.e. the divisor of f is ay+---+a, — by —--- — by,.
Conversely, any elliptic function on C/I" with the same divisor is of this form.

The meromorphic function ¢(z) should have poles of order 1 at z=0,
(v1 +v2)/2 (ends) and zeroes of order 1 at z=wv;/2,v,/2 (umbilic points).
Thus Q(z) can be written as in (4.6). O

The case (y,n) =(1,1). By (4.1) and (4.2), we have two possible cases:
(uf'di) = (0,~4) or (1,-3).

The second of these cases (the I(—3) case) is still unknown, but for the first case
I(—4), the following proposition provides examples, proven (in Section 5) by
deforming from a complete minimal surface in R® of genus 1 with one end
satisfying d; = —4.

PROPOSITION 4.2. By deforming the Chen-Gackstatter surface in R [2], one
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obtains a one-parameter family of CMC-1 surfaces of type 1(—4) with dual total
absolute curvature 8.

The case (y,n) = (0,3). Here, (4.1) and (2.7) imply x —d; =2 for j=1,2,3.
Moreover, (2.5) implies d; +d» +ds < —4. So (4.2) implies that the possi-
bilities are:

Type O(_27 _27 _2) : (d17d27 d3) = (_2) _27 _2) and (/"#?ﬂga/";#) = (07 07 0)7
Type O(—1,-2,-2):(di,d>,d3) = (—1,-2,-2) and (ﬂfaﬂgaﬂ?):(laoao)a
Type 0(71,71,72)3(d],dz,d3):(71,71,72) and (ﬂ#’ﬂ??ﬂ?):(l7l70)

In each case, equality holds in (2.1), so all ends are embedded. Since the
genus of the surface is 0, we can set My = CU {o0}.

Surfaces of type O(—2,—2,—2). Such surfaces have three embedded ends
with d; = -2 (j=1,2,3), and the irreducible ones are classified in [20, Theo-
rem 2.6]. So here we consider the reducible case.

We may set py =0, po =1 and p3 = c0. By (2.5) and (4.3), there are two
distinct umbilic points ¢; and ¢, of order 1. Then the Hopf differential QO
must have simple zeroes at ¢; and ¢, and poles of order 2 at 0,1 and oo.
Since all three y,# =0, g1 and ¢, are the only branch points of G. Also, G(q1),
G(q2), and G(o0) are all distinct, because ¢; and ¢, are double points of G and
deg G =2. Then, by (2.9), we can set G(q1) =0, G(¢q2) = o0, and G(c0) = 1.
Thus G and Q are written as

(4.7) G—(Z_mf, 0= E—D) 12 hee\(oy.

Z=q 22(z — 1)?

ExampLE 4.3 (#!'-reducible examples of type O(—2,-2,-2)). For se R
such that

1 +4s+s?
4, —4——— eR\Z
(48) [T 105+ < B\
let
1 +10s + 52 1+ 10s + 52 3
(4.9) 41—m7 %—wv and 9—_4q1q2-

Consider (E.0) for r(z)dz? = (S(G)/2) + Q, with G and Q determined by (4.7)
and (4.9). Then the roots of the indicial equation of (E.0) at z=0 are
—1/2 and 3/2, so their difference is 2 € Z, and one can check by (A.15) that
the log-term coefficient vanishes. Moreover, the difference of the roots of the
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indicial equation at z =1 equals the value in (4.8). Hence, by (2) of Propo-
sition 2.2, there exists an #'-reducible CMC-1 immersion f : C\{0,1} — H?
with G and Q as in (4.7) and (4.9). Since each surface is #'-reducible (this
follows from the fact that the difference of the roots of the indicial equa-
tion is an integer at z=0 and not an integer at z = 1), there exists a one-
parameter family of CMC-1 surfaces for each s, with this G and Q. Thus,
we have found a 2-parameter family of #!-reducible CMC-1 surfaces of type
0(-2,-2,-2).

EXAMPLE 4.4 (#*-reducible examples of type O(—2, -2, —2)). For m > 2,
meZ, let

1 1 1 1
ql§<1+ﬁ)’ q2§<lﬁ>, and 0=—-—m(m+1).

Then a meromorphic function g on CU {o0} such that
dg=z""(z=1)""(z = q1)(z = )=

satisfies equation (2.10) for G and Q as in (4.7). Since g is meromorphic,
py(t) is the identity for all zem (C\{0,1}), so Lemma 2.1 implies there
exists an #-reducible CMC-1 immersion f : C\{0,1} — H? whose hyperbolic
Gauss map, Hopf differential, and secondary Gauss map are G,Q, and g,
respectively.

