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We give general bounds in the Gaussian and Poisson approximations of innovations (or Skorohod integrals)
defined on the space of point processes with Papangelou conditional intensity. We apply the general results
to Gibbs point processes with pair potential and determinantal point processes. In particular, we provide
explicit error bounds and quantitative limit theorems for stationary, inhibitory and finite range Gibbs point
processes with pair potential and S-Ginibre point processes.
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1. Introduction

Innovations have an important role in statistics. Indeed, they are basic quantities for the inspection
of residuals, which is a fundamental step for investigating the quality of adjustment of a para-
metric model to data, see [2]. In one-dimension, innovations of point processes with stochastic
intensity are well-understood by means of the martingale theory, see [21]; innovations of spa-
tial point processes with Papangelou (conditional) intensity, instead, have been introduced quite
recently in [3] (see formula (4) for the formal definition).

Roughly speaking, letting 1 denote a point process on a Polish space X and o a reference
measure on X, the Papangelou intensity of u, say 7 ¥ (x, x) has the following interpretation:
7 (x,x)o (dx) is the infinitesimal probability of finding a point of the process in the region dx
around x € X and with volume o (dx), given that the point process agrees with the configuration
x outside dx, see Papangelou [31]; see [15,27] and [38] for thorough studies of the mathemat-
ical properties of point processes with Papangelou intensity, and the monographs [49] and [26]
for statistical applications. The Papangelou intensity can be considered as the appropriate coun-
terpart, for a spatial point process, of the notion of stochastic intensity of a “temporal” point
process.

Due to the randomness of the integrand (i.e., the function ¢ in formula (4)) and of the com-
pensator (i.e., the integral with respect to ¢ in formula (4)), the study of the innovation of a point
processes with Papangelou intensity may involve additional difficulties than the study of the first
order stochastic integral with respect to the point processes itself (see formula (22) for the for-
mal definition). Central limit theorems for first order stochastic integrals with respect to various
classes of spatial point process are obtained for example, in [20,40] and [42]. To the best of our
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knowledge, there are, instead, only few results on Gaussian limits for innovations of spatial point
processes with Papangelou intensity, see, for example, [10].

In this paper, we give general bounds in the Gaussian and Poisson approximations respectively
of innovations and non-compensated and integer-valued innovations (see formula (8) for the
formal definition) defined on the space of point processes with Papangelou intensity, extending
the corresponding results in [33] and [32].

Our proofs are based on the so-called Malliavin—Stein method. In recent years, Stein’s method
and Malliavin’s calculus have been successfully combined in order to derive explicit bounds in
the Gaussian approximation of random variables on the Wiener and Poisson spaces. The strik-
ing contributions are due to Nourdin and Peccati [28] and Peccati, Solé, Taqqu and Utzet [33].
Further developments include [34], where the main result in [33] is extended to random vectors,
[37], where explicit bounds in the Gaussian approximation of U -statistics for Poisson processes
are given, and [24], where the authors prove a class of inequalities which yield new bounds for
the Gaussian approximation on the Poisson space. For functionals of the homogeneous Poisson
process on the half-line, an alternative to the main bound in [33] is offered in [35] by the use
of the Clark—Ocone covariance representation formula. The Clark—Ocone formula is a valuable
tool even for the Gaussian and Poisson approximation of one-dimensional point processes with
stochastic intensity, see [45] and [46]. One step further on this fruitful line of research is made
in [29], where the Stein method is combined with a discrete version of the Malliavin calculus
in order to study the Gaussian fluctuations of functionals of symmetric Bernoulli processes. Ex-
plicit bounds in the Poisson approximation of integer-valued functionals of the Poisson process
are provided in [32] by means of the Chen—Stein method. The Gaussian and Poisson approxima-
tions for functionals of not-necessarily symmetric Bernoulli processes are investigated in [22,23]
and [36].

In the proofs of the main results in [33] and [32], a crucial role is played by the integration
by parts (or duality) formula of the Malliavin calculus on the Poisson space due to Nualart and
Vives [30]. A related integration by parts formula on the space of point processes with Papan-
gelou intensity can be derived by using the Georgii—-Nguyen—Zessin formula (see Lemma 2.1)
and it represents the starting point of our analysis. Indeed, combining such duality formula with
Stein’s and Chen—Stein’s methods and the basic properties of point processes with Papangelou
intensity, we are able to provide general bounds for (i) the Wasserstein distance between the
innovation (based on a point process with Papangelou intensity) and a standard normal random
variable (see Theorem 3.1 and Corollary 3.2); (ii) the total variation distance between the non-
compensated and integer-valued innovation (based on a point process with Papangelou intensity)
and a Poisson distributed random variable (see Theorem 4.1 and Corollary 4.2). The general
bounds proved in this paper simplify considerably when the integrands of the innovations do not
depend on configurations, and we shall refer to these particular innovations as raw innovations.

Roughly speaking, thanks to the results in [33], one may expect quantitative Gaussian limit
theorems for sequences of raw innovations and first order stochastic integrals based on families
of point processes which converge (in some sense) to a Poisson process and based on suitable
sequences of integrands. Due to the achievements in [32], one may similarly expect quantitative
Poisson limit theorems for sequences of non-centered and integer-valued first order stochastic in-
tegrals based on families of point processes which converge (in some sense) to a Poisson process
and based on suitable sequences of integrands. Using the general bounds described above, we
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are able to formalize this intuition deriving (i) quantitative Gaussian limit theorems for raw in-
novations and first order stochastic integrals of stationary, inhibitory and finite range Gibbs point
processes with pair potential and S-Ginibre point processes (see Theorems 5.7, 5.8, 7.6 and 7.7);
(ii) quantitative Poisson limit theorems for non-centered and integer-valued first order stochastic
integrals of stationary, inhibitory and finite range Gibbs point processes with pair potential and
B-Ginibre point processes (see Theorems 6.4 and 8.3).

To give a concrete idea of these results, we briefly state some simple consequences. Let Z and
Po(A) denote, respectively, a standard normal random variable and a Poisson random variable
with mean A > 0. Let N (14) denote the number of points in A C X of a point process i
with Papangelou intensity 7 ") (here 14 denotes the indicator function of the set A). Moreover,
let dw and drv denote, respectively, the Wasserstein distance and the total variation distance
between probability measures (see the formal definitions in Sections 3 and 4, respectively). By
the quantitative limit theorems described above it follows, for instance,

dW <(an)—1/2 (N(Mn)(ﬂ-[o)n]d) — /
[

n;“") dx), Z) = O(n_d/z) asn — 0o,
0,n]4

dW((Z”d)il/z(N(M")(ﬂ[o,n]d) - )»nnd), Z)= 0(n7d/2) asn — 0o

and
drv(N"™(1p), Po(z¢(B))) = O(n™%?)  asn— oo,

where 1, n > 1, denotes the Strauss process on RY with activity z > 0 and range of interaction
equal to 1/n (see the formal definition in the Example 5.6), A, is the intensity of ,,, B C R? is
a bounded Borel set and ¢ is the Lebesgue measure. Furthermore, let C C C denote a relatively
compact Borel set and let ,u(cﬂ) denote the restriction on C of a 8-Ginibre point process u#,
0 < B < 1, (see Section 7 for the formal definition). By the quantitative limit theorems described

above, it follows, for instance,

P

(

—ir)

dw (ﬂl/r (N(M(ﬁ>)(:ﬂ-b(0,ﬂ_1/r)) _A ' Ty b(0,p~1/1r) dx),Z) — O(ﬁrr) asﬁ—) 0,
(0.67/7)

dW (ﬂl/r(N(M(ﬁ))(]lb(o’ﬂfl/r)) - ‘3—2/}’)’ Z) = O(ﬂrr) as ﬂ —0
and
dry (N (10), Po(r~1e(C))) = O(B'/Y)  as p— 0.

Here b(O, R) denotes the complex ball centered at the origin and with radius R > 0, r > 6 is a
fixed constant, 7, := —% + % if6<r<8,andt,.:=1/rif r > 8.

The paper is organized as follows. In Section 2, we give some preliminaries on point pro-
cesses with Papangelou intensity and recall a related integration by parts formula. In Section 3,
we provide a general bound on the Wasserstein distance between the innovation of a point pro-
cess with Papangelou intensity and a standard normal random variable. In Section 4, we prove
a general bound on the total variation distance between the non-compensated and integer-valued
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innovation of a point process with Papangelou intensity and a Poisson distributed random vari-
able. In Section 5, we give error bounds in the Gaussian approximation of raw innovations and
first order stochastic integrals of Gibbs point processes with pair potential, with explicit results
for stationary, inhibitory and finite range Gibbs point processes with pair potential. In Section 6,
we provide error bounds in the Poisson approximation of non-centered and integer-valued first
order stochastic integrals of Gibbs point processes with pair potential, with explicit results for
stationary, inhibitory and finite range Gibbs point processes with pair potential. In Section 7, we
give error bounds in the Gaussian approximation of raw innovations and first order stochastic
integrals of determinantal point processes, with explicit results for S-Ginibre point processes. In
Section 8, we provide error bounds in the Poisson approximation of non-centered and integer-
valued first order stochastic integrals of determinantal point processes, with explicit results for
B-Ginibre point processes.

2. Point processes with Papangelou conditional intensity

The standard references for point processes theory are two volumes book by Daley and Vere-
Jones [11] and [12]. Let X be a Polish space. For any subset C C X, we denote by £(C) the
cardinality of C, setting #(C) = oo if C is not finite. We denote by "'y the set of locally finite
and simple point configurations of X:

Iy :={x={xi}ien € X :x; #xj i # j, #(Xx) < 00 Ycompact K € X},

where N:={0, 1,2, ...} and xg := xN K. We identify a locally finite point configuration x € 'y
with the Radon measure on (X, B(X)) defined by > .. &, where B(X) is the Borel o-field on
X and ¢, is the Dirac measure at x. We endow I"x with the vague topology and the corresponding
Borel o-field B(I'x), and we call a probability measure u on (I'y, B(I'x)) also (simple) point
process.

For a Borel set A € B(X), we denote by Nx(l4) := erx 14 (x) the number of points of the
configuration x € 'y in A, being 14 the indicator function of the set A. Hereafter, we denote by
o a o -finite diffuse Radon measure on (X, B(X)). We say that a point process w have correlation
functions p™, n > 1, if for mutually disjoint Borel sets A, ..., A, € B(X),

E[HN(ILA,«)} =/A ) p™ (x1, .. x)o (dxy) -0 (dxy),
i=1 1 X An

where E denotes the mean with respect to . When it will be convenient to emphasize that E is
the expectation operator with respect to u we write E;, in place of E.

