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This study focuses on the numerical resolution of backward stochastic differential equations with data
dependent on a jump-diffusion process. We propose and analyse a numerical scheme based on iterative
regression functions which are approximated by projections on vector spaces of functions, with
coefficients evaluated using Monte Carlo simulations. Regarding the error, we derive explicit bounds
with respect to the time step, the number of paths simulated and the number of functions: this allows
us to optimally adjust the parameters to achieve a given accuracy. We also present numerical tests
related to option pricing with differential interest rates and locally risk-minimizing strategies
(Follmer—Schweizer decomposition).
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1. Introduction

Let (R, F, (F/,), P) denote a given filtered probability space on which a standard
Brownian motion W in R? and a jump-diffusion process X in R? are defined. We aim to
numerically approximate a generalized backward stochastic differential equation (GBSDE)
with a fixed terminal time 7,

—dY, = f(t, Xy, Yy, Zp)dt — Z,dW, —dL,, Yr=¢Xr), (1)

where Y is a scalar cadlag adapted process, Z is a predictable R?-valued process (as a row
vector) and L is a scalar cadlag martingale orthogonal to W (with Ly = 0). Actually, in what
follows, X could be any Markov process. Our results can be extended to higher-dimensional Y,
Z and L as well. Under suitable Lipschitz assumptions on the driver f and L,-integrability
conditions, there is a unique solution (Y, Z, L) in appropriate spaces of processes (with L,
norms): for details, we refer to Pardoux and Peng (1990) for the Brownian filtration (L = 0),
and to El Karoui et al. (1997) for general filtrations. A more comprehensive situation is treated
in Barles et al. (1997), where in addition the driver is allowed todepend on the martingale L.

The main focus of this work is to provide and analyse a simple algorithm based on
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empirical regression methods using simulated paths of X, which approximates the (Y, Z)
solution of (1) (L could be obtained as a difference). For the convergence analysis,
techniques from BSDEs and nonparametric regressions are mixed, which illustrates another
interesting interface between probability and statistics. To encourage future collaborations
between people in these different fields, we now give an overview of the related
applications and issues.

1.1. Applications

During the last decade, the importance of designing efficient numerical methods to solve (1)
has increased significantly because of various applications. For references, see El Karoui et al.
(1997). Solving ;1) may give access to the Follmer and Schweizer (1991) decomposition of
¢ X7)=7Yo+ Jo E,dX, + L7, with a martingale L strongly orthogonal to the martingale part
of X; in that case, the driver f is linear. In finance, this decomposition plays a crucial role in
valuing and hedging claims (with payoff ¢(X 7)) in incomplete markets: this is the concept of
locally risk-minimizing strategies. In this instance, Y stands for the price and Z is related to
the hedging strategy. The current BSDE framework applies to this financial setting if the
martingale part of the traded assets X is driven by #, meaning that the jumps are incorporated
only in the volatility and the non-traded assets. Finally, for the connection between BSDEs and
dynamic risk measures, see Peng (2004). On the relation with semi-linear partial differential
equations (possibly with integral-differential operators), see Barles et al. (1997).

1.2. Where nonparametric regressions come in

The first approximation of (1) is a time discretization using a time step h =
T/N : (t; = kh)o<t<y denotes the discretization times. We set AW, =W,  — W,
(AW componentwise) and XV a relative approximation of X at these discretization
times, obtained, say, through an Euler scheme on the jump-diffusion equation satisfied by X
(see Jacod 2004, among others). Quite naturally, the solution (Y, Z) of (1) is approximated
by (YV, Z¥) defined in a backward manner by Y = ¢(X) ) and

Y =E, (Y} )+ hE, f(ti, X)), YN L ZY), hZ) =E (Y)Y AWY), )

(7381 > 7 gy (7381

where E,, is the conditional expectation with respect to F,, and * the transpose. In Theorem
1 below, we state the convergence of (YV, Z") towards (Y, Z) in the standard BSDE L,-
norm as N goes to infinity. As the terminal condition is a deterministic function of X ?]N ~and
as X" is a Markov chain, it is easy to see that Y = y¥(XV) and Z) = z¥/(XY), where y
and z are unknown regression functions defined in a backward manner by y3(-) = ¢(-), and

W00 = B (0 )+ i, XY,y (), 28 (D)X = x),

i1 i1

hz],:’(x) = [E(ykNH(XN )AW}’;|XZ = x).

i1

We are thus faced with the iterative computation of N unknown regression functions. There
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are several ways to approximate a regression function: for example, kernel methods (see Bosq
and Lecoutre 1987) or projection methods on vector spaces of functions (see Gyorfi et al.
2002). However, in comparison with the classic nonparametric regression problem, there is a
further difficulty in our case because the N regression functions are nested: the regression
function computed at time 74 is used to compute a new regression function at time #;. Thus
we have to find a way of approximating the unknown regression functions that fulfils two
constraints: it must lead to a nice propagation of the error during the backward iteration and
its complexity must be reasonable regarding the accuracy (keep in mind that as N goes to
infinity, more and more regression functions have to be estimated).

Some approximation schemes have already been considered for solving this problem, in
the case of Brownian filtration and diffusion processes for X. The first method involves
replacing XV by a Markov chain with finite state space and known transition probabilities,
leading to a regression function that can be exactly computed. This is achieved either by
replacing the Brownian motion by a random walk (see Briand et al. 2001; Ma et al. 2002)
or by using quantization techniques (see Bally and Pages 2003). The second method
involves directly computing a nonparametric approximation of the regression function.
Bouchard and Touzi (2004) use a technique based on Malliavin calculus integration-by-parts
formulae (under an ellipticity assumption on the diffusion process X), whereas Egloff
(2005) uses a least-squares method, both methods using Monte Carlo simulations of X V. In
our paper, for the first time (to our knowledge) the case of a non-Brownian filtration
(leading to L # 0) is considered for the numerical resolution of (1).

1.3. Our contributions

We also approximate the unknown regression functions using projections on vector spaces
of functions. Using M Monte Carlo simulations of XV, we solve at each discretization time
t; a least-squares problem to determine the approximation in the vector space spanned by a
finite number of functions. The parameters of this numerical scheme are the number of time
steps N, the number of Monte Carlo simulations M and the number and type of functions.
In Gobet et al. (2005), we have already studied the influence of the parameters for a similar
procedure, but unfortunately the estimates as M — oo (see Gobet ef al. 2005: Theorem 3)
involve the fourth moments of the L,-orthonormalized basis functions. It turns out that
these moments are difficult to evaluate, presumably converging to infinity as the dimension
of the vector space increases. Therefore the practical use of these results remains
questionable, in particular if one has to achieve a given accuracy by a joint convergence of
N, M and the number of functions to infinity. In this work, we derive tractable error
estimates that depend only on N, M and the number of functions.