Surfaces of type O(—1,—2,—2). In this case, we will see that there is a 2-
parameter family of #!-reducible surfaces, and countably many .#°-reducible
families. By (2.5), there exists one umbilic point of order 1. Without loss of
generality, we can set the ends to be (pi, p2, p3) = (0,1, p) (pe C\{0,1}) and
the umbilic point to be ¢; = co. Then the Hopf differential Q has a pole of
order 2 (resp. order 1) at z=1, p (resp. z = 0) and has no zeroes on C, so it
has the form

0 dz>
(z=1*z-p)
By (2.3) and the fact x4 =1, G has branch points of order 1 at z=0 and oo.
Then, by (2.9), we may assume G = z2, because deg G = 2. Consider the ordi-
nary differential equation (E.0) with r(z)dz*> = (S(G)/2) + Q. At the singu-
larity z =0, r(z) expands as

Q= (0 e C\{0}).

31

B 01 20(p+1)
r(z) = 422+p2

1
Z + p3 + O(Z).

Thus the difference of the roots of the indicial equation of (E.0) at z =0 is 2.
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Then, by (A.15), the log-term coefficient of (E.0) at z = 0 vanishes if and only if
0= -2p(p+1). Hence, if such a surface exists, G and Q are

=2p(p+1) 42
(z—1)*z-p)’°

For G and Q as in (4.10), r(z) expands at the singularity z =1 as

(4.10) G =27, Q:Z (pe C\{0,1}).

’z) = —2p(p+1) 1
(1-p)? (=—1)

Then the roots of the indicial equation of (E.0) at z=1 are

s+O0(z—1)7h.

PR SR A R
p—1 p—1
So A — A, € Z exactly when 4/(p—1)e Z. Then, by Proposition 2.2, we
have

THEOREM 4.5. Let pe R such that p#1 and 4/(p —1)¢ Z. Then there
exists a conformal A '-reducible CMC-1 immersion f: M = CU{x0}\{0,1, p}
— H?* with TA(f#) = 8r and hyperbolic Gauss map and Hopf differential as in
(4.10).  Moreover, all #'-reducible surfaces with TA(f#)=8n of type
O(—1,-2,-2) are given in this manner.

The above discussion yields that all CMC-1 surfaces of type O(—1, -2, -2)
are reducible. So it only remains to classify the #3-reducible case:

THEOREM 4.6. Let r >3 be an integer and p = (r+2)/(r—2). Then
there exists a conformal 3-reducible CMC-1 immersion f: M = CU{oo}\
{0,1, p} — H?* with TA(f*) =8n whose hyperbolic Gauss map and Hopf
differential are as in (4.10). Moreover, all H3-reducible surfaces with
TA(f#) = 8n of type O(—1,-2,-2) are given in this manner.

Proor. For given r > 3, there is a meromorphic function g on CU {00}
so that

_z=p)?
(4.11) dg = e

)

since the right-hand side of (4.11) has no residue. One can check that
S(g) — S(G) =2Q when p=(r+2)/(r—2). Hence, by Lemma 2.1, there
exists an #3-reducible CMC-1 immersion f : CU{0}\{0,1, p} — H? with G
and Q as in (4.10) and secondary Gauss map ¢ satisfying (4.11).
Conversely, let f: CU{0}\{0,1,p} — H> be an #°-reducible CMC-1
immersion of type O(—1,—2,—2) with TA(f#) =8z. Then G and Q are as
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in (4.10). Let my (resp. ms3) be the difference of the roots of the indicial
equation of (E.0) at z=1 (resp. z= p) for such G and Q. Then we have
my =3+ (4/(p—1))| and m3 = |1 + (4/(p —1))|. Since f is #°-reducible,
my and mj3 are positive integers (so also 4/(p —1)e Z). We may assume
my > mj3. (If not, we can exchange the two ends p and 1, by changing p and
z to 1/p and z/p. Using (2.9), we see that (4.10) is unchanged.)

Suppose that my, =m3 =1, then ¢ is not branched at both 1 and p.
Noting that the branching orders of g and G are equal at any finite point of the
surface (this follows from equation (2.10)), we see that g has branch points
of order 1 at 0 and oo and no other branch points. So g has degree 2 and
g = axz? for some a e SL(2,C) and so Q = (1/2)(S(g) — S(G)) = 0, which is
impossible.