In the following, we assume that the probability measure p on (I'y, B(I'x)) has Papangelou
intensity 7 and reference measure o, i.e. w : X X I'y — [0, 4+00] is a measurable function such
that

[ X etxvenu@o= [ [ otcomee o @oua. M)

X xex
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for functions ¢(x, x) which are non-negative or integrable with respect to the measure
7 (x,x)o (dx)u(dx).

When it is convenient to explicit the dependence on 1, we write 7 *) in place of 7. For ease
of notation, for a measurable function 4 : X x 'y — R, we write A, (X) in place of h(x, X).
Applying twice the Georgii-Nguyen—Zessin formula (1), we deduce the so-called second order
Georgii-Nguyen—Zessin formula

/1“ Z ¥ (x, y,x\ {x, y})u(dx)

X x,yexix#y

:[“ /X/XV/(X,y,X)nx(x\{y})ny(xU{x})a(dx)g(dy)u(dx) @)

= f / / ¥ (x, ¥, 0 (X7, (X U {x))o (d)o (dy)u(dx),
ry JxJx

for functions ¢ : X x X x 'y — R which are non-negative or integrable with respect to the
measure

T (X)TTy (x U{x })a (dx)o (dy) u(dx).

Note that the second equality in (2) is a consequence of the diffusivity of o.
Forx,yel'y,y=@ory={y1,...,yn}, n > 1, we define the compound Papangelou (condi-
tional) intensity 77 (y, x) as #(2,x) :=1if y=0, 7 ({y1},X) :=my, (x) if y = {y1} and

n
Ay, %) =7y, (0 [ [ (1, yim}UX) ify={y1,....yn} andn > 2.
i=2

For later purposes, we recall the following relation between the correlation functions and the
compound Papangelou intensity:

p ™ (X1, ..., xn) =/F A ({xts -y X ), X) (dx), (3)
X

see Remark 2.5(b) in [16]. We also recall that u is said repulsive if 7, (x) > 7, (y), whenever
xCy, x € X (see, e.g., [26]).
The innovation (of the point process ) is defined by

Sx(9) =Y o (x\ {x}) — / @x (x\ {x})7c (X)0 (dx)

Xex X

= wa(x\{x})—/ @) (o (dx),  x€eTly

XEX X

“)
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for any measurable function ¢ : X x I'y — R for which |§(¢)| < co p-a.s. Note that the equality
(4) is a consequence of the diffusivity of o and that, due to (1), the innovation & (¢) is well-defined
for all ¢ such that

E[ / |¢x|nxo(dx>} <00, )
X

Throughout this paper, in analogy with the case of one-dimensional point processes with
stochastic intensity, we refer to the integral with respect to o in (4) as compensator. Moreover,
when it is convenient to explicit the dependence on p of the innovation, we write §*)(¢) in place

of 6(¢).
For a measurable function F : I'y — R, we introduce the finite difference operator D defined

by
D F(x):= F(xU({x}) — F(x) xeX,xely.

The following integration by parts formula holds, see Corollary 3.1 in [47].

Lemma 2.1. For all measurable functions F : Ty — Rand ¢ : X x I'y — R such that (5) holds
and

E|:/ |(prxF|71xo(dx):| <oo and E|:|F|/ |gox|71x0(dx)] < 00, (6)
X X

we have

EU @x D, ano(dx)] =E[Fs(p)]. 7
X

In the next two sections, we provide two different applications of the integration by parts for-
mula (7). These applications are based on the Stein and Chen—Stein methods, see [5,8,9] and [43],
and concern error bounds in the Gaussian approximation of §(¢) and the Poisson approximation
of the non-compensated and integer-valued innovation

Ny(9) :=Z<px(x\{x}), xelx,p: X xI'y >N, N={0,1,...} ®)

XEX

(here again, when it is convenient to explicit the dependence on u of the non-compensated and
integer-valued innovation, we write N ¥ (¢) in place of N (¢)).

3. Bounds in the Gaussian approximation of J (¢)

3.1. General bound

Let F : 'y — R be a measurable function such that E[| F|] < oo and pz the probability density
of a standard normal random variable Z. By definition the Wasserstein distance between (the
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laws of) F and Z is

dw(F,Z):= sup [E[h(F)~ pz(h)]
heLip(1)

3

where Lip(1) denotes the class of real-valued Lipschitz functions with Lipschitz constant less
than or equal to 1 and (with an abuse of notation)

pz(h) = /Rh(x)Pz(x)dx

denotes the mean of i(Z). We recall that the topology induced by dy on the class of probability
measures over R is finer than the topology of weak convergence (see, e.g., [14]).

Following [33], we give a general bound for dw (F, Z). Given h € Lip(1), it turns out that
there exists a twice differentiable function f;, : R — R so that

h(x) = pz(h) = f,(x) = xfu(x), xeR. €))

For a function g : R — R, we define ||g |l := sup, g |g(x)|. Equation (9) is called Stein’s equa-
tion and the function fj, has the following properties:

filloo <20W [ [ile =v2/m W [ oo =207 o

see [9], Lemma 2.4. Since ||| < 1 (indeed h has Lipschitz constant less than or equal to

1), letting Fy denote the class of twice differentiable functions f so that || flloo <2, || f/ llco <
V2/7 and || f]loo < 2, we have

dw(F,Z) < sup [E[f'(F) = Ff(F)]|. (10)
feFw

Note that the set Fy defined above is contained in the one of formula (2.33) of [33]. Note also
that the right-hand side of (10) is finite since the functions f, f” are bounded and F is integrable
with respect to .

Theorem 3.1. Let ¢ : X x I'y — R be a measurable function which satisfies (5) and

EU |<px|2nxa(dx):| < 00. (11)
X
Then

dw (8(p). Z)

(12)
< 2/7rEH1—/<prx8(<p)7rxa(dx)
X

] +E[/X |¢x||Dx8<<p>|2nxo<dx>].

In particular, note that the second addend in the right-hand side of the inequality (12) controls
the size of the fluctuations of the finite difference of the innovation.
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In the following, for ¢ : X x 'y — R, we shall consider the functions &1, ®; : 'y x X 3SR
defined by

@i(x,x,,2)

=[x (XU {y, 2}) | Dxpy (X U {2}) Do (x U {y}) 7 (X U {y, 2}) 7, )7 (x U {}),
Pr(x,x, ¥, 2)

= |@x (x U {3}) [ D (2 (x U {9}) 72 (x U (})) Dy ()70 (X U {y}) 7y ().

13)

Corollary 3.2. Let ¢ : X x 'y — R be a measurable function which satisfies (5) and (11), and
suppose that the functions ®1 and &, are integrable with respect to o (dx)o (dy)o (dz)u(dx).
Then

dw(5(9). 7) < 2/nEH1—/X|¢x|2nxo<dx>u+E[/X|<px|3nxo<dx)]
+ 2/nE[ /X o (U )[1Dxgylma(-U {y})nyomx)a(dy)}
+ 2/nE[ /X i |¢x||Dx<¢yny)|nxo<dx)o<dy>}
+2E[ /X Joe(U ONPIDsylme (- U {y})nyamx)a(dy)]
+ 2E[ /X i |<px|2\Dx(¢yny)\nxo(dx)a<dy>} (14)
+ E[ fx oe (U )|IDegy P (U {y})nyawx)a(dy)}
+E[ /X @i, z)o(dx)o(dy)a(dz)}
— 2EUx% Dy(-, X, v, z)o(dx)o(dy)o(dz)}

2
+E|:/ x|
X

Remark 3.3. In the upper bound (14), the quantity

| Ditwmo @) nxo(dx)]

E[/)(2 |(px(' U {y})||Dx‘Py|7Tx ( U {y})ﬂyd(dx)d(dy)}
stands for

/l;/;(/X|§0X(XU{y})||Dx§0y(X)|7Tx(XU{y})”y(x)o'(dx)a(dY)M(dX)~
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A similar “compact” notation is adopted for the subsequent terms.

Remark 3.4. Let u be a Poisson process with mean measure o, that is, 7 = 1.

(i) If ¢ : X — Ris such that ¢ € L' (X, o), then by e.g. Corollary 3.2 we have (note that, for
any x,y € X, Dyp(y) =0)

dw (50). Z) < V2|1 = 10l 0| + /X o) (@)

< 1= 10122y + fx|¢<x)|3o<dx),

which is exactly the bound provided by Corollary 3.4 in [33].
(i) If ¢ : X x 'y — R depends on the configurations the corresponding bound (14) is not
contained in [33].

Proof of Theorem 3.1. The claim is trivially true if
E[/x |¢x||Dxa(<o>|2nxa(dx)} =0
and so hereafter we assume
EUX |¢x||Dx8(go>|2nxo(dx>} < o0, (15)
We start checking that (5) and (15) imply the first relation in (6) with F = §(¢). Indeed,
b| [ wllDs@lmaw |
ZEUX lpx || D23 (@) |1{| Di8 ()| < 1}nxa<dx>}
+E[/X |0x1| D28(@) |1{| D8 ()| > l}nxff(dx)}
<e| [[lodma@ | +E| [ 10D Pro@o] <.

Now, take f € Fw. By the Taylor expansion (with integral remainder), for x ¢ x, we have

Dy f(8x(9)) = f (8xuix1 (@) — f(8x(9)) = ' (8x(9)) Dx8x(9) + R(Dxx()),

where

Dy dx(p)
R(D5x()) 3=/0 (Dxdx(p) — 1) f" (1) dt.
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Since || f" |loo <2, we have

2
|R(Dx8x(9))| < [ Dadx(@)]".
Combining this with || fllco <2, | f'lloo < 1, (5) and (15), we have

E[/X |‘Px||Dxf(5((p))|7Txa(dx)i|
< E[/X |</>x||f’(8(<ﬂ))Dx5(<ﬂ)|ﬂxo(dx)] +E[/X |¢x||R(DX8(¢))|nxg(dx)}

= E|:‘/;( |¢x||Dx5(¢)|ﬂxU(dX)] +E|:/;( |(px||Dxa(§0)|27TxO'(dx)i| o
and

E[|f(5(¢))}fxl<pxlnxa(dx)}EZE[/X lpx|meo (dx) | < co.

