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We prove, using optimal transport tools, weighted Poincaré inequalities for log-concave random vectors sat-
isfying some centering conditions. We recover by this way similar results by Klartag and Barthe—Cordero-
Erausquin for log-concave random vectors with symmetries. In addition, we prove that the variance conjec-
ture is true for increments of log-concave martingales.
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1. Introduction

In all the paper, if X = (X1,..., X,) is a random vector defined on some probability space
(2, A, P) with values in R” and 4 : R” — R is an Borel (bounded or nonnegative) function, we
use the following notation for the conditional expectations:

Ei[h(X)] :=E[r(X)IX1,..., Xi],

with the_ convention that Eq[2(X)] = E[A(X)]. To any random vector X, we associate the random
vector X defined as follows:

X; =X —Ei_[X;] Vie{l,...,n}.

This recentering procedure will play an important role in all the paper (see also [9] for another
application). We aim at proving Poincaré and transport inequalities for X, when X is log-concave.

Recall that a random vector X with values in R" is log-concave if for all nonempty compact
sets A, B C R", it holds

P(Xe(-0A+1B)>P(XeA)''P(XeB) Viel0,1].

According to a celebrated result of Borell [11,12], a random vector X is log-concave if and only
if there is an affine map ¢ : RF — R”, k < n and a random vector ¥ taking values in R¥ such
that X = £(Y) and Y has a density of the form e~V with respect to the Lebesgue measure on R¥,
where V : R¥ — R U {+00} is a convex function. In what follows, by an “n-dimensional log-
concave random vector,” we will understand a vector X satisfying the conditions above with
k =n (and £ =1d).
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The main result of this note is that the class of all random vectors X with X n-dimensional
and log-concave satisfies a general weighted Poincaré inequality.

Theorem 1.1. There exists a universal numerical constant a > 0 such that for any n and any
n-dimensional log-concave random vector X, it holds

Var(f(X)) <a Y E[E[X; [X1..... Xi1]9 f ()] (1.1)

i=1

for all locally-Lipschitz f : R* — R belonging to Lo(X), where Var(Y) := E[Y?] — E[Y]?
denotes the variance of a real valued random variable Y. In particular, if X is such that

Ei_i[X;1=0foralli €{1,...,n}, then X = X and it holds

Var(f (X)) <ay E[Ei-i[X}]0: £ (X)?] (1.2)

i=1

Remark 1.2. Tf the operation X — X was preserving log-concavity then, of course, (1.1) would
follow from (1.2) applied to X. It is not difficult to find examples of log-concave random vec-
tors X such that X is not log-concave anymore. A random vector X such that X = X can be
interpreted as a sequence of martingale increments (see Section 3 for more details).

Theorem 1.1 is reminiscent of recent results of Klartag [24] and of Barthe and Cordero-
Erausquin [4] which were based on L, methods. The objective of this note is to give alternative
proofs of variants of some of the results from [4,24] using mass transport arguments.

Recall that a random vector X is unconditional when X = (X1, ..., X,) has the same law
as (e1X1,...,e,Xy) for any choice of &; = £1. Since unconditional random vectors satisfy
E;—1[X;]=0for all 1 <i <n, Theorem 1.1 can be seen as an extension of the following re-
sult by Klartag [24]: for any log-concave and unconditional random vector X, it holds

Var(f(X)) < ¢ E[(X7 +E[X7])d; f(X)?]. (1.3)

i=1

for all f : R" — R smooth enough, where ¢ > 0 is some absolute constant. Moreover, when f
is itself unconditional (i.e., f(e1x1,...,&xn) = f(x1,...,X,) for all & = 1), then the terms
E[X 1.2] can be removed from the right-hand side of (1.3). Note that in [24], Klartag also obtains
weighted Poincaré inequalities for a larger class of unconditional distributions with a density of
the form % with ¢ : R" — R whose restriction to R”, is p convex (i.e., x —> ¢(x11/p, O A
is convex). Inequalities of the form (1.3) were also investigated in details in the recent paper [4].
There, the authors establish general weighted Poincaré inequalities for classes of probability
measures invariant by a subgroup of isometries, not only the coordinate reflections.

Note that (1.2) applies to random vectors having less symmetries than unconditional random
vectors. For instance, if the X; are independent mean zero and variance one log-concave random
variables then E;_1[X;] = 0 for all i/, whereas X does not have any particular symmetry. In this
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case, the conclusion (1.2) of Theorem 1.1 is consistent with the Poincaré inequality obtained
using the (elementary) tensorisation property of the Poincaré inequality.
Theorem 1.1 also easily implies some variance estimates for log-concave random vectors.

Corollary 1.3. There exists a universal constant b > 0 such that if X is an n-dimensional log-
concave random vector, then, denoting by | - | the standard Euclidean norm on R", it holds

n n
Var(XP) <b ) E[X]] <166 Y E[X]]. (1.4)

i=l1 i=1

In particular, when IE[Xiz] =1forallie{l,...,n}, we have
Var(|X|?) < cn (1.5)

and if in addition X satisfies E;_1[X;]1 =0 for all i, then
Var(|X|2) <ecn, (1.6)
for some other universal constant c.

The inequality (1.6) on the variance immediately yields to the following concentration in a
thin shell estimate

P(|1X| — va| = t/m) <be™""VT i >0,

This type of concentration inequalities plays a central role in the proof of the central limit theorem
for log-concave random vectors [2,7,21,23].