Thus we obtain an explicit rate of convergence for an algorithm which is very efficient.
Beyond the fact that we are not restricted to Brownian randomness, we mention other
advantages of our approach compared to existing schemes. Compared to Bally and Pages
(2003), we do not need quantization grids and can use more flexible choices of vector spaces
of functions than Voronoi cells alone. Compared to random walk approximations (Briand et
al. 2001; Ma et al. 2002), we establish a rate of convergence. The algorithm is easier to
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implement than that in Bouchard and Touzi (2004) and generally results in greater accuracy.
Finally, a significant advantage is that our approach is distribution-free with respect to X.
This means that in our error estimates, we make very little use of the specific form of the
model for X, which could be any Markov process. No non-degeneracy condition on X is
required, which is a significant difference from a Malliavin calculus approach. We mention
similar results recently obtained by Egloff (2005), for optimal stopping problems with a fixed
number of dates N. His approximations of regression functions are more general than ours.
However, his error bounds increase geometrically with N, which does not fit our current
framework (in addition, we have to overcome difficulties related to Z).

1.4. Organization of this paper

In Section 2, we rigorously define the model, introduce notation used throughout the paper,
explain the algorithm, state our main results and discuss the trade-off between accuracy and
complexity. The proofs are postponed to Section 4. In Section 3 we present numerical tests which
illustrate the error bounds derived in Section 2 for explicit choices of vector spaces of functions.

2. The algorithm

2.1. Model

We follow the presentation of Barles et al. (1997). Let (2, F, (F,);, P) be a stochastic
basis, where the filtration satisfies the usual conditions of right-continuity and completeness.
We suppose that the filtration is generated by two mutually independent processes: an R?-
valued Brownian motion W and a Poisson random measure u# on R, X E, where
E = R\{0} is equipped with its Borel field & with compensator v(dt, de) = dzi(de), such
that  {a([0, 1] X A) = (u —v)([0, {] X A)};=0 is a martingale for all A4 €& with
AMA) < 4o00. A is assumed to be a o-finite measure on (E,E) satisfying
Jz(1 Ale*)A(de) < +oo. We consider the R?-valued jump-diffusion

t

t t
X, = x—|—J b(s, Xs)ds—|—J a(s, Xs)dWs +J
0 0 0

jE B(s., X, e)i(ds, de), 3)

which is uniquely defined under the following assumption.

Assumption 1. The functions b(t, x) and o(t, x) are uniformly Lipschitz continuous with
respect to (t,x)€[0, TI X R For some constant c, the function [ satisfies
B(t, x, &) = c(1 Alel) and B, x, &) — A(t', x', ) = cllx — x'| + | — £)(1 A le]) for any
(t,x), (1, x") €[0, T] X RY and e € E.

We denote by XV a time-discretization of X (we may think of Euler schemes, see Jacod
2004 and references therein) and we suppose that XV is a Markov chain, which satisfies
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Assumption 2. As N goes to infinity, supo<i=nE|X; — X} |* — 0.

We require a convergence of XV towards X in the L,-norm because we aim to approximate
the solution of (1) in the usual BSDE norm. We refer to Jacod (2004) for other convergence
results.

The GBSDE (1) is well-defined under the following assumption:

Assumption 3. The driver f satisfies the continuity estimate

f(t2, %2, 12, 22) — f(t1, 31, y1, 20)| < C(|ta — 01]* + |32 — 1] + 32 — 01| + |22 — z1))

for any (t1, x1, y1, z1), (t2, X2, Y2, z2) € [0, T] X R? X R X RY. The terminal condition ¢ is
Lipschitz continuous.

Actually, only the L,-integrability of ¢(X7) is usually required, but here the smoothness of ¢
is imposed to derive explicit error estimates.

Finally, to ensure that the discrete GBSDE satisfies a Lipschitz continuity property with
respect to the state variable XV, one requires (X fi )x to be a Markov chain and X x *ox to
satisfy! the following assumption:

Assumption 4. For some constant C > 0,

() ELX 00— Ao 2y X — XA P < Cle = &' for any x and ', uni-

formly in ko and N;
(b) [E|X?i;]i°l’x — x> < Ch(1 + |x|*) for any x, uniformly in ko and N.

This kind of assumption has been introduced in Gobet ef al. (2005) and is quite natural since
it is fulfilled by X itself under Assumption 1. We now state a convergence result regarding
the time discretization.

Theorem 1. Under Assumptions 1-3, define the error

N=1 gy
e(N) = OE%VHY?Z Y, PHEY J |Z) — z,dt,
T k=0 1tk

where YV and ZVN are given by (2). Then e(N) converges to 0 as N — oo. Furthermore, in
the case of Brownian filtration (8 =0 and L =0) and when X" is the Euler scheme of X,
e(N)= O(N7 ).

The proof, which is quite standard, is set out in full in Gobet and Lemor (2006).

'As usual, X ‘,\i’k"’x denotes X ;V starting at x at time f#y,.
k
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2.2. Notation

We now introduce convenient notation for describing the algorithm.

2.2.1. Localization

We define localized versions of the Brownian increments and of the functions f, ¢,

[AW 41w = (=RoVh) V AW i A (RoV D),

Rt x, y,2)=f(t, = RiV X1 ARy, ..., =Ry V xq A Ry, ¥, 2),
PR() =p(—Ri Vxi ARy, ..., —Rq V xq A Ry),
where R = (R, R1, ..., Ry) € (RT)?*!, the influence of which is analysed in Proposition 2.
These localizations enable us to slightly modify (2) and define (Y V-, ZV:R) by
YR =, (Y5 + hE, f Rt X7, YR, Z)05), 4)
hZ) R = (Y )R AWT), ®)

and Yo% = pR(XV). With the same arguments as for (YV, ZV), we can easily see that
YME = R and ZVR = 2Ry for deterministic functions y2"*(-) and z}"*(.).