Consequently, by Lemma 2.1 with F = f(5(p))

E[S(w)f(fs(@)]=E[/;(¢xDxf(5(<p))7TxU(dX) ,

and therefore
[E[f(8(@) — 8(p) f(3(9)]]
= ‘E[.f/(fs(@) _/;(‘prxf(a(w))ﬂxU(dx):H

= ‘E[f’(é(w)) - /X ox (f'(8(9)) D28 (p) + R(Dxﬁ(w)))nxa(dm”

=< 2/7TE|:’1_/(prx(s(@)ﬂxa(dx)’:I+E|:/ waIIDxr?(w)!znxo(dx)].
X X

Combining this latter inequality and (10) with F = §(p) (for the sake of completeness note that
3(¢p) is integrable with respect to 1 by (1) and (5)), we finally have (12). [l

Proof of Corollary 3.2. We divide the proof in two steps. Setting
Loy (%) := Z Dy gy (X \ {y}) - /X Dy ((Py (x)7ry (X))U (dy)
yEX
we have

D,0x(¢) = ¢x (X) + Loy (X), X ¢X.
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In the first step, we prove the bound

dw(8(p), Z) < 2/JTEH1—/ | P70 (dx)
X

] +E[ / |<px|3nxo(dx>}
X

+\/2/7TE|:/X|¢X||L(PX|7TXU(dx)i|+2E|:/X|§0X|Z|L(px|ﬂx0(dx)i| (16)

+E[/X|¢x||chx|2nxa<dx>}.

In the second step, we conclude the proof.
Step 1: Proof of (16). By Theorem 3.1 the bound (12) holds. By (11) and the diffusivity of o,
we have

=EH1—f ¢X(¢X+L<px)ﬂx6(dX)H A7)
X

i| +E|:/X |¢x||L¢x|nxG(dx)]-

The inequality (16) follows combining (12), (17) and

E['l_/ @x Dy 8(p)myo(dx)
X

< EHl —/ gy |70 (dx)
X

|D8x(@)|” < (joe | + |Lox®)])®,  xgx

(one has to use again the diffusivity of o).
Step 2: Conclusion of the proof. For any measurable function ¥ : I'y x X — R, we have

E[[ IWxIILtpxlﬂxU(dX)]
X

< fr X /X [ 00] 3 Dagy (x\ (31) 12 00 () ()

YEX

+E[ /X X |wx||Dx(¢yny>|nxa(dx>o<dy>] (18)
= fr /X 2|wx (xU ()] Dy ®)|7x (x U {y}) 7y (X)o (dx)o (dy) a(dx)

+E[ /X 2 |1/fx|!Dx<¢yny>|nxo<dx)o<dy)},

where for the latter relation we used (1). Applying the inequality (18) with ¥, := ¢, and ¥, :=
|¢x |2, we deduce the bounds for the third and fourth addend in the right-hand side of (16). Now
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we compute explicitly the fifth addend in the right-hand side of (16). We have

E[ fX |¢x||Lgox|2nxo<dx)}

ZE[/X x| Dxey(-\ (1)

ye-
_2[F /;(|</’x(x)|[XDx(%(x)nz(x))a(dz)Zngay(x\{y})nx(x)a(dxm(dx)

yex
+E[/ x|
X

2
nxa(dx)i|

2

/XDX((Py”y)U(dy) ”xo—(dx)i|-

Note that

2
nxo(dx)i|

E[fx ||

= E|:/;( |@x | ;|Dx<,0y(- \ {y})|27TxG(dx):|

D Doy (-\ 1))
ye:

+EUX ol Y ngoy(-\{y})stoz(-\{z})nxo(dx)} (19)

V,2€1y#2

Z/r A2|¢X(XU{y})||Dx§0y(X)|2nx(XU{y})ny(x)g(dx)a(dy)u(dx)
+/r /;(3‘Dl(x»x’y’Z)U(dX)U(dy)o(dz)M(dx),

where in (19) we used (1), (2) and the integrability of ®1. Finally, by (1) and the integrability of

®,, we have
/ /\%(@}(/ Dx((pz(x)nz(x))a(dZ))
Iy JX X
X Y Dagpy (X \ {¥)) 7 ()7 (dx) e (dx)

YyexX

:E[/ . Dy(-, x, y, z)a(dx)o(dy)a(dz)].
X‘

The proof is completed. ]
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3.2. Raw innovations and first order stochastic integrals

The bound (14) simplifies considerably when ¢ does not depend on x € I'y.

Corollary 3.5. Let ¢ : X — R be a measurable function such that

/ l¢(x)|E[m,]o(dx) < 0o and
) (20)
/X |0 ()| Bl Jo (dx) < oo.

Then

dw (8(¢), Z)

< JZ/_n\/ 1-2 /X |9 ()"l Jo (dx) + /X oG] Blramylo (dxo @y)
+ fx () Elmlo (dx) + 2/ /X oo E[IDey 7 ]o @d)o(dy) 21
+2 fx e@[* e [E[IDey e Jo (@r)o (dy)
+ /X e)e¢@|E[|Dey Dzl Jo (dx)o (dy)o (d2).
The first order stochastic integral (of the point process ) is defined by

Ix(p) := Z(ﬂ(X) —E[/X w(X)ﬂxd(dX)], xely (22)

xXex

for any measurable function ¢ : X — R for which |/ (p)| < co pu-a.s. Note that I (p) is well-
defined for all ¢ such that the first integrability condition in (20) is satisfied. When it is convenient
to explicit the dependence on y of the first order stochastic integral, we write ) (¢) in place of

1(g).

Corollary 3.6. Under assumptions and notation of Corollary 3.5, we have

dw(1(p), Z) <4k +/X|<p(X)|vVaI(ﬂx)0(dx),

where 31y denotes the term in the right-hand side of the inequality (21).
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Proof of Corollary 3.5. By Corollary 3.2, noticing that Dy¢(y) =0 and D, (¢(y)my (X)) =
@(y)Dymy(x), we have

dw (8(p), Z) < 2/nE|:‘1—/’<p(x)’2nxa(dx)
X

} + /X [o(0)| Blrilo (dx)
+/2/m /X oM [E[IDxy | ]o (dx)o (dy)
+2 /X e[’ e [E[IDxmy I Jo (dx)o (dy)

+E[ / |¢(x)|‘ / 0(3) Dy, (dy)
X X

The claim follows by this bound, the Cauchy—Schwarz inequality and the relation

2
nxa(dx)i|.

2

‘/X @(y)Dymy(x)o (dy)

5/ |9 (2)||Dary (%) Dy ()]0 (dy)o (dz). 0
X2

Proof of Corollary 3.6. The claim follows by Corollary 3.5 noticing that, by the triangular
inequality, the definition of dw and the Cauchy—Schwarz inequality we have

dw(1(9), Z) < dw(8(¢), Z) +dw (I (), 5(9))
<dw(3(9), Z) +E[|1(p) — 8(9)|]

(23)
=dvv(<3(90),Z)+/F /Xfp(x)(nx(X)—E[ﬂx])o(dx) p(dx)
X
SdW(S(go),Z)—i—/){](p(x)]\/Var(nx)a(dx). 0

3.3. Raw innovations and first order stochastic integrals: The case of
repulsive point processes

In the case of repulsive point processes (see the definition in Section 2), the following bounds
hold.

Corollary 3.7. Under assumptions and notation of Corollary 3.5, if moreover | is repulsive, we
have

dw (3(¢). Z)

< \/2/71\/ 1-2 fx o) oM (x)o (dx) + fx 2|¢(x>¢<y>|2E[nxny]a(dx)a(dy>
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+ / lo(0)]* oM (x)o (dx)
X (24)

+V2/7 fx i lo()e()|(Blmxmy] — p@ (x, y))o (dx)o (dy)
* foz o) P |le )| (Elmey]1 = 0@ (x, )0 (dx)o (dy)
+ /X . le()e (M @) (Elrcmym,] — p@ (x, y, 2))o (dx)o (dy)o (dz).

Corollary 3.8. Under assumptions and notation of Corollary 3.7, we have

dw(1(9), Z) < b +/ l9(x)|y/ Var(m,)o (dx),
X
where 31y denotes the term in the right-hand side of the inequality (24).

Remark 3.9. Corollaries 3.7 and 3.8 may be useful to provide explicit bounds in the Gaussian
approximation of raw innovations and first order stochastic integrals of repulsive point processes
for which the first three correlation functions are explicitly known. This is the case of determi-
nantal point processes, see Section 7.

Corollaries 3.7 and 3.8 easily follow by Lemma 3.10 below and Corollaries 3.5 and 3.6, re-
spectively.

Lemma 3.10. If u is repulsive, then
E[ny|Dynx|] :E[ﬂxny]—p(z)(x,y), x,yeX
and
E[|DymtyDym:|my| < Elmemym.] — o (x, y,2), x,y,z€X.

Proof. By the repulsivity of u, the definition of compound Papangelou intensity and (3), we
have

E[ry Dy l] = B[y (e — (- U (3)))] = Bl ]~ B[ (1x. ). )]
= El[ncmy] = p@ (x, y).
By the repulsivity of 1« we also have
E[|Dymy Dy |7

= E[ny (my — 7y (- U (x})) (72 — 702 (- U {x})) ]
= E[nxnynz — Ty (nynz ( U {x}) + nzny(- U {x}) — n},(- U {x})nz(~ U {x}))]
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and
Ty (X7 (XU {x}) 4+ m ()7, (X U {x}) — 7y (x U {x}) 7, (x U {x})
>, (x U {x, y})ny (x U {x}).
Therefore by the definition of compound Papangelou intensity and (3) we have
E[|Dymy Dy |my]| < Blmyemym] — E[mem (- U fx, y})my (- U {x}) ]

= Elmmym.] — B[me 7 ({y. 2}, - U {x})]

E[#({x, .2}, 4)]

PP (x,y,2).

=E[m,mym,] -
=E[mmym,] —

The proof is completed. U

4. Bounds in the Poisson approximation of N (¢)

4.1. General bound
Given a function f : N — R, we define the operators

Af(k):= fk+1) = f(k)

and A2 f := A(Af). Let Po()) be a Poisson random variable with mean A > 0 and, given A C N,
denote by

()») — et Z ~
keA

the probability of the event {Po(X) € A}. It turns out that there exists a unique function f4 : N —
R such that

Lak) — p) = Afatk + 1) — kfak), k=1 (25)

verifying the boundary condition f4 (0) = 0. The above equation is called Chen—Stein’s equation,
see, for example, [5]. Throughout this section, given f : N — R, we set || f oo := supgey | £ (K)].
The following bounds for the solution of the Chen—Stein equation hold (see Lemma 1.1.1 and

Remark 1.1.2 in [5]):
. 2
| falloo <min| 1,,/— |,
re

Y (26)

1—
[Afalloo =
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In addition, by the latter inequality in (26) and the relation || A% falloo < 2|Afalloo (Which is a
straightforward consequence of the triangle inequality), we deduce

A
|82 ] o = 252 @)

It has to be noticed that this bound on || AZ f4 ||« is better than || A2 f4 o < %, which follows by
Theorem 1.3 in [13].