Thus my > 2, and it follows that 4/(p —1) is a positive integer. By
setting r =2+ (4/(p — 1)) = 3, we have

4 _r+2

4
my +p—1 r+1, ms +p—1 r , and P —

Thus G and Q are as in (4.10) with p= (r+2)/(r — 2). ]

Surfaces of type O(—1,—1,—2). In this case, by (2.5), the surface has no
umbilic points. We set the ends (p;, p2, p3) = (0,1, 00). The Hopf differential
is then

0 dz?
z(z—1)’

The hyperbolic Gauss map G is a meromorphic function on CU {c0} of degree
2 with branch points of order 1 at z=0 and z=1. Hence we may set

(4.13) G:<Z; 1>2.

THEOREM 4.7.  Any complete CMC-1 immersion that is of type O(—1,—1,
—2) with TA(f#)=8n is congruent to an #>-reducible CMC-1 immersion
f: M= C\{0,1} — H? with hyperbolic Gauss map and Hopf differential

z— 1\’ —2d?
G = - )
( : ) =1

(4.12) 0= (0 e C\{0}).

Proor. Consider equation (E.0) for G and Q in (4.13) and (4.12) respec-
tively. Then the roots of the indicial equations of (E.0) are —1/2 and 3/2 at
both z=0and z=1. By (A.15), the log-term coefficients at z =0 and at z = 1
both vanish if and only if § = —2. By Proposition 2.2, the corresponding 3-
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parameter family of CMC-1 immersions consists of immersions that are all
well-defined on M = C\{0,1} and are #>-reducible. ]

The case (y,n) =(0,2). In this case, (4.1) and (2.7) imply that
(uf —diuf —do)=(2,4)  or  (uf —di,pf —do) =(3,3).

Then, by (4.2), all possibilities are:

Type O(-2,-4) : (d,d>) = (=2, -4) and (4f,43) = (0,0),
Type O(-2,-3): (di,dr) = (=2,-3) and (ui’,45)=(0,1) or (1,0),
Type O(—1,-4): (di,dy) = (=1,-4) and (uf',45) = (1,0),
Type O(~1,-3): (di,d>) = (—1,-3) and (4, 43) = (1,1),
Type O(=3,-3): (di,dy) = (=1,-3) and (uf,x5) = (0,0),
Type O(-2,-2): (di,dr) = (=2, -2) and (uf',uf) = (1,1).

Since the surface has genus 0, we can set My = CU {00} and M = CU {o0}\
{p1, p2}. Since 7;(M) is commutative, all surfaces of these types are reducible.

Surfaces of type O(—3, —3). There exists a minimal surface in R of class
O(-3,-3) with total absolute curvature 8z [6]. The following is proven in
Section 5:

PROPOSITION 4.8. By deforming the minimal surface of type O(—3,-3) in
R?, one obtains a one-parameter family of CMC-1 surfaces of type O(—3,—=3)
with dual total absolute curvature 8m.

Surfaces of type O(—2,—4). In this case, by (2.5) and (4.3), such a sur-
face has two distinct umbilic points of order 1. We may set the ends to be
(p1, p2) = (0,00) and the umbilic points to be (¢1,¢2) = (1,q), g € C\{0,1}, on
CU{0}. Then we may assume

4.14) G= (Z - q>2, 0= 0C=VE=d) 1o e oviop.

z—1 z2

For such G and Q, the roots of the indicial equation of (E.0) at z=0 are

(1+/1=40g), ip==(1—+/1—40q).

Then, by (2) of Proposition 2.2, we have

Jy =

NS
N =
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THEOREM 4.9. Let 0 € C\{0} and qe C\{0,1} be complex numbers such
that

V1—40qe R\Z.

Then there exists a conformal #'-reducible CMC-1 immersion [ : C\{0} — H>
of type O(=2,—4) with TA(f#) = 8z whose hyperbolic Gauss map and Hopf
differential are as in (4.14).  Moreover, all #'-reducible surfaces with TA(f#) =
87 of type O(=2,—4) are given in this manner.

It only remains to consider the .#3-reducible case:

THEOREM 4.10. Let s € R such that /1 —4s > 2 is an integer. Then there
exists at least 1 and at most \/1 —4s conformal A 3-reducible CMC-1 immer-
sions f: C\{0} — H? of type O(—2,—4) with TA(f*) = 8r whose hyperbolic
Gauss map and Hopf differential are as in (4.14). Moreover, all #*-reducible
surfaces with TA(f#) = 8n of type O(—2,—4) are given in this manner.