Moreover, the functions y v R and VhzY zk are Lipschitz continuous uniformly in R and
N (see Proposition 1 below). But the main motivation for this 1ocalization is to provide
bounded (unknown) regression functions y;"* and z}"®: one has |y}*||l. < C,(R) and
||sz llo =< C(R) (for details on these upper bounds see again Proposition 1). This
boundedness property plays an important role in the derivation of error bounds.

2.2.2. Vector spaces of functions

At each discretization time #;, 0 < k< N — 1, we choose ¢+ 1 deterministic functions
bases (pl,k(~))0glsq and we look for an approximation of yﬁ{v’RC) (or zﬁ’,’cR(')) in the vector
space spanned by the basis po (or p;x). Each basis p;; is considered as a vector of
functions, of dimension K;;. The vector space of functions spanned by p;; is denoted by
Pri, that is, Pryx = {a - pri(), @ € RE:}. A common example is the hypercube basis HC
used in Gobet et al. (2005). In this case, p;; does not depend on / or k£ and its dimension
is denoted by K. Choose a domain D C R? centred on Xy=ux, that is,
D= H;i:l]x[ —a, x; +a], and partition it into small hypercubes of edge O. Thus,
D= Ui] ,,,,, ian ,,,,, i, Wwhere D =lxi—a+id,xy—a+ G +1)O0] X--- X Ixg—a-+

.....

,,,,,
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2.2.3. Monte Carlo simulations

The evaluation of the different projection coefficients a will be obtained using M
independent Monte Carlo 51mu1at10ns of (X )0<k< v and (AW )o<k<n_1- We denote these

Monte Carlo simulations by (X )1<,,,<M o<ik=<ny and (AWk V<m<MO<k<N—1I-
For the sake of brevity of notatlon we write p; k(X ") = pi’. We define by B « the
M X K, matrix with rows (p’ . We denote by K} “the rank of BY e (K5 is random

and lower than Kjj).

2.2.4. Truncations

We have mentioned that yN R and z?’/ ,’(R are respectively bounded by C,(R) and C.(R), and

it is useful to force our approximations to be bounded in the same way. This is the role of
the following truncations. For a function 1, we define two new functions [y], and [y]. by

[¥1,(x) = =C(R) V p(x) A Cp(R), [¥]-(x) = =C(R) V p(x) A CZ(R),
N,R

which are bounded respectively by C,(R) and C.(R). Our approximation of y P (or Zi
will belong to the space [P, = {[a- pol,(), & € RXx} (or [Pril. = {[a - pril(),
a € REu},

2.2.5. Constants

In the following, we denote by C any finite constant which value may change in value from
line to line but which is independent of N, M, the function bases and the vector R. It
depends only on b, g, 5, A, f, ¢, T and x.

2.3. Description of the algorithm

The functions 0< k< N—1 and VR l</<g0<k<N—1 are approximated b
y k Lk =q, pp y
y 0<k< ~v—1 and RM |=/=a.0<k<N—1, Which are constructed in a backward manner.
k Lk x
Initialization. For k = N take yN My = pR().

Iteration. For k= N — 1, ..., 0, solve the ¢ least-squares problems
: 1 u m [AW;nk] m ?
ap = arginf 2> 7 IO T e pl (6)
m=1

Then compute ¢, as the minimizer of

Z|yf+‘iMXiY+':'>+th(rk,X,Nk"’, e O, Lol - Pl — o prie ()

m=

Here, we use the shorter notation f*(#4, x, y, z;) = f®(tx, x, v, (z1)1=1=4). Then we define
IEM() and 25() by

N,R,M(') _ NRM() _

[a(})lj[k * Po.k]y()s [al i+ PLklzC)
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In the least-squares problems (6)—(7), whenever convenient, we can suppose (as done, for
example, in the proof of Theorem 11.1 in Gyorfi et al. 2002) that, for 0 < /< gq, p;x is a
complete orthonormal system in P, with respect to the empirical scalar product (-, -}z x
defined by (Y1, Y2)im = IZ% 11/11()( N, '”)1/)2()( ™). Of course these orthonormal
systems depend on the 51mu1at10ns (X )1<m< M and their ranks (K7 k)0<1<q satisfy
KM & = Kix. These orthonormal systems can easily be computed usmg a singular value
decomposmon (see Golub and Van Loan 1996). With this choice, B}, 1% is now of dimension

M X K,k and (B /M =1Id (0 =/ = ¢), and the solutions of (6) (7) are given by:
I o [AT 1T
M _ m NRM
Ap g I mz::l Py (X zk+1 7
& NRM(y N,RM
M N,m
k=37 Z Poitviin( tk+l) + hf R (1, D G (Xm,) [a} Lk Plila)}-

3
1N

2.4. Main convergence results

The error on the unknown regression functions (yk )0<k< ~_1 and (z] i )]g[gq,ogkgj\] 1 1s
now estimated in the following theorem, which is our main result.

Theorem 2. Suppose that Assumptions 1—4 hold, and let 5 € 10, 1]. Then there exists a
constant C (independent of ) such that:

N-1 M
1
OglkaﬁiN[EMZ‘ tk yiV,R,M(XZ,m)P_’_ hE Z| XN m)_ZiV,R,M(Xﬁ\:,mNZ
k=0 m:l
o O R R 5 5
< i SN K+ Ch
k=0 [=0
N—1
+C2{i1(11f[E|ykN’ M) —a- por(X; )|2+ZlnfE\fZ —a- pr(X; )|2}
k=0
Cy(R? MIP+2 CCy(R)(KY)?
R P R G ey A S T

MRS+ CCy(R)Ry(K ")/
M LA y
+ At (K,’kexp< = y(R)zR%K%) exp (CKO,kH log YRR

(R)) ( MhP+2 )
+exp| CKy i lo I L——
p( 0,k g h(ﬁ+2)/2 p 72Cy(R)2

where we adopt the convention that Koy = 0.
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Remark 1. Using standard techniques of covering of functions classes (see, for example,
the proof of Theorem 11.3 in Gyorfi et al. 2002), we can state error estimates related to
the law of XV instead of the emplrlcal law of (X N, ’”)1<m< u, that is, we can
bound maxg==nE[y} FXN) =y MNP + HES 2y |20 R (XN — 2 RMXV)2. This
extens10n 1s valid if we add to the upper bound a term CCy(R) log(M)M !
X E P o _o K1k, which is essentially of the same order as the others (up to the log factor).

Remark 2. Of course, the inequality K?fk < K, leads to simpler but rougher estimates;
however, we think that in many cases it is possible to take advantage of better estimates on
the law of K le This will be investigated in future work.