We finally recall that the total variation distance between (the laws of) the random variables
F :Tx — N and Po(}) is defined by

drv(F,Po(3)) := sup lu(Feay—pP|.
<

Of course, the topology induced by drty on the class of probability measures on N is strictly
stronger than the topology induced by convergence in distribution.

Theorem 4.1. Let ¢ : X x I'y — N be a measurable function which satisfies (5). Then

(EH / @x(DxN(p) — )0 (dx) }
X
+E[ fx lox || Dx N () (DN (9) — 1)}nxo(dx>]) (28)

i mm<1, \/;i)EUA — ],

L:=E[A]=E[N(p)] and A(x) :=fx(px(x)7'[x(x)cr(dx).

—X

drv(N(g),Po(1)) <

where

Corollary 4.2. Let ¢ : X x 'y — N be a measurable function which satisfies (5). Then

R
drv(N(g), Po(h) < - = (EUX gax(wx—nnxo(dx)]
+E /X Lo U0 IDagyl (U {y})nyo(dm(dy)]

+E /X (00)(px — 1)mo<dx>]

+E /2|¢x(-u{y})||2<px(~U{y})—1||Dx¢y|
L/ x 29)
X nx(- U {y})rrya(dx)a(dy)]
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+ E[/;{z‘%c (v {y})“Dx(ﬂylznx(. U {y})nyo(dx)a(dy)]

+EUX3|¢1(-,x,y,z)|o(dx)a(dy)a(dz)D

+min<1, /%)EUA — A,

where @1 is defined by (13) and X and A are defined as in Theorem 4.1.

Remark 4.3. The bounds (28) and (29) have the classical structure of the error estimates in the
Poisson approximation by the total variation distance, see the seminal papers [8] (for the Poisson
approximation of the law of the sum of dependent trials) and [4] (for the Poisson approximation
of the law of the number of points on a compact set of a point process with Janossy densities
and a neighborhood structure). Indeed, the bounds (28) and (29) consist of the sum of two terms

1—e*
A

involving the magic Stein’s factors and min(1, ,/ %).

Remark 4.4. Let u be a Poisson process with mean measure o, i.e. 7 = 1.

(i) If p: X — Nis such that ¢ € L'(X,0), then by e.g. Corollary 4.2 we have (note that, for
any x,y € X, Dxp(y) =0)

A

1
drv (N (), Po(h) < /X o) () = 1)o (dx),

where
A= / o (x)o (dx).
X
This is exactly the bound provided by the inequality (3.5)—(3.6) in Theorem 3.1 of [32] with
F = N(p), when replacing the term (1 —e™¢)/ ¢2 with the quantity (1 —e™¢)/c. Indeed, letting

L~ denote the pseudo-inverse of the Ornstein—Uhlenbeck generator (see, e.g., [33] and [32] for
definition and properties), we have

D L7 (N(p) — 1) = —D(N(p) — 1) = —p(x).

(i) If ¢ : X x 'y — R depends on the configurations the corresponding bound (29) is not
contained in [32].

Proof of Theorem 4.1. The claim is trivially true if

E /X|<ox||DxN<¢)||DxN<<p>—1|nxo<dx> = o0,

and so hereafter we assume

E fxlfpxI|DxN(<p)||DxN(<p)—1|ﬂx0(dX) < 00. (30)
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Since D, N (¢) is integer-valued, we have
E[/X|¢x||DXN<¢)|nxa<dx>]
< EUX |¢x|nxo<dx)] +E[/X |9x || DxN () |1{| DN (9) — 1] = 1}nxo<dx>]
fE[ /X |¢x|nxa<dx)} 31)
+E[L|¢x||DxN<w>||DxN(¢>—1|11{|Dx1v<¢)—1}zl}nxo(dm]

< E|;/;( |§0x|7TxG(dX)i| +E|:/;( |‘Px”DxN(§0)HDXN((p) — 1|7Txo'(dx)] < 00,

As shown in the proof of Theorem 3.1 in [32], for any f :N — R and any k,a € N,

1A% flloo
|f(k) = fla) = Af(@)(k —a)| < > |(k —a)(k —a —1)]. (32)
For any x ¢ x, we clearly have
Dy fa(Nx(9)) = Afa(Nx(9)) Dy Nx(¢) + Ry (%), (33)

where

Re(x) := fa(Nxugx) (@) = fa(Nx(@)) — Afa(Nx(9)) D Nx(9).
By (32) with f = fa, k = Nxujx}(¢) and a = Nx(¢), we have

1A% falloo

|Re(x)| < >

| Dx Nx(9)(Dx Nx(9) — 1)|. (34)
Note that the second relation in (6) with F(x) = f4(Nx(¢)) holds thanks to (5) and the fact that

the function f4 is bounded. Using (33), (34), the boundedness of A f4 and A2 fa,(30) and (31),
we have

E[/X loxl[Di f4 (N () |7Txa(dx)j|
:EUX l@x||Afa(N () DxN(p) + Rx’ﬂxd(dx)j|

- ||AfA||ooE[ [X |¢x||DxN(<o>|nxa(dx>}

N 1A% falloo
2

E[/x |9x || Dx N (@) (D N (¢) — 1)|7Tx0(dX)} < 00.
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So the first relation in (6) with F(x) = f4(Nx(¢)) holds. Consequently, by the Chen—Stein equa-
tion (25), Lemma 2.1 with F = f4(N (¢)) and (33), for any A C N, we have

PP — u(N(p) € A) =E[N(9) f4(N(9)) — Afa(N (@) +1)]
=E[(N(p) — A) fa(N(@) = A(fa(N@) +1) = fa(N(@))]
+E[(A =) fa(N (@) +1)]
— E[8(¢) f4(N (@) — AAFA(N(@)] +E[(A = 1) fa(N (@) + 1)]
— EI:/X ¢ox Dy fa (N(go))n’xa(dx) — AAfa (N((P))]
+E[(A =) fa(N(g) +1)]

= E[AfA (N () ( /X @x Dy N (p)m,0 (dx) — A)}
+ EU <pxRx7rx0(dx)i| +E[(A =) fa(N(p) +1)]
X
= E[AfA (N(9) /X @x(DxN(p) — l)nxa(dx)]

+E[/X %Rxnxa(dx)} +E[(A =) fa(N(@) +1)].

The bound (28) follows by taking absolute values on both sides, as well as by applying the
estimates (26), (27) and (34). O

Proof of Corollary 4.2. For x ¢ x, we have

D Nx(9) = 0 () + > Dy (x\ {y}).

yex

DxNx(‘P)(DxNX(‘P) - 1) = @x(x)((/’x(x) - 1) + (290x(x) - 1) ZDx(py(X \ {y})

YeEX

+ 3 Dy (NN DD Dawy(x\ (3) Dagz (x\ (2)).

YEX V,ZEXIVFZ

By these relations and (28), we deduce

1— —A
drv (N (), Po(h)) < ;’ (E[ /X gox(sox—l)nxo(dx)}

+EU |¢X|Z|Dx<py(-\{y})|nxa(dx>}
X =
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+E / (002 (gx — 1)nxo(dx>]
LJ X

+E ];( lox 12005 — 1] Z|Dx(/7y(' \ {y})|ﬂx0(dX)]
L ve.

+E fx l@el D | Drgy(-\ {y})|2nxo(dx)]
I =

+E /;(|‘Px| Z |Dx€0y('\{y})Dx(pz('\{Z})|7Tx0(dx)i|>

V,Z€yF#Z

+min<l, @)EUA —Al].

The claim follows noticing that by (1) we have

B [ o0l ZIpas (A 1)@ |
X ve.
= /F /X o (xU D) [[ Dy 00| (x U {yh) oy (00 (dx)or (dy)pa(dx),
X
E[/X\gox(o\ 20:() = 1] Y | Dagpy(-\ {y})!nx(-)o(dx)}
ye:
=/F /X2|¢x(xu{y})||2<px(xu{y}) — 1| Doy ) |7 (x U {y}) 7y ()0 (dx)o (dy) a (dx),
X
E[ /X l0x ()] Y [ Degpy (- \ {y})lzm-)o(dx)}
ye:

= /F /X zlwx (XU () ]| Degoy 0] 70 (x U {y}) 7, ()0 (dx)or (dy) e (dx)
X

and by (2) we have

=E[/ }CD](-,x,y,z)‘a(dx)o(dy)a(dz)] 0
x3

4.2. Non-centered and integer-valued first order stochastic integrals

The bound (29) simplifies considerably when ¢ does not depend on x € I'y.
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Corollary 4.5. Let ¢ : X — N be a measurable function which satisfies the first integrability
condition in (20). Then

drv(N(p), Po(n))

1— —X
< ;’ / o) ((p(x))* = 1)E[m,]o (dx)
X (35)
i (1 \/Z)EUA—M]
+min| 1, e
1—e* 2
<— fX 0(0)((9(x))> = 1)E[m,Jo (dx)

2
+min<1,&)//sz(x)cp(y)(li[nﬂy] — E[n,JE[ny])o (dx)o(dy),  (36)

where

A:=E[A]=E[N(p)] and A(x) :=/ o (X)) (x)o (dx).
X

Proof. The bound (35) follows by Corollary 4.2 noticing that D,¢(y) = 0 since ¢ does not
depend on configurations. The bound (36) follows by (35) and the relation

E[|A —Al]
< E[A%] - 22

=\//Xz<P(X)§0(y)E[7Txﬂy]0(dX)U(dy)—/Xzw(X)w(y)E[ﬂx]E[ﬂy]G(dX)G(dy)-

a
Remark 4.6. (i) Let K be a measurable subset of X and set
A(X) ::/ 7y (X)o (dx).
K

If A := E[A] < oo, then by Corollary 4.5 we immediately have

drv(N(1g),Po(n)) < min<1, @)EUA — Al

(ii) Let Po(®) be a mixed Poisson random variable defined on (I'x, B(I'x), u) with stochastic
parameter ©, and set 0 := E[®] < co. By Theorem 1.C(i) in [5], we have

drv(Po(®), Po(9)) < min<1, @)EU@ —91]. (37)
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We note that this inequality can be retrieved by using the part (i) of this remark. Indeed, letting
K C X denote a non-empty compact set, if © has Papangelou intensity

. O (x)
e (X) i= IlK(X)—G(K),
we have
AXX) =0(x)

and so by the part (i) of this remark

, 2
drv(N(1g),Po(9)) < mm(l, \/;>E[|® —01],

which yields the inequality (37) since 2/e < 1 and N (1) has a mixed Poisson distribution with
stochastic parameter ©®.