Corollary 1.3 is also motivated by the so called variance conjecture. Recall that a random
vector X is said isotropic if E[X] =0 and E[X; X ;] =§; ; forall i, j € {1,..., n}. The variance
conjecture asserts that any log-concave and isotropic random vector X satisfies (1.6) for some
universal positive constant b. This conjecture was shown to be true in restriction to the class of
unconditional log-concave random vectors by Klartag [22,24]. We refer to [4] and [1] for other
subclasses of log-concave distributions satisfying the variance conjecture. The best (dimensional)
estimate in date is due to Guédon and Milman [18] who proved that Var(|X|) < bn?/> for any
isotropic log-concave random vector X. The variance conjecture is a weak form of a celebrated
conjecture by Kannan, Lovasz and Simonovits [20] stating that any log-concave and isotropic
random vector X satisfies a Poincaré inequality

Var(f (X)) < aE[|Vf|2(X)] V f smooth enough,

for some universal constant a > 0. According to a remarkable recent result of Eldan [14], the
variance conjecture implies the KLS conjecture up to some log(n) factor.

Corollary 1.3 thus shows that the variance conjecture is satisfied on the class of isotropic log-
concave random vectors such that X = X (see also [4], Theorem 4 and Remark 6.1 below for
a related result). It is not difficult to see that this class is strictly larger than the class of uncon-
ditional isotropic and log-concave random vectors (some informations on log-concave random



Transport proofs of weighted Poincaré inequalities 137

vectors such that X = X can be found in Proposition 2.3 and Remark 2.4 below). For general log-
concave random vectors X, let us mention that it is always at least possible to bound Var(|X %)
in terms of Var(]X|?) and of Var(|X’|?), where the “reduced” random vector X’ is defined by

X =K [X;] Vie{l,...,n).

The basic observation behind the following elementary result is that X = X + X’ is an orthogo-
nal decomposition of X in the space H :=L,(2, A, P; R") of square integrable n-dimensional
random vectors. More precisely, for any X € H, the vector X is the orthogonal projection of X
onto the linear subspace Ho(X) ={Y € H; E[Y;|X1,...,Xi—1]1=0, Vi e {1, ..., n}} (the space
of random sequences that are martingale increments with respect to the filtration o (X1, ..., X;),
0 <i <n —1). We will prove the following useful identity

x')

+4AR[(X - X)) +4E[IX 12X - X'] + 4[| X'|’X - X'],

Var(|X|2) = Var(|f|2) + Var(|X/’2) + 2C0v(|Y|2,

(1.7)

from which one deduces the following result.

Corollary 1.4. If X is an isotropic and log-concave random vector in R", and X' is defined as
above, then

Var(1X|*) <a(n+ Var(}X’|2)) and Var(}X’|2) <a(n+ Var(|X|?)),
for some universal constant a.

It follows that the variance conjecture is (technically) equivalent to the existence of a universal
constant b > 0 such that for any isotropic log-concave random vector X,

Var(|X’|2) < bn.

It would be of some interest to see if for some specific classes of vectors X, the variance term
Var(|X’|?) can be estimated by some power of n.

The proof of Theorem 1.1 is based on mass transport. More precisely, we will establish a
transport-entropy inequality (Theorem 4.1) which is of independent interest, of the form

T, v) < D|w) Y,

where 71 and v are the laws of random vectors X and Y, with X, Y distributed according to
and v. The optimal transport cost 7,, will be of the form

Tu(vo,vi) = inf )// cu(x, y)m(dxdy),

weC(vg,vg

for a particular cost function ¢, (precise definitions will be given later). Then, Theorem 1.1 will
follow from this transport-entropy inequality by a standard linearization procedure. The argu-
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ment towards our transport inequality will use an above tangent lemma introduced by Cordero-
Erausquin [13] which is a handy tool to prove classical functional inequalities (Log-Sobolev, Ta-
lagrand) for uniformly log-concave random vectors and to recover the celebrated HWI inequality
of Otto and Villani [30].

Let us mention here a byproduct of this approach in terms of transport inequalities involving
the classical W, distance (definitions are recalled below).

Theorem 1.5. There exists a universal constant ¢ such that for any n dimensional log-concave
random vector X taking values in the hypercube [—R, R]*, R > 0, it holds

W21, 7) < cR*D(v|w),

for all probability measures v on R", where Tt and v denote, respectively, the laws of X and Y,
Y being distributed according to v.

Theorem 1.5 can be considered as a variant of results by Eldan and Klartag [15], Theorem 6.1
and by Klartag [25], Theorem 4.2. Let us mention that the present paper uses techniques of proof
very similar to those involved in [15,25]. To be more precise, Theorem 6.1 of [15] gives a similar
inequality when p and v are both unconditional and log-concave. In their statement, the relative
entropy is replaced by [ 1 H(f. ) — 1, where H(f. §)(») = sup,cpn ~/J(x + )@ — ),
denoting by f, g the densities of © and v with respect to Lebesgue. This quantity is relevant in
their study of the stability of the Brunn—Minkowski inequality. In Theorem 4.2 of [25], Klartag
obtains the inequality

W3 (e, v) <cL*D|lpw) Vv

for all log-concave probability measures w supported on the hypercube Q = [—1, 1]" and such
that in addition the density f of u with respect to Lebesgue satisfies for some L > 1

F(A=Dx+1y) <L[A =D f@) +1f ()] Vielo1],

for all x, y € Q with x — y proportional to one of the standard basis vectors e;. This condition is,
for instance, realized with L = ¢™/8 if f= e~V for some smooth convex function V : 0—->R
such that sup; _, sup,co 8i2V(x) < M for some M > 0.