ProOoF. For G and Q in (4.14), equation (E.1)# becomes
4
(4.15) fx"+z{2+1fz}x”+{wz—1xz_@}xzo.

By Lemma 2.3 and Proposition 2.2, it is enough to show that there exists data
(G, Q) such that the difference of the roots of the indicial equation of (4.15) at
z=0 is an integer and the log-term vanishes.

The coefficients of (4.15) expand as

2{24-431}::2{24-4 zf} and
1—z .

Jj=1
0(z = 1)(z — q) = 0g — 0(1 + q)z + 02*

for z sufficiently close to 0. Assume the roots 4, A, of the indicial equation of
(4.15) satisfy 4, — Ay =me Z". Then

)
(4.16) s:@q:14m and ,b:_ﬂgi (m>2).
Let
1
o U1 2em= )
H =
1 .
—— (j=m)
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Then by Proposition A.3 in Appendix A, the log-term coefficient ¢ of (4.15) is
given by ¢ = a,,, where

ap =1, alz,u1<%(m+l)(m—9)—0>,

-2
4.17) a4 =u [(i@k —2m— 2)ak> + Oa;_»

k=0
1 . .
+(Z(m+1)(m—9)—4+4]—9>aj_1] (j=2,...,m).
Hence a; is a polynomial in 0 of order j. We now define 7, = 1, and we define
t; and u; for j=1,...,m by the relations
=600 +u0 4 (j=1,2,...,m).

It follows that #; = —;t;1, and hence t,, # 0. Then, defining 4; := u;/1;, we
also have

(m+1)(m-9)

Ay = A1 — 4

—4j+4+(G—-H(m—j+1)

for j=2,...,m. Since A =—(m+ 1)(m—9)/4, we have

[ (m+1)(m—9) i _ . m 5
NI gipag (= Dm—j+ 1| = 249 — m?).
=3 Jat G Dm 41| =40 - m?)
If the only roots of the polynomial
= 10" 4+ U0 4 =1, (0" + A0 ) =0

with respect to @ are 0 and (1 —m?)/4 <0, then it follows that A,, would be
nonnegative. However, 4,, <0 for all m > 8, hence this polynomial must
have some root § € C\{0, (1 — m?)/4}, and then ¢ = (1 — m?)/(40) e C\{0, 1}.
For this 0 and ¢, we have ¢ = 0, and thus we have at least one surface for each
m > 8. Since ¢ is a polynomial of degree m in 0, there are at most m roots,
and hence at most m surfaces.

For m <7, one can check by explicitly computing the polynomial for ¢
that there is always at least one root 0 e C\{0, (1 —m?)/4}. O

Surfaces of type O(—2, —3) with x = 0. Here, by (2.5), there exists only
one umbilic point of order 1. We set the ends to be (pi, p2) = (1, c0) and the
umbilic point to be ¢y =0. We may assume
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(4.18) G=z 0= (f”lf; (0 e C\{0}).

Then the roots of the indicial equation of (E.0) at z=1 are

==(1+V1=40), Jy==(1—-V1—40).

1
2

ST

Hence, by Proposition 2.2, we have

THEOREM 4.11. Let O € R such that V1 —40 € R\Z. Then there exists
a conformal H'-reducible CMC-1 immersion f: C\{l,c0} — H> of type
O(—2, —3) with TA(f#) = 8n whose hyperbolic Gauss map and Hopf differential
are as in (4.18).  Moreover, all #'-reducible surfaces of type O(—2,—3) with
(uft, u¥) = (0,1) and TA(f#) = 8rn are given in this manner.

Now we will show that there are no #>-reducible surfaces of this type, by
showing that the log-term coefficient at z = 1 of (E.1)¥ cannot be zero. With
the data as in (4.18), equation (E.1)* becomes

(z=12X" 42z = DX +0(1 + (z—1))X =0,

and so po=2, gqo=q1 =06, pj=0 for j>1, and ¢q; =0 for j > 2, where the
p; and ¢; are as defined in (A.3). Therefore, by Proposition A.3, we have
c=—=0"/(m!(m—1)!) #0.