5. Gibbs point processes with pair potential: Gaussian
approximation of raw innovations and first order stochastic
integrals

In this section, we provide error bounds in the Gaussian approximation of raw innovations and
first order stochastic integrals of Gibbs point processes with pair potential. As a by-product, we
give explicit error bounds (and quantitative central limit theorems) in the Gaussian approximation
of raw innovations and first order stochastic integrals of stationary, inhibitory and finite range
Gibbs point processes with pair potential.

5.1. Gibbs point processes with pair potential

A pair potential is a Borel measurable function ¢ : R? — R U {+00} such that ¢ (x) = ¢ (—x).
For any x € 'ps and x € R? \ x, we define the relative energy of interaction between a particle
at x and the configuration x by

d—y). i Y g —y)| < oo,

E(x,x)= yex yex
+00, otherwise.

A point process p on (I'pa, B(I'pa)) is called Gibbs point process with activity z > 0 and pair
potential ¢ if it has Papangelou intensity of the form 7, (x) := zexp(—E (x, X)) with o (dx) =dx
(see [38]). We denote by G(z, ¢) the set of all Gibbs point processes with activity z > 0 and pair
potential ¢. A Gibbs point process u € G(z, ¢) is called inhibitory if ¢ > 0 and finite range if
1 —e~? has compact support.
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Let T = (ty),cgre be the shift group, where t, : I'ra — I'pa is the translation by the vector
—x € R?. A point process  on I'ra is said stationary if p is invariant with respect to 7'. In the
following, we shall denote by G; (z, ¢) the set of stationary Gibbs point processes corresponding
to z > 0 and ¢. Note that a Gibbs point process p with activity z > 0 and pair potential ¢ =0 is
a Poisson process with mean measure zdx and so u € G(z, 0). We recall that, under the famous
assumptions of superstability, lower regularity and integrability on ¢ the set G;(z, ¢), z > 0, is
non-empty (see [38]). For later purposes, we emphasize that the integrability condition on ¢
means

[1—e®W]dx < oco. (38)
]Rd

Sufficient conditions which guarantee the superstability and lower regularity of a pair potential
are given in [38], Propositions 1.2, 1.3 and 1.4. page 133.

We conclude this paragraph recalling that if 1 is a stationary point process on (I'ga, B(I'ga))
with a translations invariant Papangelou intensity 7, that is, 77, (X) = mo(74X), X € R x e I'ga,
then E[7,] = E[n9], x € R4, In particular, this relation holds for stationary Gibbs point processes
with pair potential since, as one may easily check, E(0, t,x) = E(x,X), x € RY x e I'ga. The
quantity E[mg] is called intensity of .

5.2. General bounds

Theorem 5.1. Let u € G(z, ¢), with z > 0 and ¢ : R — RU {400}, and suppose that ¢ : R? —
R satisfies (20). Then

dw (8(¢). Z) < \/2/_:1/ 1-2 /R oG Blrs1dx + /];Q 0@ ()| Elmemy]dx dy
+fRd!w(x>!3E[nx]dx
+V2/m /R @[T = e O™ Elmomy ] dx dy (39)
+2 /R 2d|(p(x)|2|<p(y)||1 — e P07 Bl o, ]dx dy
+ /R Ne@llele@][1 = e 0701 - e 9 Elm, 7y ] dy dy dz.

Theorem 5.2. Under assumptions and notation of Theorem 5.1, we have

dw(I(®), Z) <3+ /Rd|(p(x)|\/Var(nx)dx, (40)

where U3 denotes the term in the right-hand side of the inequality (39).
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Proof of Theorem 5.1. Forany x ¢ x and y € R¢,

D,y (x) = 2Dy exp(—E(y, X)) = 2D exp(— > ey- u))ﬂ{Dqs(y —u)| < oo}

= z(exp(— D b0 —u))ﬂ{ Y e -wl< oo}
uexU{x} uexU{x}
—exp<—2¢(y - u))1{2|¢<y —wl < oo})
uex UEX (41)
= Zﬂ{Z’(ﬁ(y - u)| < oo}
UEeX
X exp(— Zd)(y — u)) (e*¢(y*x)]l{|¢>(y —x)| < oo} — 1)
=7, (e 7?01 {p(y — x) < +00} — 1) = 7, (®) (e PO —1).
The claim follows by (21) and (41). O

Proof of Theorem 5.2. It is an easy consequence of Theorem 5.1 and the inequality (23). O

5.3. Explicit bounds for stationary, inhibitory and finite range Gibbs point
processes with pair potential

Theorem 5.3. Let 1 € G(z, ¢), withz > 0 and ¢ : RY — [0, 4+00], and suppose
peL'(RY, dx) N L*(RY, dx). (42)

If the pair potential ¢ is such that 1 —e~? has compact support then, for any p',q’, p”,q" > 1
such that p/—l +q/—l — p//fl +q//—1 =1,

dw (5. 2) = max (V2] \[1= 20001 s g0y + 351002 g + A%)

x€lcy,e2]

< V2771 = 20110120 a4y + 2020002 g0y + 24,
where
A= 1013@a g T V27NN 2 g0 11 =7 | 1t 0y
+ 2Z||(p2”L1’/(Rd,dx) el Lo (R ) H 1—e™? “Ll(Rd,dx)

2 —¢ 12
+z ||€0||Lp’ P’ (R4, dx)”(p”Lﬂ 9" (R4, dx)||<P||Lq (R4, dx) ||l ”Ll(Rd,dx)
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and
cl: <
1= ;
1+ Z” 1— Cf¢||Ll(]Rd,d_x)
. (43)
c = — .
2 — exp(—zlll — ¢ ¢||L1(Rd,dx))
Theorem 5.4. Under assumptions and notation of Theorem 5.3, we have
dw(I1(9), Z) < \/2/n\/ L= 2¢1l917 g4 y) + 2620017250 45
+ C2A + ”fp”Ll(Rd’dx)\/ zCc) — (Cl)z.
Example 5.5. Define
¢(x) := —log(1 — rie'p, (x)) r>0,¢ <e, xeRY, (44)

where p,(x) :=r~4p(x/r) is the classical mollifier (see, e.g., [7] page 70), that is,
2_
px) =MD < 1),
Then ||[1 —e™?|| LV(RA dx) = rée/. Since ¢ is continuous, non-negative and such that ¢(0) > 0,
by Proposition 1.2(b) in [38] we have that ¢ is superstable. Since ¢ is bounded from below and

satisfies (38), then ¢ is lower regular (see again [38]). Consequently, the bounds of Theorems 5.3
and 5.4 hold for any integrable and square-integrable ¢ and u € G;(z, ¢), z > 0.

Example 5.6. Let u be the Strauss process with activity z > 0 and range of interaction r > 0,
that is, take

¢ (x) = (—logv)1{|lx|l < r}, vel0,1], x e R (45)

Then w is stationary, ¢ satisfies the assumptions of Theorem 5.3 and |1 — e_‘bllLu(Rd’dx) =
(1 —v)agr?, where oy denotes the volume of the unit ball (see, e.g., [44]).

Proof of Theorem 5.3. If
@ ¢ L¥ (RY, dx) U LY (RY, dx) U LP'P" (RY, dx) U LY (RY, dx),

then there is nothing to prove. We shall therefore assume these integrability conditions. In the
following for functions f, g : R¢ — [0, 00), we denote by f * g the convolution

f*xgx) :=/ fx)glx —y)dy.
Rd
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Since the pair potential is non-negative, we have 7, < z. Therefore, by the bound in Theorem 5.1
and the stationarity of u, we have

dw (3, 2) = V2] 1= 2BL70ll 9122 g o) + B0 10122 g1

+E[no]<||go||is(Rd,dx) +2y2/7 /R ool 1 —e™|(x) dx

(46)
+2z /Rd|<p(x)|2|go| % |1 —e™?|(x)dx

+22 Ad|¢(x)|(|¢| |1 - e"’}(x))zdx).

By Holder’s inequality and the standard properties of convolutions (see, e.g., Théoreme IV.15,
page 66 in [7]), we have

\/Rd|§0(x)||§0| * |1 - e_¢|(x) dx = ”w”%}(Rd’dx) ||1 - e_¢ ”Ll(Rd,dx)’
/Rd|“’(’“)|2""' 1= e[ dx < 10%1 g g 1101 [T = 1| Lor o )

< ”Lp’(Rd,dx)||¢’”Lq’(Rd,dx) [1—e? ”Ll(]Rd,dx)
and

AJ“’(’“)‘("P' #[1 =7 ())  dx

= [liglligh [1 = e[| Ly g auy 1015 [1 =7 o o vy

<|lollpl*[1—e7?| ”LP’(Rd,dx)”‘/’”Lq/(Rd,dx) [1—e? HLI(Rd,dx)

<10l po g gy 1101 |1 = 72| a7 e ey
X Nell Lo wa ax) |1~ e’ HL](Rd,dx)

<10l Lrp" g gy 191 L g g 191 Lo’ et an) |1 — €7 “il(Rd,dx)'

Combining these inequalities with (46), we have

dw (8(9), Z) < \/2/71\/ 1= 2E[m0]l19117 5 ga g,y + ZELT0II01 2 g0 g1

+El (19175 ga vy + 22/ 101724 40 11 = €] 1 Rt av)
+2z¢?| L7 ®4,an 191l Lo ®a av) [1-e7?| LI(R4,dx)

2 —p 2
+z ||§0||LP’17” (R, dx) ”QO”Lp’q” (R4, dx) ”gDHLq,(Rd,dx) ” 1—e® ”Ll(Rd,dx))'
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The claim follows by this bound and Theorem 3.1 in [44] which ensures

c1 < E[mo] < ca. 47

O

Proof of Theorem 5.4. The claim follows by Theorem 5.3, the inequality (23) and the inequality

/Rd’(P(x)|\/ Var(rry) dx < ll@ll 11 re qx)V 2€2 — (c1)?,

which follows by the stationarity of u and the inequalities 7, < z and (47). a

We conclude this paragraph with the following quantitative central limit theorems, which are
a direct consequence of Theorems 5.3 and 5.4, respectively.