The paper is organized as follows. In Section 2, we gather various observations on the relations
between X and X for log-concave random vectors. In Section 3, we give some background on
the mass transportation tools that are used to establish our general transport-inequality, which is
stated and proved in Section 4, together with Theorem 1.5. Then, in Section 5 we linearize this
transport-entropy inequality and establish Theorem 1.1. In the final Section 6, we explain how to
derive the Corollaries 1.3 and 1.4 on the variance.

2. Some observations about log-concave random vectors such
that X =X

First, we begin with a straightforward proposition identifying the class of random vectors such
that X = X as increments of martingales.
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Proposition 2.1. A random vector X = (X1, ..., X,) is such that X = X if and only if M =
(Mo, My, ..., My,), with My =0 and M = Zf'{:l X; is a martingale with respect to the increas-
ing sequence of sub-sigma fields F = o (Mo, ..., My), k€ {0, ...,n}.

The proof is left to the reader.

If M := (Mo, My, ..., M) is a martingale, we denote by A; = M; — M;_1,i €{l,...,n} the
increments of M. The quadratic variation process of M is then defined by [M]; = Z;"{:O AI.Z, for
allk € {0, 1, ..., n}. With these definitions, Corollary 1.4 can be restated as follows.

Proposition 2.2. There exists a universal constant ¢ > 0 such that for all martingale M =
(Mo, My, ..., My) such that Mo =0 and (M, ..., My) has a log-concave density, it holds

Proof. Since the class of log-concave random vectors is stable under affine transformations, it
follows that (M1, ..., M,) has a log-concave density if and only if (X1, ..., X,) with X; = A;
has a log-concave density. The result then follows immediately from Corollary 1.4. (]

We now collect in the following proposition some elementary information on log-concave
random vectors X such that X = X.

Proposition 2.3. (1) If X is a log-concave random vector with values in R" then X = X if and
only if E[X]=0and forall k € {1,...,n — 1}, E[X|X1,..., Xkl = X1,..., Xt,0,...,0). In
particular, if C C R" is a convex body and X is uniformly distributed over C, then X = X if and
only if the barycenter of C is at 0 and for all x = (xq, ..., x,) € R"

Bar(CN{(x1,....x0)} x R") = (x1,...,x,0,...,00  Vkefl,...,n—1}

(whenever this section is not empty). In particular, C is symmetric with respect to the hyperplane
{x, =0}.

(2) Let C C R" be a convex body satisfying the conditions above. Consider the convex body
D C R defined by

D={(t,¢()x):t€la,bl,x € C},

where ¢ : [a, b] — [0, 00) is some coicavefunction and let D' = D — Bar(D). Then a vector X
uniformly distributed on D' satisfies X = X. A typical example is given by a cone of the form

D'=D—Bar(D)  with D = convex — hull(0, {a} x C) cR"*! a eR.

(3) If C C R? is a bounded convex body with barycenter at 0 and X is uniformly distributed
over C, then X is uniformly distributed over the convex body C obtained from C by applying
Steiner symmetrization with respect to the axis D =R x {0}. In particular, X = X if and only if
C is symmetric with respect to D.
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(4) If X, Y are two independent log-concave random vectors (defined on the same probability
space) such that X =X andY =Y, then X +Y =X +Y.

Proof. (1) The second point follows easily from the fact that for k <i — 1,
E[Xi1X1,...., X ] =E[E[X;| X1, ..., Xi1 11 X1, ..., Xk
(2) It is not difficult to check that Bar(D) = (m, 0, ..., 0) for some m € R and that
Bar(D N {(t,x1,..., x0) ) x R") = (t,Bar((¢(1) 7' C) N {(x1, ..., x0)} x R*7F))
=, x1,...,x¢,0,...,0),

where the second line comes from the assumption made on C. This easily implies that D’ enjoys
the centering conditions of point (2) and so that X satisfies X = X.

(3) Observe that C can be written as C = {(x, xp) € R2: x; € [a, Bl,a(x1) < x3 <b(x1)}, for
some @ < B, and where a : [, B8] — R is a concave function and b : [«, 8] — R is a convex
function. Recall that the Steiner symmetrization of C with respect to D is the set C defined by

={(x1,x2) eR% xy €[, B, HaGy) —b(x) <x2 < 3(b(xp) —alx))}.

Since the function @ — b is convex, the set C is convex. Moreover, X = (X1, X2 — %(a(X 1)+
b(X1))) and so for all bounded measurable test function f : R2 >R

b(x1) 1
E[f(X)] = VOI(C)/ /am) <X1,X2—E(a(x1)+b(X1))>dxzdx1

(1/2)(b(x1)—a(x1))
/ / fx1, y2)dyrdx;
(1/2)(a(x1)—b(x1))

Vol(C)

Vol(c) / fO1, y2)dyirdys.