The terms C,(R?*M JE(KM) and inf, (|} R XNy —a- porX)P) +
S inf, E(|Vhz NkR(X —a- p/k(X N )\ )} are classic error terms Wthh arise when one
approximates a regression function from independent and identically distributed observations
using projections on a finite set of functions (see, for example, Gyorfi et al. 2002: Theorem
11.1). They are summed from k = 0 until £ = N — 1 because we make N estimations, one
at each time 7;. The other terms come from the lack of independence between the different
estimation problems at each discretization time. From the contribution %”, we understand
why > 0 is necessary to ensure that the error tends to 0 and why S > 1 is unnecessary
because it gives a negligible term compared to /4 arising in Theorem 1.

Theorem 2 improves Theorem 3 in Gobet ef al. (2005) because the error is not estimated
in terms of the fourth moments of the orthonormalized basis functions, but directly in terms
of the number of functions that are used in the algorithm. This result can therefore easily be
used in practice. Indeed, it is easy to establish the following corollary and we refer to Gobet
and Lemor (2006) for a complete proof.

Corollary 1. Suppose that Assumptions 1—4 hold and that p; is the hypercube basis HC of
edge O for which inf, [E\y (XN) —a- por(X; )|2 +>1 11nfa[E|\/_zkaR(X ) —
apr(X7, )|2 < CO? (see Gobet et al. 2005) Neglecting the impact of the localzzatzon in
order to obtam an error of order WP, it is enough to choose O and M as 6 = h(ﬁ“)/2 and
M = Cyh~B+2+dB+ W log(h)| for a sufficiently large constant Cj.

2.5. Accuracy and complexity of the algorithm

Here we wish to compare the accuracy—complexity ratio of this algorithm with that of other
numerical schemes.

If we denote by C the complexity of the algorithm, or equivalently the computational
effort, it is easy to see that the squared error obtained with the basis HC and =1 is of
order C~1/(4+2d) (Table 1) we refer to Gobet and Lemor (2006) for the details. Therefore
this algorithm has the same complexity as the less natural algorithm described and applied
to reflected BSDEs in Gobet and Lemor (2006) where extra simulations of (X fo)lgmg M
are needed, but it has a worse trade-off between accuracy and complexity. Nevertheless,
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Table 1. Squared error for different algorithms with respect to the complexity C with basis HC and
p =1 (see Gobet and Lemor 2006 for details)

Section 2 Gobet and Lemor (2006) Bouchard and Touzi (2004)

C—1/é+2d) Cc-1/@+d) Cc-1/(13+d)

Note: The squared error for the Bouchard and Touzi algorithm is for the case where X is Brownian motion or
geometric Brownian motion.

both algorithms behave the same in the numerical tests we performed, and we think that our
estimations in Theorem 2 are not optimal.

Compared to Bouchard and Touzi (2004), in the case of the geometric Brownian motion
model, our algorithm is theoretically more efficient for d < 9 and less efficient otherwise.
But in the case of a general model, the complexity of the algorithm presented in Bouchard
and Touzi (2004) is really difficult to evaluate, whereas in our case the complexity is
independent of the model.

3. Numerical tests

To test asymptotic results by letting N, M and the number of functions go to infinity, one
needs to use a vector space of functions for which the regression error arising in Theorem 2
is explicit. We use the hypercubes basis HC.

We consider the case of pricing an option with a differential of interest rates (Bergman
1995). We suppose that X follows the Black—Scholes model in dimension d =1,
dX,/X;=udt+ o dW,, with parameters u =0.05, ¢ =0.2 and X, = 100. For the
terminal condition we take that of a «call spread option, that is, (X7 — K;)*
—2(X7 — Kp)™ with K; =95 and K, = 105. The nonlinear driver f is defined by
f(t,x, y,z2)=—=60z—ry+(y—2z/0) (R —r), where the two interest rates are r = 0.01,
R =10.06 and 6 = (u — r)/o. The maturity of the option is 7 = 0.25. According to Gobet
et al. (2005), the relative solution Y, is equal to 2.95.

Here the numerical issue is to determine if our algorithm asymptotically recovers this
value when one modifies all the parameters N, M and O (the edge of the hypercubes).
Regarding N, one starts from Ny =2 and N = Ny(v/2)U~" where j =1, ... is the number
of different values of N to be tested. As mentioned before, we neglect the influences of the
Brownian increments threshold Ry and of the domain width R; on which the basis HC is
defined. This domain is fixed once and for all to [40, 180]. As observed in Corollary 1, the
choice & = 50/(v/2)U-DBD/2  Cph+1/2 (50 being arbitrary and chosen to start with only
three functions) makes the algorithm converge at rate /4’ (for the squared error). Now it
remains to adjust M as a function of N and o, or equivalently %2 and (. According to
Corollary 1, M must be such that MAPH>+(B+D = Mp3+26 — o6 up to a logarithmic factor.
The following tests are aimed at testing the empirical validity of this threshold rule. For
this, we set M =2(v/2)*#U-D for different values of a, and check the algorithm
convergence according to ay < a}, or ay > ai, where ai, =3 +2f is the (theoretical)
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critical convergence threshold. In practice, we perform tests for f = 0.2, =1 and report
the average value given by the algorithm on 50 runs. From Figure 1, the algorithm’ price
seems to diverge for aj; = 1, whereas the prices ay > 1 seem to converge towards the
reference price but very slowly, in accord with the choice of  =0.2. From Figure 2
(8 =1) we note that this time the algorithm’s price for a, = 3 clearly converges towards
the reference price but we observe in Figure 3 that excessively large values of aj, are
undesirable: this does not speed up the convergence with respect to j because some error
terms (actually the bias) only depend on N and 6 but not on M, whereas the calculation
time becomes very large. As usual, it is important to properly balance the bias and variance
terms.

Finally, we observe in this last example that the empirical levels of convergence of oy,
are better than those expected from the condition MA**? — oo: this indicates that the
bound of Theorem 2 is not optimal.

In Figure 4 we again test § = 0.2 but with the basis HC(1,0) which is analogous to HC:
it involves using the local polynomial basis 1, x on each hypercube to approximate y™:%
instead of just 1 in the case of basis HC, while for z¥-® there is no modification. We refer
to Lemor (2005) for more details on these functions. In this example, the basis HC(1,0)
speeds up the overall convergence. This gives, in our opinion, a fundamental improvement,
compared to the quantization method that can be viewed as using only indicator function
bases.