Theorem 5.7. Let u, € Gs(zn, Pn), where {z,}u>1 is a sequence of positive numbers such that
limy, 00 2p =2 > 0and ¢, : R — [0, +00],n > 1,isa sequence of non-negative pair potentials
such that 1 — e~ has compact support and |1 — e~%» 1 (R ax) = O, as n — oo. In addition,
assume that {¢,},>1 is a sequence of integrable and square-integrable functions such that, for
some p',q', p",q" > 1 with p~' +q' ' =p" 1+ 471 =1,

2 —
”wn”LZ(Rd’dx) -z, @nll 23 ®d, dax) = O,
2 _ e 9
len “Lp’(Rd,dx) Ienll Lo e a) [1—e7 ”Ll(Rd,dx) — 0,
_ 2
llon ”Lp’p”(Rd’dx) len ”Lp’q” (RY ,dx) len ”L‘I’(Rd,d.x) ” 1—e ”Ll(Rd,dx) — 0,

asn — 0o. Then

dw (8(“”)(@1), Z)

< \/2/n\/ 1= 2611122 g gy + 2065 10n 13 2 gy + €57 An Yn =1
and this latter term goes to zero as n — 0o. Here,

dyw (84 (9,), Z) = . SLP'P(I)IEM [1(8% (@u))] = pz(h)
€Lip

3

(tn) R _ (tn)
5 (gn) =) gn(x) / L en(0)m ) (%) dx,

xex R

7 Mn) is the Papangelou intensity of iy, An, an) and cé") are defined, respectively, as A, c1 and

¢y in the statement of Theorem 5.3 with ¢,, in place of ¢, z,, in place of 7 and ¢, in place of ¢.
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Theorem 5.8. Under assumptions and notation of Theorem 5.7, if moreover

/ 2
lonll L1 e ax) chgl) - (Cin)) -0 asn— oo (48)

then

dw (19 (g), Z) < \/Z/n\/ 1= 26" 1n 1122 gy + 2065 10013 2 gy + €5 An

(n) (n)\2
+ ”(DHHLI(]Rd,dx) ZnC2 — (Cl ) s Vn > 1
and this latter term goes to zero as n — 0o. Here,

dw (1 n). 2) 1= SLL.IP(])}EM [1(1%) ()] = pz(h)]
eLip

and

(tn) R _ (tn)
K" (0n) == gu(x) — By, [y ] /R on(x)dx.

Xex
Example 5.9. Let {z,},>1 be a sequence of positive numbers converging to z > 0, ¢,, n > 1,

defined by (44) or (45) with r =n~!, and

1k, (x) n>1,xeRq,

1
n(x) == \/ﬁ

where ¢ denotes the Lebesgue measure and K, C R? are bounded Borel sets such that £(K,) —
oo. For any o > 0, we have

1 _ 1 -
Il Lo (e ax) = ﬁg(Kn)l/a 12, lox ”La(Rd,dx) = zﬁ(Kn)(l/”) !
and so ”§0n”iz(Rd’dx) = z~! and, for any p’,q’, p”,q” > 1 such that p/*l + q/fl — p//—] +

q//—l — 1,

3 2
l@n ||L3(Rd,d.x) = ”(pn ”LV/(Rd,dx) l@n ”Lq’ (R4, dx)

= [l¢n “Ll’/l’//(Rd,dx) lon “Ll’/‘l//(Rd,dx) lon ”L‘I/(]Rd,dx)

1

- —1/2
- Z3/2E(Kﬂ) .

Let n be the positive constant defined by

e, if ¢,, is defined by (44) with r =n—!,
n = { O y (44) (49)

(1—v)ay, if ¢, is defined by (45) with r =n~!
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(recall that oy denotes the volume of the unit ball). Then, for u, € Gs(z,, ¢n), n > 1, by Theo-
rem 5.7, we have the quantitative central limit theorem

dw (89 (@), Z) < /21 = 2621 + 2,722 + " 4, — 0, (50)
where
(n) Zn (n) Zn
=— = 51
‘i 1+ nz,n— “ 2 — e~ nan? G
and

1 _ _ _
A= K™ 02w )P

2n

+ KD )

2
Ui - _
+ S tKn) Y2 ()t

In the particular case when z,, = z for any n > 1 and lim,,_, o £(K},)/ nd =1, elementary com-
putations show that the term in the right-hand side of (50) is asymptotically equivalent to

(2 + V2nz/m)n™ ¥ asn— .

Note that in the 1-dimensional Poisson case (i.e., d = 1, z = 1 and n = 0) the bound is consistent
with the Berry—Esseen bound.
We also note that if

£(Ky)

n

(zncén) - (c%”))z) -0 as n — 0o (52)

then the hypothesis (48) holds and by Theorem 5.8 we have the quantitative central limit theorem

dw (1% (), Z)

< \/2/71\/1 —2¢M 77 ez 2+ eV A, (53)
£(Kn)

e~ () 0.

Consider again the particular case when z,, = z for any n > 1 and lim,_, o, £(K},)/ n? =1. Ele-
mentary computations show that the second addend in the right-hand side of (53) is asymptoti-
cally equivalent to

/2,—d/2

nz’ asn — oo.
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Therefore the term in the right-hand side of (53) is asymptotically equivalent to

(V2 + 2nz/m + 022~ asn — oco.

6. Gibbs point processes with pair potential: Poisson
approximation of non-centered and integer-valued first order
stochastic integrals

In the case of Gibbs point processes with pair potential the first correlation function pV (x) =
E[m,] is not known explicitly. Therefore, for the purpose of Poisson approximation, one cannot
apply directly Corollary 4.5 (indeed, p{!) appears in the expression of the mean of the approx-
imating Poisson random variable). In this section we provide an error bound in the Poisson
approximation of non-centered and integer-valued first order stochastic integrals with respect to
Gibbs point processes with pair potential, which may be useful when upper and lower bounds on
oD are available. As a by-product, we give explicit error bounds (and a quantitative Poisson limit
theorem) in the Poisson approximation of non-centered and integer-valued first order stochastic
integrals of stationary, inhibitory and finite range Gibbs point processes with pair potential.

6.1. General bound

Theorem 6.1. Let ju € G(z, ¢), withz > 0 and ¢ : R? — R U {400}, and suppose that ¢ : R? —
R satisfies the first integrability condition in (20). Then, for any positive constant ) > 0, we have

)

drv(N(g),Po(M)) <ty + |2 — 2/

where U4 denotes the term in (36) and M is defined as in Corollary 4.5.

Proof. The claim follows by Corollary 4.5, noticing that by the triangular inequality and the
inequality

drv(Po(b),Po(b')) < |b— b

, b,b' >0 (54)
see [1] Corollary 3.1, one has

dTv(N((p), PO()»/)) <drtvy (N((p), PO(A.)) + dtv (PO()\.), PO()\/))
<drv(N(p),Po(L)) +|» — 1| O

6.2. Explicit bounds for stationary, inhibitory and finite range Gibbs point
processes with pair potential

Theorem 6.2. Let 1 € Gs(z, $), where z > 0 and the pair potential ¢ : R? — [0, +00] is non-
negative and such that 1 — e~% has compact support. In addition, assume that ¢ : R? — N is
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integrable. Then, for any ¢ € [cy, c2],

drv(N (@), Po(clloll 1w an))

2
< max <A(1—e_B")+Bmin(l,,/—>\/zx—x2+B|x—c|)
x€lcy,cn] xBe
. . 2
<A(l—eP2)+ Bmm(L,/—B)\/zcz —(c)? + Blez —c),
c1Be

where A := B~ p(¢*—1) L1 (e dxy> B = @Il L1 (R ax) and the constants ¢\ and ¢ are defined
by (43).

Example 6.3. The bounds of Theorem 6.2 clearly hold for the Gibbs point processes considered
in the Examples 5.5 and 5.6.

Proof of Theorem 6.2. By Theorem 6.1, for any positive constant ¢ > 0, we have

1— efE[nolllwllLl(Rd,dx)

drv (N (@), Po(clloll 1 ge.an)) <

/R , 0@ () = 1) dx

lell Lt ®d,ax)

2
+ 1l 1 g mi“<1’ )
LI(R?,dx) Elmolllell L1 (rd, g€

x \/zElmo] — (Elz01)?

+ |Elmol — c|llell 1 g an)-

The claim follows by this relation and the inequality (47). (I
We conclude this paragraph with the following quantitative Poisson limit theorem.
Theorem 6.4. Let p, € Gs(zn, Pn), where {z,}u>1 is a sequence of positive numbers such that
limy, 0020, =2 > 0and ¢y, : RY — [0, +00], n > 1, is a sequence of non-negative pair potentials
such that 1 — e~ has compact support and |1 — e~%» L1 (rd ax) — O, as n — oco. In addition,
assume that {@, }n>1 is a sequence of N-valued and integrable functions such that
. _ . 3 _
nli)ngo ||§0n ”Ll(Rd,dx) - nll>n<}o ||§0n ”L3(Rd,dx) =Y € (O$ 00).

Then

dry (N (g,), Po(zy)) < An(1— e—BnCE"))

2
+Bnmin(1, 7> zncén)—(cin))z
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By - )

=By} vn=1

+ max{|zy — ci")Bn ,

and this latter term goes to zero as n — 0o. Here

3

drv(N# ) (g,), Po(zy)) = SU%W" (N#(g,) e C) - p(CZV)
c

N (on) =" (),

xXex

A, By, cﬁ"), c;n) are defined, respectively, as A, B, c1 and c; in the statement of Theorem 6.2
with ¢, in place of ¢, z, in place of 7 and ¢,, in place of ¢.

Proof. The claim follows by the bound in Theorem 6.2, noticing that for any n > 1

drv(N¥ ) (@,),Po(zy)) < sup  drv(N¥"(g4), Po(cBy))

ce[c?") ,c(zn)]

+  sup  dry(Po(cB,), Po(zy))

ce[ci") 2]
< sup  drv(N™(g,), Po(cBy))
ce [ci'l) ,C;n)]

+ max |zy —cByl,

ce[cgn) ,C§">]

where the latter inequality is a consequence of (54). ]

Example 6.5. Let {z,},>1 be a sequence of positive numbers converging to z > 0, ¢,, n > 1,
defined by (44) or (45) with r = n~! and ¢,(x) := 1g,(x), n > 1, where K, C R? are
bounded Borel sets such that £(K,) — y € (0, 00), being £ the Lebesgue measure. Then, for
Un € Gs(zZn, ¢n), n > 1, by Theorem 6.4 we have the quantitative Poisson limit theorem

. 2 2
dTv(N(“”)(]lKn)v Po(zy)) < E(Kn)mm<1, M)i) chén) — (cgn))
c, L(Kp)e

+ oK) (e =)

’

+ max{|zy — ek, |2y — cé")Z(Kn)H — 0,

where c%") and ¢, = are defined as in (51) (with n as in (49)). In the particular case when z, =

z and limy,—, o0 £(K},) /(y + n~dy =1, elementary computations show that the bound above is

(n)
2
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asymptotically equivalent to

2
yy/nz? min(l, —)nd/2 as n — oo.
yze

7. Determinantal point processes: Gaussian approximation of
raw innovations and first order stochastic integrals

In this section, we provide error bounds in the Gaussian approximation of raw innovations and
first order stochastic integrals of determinantal point processes. As a by-product, we give explicit
error bounds (and quantitative central limit theorems) in the Gaussian approximation of raw
innovations and first order stochastic integrals of 8-Ginibre point processes.