This shows that X is uniformly distributed on C.
(4) It is well known that X+Y is still log-concave. Let us show that X +Y = X + Y. Let
i€{2,...,n)and take f:R~! — R a bounded measurable test function, then it holds

E[Xif(X1+ Y1, ... Xic1 +Yim) | =Ex[XiBy[f(X1 4+ Y1, ... Xic1 + YioD]] =

Similarly, E[Y; f(X1+Y1,..., Xi—1+Yi—1)] = 0. Therefore, E[(X; +Y;) f(X1+Y1,..., Xi—1 +
Y;—1)] =0, and since this holds for all test function f, one concludes that E; _[(X + Y);] =0
foralliandso X +Y=X+Y. O

Remark 2.4. As we already mentioned, the class of log-concave random vectors such that X =
X already contains unconditional log-concave random vectors and log-concave random vectors
with centered independent components. Using the properties above, it is possible to give other



Transport proofs of weighted Poincaré inequalities 141

examples of log-concave random vectors such that X = X in arbitrary large dimension. Namely,
observe that if X is a log-concave random vector taking values in R¥ and such that X = X, then
it is easy to check that for all i € {1, ..., k 4 1}, the random vector X' defined by

X =X, ..., Xi—1,0, X;, ..., Xy) € RFH!

is still log-concave and verifies X! = X’. Thanks to point (4) of Proposition 2.3, one thus sees
thatif X1, ..., Xz4+ are independent log-concave random vectors with values in R¥ and such that
X; = X;, then the random vector ¥ = X % + X% + -4+ X”,;I} is still log-concave and satisfies
Y =Y. Initializing this construction with k = 2 with the help of point (3) of Proposition 2.3 and
iterating the process gives rise to a large class of nontrivial examples of log-concave random
vectors such that X = X. Similarly, starting with a two dimensional convex body as in point (3)
of Proposition 2.3 one can construct with the help of point (2) convex bodies of arbitrary large
dimensions such that a random vector uniformly distributed on them satisfies X = X. This class
of convex bodies contains in particular the regular simplex in appropriate coordinates; namely,
the regular simplex A, C R"” defined by the sequences of side-one simplexes as follows: A| =
Ci=[-% 31CRand

1
A, =C, —Bar(C),), C, = convex — hull<0, { %} X An_l) Cc R".
n

3. Some background on mass transport

The key lemma used in [13] is the so called above tangent lemma recalled below. In what follows,
the relative entropy (also called the Kullback—Leibler distance) of v with respect to p is defined
by

dv
D(v||u)=flogadv, 3.1

if v is absolutely continuous with respect to u (otherwise, we set D(v|ju) = 00).

Lemma 3.1 ([13]). If u is a probability measure on R absolutely continuous with respect to the
Lebesgue measure with a density of the form j1(dx) = e~V dx where V : R" — R is a function
of class C* such that Hess V > p, p € R, then for all compactly supported probability measures
Vo, V1 absolutely continuous with respect to |4, it holds

dvg 14 2
D(illw) = D(vollp) + Vd—(X), Tx —x)pu(dx)+ = | [Tx —x["vo(dx)
7 2
(3.2)
+ [ (01, 1) ~ g DT uo(e)

where T : R" — R" pushes forward vy onto v| and defines a “suitable” change of variables,
and where | DT, | > 0 denotes the determinant of the Jacobian matrix DT.
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By “suitable” we mean, for instance, a C!-diffeomorphism, but actually the inequality (3.2)
remains true for less regular transport maps (in particular for Brenier’s map which is only almost
surely differentiable). We refer to [13] for a precise statement.

First, let us recall the classical applications of (3.2). In [13], the inequality (3.2) was applied
with the Brenier map T (see [33]), that is to say the vy almost surely unique map 7 achieving
the infimum in the definition of the square Kantorovich distance W,:

/|Tx—x|2vo(dx): inf / |y—x|2n(dxdy) = W22(v0,v1),
weC(vg,v1)

where C (vg, v1) denotes the set of all couplings of v, v| (i.e., probability measures 7 on R” x R”
having vp and v; as marginals). A fundamental property of the Brenier map T is that it is the
gradient of a convex function: there exists ¢ : R” — R convex such that 7 (x) = V¢ (x) for vy
almost every x € R”. As a consequence of the inequality log(A) <X — 1, A > 0 and of the fact
that DT, = Hess, ¢ has a nonnegative spectrum, the last term in (3.2) is always nonnegative
(assuming for simplicity that T is smooth). So (3.2) becomes

dvy )
Dilln) = D(vollw) + /<Vﬁ(x), Tx — x>u(dx) + EWZ (vo, v1). (3.3)

Inequality (3.3), which expresses in some sense that the graph of the map D(-||u) lies above its
tangent, is also related to the notion of displacement-convexity of the relative entropy along W»
geodesics (see [29,33]). When p > 0, interesting consequences can be drawn from the inequality
above. For instance, choosing vy = u yields to the following transport-entropy inequality

2
W3 (v, w) < ;D(w lw V.
This type of inequalities goes back to the works by Marton [28] and Talagrand [32] (see [16,27,

33] for an introduction to the subject). On the other hand, choosing v = u it is not difficult to
derive from (3.3) the logarithmic-Sobolev inequality (see [3,13,16] for details)

V\J() = ho,u.

Vhol|?
| 0|d
ho

2
MWWs—/
0

We refer to [5,9] for other applications and variants of (3.2) and (3.3).
In this paper, we will use (3.2) with p =0 and vo = u:

MMszmwn—m—mwnWmm

But as a main difference, we will rather use as 7' the Knothe map [26] between p and vy.

Let us recall the definition of the Knothe transport between two probability measures. If 1, v
are two Borel probability on R and p has no atom, then there exists a unique nondecreasing
and left continuous map 7 : R — [—o00, oo] transporting u on v in the sense that f f(TYydu =
| f dv for all say bounded continuous function f. This map 7 is given by

T(x)=F, o F,(x) VxeR,

v
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where, for x e Rand ¢ € [0, 1],
F,(x)=p(—o00,x] and Fﬂ_l(t) = inf{x eR; Fu(x) > t} € [—o0, ox].

The map T takes finite values p almost surely. Let us mention that the map T achieves the
minimum value in a large class of optimal transportation problems (see, e.g., [31]). This fact will
not be explicitly used in the sequel.