3.2
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Figure 1. Basis HC, f =0.2, a}‘f/, =34, ay=1,2,3,4,5.
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Figure 2. Basis HC, =1, a, =5, ayy =1, 2,3, 4, 5.

Finally, we consider an example taken from Heath et al. (2001). In that paper, the authors
approximate via partial differential equation methods the local risk-minimization price (see
Follmer and Schweizer 1991) of a put option in the Heston stochastic volatility model. The
dynamics of the asset price X and of the square of the volatility F are

dx
7’ = yFdt+\/F,dw,, dF, = k(0 — F)dt + =\/F,dW},
t

with W, W' two independent Brownian motions. It is easy to see that the local risk-
minimization price Y must satisfy the GBSDE

z
—dY, = — (r, Y, + \/—[;_(yF, - rt)) dt— Z,dw, —dL,  Yr=(K—Xr);.
t

Taking » to be 0, this gives a driver f(¢, x, F, y, z) = —yzv/F which is not globally
Lipschitz. We nevertheless apply our algorithm for ), = 3 and present the results in Figure
5. As in Heath er al. (2001), we take k =5, 6 = 0.04, = 0.6, y = 2.5, Xy = K = 100,
Fy = 0.04. The vector space of functions is HC, in dimension 2 (one dimension for the asset
price and one for the stochastic volatility). The reference price (for » = 0) is taken from
Heath er al. (2001) and is 7.69. We observe that, in this non-Lipschitz case, the algorithm’s
output still converges towards the reference price.
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Figure 3. Basis HC, B =1, a}, =5, ay = 6 (cross markers), a, =7 (circle markers). Prices are
shown by solid lines, and upper and lower 0.95 confidence intervals by dotted lines.

4. Proof of Theorem 2

To prove Theorem 2, we first need two (easy) propositions, proved in Lemor et al. (2005).
The first states that the couple (YV-®, Z¥-®) is bounded and satisfies a Lipschitz property.

Proposition 1. Under Assumptions 1-3 there exists a constant C such that, for all k,
0<k=N,

Cy(R)
i

where (98]l = sup pR| = CA+[R)  and ||/ Rl = suplf R(2, x, 0, 0)] =<
C(1 + |R)).

In addition under Assumption 4, for h small enough, the functions y;{v’R and sz’R defined
by yij’R Xﬁv) = YZ’R and zfj’R Xﬁv) = Zfi’R satisfy |y2”R(x) — yiv’R(x')| + \/Z|z§(v’R(x) —

k k
ziv’R(x’)| < C|x — x'| uniformly in ko, N and R.

YR < CR) = Clllp e + 11/ llc}, 12051 < C:(R) =

Ltk

The second states an error bound regarding the localization.



902 J-P Lemor, E. Gobet and X. Warin

3-1 L f‘\\ T T T T T T T T T T T T T T T T T T T ‘ T T T T T T T T T T T ]

3.05 - ) ]

3 ! ]

N \ ]

Coo ]

N ‘\ \ 1

2.95 F i e = =]

| \\ B

g 29: Lo ]
2 9L L D5 B
& Eoo S7 ST ]
Eo Y S AN ]

2.85 — L - / NI —

I i N , 7, ]

r , , , v ]

L | /, // 1 ]

2.8 f o / X x 2 -

7\\ ..\‘ . // %/ s — — 3 ]

r VS 3 o—-—o 4 ]

2.75 M ’\ / /’ oe—— o5 ]

Y X, ) Ref Price -

2.7 C \\ 1 1 1 & 1 1 1 /\/ ‘ 1 1 1 1 ‘ 1 1 1 1 ‘ 1 1 1 1 ‘ 1 1 1 1 ‘ 1 1 1 1 ‘ 1 1 1 1 ]

1 2 3 4 5 6 7 8 9

Figure 4. Basis HC(1, 0), 8 =02, af, =34, ayy =1,2,3,4,5.

Proposition 2. Under Assumptions 1—4 there exists a constant C such that, for h small
enough,

Cy(R)*
#Z [E(|AW/¢|21|AW1(\>RO‘/Z)

k=0

< CE|p(X7) — ¢*(X )PP +

N—1
+ CHE Y |t XN, YN 2Ny = f R XN YN ZD,

try1? trs1?

As a consequence and since Y|+ v/h|Z)| < C(1+ |XY|) (see Gobet et al. 2005), we
easily obtain that
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Figure 5. Basis HC, f =1, ay = 3.

 max [E|YZ’R YNerh[EZ |ZNR

C 1+ |R? R?
< max E[(1+ LX) Py o] + ) -exp( — 50 ).
Hence for appropriate thresholds R going to infinity, the localization error converges to 0.
Rates are available if in addition supp<i<ny E|X ﬁ\i |” < Cp(1 + |x|?) for some p > 2 (stronger
moment conditions on the Lévy measure 4 would lead to larger exponents p): indeed, the
upper bound becomes

C, 1+ |R|? R}
C _ 2
MRy ST P\ Ty

and to obtain a contribution of order % (as in Theorem 1) it is enough to asymptotically set
Ri=h2P=2 (i=1,...,d) and Ry = c\/log(1/h) (for ¢ large enough). Hence, the
convergence with respect to R is rather fast, especially if p can be taken large. In other
words, setting R to a fixed large value gives a very good approximation, as observed in the
numerical tests.
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We can now turn to the proof of Theorem 2. The proof is technical and we divide it into
several steps. First, we introduce additional notation, closely related to non-parametric
regression arguments. Second, we state a result concerning the propagation of the error
from time 744, to time f; (see Proposition 3). Finally, the different contributions in the
propagation error are evaluated in Proposition 4.

4.1. Extra notation for the proofs

4.1.1. Monte Carlo simulations

We recall that the algorithm uses M Monte Carlo simulations of the Brownian increments
AW and of an approximation XV of X, (XV .k being a Markov chain. In addition to
(X N.m AW?Y) and for the proofs, we will use at each time #; extra random variables

tht1?
(XN AW”‘) which are, conditionally on X ", an independent copy of (X Nom AW

tiy1? tip1?
(and also independent of everything else). For 1nstance when X has no jump part (5 = 0)

and an Euler scheme is used for X, X} and X" are defined by

XN = X0 b(t, X"+ 0 (e, X "AWY,

(738

XN = XN b(te, X"+ o(te, XA,

(78]

where (AW}')i,m and (AW;”)k,m are 1.i.d.