Surfaces of type O(—2,—3) with x{' = 1. In this case, we set the ends to
be (p1,p2) = (0,00) and the only umbilic point to be ¢; = 1. Then we may
assume

zZ — 2 zZ — 22
(4.19) G:< 1), 0=V e oo

72

Thus the roots of the indicial equation of (E.0) at z =0 are

==(1+V4+40), Jp==(1—4+4a0).

N =
NS

So, by Proposition 2.2, we have

THEOREM 4.12. Let 6 € R such that 4+ 40 € R\Z. Then there exists a
conformal #'-reducible CMC-1 immersion f : C\{0} — H? of type O(—2,—3)
with TA(f#) = 8n whose hyperbolic Gauss map and Hopf differential are as in
(4.19).  Moreover, all #'-reducible surfaces of type O(=2,-3) with (uf,p¥) =
(1,0) and TA(f#) = 8n are given in this manner.
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Now we will show that there are no #3-reducible surfaces of this type as
well, again by showing that a log-term coefficient cannot be zero. With G and
Q as in (4.19), equation (E.1)* becomes

22X —zX' +0(z—-1)X =0,

and so po=—-1, —qo=q1 =0, p;j=0 for j>1, and ¢; =0 for j > 2, where
the p; and ¢; are as defined in (A.3). Hence again, by Proposition A.3, we
have ¢ # 0.

Surfaces of type O(—1,—4). We set the ends to be (p1, p2) = (0,1) and
the single umbilic point to be g; = oo, then we may assume
0 dz?
(4.20) G=2, Q0=—"""  (0eC\{0}).
z(z—1)
The roots of the indicial equation of (E.0) for such G and Q at z =0 are 3/2
and —1/2. Then, by Lemma A.15, the log-term coefficient at z = 0 vanishes if
and only if § = —4. Thus

THEOREM 4.13.  Any complete CMC-1 immersion of type O(—1,—4) with
TA(f#) = 8n is congruent to an A 3-reducible CMC-1 immersion f : M = C U
{003\{0,1} — H? with hyperbolic Gauss map and Hopf differential

—4 dz?
6o oot
z(z—=1)

Surfaces of type O(—1,—3). In this case, there are no umbilic points, by
(2.5). Then, if we set the ends to be (pi,p2) = (0,00), we may assume

G =z 0= g dz?  (0eC\{0}).

The roots of the indicial equation of (E.0) at z =0 are 3/2 and —1/2, and the
log-term coefficient vanishes if and only if § =0, by (A.15). So this case is
impossible.

Surfaces of type O(—2,—2). This is the case of genus zero CMC-1
surfaces with 2 regular ends. Such surfaces are completely classified in [15,
Theorem 6.2] see also [13, Theorem 2.1]. As seen in [13], a complete CMC-1
immersion f : C\{0} — H? is an m-fold cover of a catenoid cousin, or a
warped catenoid cousin with

m? — 2
(421) g="4 Z+b, w=z"ldz (ILmeZ' l#m, b>0).
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(Here, we use “m” instead of the “6” in [13], following the notation of [15].)
In both of these two cases, the degree of the hyperbolic Gauss map G is m.
Hence a complete CMC-1 surface with TA(f#) =8z is a double cover of a
catenoid cousin, or a warped catenoid cousin with m =2 in (4.21).

The case (y,n) = (0,1). In this case, we can set M = C. Since M is simply
connected, we have no period problem. By (4.1) and (4.2), d; = —5 or —6.

For the case of O(—5), there is one umbilic point, which we may suppose
is at ¢ =0. By (4.1), we have uf =1, so we may assume

(4.22) G=7z% Q=0zd* (0eC\{0}).

For the case of O(—6), there are two umbilic points of order 1. Without
loss of generality, we can set them to be (¢1,¢2) = (0,1). So, since uf* =0, we
may assume

(4.23) G= (Z - 1)2, 0=0:(z—1)d>  (0e C\{0}).

THEOREM 4.14. A CMC-1 surface of genus zero with one end such that
TA(f#) = 8n is congruent to an immersion f : C — H? with hyperbolic Gauss
map and Hopf differential as in (4.22) or (4.23). Moreover, such a surface is
A3-reducible.

5. Deformation of minimal surfaces to CMC-1 surfaces

In this section, we prove Propositions 4.2 and 4.8. For this, we will need
a method from [10] that produces a 1-parameter family of CMC-1 surfaces in
H? from a corresponding minimal surface in R?, so we describe that method
first.