The Knothe transport map is a multidimensional extension of this one dimensional transport.
To define it properly, we need to introduce the following notation. If y is a probability measure

on R” and X = (X1, ..., X;) is a random vector of law n, we will denote by u; the law of
(X1,...,X;). Fori >2and xq,...,x;—_1 € R, we denote by u;(-|xy,...,x;—1) the conditional
law of X; knowing X = x1, X2 = x3, ..., X;—1 = x;_1. The conditional probability measure

wi(-|x1, ..., x;—1) is well defined for w;_1 almost all (x1,...,x;—1) € R~!, When W has a posi-
tive density & with respect to the Lebesgue measure on R”, the conditional probability measures
wi(-|x1, ..., x;—1) have an explicit density with respect to Lebesgue measure on R it holds

[ fuih(xr, ... Xim1, Ui it 1, ... up) du; -+~ duy
S h(xr, oo Xici, i Wi, ..o, up) du - - duy

’

/f(ui)ui(duilxl,~--,xi—1)=

for all bounded continuous f : R — R.
The Knothe map T = (71, ..., T,) transporting a probability measure p on R” with a positive
density on another probability v, is defined recursively as follows:

— T is the optimal transport map sending (11 on vy;

— for a given x € R”, T;(x1,x2,...,Xi_1, ) is the one dimensional monotone map sending
wiClxt, oo, xi—p) on v ([T (x), ..., Ti—1(x)).
Note that in particular, T is triangular in the sense that 7; (x) depends only on x1, ..., X;.

The following lemma is a formally contained in Lemma 3.1; for completeness, we recall its
short proof below.

Lemma 3.2. Let u be probability measure on R" with u(dx) = e~V® dx with V : R" — R
a convex function of class C'; for all probability measure v on R" compactly supported with a
smooth density, it holds

D|p) > /[Tr(DT(x) — 1) —log(| DT (x)])]ue(dx)

= [ Solamie 1~ toga Ty e,
i=1

where T is the Knothe map transporting (L on v and | DTy | > 0 is the determinant of the Jacobian
matrix DT.

Proof. Write g = Z—; and h = j—l‘i. First, assume that 7 is C!: according to the change of variable

formula, it holds

eV = h(Tx)e™ TV | DT (x)],
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so taking the log and integrating with respect to 1, we obtain

—/V(x)u(dx)=/log(h(Tx)),u(dx)—/V(Tx)u(dx)+/10g(|DT(x)|)u(dx).
So
D||w) = / V(Tx) = V(x)u(dx) - / log| DT (x) | (dx).
By assumption,

V) >=Vx)+VVx) - (y —x) Vx,yeR".
So,

D) zfvvoc) (Tx = x)(dx) —flogIDT(X)IM(dx)-

Note that, integrating by parts (and using that v is compactly supported),
n
/VV(x) (Tx — x)pu(dx) = / D @Tix) —1)e”"Wdx = /Tr(DT(x) — I)u(dx).
i=1

Thus,
D) > /[Tr(DT(x) — 1) —log| DT (x)|]uu(dx). (3.4)

Actually the map 7 is not necessarily of class C! so the change of variable formula above needs
to be justified. One can consult Section 3 of [8] and invoke, for instance, [8], Lemma 3.1. U

4. A general transport inequality for log-concave probability
measures

Before introducing our transport cost, we need to briefly discuss on the Cheeger constant (or
equivalently, the Poincaré constant) of one-dimensional log-concave densities, a case where
optimal bounds are known. If y is a log-concave probability measure on R, denote by A, its
Cheeger’s constant, namely the largest constant for which

/\y/|f—M(f)|dV §/|f/|dy @.1)

holds for all f : R — R locally-Lipschitz, where m(f) denotes a median of f. It was proven by
Bobkov [6] that when y is log-concave probability measure on R, one has
b A2 < ,
3Var(X) — 7V 7 Var(X)

4.2)
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with X ~ y. Note that if X is a constant random variable, Var(X) = 0 and X = oc.

In what follows, p is a log-concave probability measure on R” with full support and X =
(X1, ..., X,) arandom vector distributed according to u.

According to Bobkov’s estimate (4.2), for all x € R", the one dimensional (log-concave) prob-
ability w;(-|x1, ..., x;—1) verifies Cheeger’s inequality (4.1) with a constant (optimal up to uni-
versal factor)

1
M) = A2 (xq, ... X)) 1= 0, , 43
PO =R ) S R X = X =y e )

where

Var(X;| X1 =x1,..., Xi—1=Xxi—1)
2
=fu2ui(du|m,...,xi71)— </uui(duIX1,-..,xi1)) € [0, +00).

In Theorem 4.1 below, we prove that any log-concave probability measure on R” verifies some
transport-entropy inequality with a cost function ¢, determined by the functions A; introduced
above. In order to state the result, we need to introduce some additional notation. Recall that if
Z is a random vector, we denote by Z the random vector defined by

Zi=2; —E[Z|Z), ..., Zi1].