4.1.2. Norms
For a function ¥, we define (0 < k < N)

M

IR o = ZW Ml = IZ\W e,

m=1

4.1.3. Projection coefficients

In addition to the coefficients (a%k)oiléq defined by (6) and (7), we need other coefficients
in the proofs below. Thus, we define the projection coefficients (d%k)lglgq:

[A m ]m . 2
e Tk ®)

M

1
~M o .
aj; = argl%fﬁ E y

m=1

and dg/[k is defined as the minimizer of

M
My + b B, X2 yr M, @) i) — s piP ()

m=1

We also define the projection coefficients (ﬁ?,lk)lg I=q:
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- 1 o (AW, |
ﬂ%:arglgfﬁz yk+1( ka T’_a'pl,k ) (10)
m=1

SM - ..
and f,, is defined as the minimizer of

—Zlyk+1 XNy hf R, X0,y RN, 2GRNy —a pi P (1)

We emphasize the differences between these projection coefficients: for (a ,k)0<,<q and

(al,k)0<l<q’ the function yiva is fixed and we estimate a?”k from (XN " X?L”:,

AW )1=m=m, whereas we estimate @)% from (XN’” Xfi’f,AWk)1<m<M As for

(B;‘,/[]{)Ogliqg we also estimate from (XN’” Xfi ’I",AW’”)1<,,,<M but knowing the true

functions yiv ﬁ(-) and z R(). We note that ao = ao i My ao k , where

LM _ NRM 2
0.k —arglnf— § e X = a pyl
=1

1
2M . N, N,R,M ; yN, M 2
Ay = argu(le EY; E |hf (Zks X0 ", Vi1 (sz:?)» [az,k : P;flk]z) —a- P(r)y,lk| .
=1

We define (ngg)]gigz and (d(i)’jltl)ls[gz in the same way.

4.1.4. Conditional expectations

We write FM for the o- algebra generated by ((XN Mo<k=n, (AW o<i=n-1)1=m=m and
EM for the conditional expectation with respect to F¥. We denote by [EM (IPM ) the
conditional expectation (conditional probability) with respect to the o-algebra generated by

((Xz]’m)osis ks (A WiNo<isk—1)1<m=m-

4.1.5. Error terms

We define the following events which depend on S and the projection coefficients

1, 3
= L St - o <
m=1

m=

{ Z Py — @)l < hﬁ}:

M= {vy e Porly — 0" 19l

The probabilities of these events are evaluated in Proposition 4 below. We also deal with the
following quantities whose bounds are given in Proposition 4:
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_ ) - - 2

T =EIEY(Bo) - pox — ¢ Iewrs Ty = El{agy — EY@gi)} - pollzue
M N,R| 12 . ~ 2

Téw,l,k = [EH[EM(ﬂz,k) “PLk = 21k Hk,M’ le‘:[l,k = [EH{O‘%c - [EM(O‘%{)} : Pl,ka,M-

4.1.6. Covering numbers

In the proofs below we use random covering numbers. We refer to Gyorfi et al. (2002) for a
complete description. However, for the sake of completeness, we briefly recall here that if G
is a class of functions and x{” = (x1, ..., X)) are M points in R?, Ny(e, G, x{”) (e>0) is
the minimal p € N such that there exist functions gy, ..., g,, such that for all g € G we
can find a j € {1 ..., p} with (M~ 'S 1|g(xm) 2;(xn)H)/? < e. To simplify, we adopt
the notation N(e, k) = Na(e, [Poxlys (X m X” ™) =)

4.2. Propagation of the error
Our main tool is the following result.

Proposition 3. Under the assumptions of Theorem 2, for 0 < k < N — |,

N,R N,R,M
[EH)’k — Vi ||k,M

< (1+ COE(yE = v R + C{TY, + Ty} + Ch Z{T31k+T4lk}
=

2 q
+ O V(R) {P([Aéfk]‘) +h Y PAANIO + P([Aiil]")} + .
=1

If we have this result and Proposition 4 which estimates each contribution, it is easy to
complete the error estimation on Y in Theorem 2. Then, an easy calculation (see Lemor
2005) enables us to deduce an error estimate for Z from that for Y.

Proof of Proposition 3. First by using [y} "], = y}"" and the fact that [], is 1-Lipschitz, we
obtain

N.RM N,R 2
Ellyy —J’k ||kM\[E||a0k Pok — HkM'

We now introduce ﬁ()k (see (11)) and, noting that [EM(ﬁ0 «) 1s the minimizer of
lzm R ey ") —a - py . |?, we apply Pythagoras’ theorem to obtain

[E”ao,k *Pok — yk’ ”k,M = [EH{aO,k - [EM(ﬁo,k)} : Po,k”k,M + Tl,k

Now, as EY(aj’) = af, and agf, = agy 4 agt!, we apply first Young’s inequality and then
Jensen’s inequality to obtain
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Ell{adf, — EY B} - poslPar = (1 yWEI (G — EYBE) - poslPo
1 -
; (1 +W)[E||{a3;£4 CEYRMY - poalP
< (14 yWEI{abY — EY ALY - posl

1 -~
+(1+W)[E||{a§:§f’— 20 o2y (12)

We deal separately with the two terms on the right-hand side of (12). For the first term,
we introduce d(l):f (see (9)) and use the definition of Agfk and T é‘fk to obtain

Ell{agy — EY(ByiH} - posllin
< (1+ A OE[{agy = agi'} - porllin + A+ DEI{agy — EY(BN} - poslli
< P S PP (AT + (1 + IEIGSY — EY@E)  poal
+EI{EY (agy") — EX(BADY - pollian)

c
= CH*' 42 O, (RYP ([A A ) +(L+ T

+(1+ hE— Z [EM M @y — AP (13)

Lrs Lrs1

In the second and third inequalities, we have used the contraction property of the projection

on (( p(’)'fk)*)lg,,,S . Using this contraction property once again, we obtain for the second term
on the right-hand side of (12),

2, 32, 2
[E”{ao,kM - of} okl (14)

Ch2
=~ F Z | kN+I§M XN m) _ y;CV_;—l(XN m)|2 + Chz[EHZNR M ’R”?(,M-

it Ty

Let us deal with the last term of the right-hand side of (14). For 1 = / < ¢, we have that