7.1. Determinantal point processes

We refer the reader to the monograph [6] for the notions of functional analysis considered here-
after.

Let K be a Hilbert—Schmidt operator from L2%(X, o) into L2(X, o) which satisfies the follow-
ing conditions:

e K is a bounded Hermitian integral operator on L>(X, o).

e The spectrum of /C is contained in [0, 1].

e KCis locally of trace-class, that is, for any relatively compact Borel set C € B(X) the restric-
tion K¢ of K to L%(C, o) is of trace-class.

Here, o¢ denotes the restriction of o to C. Under the above conditions on /C, letting K : X% — C
denote the kernel of /C, we have that there exists a unique (in law) point process p on I'y with
correlation functions

P (x1, ..., xy) = det(K (x;, x;)) (55)

1<i,j<n’

where (K (x;, xj))1<i,j<n denotes the n x n matrix with ij-entry K (x;, x;). The point process
u is called determinantal point process with kernel K and reference measure o, see [19,25,40]
and [41]. In the sequel, when we consider a determinantal point process, we tacitly assume the
above conditions on the correlation operator C.

Let C € B(X) be a relatively compact Borel set. We define the local interaction operator by
JICl:=Kc(I —Ke)~!L, where I is the identity operator, see, for example, [18] and [16] for a
thorough study of this operator. Here, we limit ourselves to say that J[C] is of trace-class on
L2(C, oc) and its kernel, denoted by J[C], can be chosen as

() -
HCI ) =3 —C s (@0, xyed, (56)
n>0 -~ *C
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where Ké") and f, (”), n > 0, denote, respectively, the eigenvalues and the eigenfunctions of the
operator ¢, and X denotes the complex conjugate of x € C (see, for example, Lemma 7 in
[18]). With this choice of the kernel J[C], the matrix J[C](X, X) := (J[C](x, ¥))x,yex> X € I'c,
is positive definite.

It turns out that the point process ¢, i.e. the restriction of p on I'¢, is a determinatal point
process with kernel K¢, that is, the restriction of K to C 2, and reference measure o¢c. Moreover,
by Theorem 3.1 in [16], ¢ has Papangelou intensity

detJ[C](x U {x})

ﬂ(uc)(x) —
* detJ[C](x, X)

, xeC,xelc,

where the ratio is defined to be zero whenever the denominator vanishes.
A notable determinantal point process is the 8-Ginibre point process, 0 < 8 < 1, see e.g. [18]
and [48]. It is a determinantal point process i on I'c with kernel

1 < 1
K(x,y) = —e/P ——(x)? 2)), ,yeC
(x,y) . eXp( 2ﬂ(IXI +1y1%) X,y
and reference measure o (dx) := dx, the Lebesgue measure on C. One recovers the classical
Ginibre point process (see [17]) for f = 1. It is known that a 8-Ginibre point process is station-
ary and converges weakly to a stationary Poisson process with intensity 1/m, as § — 0. The
following lemma will be used later on.

Lemma 7.1. Let u be a B-Ginibre point process, 0 < B < 1. Then, for any relatively compact
Borel set C € B(C) and x € C,

1
JICl(x,x) £ ———F—.
n(1—B)
Proof. We start bounding the eigenvalues K(C"), n > 0, of the correlation operator Cc. Since

L (x//Byre= /@O

KC,y)=) P ™) where f®(x) =

=0 vn!
by for example, Lemma 3.2 in [39] one has
f™x)

/cgl) = /C|f(”)(x)|2dx and fc(n)(x) = eC. (7

[’
ke

Let (O, R) be a complex ball centered at the origin and with radius R > 0 such that (O, R) D
C. Then

2
ng) 5/ |f(")(x)|2dx = \/Ew < \/E’ (58)
b(0,R) n:
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where
a
y(x,a) ::f et dy, xeC,a>0
0

denotes the lower incomplete Gamma function. Finally, by (56), the second relation in (57) and
(58), we have, for any relatively compact C € B(C) and x € C,

|f ™ @)1 1 (1) g2 1
JICl(x,x) = < " =
[C](x. x) XZ;‘) s 1_\/B;If @ = =75 -

7.2. General bounds

Theorem 7.2. Let u be a determinantal point process with kernel K and reference measure o .
Moreover, let C € B(X) be a relatively compact Borel set and let ¢ € L2(C, K¢ (x, x)o (dx)).
Then

dW(a(MC)((ﬂ), Z)

2
5\/2/71\/(1 —/C|¢<x)|21<(x,x)a<dx>) +Cc (9%, ¢?)

+ /C|¢(X)|3K(x, xX)o (dx) +/2/7Ce (¢, 9) +2Cc (97, ¢)

2
+/C!go(x)!}K(x,x>!o(dx>[</c\go<x)\f[61(x,x>a<dx)> (59)

2
- </C|¢(X)|K(x,X)0(dX)) }

—2/C3|<p(x}<0(y)<ﬂ(2)|73(1((x,y)K(y,Z)K(Z,x))a(dX)G(dy)U(dZ)

+3/C\<p(x)}|K(x,x)|o(dx)/Czlqo(y)mz)!|K(y,z)|zo(dy)a(dz>.
Here

dw (61, 2) 1= sup (B[ ))] = pz ()
eLip(

’

8 (@) = Z(p(x) —/ @ () (x)o (dx),

xex c

Colfig) = /C |/ (0K (x. x)0 () /c 16| (JICI0 ) — K () (@),

f,g:C—>R
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and Rx denotes the real part of x € C.

Theorem 7.3. Under assumptions and notation of Theorem 7.2, we have

dw (1" (p), Z) < Us + /C|<p(x)|\/K(x,x)(J[C](x,x) — K (x,x))o (dx).

Here

’

dW([(MC)((p)’ Z) = . igp(lJEuc [h([(ﬂc)(¢))] — pz(h)
eLip

4“%»=Zym—/mewmwM>

xex c

and 35 denotes the term in the right-hand side of the inequality (59).

Proof of Theorem 7.2. By (3) and (55) with n = 1, (denoting by ,o(C") the correlation functions

of ) we have

1
p(C)(x)zEMC[r[)E“C)]=Kc(x,x), xeC.

(60)

Furthermore, by for example, Lemma 4.2.6 in [19] we have fC p(cl)(x)a(dx) < 00. So by the
square integrability of ¢ with respect to K¢ (x, x)o (dx) we deduce the integrability of ¢ with
respect to K¢ (x, x)o (dx). Consequently, the corresponding integrability conditions (20) are sat-

isfied. By the second relation in formula (3.2) of [16] one has
J[Cl(x,x) > 7" (x), xeX,xelc.
By (55), (60) and (61) it follows
E,. [né“C)n;“C)] _ pg)(x, ¥)
< Ke@ 0 (JIC10, ) — Ke (. v) + | Ke ()|
and
E,c [n)g“C)n)(,“C)né“C)] _ p(c3)(x’ v,2)

< Kc&x, x)(JIC1y, »IICI(z,2) — Kc(y, ) K (2. 2))
—2R(Kc(x, y)Kc(y,2)Ke(z,x))

+ K, 0)s|Ke (v, 9)|* + Ke (v, |Kex, 2|

+Kc(ZvZ)|KC(x’y)|2'

(61)

(62)

(63)
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Using again (60) and (61), we also have
2
Ll B [r0 2O Jo @@y

= /C No@e [ By [ n )]

— Ke(x, x)Ke(y, y))o (dx)o (dy) (64)
2
+ (/C|<p(x)|21<c(x,x)o<dx>>

2
E(/C}QD(X)}ZKC(x,x)a(dx)) +CC(¢2,(p2),

Recalling that ¢ is repulsive (see, e.g., [40]), the claim follows combining the bound (24) in
Corollary 3.7 with the relations (62), (63) and (64). U

Proof of Theorem 7.3. The claim follows combining the inequalities (23) and (59) with the
relation

B [(7#9)] = (Buc [7€])? < Ke(x, 1) (JIC(x, x) — Ke(x, X)), (65)

which follows by (60) and (61). ([l

7.3. Explicit bounds for B-Ginibre point processes

Theorem 7.4. Let v be a B-Ginibre point process, 0 < B < 1, C € B(C) a relatively compact
Borel set, ¢ € L>(C,dx) and define Rc := sup,c |x|. Then

dw ((g(ltc)((p)7 Z)

/27w - 2, __ B2 ~1y 13
= 2/7[\/(1_7[ 1”§0||iZ(C’dx)) +m 2||(ﬂ||iz(c’dx)1_7'31/2+77 ||<P||L3(C’dx)

+ (VAT g 2010 W ) (66)

2-JB 4
-3 3 3 2
+ <7T ||<P||L1(C,dx) (1— \/3)2 + 731/4 ”w”LZ(C,d.x)RC)\/B

_ VB
1_,31/2

-2 2
+37T ”go”Ll(C,d)C)”(p”LZ(C,dx)ﬂ'

Here the quantities §tue) (¢) and dw (8l (@), Z) are defined as in the statement of Theorem 7.2.



2248 G.L. Torrisi

Theorem 7.5. Under assumptions and notation of Theorem 7.4, we have

dw (I(Mc) (@), Z)

— > B2 _
S 2/71\/(1 _n_1”§0”312(cydx)) +m 2”§0”12(C,d)6)1_—ﬂ1/2 +m lll(p”zS(C’dx)
_ _ VB
+ (V2 707 ) +27 2||¢||iz(c,dx)||<p||u(c,dx>)1_—ﬂl/2 67

2- VB 4
~3y 13 3 z
+ (7[ ”wHLl(C,dx) (1 _ \/3)2 + 7_[31/4 ”(p”LZ(C,dx)RC)\/E

B B ’31/4
+37 20l L1 c.an 1913 20 g0 B+ 7 Tl 00 ———s-
(4 V1-JB

Here the quantities I '*¢) (@) and dw (I1'*C) (), Z) are defined as in the statement of Theorem71.3.