Note in particular that X = R(X), where the recentering map R : R” — R" is defined by R(x) =
(R1(x), ..., Ry(x)), where

Ri(x) =x; —m;(x) Withmi(x)=mi(x1,x2,--~,xi—1)=/uui(dulxl,--~,xi—1)~ 4.4

It is not difficult to check that the map R is invertible. We will denote by S = R™! its inverse.
The cost function ¢, : R* x R" — [0, co] is defined as follows,

1 n
cu6,9) =1 2 N(M(SW) i —y))  Va,yeR,
i=1

where N (¢) = |¢t| — log(1 + |¢]) (with the conventions 0 x co =0 and a x oo =signofa x oo
for a # 0). The associated optimal transport cost denoted by 7, is defined by

T, )= inf f/ ¢ (x1, x2)m(dxy dx2),

reC (vl N vz)
where C(v1, 1») is the set of all probability measures 7 on R” x R” such that

m(dx; x R") =vi(dx)) and 7(R" x dxz) =v2(dx2).
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Let us mention that the transport inequality below also holds with the cost function ¢, : R" x
R"™ — [0, oo] defined as follows

3 1 ‘
Culx, y) = RN( ;%(S(x)f(xi - )’i)2> Vx,y e R™ (4.5)

Indeed the function x — N (/x) is subadditive, since it is concave on R* and vanishes at 0, so
we have for all x, y e R", ¢, (x, y) > ¢, (x, y).

Theorem 4.1. Let X be an n-dimensional log-concave random vector and let | be its law; for
all probability measure v on R" with finite first moment, it holds

Tu(@,v) = D(vllw), (4.6)

where Tt is the law of X and V is the law of Y with Y distributed according to v.

Note that the transport cost depends on x4, and not . Indeed, it is given by the values of A;,
which depend on X ~ u through formula (4.3).

Proof of Theorem 4.1. According to a result by Bobkov and Houdré [10], if y is probability
measure on R verifying Cheeger’s inequality (4.1) with constant A, then for all convex even
function L : R — R such that L(0) =0, L(x) > 0 for all x > 0 and p; := sup XI{‘(S) < 400, it
holds

[ =mnay < [ Liourmyar.
where m(f) denotes the median of f. It will be convenient to replace the median of f by

its mean denoted by y (f). First, observe that Jensen inequality yields L(y(f) — m(f)) <
S L(pr f'/*)dy. On the other hand, the convexity of L implies that

fL(f () dy < %/L(Z(f —m(D))dy + LR = ().

Finally, it is not difficult to check that the function LYPL is subbadditive (see, e.g., [17],
Lemma 4.7). It follows that L(2a) < 2PL L(a), a > 0. Therefore,

f L(f—y(f)dy <2r: f L(pLf'/2)dy.

As it is easy to see, for the function N, it holds py < 2. So we have the inequality

= [NOr =y ar < / N(f")dy. @.7)

First, let us assume that u(dx) = e~V ®) dx where V : R" — R is a convex function of class C!
and v is compactly supported with a smooth density. If X is a random vector of law p, then using
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Lemma 3.2, the inequality  — log(1 4+ ) > N(¢), t > —1 and the inequality (4.7), it holds

DOl = Y E[N(Ti(X) - 1)]

i=1

—ZE N(&Ti(X) = 1)[X1, ..., Xi—1]]
= ZE N (3 (T; = x)(X))IX1, ..., Xi—1]]

Z N X)(T;(X) —E[T;(X)| X1, ... Xi—1] — X;

+E[Xi|X1,.... Xi_1]))
X1, ..., Xi—1]}
n
= 1g 2 EINO(Ti (0 —E[T(XOIX 1 Xic ] = X
i=1
+E[Xi|X1, ..., Xi—1]))].
Note that, since T71(X), ..., T;_1(X) are functions of Xy, ..., X;_1, it holds
E[T;(XO1X1, ..., Xi—1] = E[TCOITI(X), ..., Ti1(X)]

almost surely. It follows, that the vector Y defined by Y; = T;(X) — E[T;(X)| X1, ..., X;_1] has
law v. Using the definition of our cost, we see that

D(VIIM)>—E[ZN (SCO)(¥; —X))] E[c, (X, Y)].

Therefore, by definition of 7,,, we have

Dlp) = Tu(, v).

Using classical approximation arguments, one extends the inequality above to all probability
measures v with finite first moment.

This completes the proof of Theorem 4.1 in the case where 1 (dx) = e~V ® dx with a convex
function V of class C! on R”". The conclusion is then extended, using classical approximation
arguments, to any u(dx) = e~ "™ dx where V : R* — R U {400} is a lower semi-continuous
convex function whose domain has a nonempty interior. A way to do it is to consider the family
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of convex functions V, s > 0 defined by
) 1 2 n
Vi(x)= inf {V(y)+ —|x — y|° ¢, xeR", s>0.
yeR? s

It is well known that for all s > 0, V; : R” — Ris a C! smooth convex function on R” converging
monotonically to V as s — 0 (see, e.g., [19], Theorem 4.1.4). Details are left to the reader. [J

Proof of Theorem 1.5. Assume that p is the law of an n-dimensional log-concave random
vector X taking values in the hypercube Q = [—R, R]". This assumption on the support of x has
for consequence that for all x € Q,

Var(X;|X| =x1,..., Xi_1 = x;) <2R>.

Therefore, A;(x) > 1/(+/6R) for all i € {1,...,n} and x € Q. It is not difficult to check that
there is an absolute constant ¢ > 0 such that N («) > cu? for all lu] < 2/\/5. So, if v is a given
probability measure on Q, then by Theorem 4.1 it holds

Do) > %EUY—?F],

which completes the proof. ]

5. Weighted Poincaré inequalities for log-concave probability
measures

In this last section, we use a classical linearization technique to prove that the transport cost in-
equality obtained in Theorem 4.1 implies the weighted Poincaré inequality of Theorem 1.1. Such
linearization depends only on the behavior of the cost for small distances. It will be more conve-
nient, notationaly speaking, but equivalent, to use the cost ¢, defined by (4.5) in the definition of
7, and in Theorem 4.1, rather than c,.