908 J-P Lemor, E. Gobet and X. Warin

NRM N.R|12
[E”Z k Hk,M = [EHO‘%c “PLk = Zp; ||k,M

as [zf;{R]z = z, k . Next, we introduce ﬂ L (see (10)) and as EM (ﬂ 1) is the minimizer of

- N.R
M lzm:1|21,k X" —a- py[?, we obtain

[EHO‘%C “PiLk— Z;Y/}RH%{,M
= EIEY(BYD-prx — 238 a + EILEY (B — @i} - pralliu
< T3 +3EI{EM(BY) — EM @)D} - prclly ar + 3EILEM (@) — )i} - prclliu
+ 3E[[{a)t, — ai}- pz,k||§c,M
< T+ 3EI{EY(BYD) — M@0} - pralls o + 374, + ChP

Cy(R)

+C . P(A4519)- (15)

Now an application of the contraction property associated with the projection on (( p;f’k)*) and
of the Cauchy—Schwarz inequality yields

R . ) .
M E Z |{[EM(ﬁ%<) - [EM(az,k)} 'Pl,k|2
m=1

2

imf:

s [A ~'"]
EM{< NGy _ o gty ST il }

N.RM( 2
[EZ{‘ k+1 tm Vit zkﬂ)l

— [EM Ry — y M ey Py (16)

(73]

Substituting (13)—(16) into (12) gives
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Ellyi>® = M2
C
<7/ +0+ yh)<Chﬂ+‘ +ZCy(R)2P([A{)‘fk]C) +(1+ mTy.
+(1+ h)— E Z [EY (i =y ey ))|2>
+Ch2 1+L 1 i (XNm NRMXNm)|2
)/h — yk+l tk+1 Vit 7381
2 1 o M
+Cho (1 +— B> {T3, + Ty}
vh) S
1 1
+ Ch2(1 +yh> W+ Ch2<1 +y ) C,(R) Z P4,
e c(heg) 4 E SO - R

NRM
|[EM(yk+1(sz+1)_yk+1 tk+1))‘ }
Letting y = C, we obtain the following simplification:

NR  N.RM
Ellyy ™ —ve ||k,M (17)

Cy(R)?
< (1+ M|y = v e + € y;) (P([A >+hZ P(LA} )

+ 71 +Crd, +ChZ{T3lk Ty, .} + ChPt!

N,R.M m m
+ Ch[EHka Vi1 ||k+1 vt C [E Z ‘yk+1 X?Ll) - yk+1 XZH)‘Z

Since yg J’rlf is Lipschitz continuous, the last term of the right-hand side above is bounded by
Ch?* (here, we use Assumption 4(b)). To obtain the result of Proposition 3, the first term of
the rlght -hand side should be changed to E[|y; .} — 375" |17 - Thus, we use the definition

of Ak+1 to write:
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RM
[E||yk+1 yk+l Hk+1 M

N.RM N.RM N.RM
(H)’k+1 Yiert' ||k+1,M ||J’k+1 Vit ||k+1M+||yk+1 Yirr Hk+1,M)

2
N,R.M N,R,.M
<(+h )[E<Hyk+l Vit e — lyesh — Vit ||k+1,M)+

N.RM
+(1 "’h)[EHJ’k-H Vi1 Hk+l,M

y( )

< CHP* 4+ € =22 PLAY 1) + (L + DE| v — v 15 (18)

Plugging (18) into (17) gives the result. O

4.3. Other estimates

Proposition 4. Under the assumptions of Theorem 2, for 0 < k < N — |,

sk+1 s

MhB+2 W(B+2)/2
P([4y,19) < 2E Kg?kexp<— ) ) 37

72C (RPK Y, 2K

9k+1 b

M+ J(B+D/2
[P’([A ) <2E| KM 1k €XP 2
3

T2C,(RPRIK Y 2K Ry

nB+2)/2 MHP+2
MAcy < R T EA A~ v
P(4;1°) < 2E (NZ( 32 k) exP( 72Cy(R)2)>’

T = [E(iICILnyQ’R —a- P&k”i,M) < i{}[f[ﬂyg’R(Xt —a- por(X))P,

y(R)2

Tgfk E(K

- )
Téw,l,k =3 [E(ll’éf”\/zzill’f — a'pl,ka,M) < Z fIE|\/_z tl: —a- Pl,k(Xi\i) 2,

Cy(R)?
hM

Ty < [E(K

Koy = 0.

CC (R
Noe, k+1) < Cexp(CKo,kH log i( )>,

Proof of the bound for IP([A ]9 As already mentioned in Section 2.3, we suppose without
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loss of generality that (B / M = 1d and that Bé”k is a matrix of dimension M X Kg/[k
Under this assumption, we can erte (see our notation for [P’M )

P(LAI) = E(PY (Jost’ - ayi'ls = #72)). (19
By making the norm |- |, in (19) explicit, we obtain

PY(lagy — ayy' s = 1)

KM

oM NRM(x NRM (7 B2
=Py E pordViir tkﬂ = Vit tkﬂ = h

M

Kok hﬂ+2
_ ( NRM NRM (g Nom
= P0k1 Viia fm — Ve (X K

=1 0,k

| M
= PkM (31/’ € [Pose+1ly |M Z Py, k[{W(Xﬁfln) - W(X?i:ln
m=1

2 ppr2
= M
KO,k

M < N, Wp+2
= Z P v € [Posnly ‘ Z i Un{p (X0 — ’/’(szf)}‘ =\ |
0.k

i=

where (Um) is a sequence of i.i.d. Bernoulli random variables, taking values 1 and —1 with
probablhty 2» which are independent of everything else. The last equality comes from the fact
that X v, [ and X v, 1o have the same law. We now introduce a covering G of [Pox+1], such
that for all p € [P()’k+1] y, there exists g € G such that

Wp2

18K

1 M
307 2 X = gQEMP + [p(X 5 — (XM} <
m=1

We can assume without loss of generality that the elements of G are bounded by C,(R). Note
that G depends on (X N.m - N, ") 1<m=m but not on (U,,)1<m<ny, and that the cardinality of G

th1? (78]

is equal to N5(y/hP+2/18K(",, k + 1). Taking advantage of the Cauchy—Schwarz inequality

(MY P Aml? < MU0 A (under the assumption (By)* By, /M = 1d), we easily
get
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M 1 M . N hb+2
(30 ol |37 3 ol Va2 -yt | = i
m=1 ,