Proof of Theorem 7.4. By (60), we have p(cl)(x) =n"!, x eC, and so by Lemma 7.1 we
deduce
) 1/2
Ce(f.g) =m™ ||f||L1(c,dx)||g||Ll(c,dx)1_7ﬂl/2’ (63)

where Cc (f, g) is the quantity defined in the statement of Theorem 7.2. Consequently, the sum
of the first four addends in the right-hand side of the inequality (59) is less than or equal to

1/2
/5 - 2 _ 4 B -1 3
2/”\/(1 - 1||(p||i2(c’dx)) +7T 2”¢”L2(C,dx) 1 _ ﬂ1/2 + T ||¢||L3(C,d.x)

VB

+ (T2 707 car + 27 0N 2 g ||¢||L1<c,dx))1_—ﬁ]/2

2~ VB
(1-VB)?*

Note that, for any x € C, we have [Rx| < |x| and |e*| < el*|. Therefore,

-3 3
+7 M0l 1 g VB

|K(x, y)| < 1L/ Be= @B IxPHYP) — —1g=@B) (xI=IyD?
and

|R(K(x, YK (y, 2K (z. )| < |K(x, )K(»,2)K(z, )|

< -3¢~ A HUxI=IyD>+(yI=lzh>+ (12l =1xD?],
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So

~2 /c? le()e(N@@)|R(K (x, y)K (y,2)K (z, x)) dx dydz

<2773 /CS|<p(x)go(y)<p(z)|e*<2/~")’1W'*'y‘)z*('”*‘Z')Z“'Z'*‘x')z]dxdy dz (69)

<2 ||¢||L2(C dx)\// =B LUxI=1yD>+(yI=l2D?+(zl—1x)?] dx dy dz,

where the latter inequality follows by the Cauchy—Schwarz inequality. Since C is contained in
the ball centered at the origin with radius Rc, for any y, z € C, by a simple computation we have

R
/e—ﬁ"[(\x|—|y|)2+(IXI—\z|)2] dr < 2,,/ © peF =P +o-1:1P] g
C 0

1 -1 2 1 —1 2
52”2,3RC/ e BT (=T _—_e=B (=D g,
R ~/7TB V7B
2 (Iyl = IZI)Z)
= ——Rc+/Bex (—7 .
2 P 2B

Therefore, for any z € C, we deduce

2 2
f =B =D+ =10 g gy < 20 Rc\/E/ exp(_(|YI—|Z|) )dy
c? V2w c

28/3)
—|z])?
—Rc‘f/ Xp( 28/3) )dp
3
_4LR%,3,

and so by (69) we have

-3 3 47'[4 4
-2 /C o0 @)|R(K (¢, K (3, DK (2, 1)) de dy dz < 27 M9l 2 c gy 5 Rep

2
31/4 10113 c.ar REVB-

Setting ¢p(x) := e~ B we also have
/C|w(x>HK(x,x)!a(dx>/Cz}m)ga(z)HK(y,z)\zdydz

=7l 1.0 /C2|<p(y)<p(z)}¢ﬁ(y—z)dydz
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<7 Nelic.a) /C le|(lpLc| * dp) () dy

<7 Mol .0 10l 2ic.an 10Lel * 86| 2 c.an) (70)
<7 el 1 c.an 19172 c.an 1981 1 .0 (1)
=7 2l9ll L1 c.an 19172 ¢ g, B> (72)

where in (70) we used the Cauchy—Schwarz inequality, in (71) we applied Théoreme IV.15 in
[7] and in (72) we used the equality [[¢gll 11 (c,ax) = 7B. The claim follows combining the above
inequalities with the bound (59). O

Proof of Theorem 7.5. By the inequality (65), the fact that Kc(x,x) = 7~!, x € C, and
Lemma 7.1, we have

Vary (7)) <72 i , xeC.
1-VB
The claim follows combining this inequality with the inequalities (23) and (66). ]

We conclude this paragraph with the following quantitative central limit theorems, which are
a direct consequence of Theorems 7.4 and 7.5, respectively.

Theorem 7.6. Let {,bb(ﬂ)}0<ﬂ<1 be a family of B-Ginibre point processes, let {Cglo<p<1 C B(C)
be a collection of relatively compact Borel sets and let pg € L2(Cﬂ, dx), 0 < B < 1, be such that

2 3 1/6 2
”‘pﬁ”LZ(Cﬁ’dx) — T, ”(pﬁ”l}(cﬁ’dx) - 01 13 / ”wﬁ”Ll(Cﬁdx) - 09 RC/—;\/E - O,
as f — 0, where Rcy :=sup,cc, |x|. Then

B
dw (8" (¢p), ) < 4 (73)

and 5.1(1/3 ) 0, as B — 0. Here the quantity ilgﬁ ) is defined as the term in the right-hand side of
the inequality (66) with Cg in place of C and g in place of ¢.
Theorem 7.7. Under assumptions and notation of Theorem 7.6, we have
(néy) - pl
dw (I (), Z) <" + 77 N@gll L1 (cpar)y——== — O,
PEVT- B
as B— 0.

Example 7.8. Define

1 1
Cg:=b(0O,Rg) and ¢g(x) = ——==— x €b(O0, Rp).

Jrle(cy) Rg’
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Here (O, R) denotes the complex ball centered at the origin with radius R > 0 and ¢ the
Lebesgue measure on C. We have

2 3 4
”(p/g”Ll(h(O,Rﬂ),dx) =7TR/35 ”(pﬁ'ILz(b(O,Rﬂ),dx) =T, ||(pﬁ||L3(b(0,Rﬂ),dx) = R_ﬂ

Therefore, if Rg — +00 in such a way that ﬂl/éRﬁ — 0, as 8 — 0, by Theorems 7.6 and 7.7 we
have, respectively,

( B) )
dy (87" (gp), Z)
R;VB

Bl
e () o

R_
2-B 47
+< [)2+ iR )Rﬁf+3ﬁRﬂ—>o

and

) )
dw (17" %8 (pp), Z)

— ,3‘/4 il 2\ REVE
2—JB AT
- ((1 — /P2 3R,

(75)

)Rg\/ﬁ+ 38Rs — 0,

as B — 0. In the particular case when limg_. ¢ Rﬁ/ﬁ_l/r =1y € (0, 00), for a constant r > 6, the

term in the right-hand side of the inequality (74) is asymptotically equivalent to

2y3p3/r+1/2, if6<r <8,
viB) =1 (y ' +2%)BY8,  ifr=8,
y~iglr, if r > 8,

as B — 0, and the term in the right-hand side of the inequality (75) is asymptotically equivalent
to

2y3p=3/r 12, if6<r <8,
v B) =1 (v +ry ' +2¢3)B8,  ifr=8,
y 1Y, ifr>8,

as f — 0.
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8. Determinantal point processes: Poisson approximation of
non-centered and integer-valued first order stochastic
integrals

In this section, we provide an error bound in the Poisson approximation of non-centered and
integer-valued first order stochastic integrals of determinantal point processes. As a by-product,
we give an explicit error bound (and a quantitative Poisson limit theorem) in the Poisson approx-
imation of non-centered and integer-valued first order stochastic integrals of S-Ginibre point
processes.

8.1. General bound

Theorem 8.1. Let u be a determinantal point process with kernel K and reference measure o
and let C € B(X) be a relatively compact Borel set. Moreover, let ¢ : C — N be a measurable
function such that

/ |§0(X)|K(X,X)G(dx) < 00.
C
Then

drv(N#(g), Po())

1 —e* 2
/Cw(X)((w(X))z— I)K(X,X)O(dx)—i-min(],\/;>\/Cc(<ﬂ,(ﬂ)~

<
- A

Here

)

dry (N#(g), Po(h)) = :u%’MC(N(MC)((p) €A)— PE;A)
c

N () =D (),

Xex

A= fc @ (x)K (x,x)o (dx) and Cc is defined as in the statement of Theorem 7.2.

Proof. By (60) and (61), we have
B [r#r O] — By [rH OB [7 0] < K (x, x)(JICI(v.y) = K(y.y)).  x.yeC.

The claim follows by this inequality and the bound in Corollary 4.5. O

8.2. Explicit bound for $-Ginibre point processes

Theorem 8.2. Let u be a B-Ginibre point process, 0 < < 1, and let C € B(C) be a rela-
tively compact Borel set. Moreover, let ¢ : C — N be an integrable function (with respect to the
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Lebesgue measure on C). Then

drv (N4 (g), Po(m " lgll L1 c.ax)))

—1
| — e el e an

/C 0 () = 1) dx (76)

||§9||L1(C,dx)

) 1/4
+x el dx)min(l, — ) p .
’ T el ane/ /1 — B1/2

Here the quantities N“¢)(p) and dry (NS (), Po(r~! l@llL1(c.ax))) are defined as in the
statement of Theorem 8.1.

Proof. The claim follows by Theorem 8.1, relation ,o(c1 )(x) =71, x €C, and the inequality
(68) with f =g =¢. O

We conclude with following quantitative Poisson limit theorem, which is a simple consequence
of Theorem 8.2.

Theorem 8.3. Let {,u(ﬁ)}o<,3<1 be a family of B-Ginibre point processes, let C € B(C) be a rel-
atively compact Borel set and let g : C — N, 0 < B < 1, be a collection of Lebesgue integrable
functions such that

glmo legllic,an = glmo lep ”L3(C,dx) =y € (0, 00).
Then

® _
dry(NUe) (gp), Po(m Mgl can)) < U5,

and ﬂéﬂ ) 5 0as B — 0. Here the quantity Lléﬁ ) s defined as the term in the right-hand side of
the inequality (76) with @g in place of ¢.

Example 8.4. Let {®}o_ p<1 be a collection of S-Ginibre point processes and let C € B(C) be
arelatively compact Borel set. Consider the functions ¢g(x) := Icy (x),x € C,where {Cglo<p<1
is a family of Borel sets contained in C and such that £(Cg) — vy € (0, 00), as B — 0, where £
denotes the Lebesgue measure on C. Then

drv (V) (). Po ™ E(Cp)) <7 e(C )min<1 - ) By
B :3 — ﬂ ’ TL’_le(Cﬂ)e 1_/31/2

as g — 0.

Note that the right-hand side of the above inequality is asymptotically equivalent to

[ 2
n_lymin<1, —1>,31/4 as g — 0.
= lye
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