We start with a complete minimal surface fy: M — R® of finite total
curvature. We require the immersion to be symmetric in the following sense,
a condition that generically eliminates virtually all minimal surfaces, but elim-
inates none of the better known surfaces, which all have symmetries:

Symmetry condition: There is a disk D = M so that fy(D) is bounded by
non-straight planar geodesics.

If fo is symmetric with respect to a disk D, then fy(D) generates the full sur-
face by reflections across planes containing the boundary planar geodesics of
dfo(D), by the Schwarz reflection principle [8]. Since the surface has finite
total curvature, it is shown in [10] that the boundary Jfy(D) is contained
entirely in only either one plane P, or in two intersecting planes Py, P, or
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Fig. 2. Genus 0 and genus 1 Enneper cousin duals. Each surface has a single end that triply
wraps around its limiting point at the south pole of the sphere at infinity. These surfaces are of
type O(—4) and I(—4), and have TA(f#) = 4n and TA(f#) = 8z. In both cases only one of four
congruent pieces (bounded by planar geodesics) of the surface is shown.

in three planes Pj, P;, and P; in general position. Let the boundary planar
geodesics of fy(D) contained in P; be called S;1,S)2,...,85s (j=1,...,s, for
s=1,2 or 3).

We now define non-degeneracy of the period problems. Let 0 be the
number of §;; minus the number of planes (0 = +d,+d3 -3 if s=3, =
o+, —2if s=2,and 6 =0, —1 if s=1).

Nondegeneracy condition: There exists a continuous d-parameter family of
minimal disks f ,(D) (where v lies in a small neighborhood of the origin
0 e R%) such that
() fo5(D) = /(D).
(2) 9fo.(D) = U;:1(Uzi1 S;i(v)) holds, and each S;,(v) is a planar
geodesic lying in a plane P;,(v) parallel to P;.
(3) Letting Per;;(v) (j=1,...,5,/=2,...,0;) be the oriented distance
between the plane P;;(v) and P;(v), the map from v in R’ to
(Per; ;(v)) in R® is an open map onto a small neighborhood of 0eR’.
Reflecting the minimal disk fy ,(D) along its boundary, fy , is extended as a
minimal immersion f; , : M — R?, where M is the universal cover of M. We
denote by G, and Q, the Gauss map and the Hopf differential of the minimal
surface fp ,, respectively. Then by solving the equation (1.3) with G = G, and
Q=cQ, (ceR), we have a CMC-1 imersion f,, = FF*: M — H?> with the
hyperbolic Gauss map G, and the Hopf differential cQ,. If f;, satisfies the
above conditions, one can take a one parameter family v =v(c) (¢| < ¢ for
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sufficiently small positive number ¢) such that f, ) are CMC-1 immersion of
M into H?. Namely,

THEOREM 5.1 ([10]). If the minimal immersion fy is symmetric and non-
degenerate, then there exists a one-parameter family f. of CMC-1 immersions
of M into H? such that the hyperbolic Gauss map (resp. the Hopf differential) of
each f. coincides with the Gauss map (resp. a constant multiple of the Hopf
differential) of fo,, for some veR°.

We now consider two applications of this theorem:
Existence of surfaces of type I(—4) with TA(f#) = 8z. We construct a de-

formation of the Chen-Gackstatter minimal surface defined on the elliptic
curves

Mi(v) ={(z,w) e (CU{o})*|w? =z(z— 1)(z+ )} (v eR"),

with the point p; corresponding to z = oo removed (p; will be the single end of
the surfaces). Let

VoW zdz
=2 w=— (v e RY).
z w

We choose the fundamental pieces of the surfaces to be the images under the
Weierstrass representation

(51) Re| (1= g%il1 +¢).20)0
of the half sheets
{(z,wiwaw3) € Mi(v)|z € C,Im(z) > 0,w} = z,
wy =z—1,wi =z+v,arg(w) € [0,7),j=1,2,3}.

The fundamental pieces are bounded by four planar geodesics, two of which
lie in planes parallel to the xjx3-plane and two of which lie in planes
parallel to the xpx3-plane. Thus 6 = 2. Note that the period problem is
solved, and the Chen-Gackstatter surface is produced, if v =1 and v, = VB,
where

(" xdx P —xdx\ _2rQr@)
B .= (J() x(1— x2)>/<J0 m) r(i)r(%) ~ (0.68542.