M 1 . N, N, h,BJrZ
<P (3801 |5 X i Unls(ED) - s00i0) |25
m=1 0,k

<N o k+1 |max P Z {g(xXNmy — g(xN-myy N L
s ISK(]{[k’ 2<6 = pOk’ Unig Tkl 8t 1 3 K(})l:[k '

To bound this last probability, we additionally condition on (X ﬁ\: o X f: ""i=m=wm and denote

by pY ki1 the resulting conditional probability. ~We note that, if H, =
Po4iUn {g(thH) — g(xMmy}, [Ek pe1(Hm) =0 and |H,| < 2C,(R)|pg'y ;|- A combination

738

of Hoeffding’s inequality and M~ lzm:1| p(’)’,’k’i|2 =1 gives

DM 1 . m hﬁ+2
P i W Z DPo.k.i Wl{g(XtHl) - IM)} == m

m=1

2MhP+2 MhP+2
= 2P\ e ek e ) TSP\ T e ekl )
»(R) 0,k Zm:l'po,k,i| »(R) 0,k

The estimate on I]:D([Agf[k]") is now proved. Ol

Proof of the bound for P([A ?,/[k]"). The calculations are the same as for [P’([Agf[k]c), except
that we need here a covering G of [Py x+1], such that for all 3 € [Py s41],, there exists g € G
satisfying

]’l pf+1
N,my|2 N,m
Z Hw D = s@RDF + D — sXWEDF) < fgres:

m=

O

Proof of the bound for [P’([Ai” 19). We partially follow the proof of Theorem 11.2 in Gyorfi
et al. (2002) and define the vector (Zm)lgmgzM by (Z, Zagem) = (Xfi’m, X0y if Uy =1
and (Zy, Zyom) = (X", XVm) if U, = —1, where (Up)i=m=p is a sequence of i.i.d,
Bernoulli variables, mdependent of everythlng else taking values 1 and —1 with probability 1 >
As for P([4)",]°), we introduce a covering G (Whose elements are bounded by 2C,(R)) of

[Po,xly — vy N.R such that for all y € [Po], — k R there exists a g € G such that

ppt2

1 & _ _
Ta7 D W™ = g(XEMP + (X ™) — g(X P} < =
m=1

Thus, we can write that
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P41

1 1/2 | XM 1/2
=PIy ePud, - ”:{MZw(zm)P} {MZw(ZMM)P} > HP22

m=1 m=1

12 KB/

LM 1/2
-J{= Zusm)? by =
{M;'g( M+ )|} 3

1 M
<P|3geg: {M > |g(zm)|2}
m=1

Introducing the conditional probability ﬂi’ﬁ 1.x and Noy(hB+2/2/31/2, k) (the cardinality of
G), simple computations lead (see Gyorfi et al. 2002: 191) to

172 pB+D/2

1/2
Py i|3g€d: Lilg(Z We - Lilg(Zm e =
S M m=1 " M m=1 " 3

% (W“W k) ( MIF2T M (] (V)P 4 [ g(x o) })
< _, supexp| — .
2\ 3v2 18 {|g(XYm)P — g(xYmPy

g€g

The above exponential is bounded by exp(—MhP*?/72C (R)?) because

M

M
> g™ = xR < 3 (Ie I + g m)
m=1

m=1

M
<4C,(R2 D (IgXEMP + 12X I™E).  (20)

m=1

Bringing together all the previous estimates gives the required upper bound for [P’([A% 19).
O

Proof of the identities for ET}, and ET}' . Observe that [EM(ﬁé‘fk) minimizes

I M : 2 - : :
M O = pgyP = I =@ posllias  that is, T = infol|y -
a- p07k||i, - The same arguments apply to ET3, . O

Proof of the bounds for ET é”k and ET f’, - We prove only the estimate for E7 24 the
technique being the same for ET, 1.1 We adapt the proof of Theorem 11.1 in Gyorﬁ et al.
(2002) and suppose without loss of generality that (B / M =1d as before. We can
thus write, for | <= m < M,
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EY (Ipgdag) — EY@ i) @1

_[EM<( m *( Ok) {V [EM(V)}{V [EM(V)} g/[ m)
,k

(334)

— i B v (- ey - ) B

M
where V' is the vector of [RM with coordinates yi’ ;If M (X m]) We bound this last expression
by considering [[EY ({V — EM(V)HV — EM(")})|2. As aff,, is F¥-measurable, we

obtain
M N,R.M N,RM v N,m'
E (yk+l (thu)ykJrl (Xl‘erlﬂ ))
= ([ - posar (KDL por (XN1,)

= EY ([l r - P (KL EY (10 - poacnn (K101, ),

from which we deduce that the non-diagonal terms of the matrix E ({V—
EM(V)H{V — EM(V)}*) are equal to 0. The introduction of the projection coefﬁc1ents ag’
ensures this crucial property which is not true for the projection coefficients ao - As
for the diagonal terms, they are bounded by Cu(R)? Thus |[[EM({V —
EM(MHV —EM()}F)|l, < C,(R)?. Finally, in view of (21), we obtain

M
EM(%ZU%]{{HM [EM(~1 M)}|2>

m=1

| M (z)w 2
. m y(R)
=3 2|
M 2 2
m Cy(R ) Cy(R)
oLt = = 5 ul(Byl) " Byl = = Ky
The estimate for ET fk readily follows. |

Proof of the bound for N,(c, k +1). One can directly apply Theorem 9.4 in Gyorfi et al.
(2002) (and Theorem 9.5 in the same reference to bound the Vapnik—Chervonenkis
dimension of a functions vector space) which gives

2 2 Ko, k41
Noe, k+1)<3 (26(266’;(12)) log (36(2C€§(R)) >) ,

whence our result. O
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5. Conclusion

We have proposed a simple algorithm to solve GBSDEs. The dynamic programming
equation resulting from the time discretization of equation (1) is solved using a sequence of
empirical regression problems based on simulations of the underlying Markov process. The
extension to path-dependent terminal conditions is straightforward (see Gobet et al. 2005).
We have derived explicit error bounds which allow us to optimally choose the parameters of
the method to achieve a given accuracy. This is a significant improvement compared to
previous work. However, our numerical tests reveal that the convergence can be faster than
our theoretical estimates predict. The explanation of this phenomenon is a matter for future
research. Additional work is also necessary to consider in (1) a martingale other than W
and to allow the driver to depend on L.
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