Let us introduce the following supremum convolution operator

P f(x)= sup{f(y)—%fu(x,y)} Vx € R",Vt > 0,
yeR?

which is well defined, for instance, for bounded continuous function f on R”. It can be shown

that the function u(t, x) = P; f(x) satisfies in some weak sense the following Hamilton—Jacobi
equation

" 1
du(t,x) =8  ————(yu)(t, X).
u(t, x) i;xg(su))( u)?(t, x)

Actually, in what follows, we will only need the following elementary inequality.
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Lemma 5.1. For all differentiable bounded Lipschitz function f : R" — R,

li Lp dv <38 ; L 6. e
1msup?/ f— fdv < /;m(xif) (x)v(dx),

t—0
for all probability measure v on R" such that fki_z(S) dv is finite for everyi € {1, ...,n}.
Let us admit the lemma for a moment and prove Theorem 1.1.

Proof of Theorem 1.1. Let X be an n-dimensional log-concave random vector whose law is
denoted by p in the sequel and let ¢ : R” — R be a bounded function such that [ gdu =0
and define for all 7 > 0 the measure v!(dx) = (1 + tg)u(dx). If ¢ is small enough, then v’ is a
probability measure. Let 77 be a coupling of 7z and v/, and a > 0 be a parameter whose value will
be fixed later on; for all bounded differentiable Lipschitz function f : R” — R, it holds

1 — 1
([ ravi= [ ram) =1 [ o= reomaxay
1 1
= f FO) = Pu OO dy) + 7 / Pur f () — fCOTE()
1 1
< f e Y dy) + f Pur f(¥) — fOOR(),

where the last line comes from the inequality f(y) — Ps f(x) < %5,1 (x,y) for all s > 0. So
optimizing over 7 € C (i, F), we get, for all # small enough,

1 _ 1 9

?(/f"”’—/fdﬁ> = 3Tl v’)+;/me<x)—f<x)mdx)
1 1

< D0l + 5 / Parf (%) = f (),

where the last inequality comes from Theorem 4.1. A straightforward calculation shows that
2DV |p) — % f g>du when t goes to 0. Therefore, using Lemma 5.1, we get

1 — 1 " 1
limsup;<[fdv’—[fdﬁ> < Z/gzdu+Safzm(ax,-f)z(x)ﬁ(dx)
i=1""

t—0

and optimizing over a > 0

n 1/2
. 1 — _ 2 12 1 2, —
hlffgp?q rar- [ ram ) 54(/ ¢ dn ) (/ 2335y e DOm0 |
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Now let us evaluate the left-hand side. Consider the map R’ defined by
R'(x)= [xl —/uWi(du),xz—/uz%(duzlm),..-,xn—/unv;(dunlm,-.-,xn_l)]-

For r =0, R® = R is the map introduced in (4.4). Then v’ is the image of v by the map R’ and
o the image of p by the map R. Therefore,

%(/fd?—/fdﬁ) = %(/f(Rt)(l—i—tg)du—/f(R)dM)

5.1
R —/Vf(R)-UdMJrff(R)gdu,

when ¢ goes to 0, where U :=lim;_,¢ %(R’ — R). Let us calculate U. Writing the definition, it is
not difficult to see that,

a; + tb;
t 1 1
/uivi(duilxl,m,xi—l): ,
ci +td;
with
aj = /uiefv(m,m,x,'fl,ui ..... “D du; - duy,
bi = /uig(xl, e Xi Ly Uiy ey U ) E e Xt tn) gy gy
¢ = / e—V(Xla---axi—lv“iv---a“n) du;i -+ -duy,
—V(X1,yesXi—1 Uiyl
d,-=/g(x1,...,xi_l,ui,...,un)e (1o X Ui ”)dui~-~dun.
Therefore,

!
Ui(X)=}1_I>I(1);</uidvf(dui|)€1,-~~,xi—1)—/uidﬂi(duilxl,-..,xi—1)>
1 (ai + tb; a,-) b, a;d;
im — -—
t—01 \ ¢; + td; Cj
=E[XigX)IX1=x1,....Xi-1 =xi_1]
—E[X;| X1 =x1..... Xi 1 =x1] - E[gX)|X1 =x1..... Xi -1 =x1].

It is easy to check that %|Zfi—;2§ — f—”| < %% for ¢ sufficiently small, where M = sup|g|.
This can be used to justify the limit in (5.1). Details are left to the reader.

According to what precedes,

UX)=Ei1[Xig(X)] — Ei1[Xi1Ei—1 [¢(XO)] =Ei-1 [Xig(X)].
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So putting everything together, we get
n 1/2
E[£(X)g(X)] < 4E[g> (0] 2E| S ———— (3, £ (X))
[f X0g(X)] < 4E[g*(X)] [;A%(S(X))( FX)

+ ) E[Eii[Xig(X)]0 £ (X)]

i=1

172
= 4V3E[¢*(X)]'°E |:ZIE [X; |X1,...,7i1](8if(Y))2:|

+ ZE[Effl[Yig(X)]aif@)],
i=1

where the second line comes from the definition of the A;’s and the identity
—2 —
Var(X;| X1 =S$1(®), ..., Xi-1=8-10) =E[X; | X1 =51(®),.... Xi-1 = 5i-1(®)]
—2 = _ - _
=E[X;|IX1=%1,.... Xi—1 =Xi_1],

for all x = (x1,...,x,) € R". Finally, let us bound the last term. Using Cauchy—Schwarz, it
holds