The oriented distance functions (between the two pairs of parallel planes con-
taining boundary curves of the fundamental pieces) are given by
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1
Penon ) = [ 1 =370 ) s

Pera(v,v2) = Jol <1 ~ v (1= (H%)) J/a —\/E(ﬂd?l/m)) '

To see that the period problem is nondegenerate, it is sufficient to check
that the Jacobian matrix (J(Per;,Per;)/d(vi,v2)) has nonzero determinant at
(vi,v2) = (1,4/B). Tt is easy to check that |0 Per;/dvs| = |0 Pery/dvs| # 0 at
(vi,v2) = (1,+/B). We have

! _ 42
J Pery :J x+ B(1 XE) T3 dx
o (v1,v2)=(1,VB) 02(x=1)(1+x) VX
e - [P 2 BO I
NV vy v)=(1,VB) 0 2(x = 1)(1 +x)2\/35

These integrals can be expressed in terms of elliptic integrals and the Gamma
function, and we have

P p
0 Per, ~ 0844 ° - ° ~ —0.354.
MV )=(1,VB) U L )=(1.VB)
Hence
0 Per 0 Per,
51)1 51)1

holds at (vi,v;) = (1,v/B). Thus the determinant of the Jacobian is nonzero,
and the period problem is nondegenerate. Hence Theorem 5.1 implies exis-
tence of associated CMC-1 surfaces in H* of type O(—4). Furthermore, as
Theorem 5.1 also implies that the hyperbolic Gauss maps will be vow/z, these
surfaces have dual total absolute curvature 8.

Existence of surfaces of type O(—3,—-3) with TA(f#)=8n. Let M =
CU{0}\{0, 00} and
(z+1)

+, and w= T dz,
z

2224 2az —a® — 1
2 =
(52 g 21 1)

where a,v e R.

When v =0, the Weierstrass representation (5.1) determines a minimal
immersion f;: M — R with finite total curvature of type O(—3,-3) ([6,
Theorem 4]). For the metric to be nondegenerate at z = —1, we must assume
a#-1+V2.
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Since the Hopf differential Q = w dy satisfies Q(Z) = Q(z), these minimal
surfaces each have two planar geodesics that are the images of the positive and
negative real axes of C under the Weierstrass representation (5.1), and their
fundamental pieces are the images of the upper half plane of C under (5.1).
The two planar geodesics comprise the boundaries of each of the fundamental
pieces, and both lie in planes parallel to the xjxs3-plane, since g is real-valued
on the real axis. So 0 =1, and the oriented distance between the two planes
containing the two geodesics is

Per(v) :=Re (Zm’ Rfos i(1+ gz)co) = 2mv(2+2a+v),

so d Per(v)/dv is non-vanishing at v=0 when a # —1. Thus Theorem 5.1
implies existence of a 1-parameter family of CMC-1 surfaces of type O(—3,—3)
in H? for each a # —1,—1 + V2 with dual total absolute curvature 87 (as g
has degree 2).

Appendix A.

Here we review some elementary facts in the theory of linear ordinary
differential equations. Define a differential operator

(A.1) L{u) == 22u" + zp(2)u’ + q(2)u (’ = %)

In this note, we shall consider the solution of the ordinary differential equation
with a regular singularity at the origin:

(A.2) Llu] =0,

where

(A3) ) =>"pzl, ) =) g7
Jj=0 Jj=0

It is well-known (and we will see it in this appendix) that (A.2) has two linearly
independent solutions {X;,X>} of the form

o0 0
X, =z4 anﬁjz-", X; = (zil Z’?z,‘/z'/) + cX log z,
=0

=0

where 7, o #0 and 7, o # 0, and where 4; and /4, are given by

(A4) == p)bm), =g (1= po) ~m}

m=14/(1 —po)2 —4qq.
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The coefficient ¢ is called the log-term coefficient of differential equation (A.2),
which may be nonzero only when A; — 2, € Z.

We shall give a method for computing the coefficient ¢. First, we shall
describe two linearly independent solutions X7, X, as a formal power series. If
we find a solution of (A.2) as a formal power series, a well-known existence
theorem from the theory of ordinary differential equations says that it will
converge in a sufficiently small neighborhood of the origin [3]. So the formal
treatment is sufficient for the computation of c.

For a complex variable Z, define rational functions {;(4) for non-negative
integers j as

Jj—

(AS) L()=1, and  {(h)=-— kaz (j=12,..),

where

o(t) = t(t — 1) + tpo + qo, 1j.k(4) = (A + Kk)pj—k + gk,

and we set

(A.6) X(2) =24 ()"

Applying the operator L to X (1), we have

(A7) L[X(A)]:zi{q)(xwi( (2 +1)G(2) +Zr]kuk ) } (2.

=1
The quadratic equation
(A.8) p(t) =t(t—1)+1tpo+qo =0

is called the indicial equation of the equation (A.2), and we denote the solutions
of (A.8) by 4; and /,.

First, we consider the case A} — Ay ¢ Z. In this case, (4 + ) #0
(I =1,2) for any positive integer j, and then (;(4;) (/ =1,2) in (A.5) are all
well-defined. Moreover, by (A.7), X} := X(4;) and X(4) are linearly inde-
pendent solutions of (A.2).

Next, assume m := 4; — A, is a non-negative integer. Since ¢(4; + j) # 0
for any positive integer j, X;:= X(4;) is a well-defined power series and a
solution of (A.2).

The case m =0. Assume 4; = ;. Since ¢(4; + j) # 0 for any positive
integer j, A=Ay is not a pole of {;(4) for each j. Hence
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Gi(4) (j=0,1,2,...)
are well-defined. Let

0

Cn(/l)> "+ X -log z.
2=

=0
X(;\,) = Z/bl <_

PrROPOSITION A.l. If m=4 — 72, =0, X in (A.9) is a solution of (A.2).
Moreover, the log-term coefficient of (A.2) never vanishes.

ProoOF. It is enough to show that X, is a solution of (A.2). In fact, by
(A7),
LIX(A)]=z"=| @A) +z"p(4)logz =0,
because p(4) = (A — A)”. ]

The case m > 0. Assume m = 1; — A, is a positive integer. Since ¢(f) =
(t— 22 —m)(t— A2), ¢(A2+ j) does not vanish for each positive integer j,
except for j=m. Then {;(4) has no pole at A=/, for j=1,2,...,m—1,
and may have a pole of order one at A =1, for j >m. Hence

0

lim{(2- )G} and | [0
= “ =0

are well-defined. Moreover,

(A.10) l1m{( —)(A)} =0 (j=12,....m—1)

A—lo

holds. Let

and set ¢ :=¢&; =lim;_,,,{(A — 42){,,(4)}. Then by (A.5) and (A.10), we have
_ ‘ = 1,2,..).
fo c and f] ¢A2+m+] Zr/k/h2+m (] EEt] )
Comparing this with (A.5), we have & = c(;(41) (j=1,2,...), because A =

Ay + m.
Let
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Then by (A.10), we have

X, =z (Z szﬁ’”) log z + z* Z 7,
7=0

Jj=

(- )

7

o0

0
=clog zX] +zbzg
j=0 """

{4 = )G}

A=l

PROPOSITION A.2. If m = A — Ay, is a positive integer, X, in (A.11) is a
solution of (A.2). Moreover, the log-term coefficient ¢ of (A.2) is given by

(A.12) =&y = lim (2.~ Z2)n(D)}.

Proor. By (A.7),

L] = Jim (2 22)ol2) =0,

because ¢(1) = (4 —41)(4 — Aa). ]

We have established the following recursive formula for ¢, which follows
immediately from equation (A.12):

PropoSITION A.3. If the difference m of the roots of the indicial equation of
(A.2) is a positive integer, then the log-term coefficient c¢ is

m—1

|
(A.13) c===>((l2+ k) pmk + Gm-r)ax,
mi=
where ag =1 and
j—1
(A2 +k)pj—ic + qj—i)ak (j=12,...,m—1).

=0
PrOOF. Since go( Y=({—2)(t—2a—m), p(la+j)#0 for j=1,...,
m—1 and then a;={j(4) (j=1,...,m—1) is well-defined. Hence, by
(A.12),
¢ = lm{(Z—%)0n(A)}

/4'2

. — /L,2
= lim 7
A—2o (A+m —/Lz ) —A,z Z ’nk Ck

m—1

1 ,
= Z((AZ +K) Pk + Gk )k
i

This completes the proof. ]
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Thus, in the case that p(z) =0 and m=1,2, or 3, the solutions of
22u”(z) 4 q(z)u(z) = 0 have no log-term if and only if

(A.14) q1=0 (m=1),
(A.15) @+ (@) =0 (m=2),
(A.16) q3 -Hllqz-i-%(éh)3 =0 (m=3),

where ¢(z) =37 ¢;z/, as in (A.3).
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