D E[Ei[Xig()]oi f (0] = Y E[Xig(X)E;1[d; £ (X)]]
i=1

i=1
29172
E[g*(X)]"’E [(Zx Ei laf(X)]H .
i=1

Now observe that if i < j — 1, then, since X;E;_1[9; f(X)]E;_1[3; f(X)] is a function of
Xl,...,Xj_l,ithOIdS

EIXEi1[0: f(X)] - X Ej_1[0: f(X)] =E[XiEi1[0; f DO |Ej_1[0: f O] - Ej1[X 1] =
since E;_1[X ;] = 0. Therefore,

1/2g "\ 2
/ ZX,»Ei_l[aif(X)]
Li=1 a
—11/2

ZE i-1[Xig(0]0; f(X] < E[¢*(X)]
i=1

< E[¢*(X)]"E ZY?Ei_l[aiﬂi)z]
Li=1 a
172
=E[g*(X)]’E ZE,I 101 F(X)?

Li=1 .
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Using again that ]E,-_l[fiz] = E[Y?Wl, .., Xi_1], we get

1/2
E[f(X)g(X)] < 4V3+ DE[¢*(X)]'/°E [ZE [X; |X1,...,Y,~_1](8,~f(f))2:| .
Taking ¢ = f o R with f such that [ f djx =0, we obtain

E[fX)*] < @V3+ 1)2E[ZE[Y,-2|Y1, . .,Y,-_l](a,-f(Y))z].

i=1

The inequality is then extended by density to all locally Lipschitz functions f : R" — R such
that [ f2dp < oo. O

It remains to prove Lemma 5.1.

Proof of Lemma 5.1. Let f : R” — R be a differentiable bounded Lipschitz function and denote
by M =1+ sup|f|. For all x € R", we denote by || - || the quantity defined by

n
lulle = | D 2H(S)u?  VueR".
i=1
When x is such that A;(S(x)) < oo for all i, then || - ||, is a norm on R”. With this notation

&u(x, ) = = N(llx — yll,). and

1
Py f(x) = sup {f(y) ——=N(lly = xllx )}

yeRn 16¢

First, note that, for all x € R", the supremum in the definition of P, f(x) is attained on the ball
{y eR"; |ly — x|l < N~1(48M1)}. Namely, if y is outside the ball, it holds

FO) = £ = TN (ly = xll) <M <0,

Since P; f(x) > f(x), we conclude that the supremum is reached inside the ball.
Now let us bound from above the derivative of P; f with respect to the ¢ variable. Let x € R”

be such that A;(x) < oo for all i. Using the preceding remark and the inequality uv < % + ”72,

we see that
SO — fx) 1
vl { — 1ez NIy =)
ly—xllx<N~'(48M1) ! 16¢

1
;(sz(X) — f(x)

IA

4 sup
ly—xlly<N=!48M1)

_ 2
{ (f)—fx) } 5.2)

N(lly = xllx)
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=4 sup
llulle <N (48M1)

{ (V@) -w)?+o(lul?) }
ull2/2 + o(|lul|?)

<38 sup
llull.<N—1(48Mr)

{ S A/AES N @ £ (x)? +o(1) }
1+o(1)

n

1
8 2
ZAQ(S( 5 @NG

i=1

when 7 goes to 0, where the last inequality follows from Cauchy—Schwarz. So we conclude that
if x is such that A; (S(x)) < oo for all i, then

1
limsup — (sz(x) f) 82 50 Zson 3 f)(x).

t—0

If x is such that A; (x) = oo for some i, then P; f(x) = f(x) and so the inequality above is still
true.

Moreover, denoting by A*(x) = min{}; (S(x))} > 0 a.s. (as regards the positivity, we recall that
1/x;i(y) = Var(X;| X1 =y1,..., Xi—1 = yi—1) and is therefore finite for almost every y € R"), it
follows from (5.2) and from the inequality |Ju]|, > A*(x)|ul|, u € R", that for all < 1/(48M)

{ (f() — f(x)? }

1
S(Pf)—f) =4 sup NOF)ly —xI)

M) ly—x|<N~H(D)
5.3)
LZ

= a}\.*(x)23

. . 2. .
where L the Lipschitz constant of f and a =4 supy_,<y-1(1) N“(v) is some universal constant.

Now, let v be a probability measure on R” such that [ v(dx) < +oo for all i. Then

AZ(S< )
1/)* is also square integrable with respect to v. Therefore, thanks to (5.3), one can apply Fatou’s
lemma in its lim sup form:

limsup/%(P,f—f)dvS/Iimsup%(Ptf—f)dV
t—0

t—0

, 2
/ZAZ(S( S .

6. Variance estimates

Here we prove Corollary 1.3, identity (1.7) and Corollary 1.4.
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Proof of Corollary 1.3. According to Theorem 1.1 and standard properties of conditional ex-
pectations, it holds

n n
Var(|X %) <4a Y E[E[X; [X1.....Xi-1]X; ] =4a Y _E[E[X; (X, ... Xi-1]']
i=1 i

n
<4a) E[E[X/IX.....X 4aZ]E
i=1

Observe that E[Y?] < SE[X?] +8E[E;_1[X;]*] < 16E[X?]. We conclude using Borell’s reverse
Hoélder inequality [11]: there exists some universal constant ¢’ such that for any log-concave
random variable Y, it holds E[Y*] < a'E[Y?]?. So,

Var(|X|?) < 64aa’n. O

Remark 6.1. Our main result Theorem 1.1 is closely related to a result by Barthe and Cordero-
Erausquin [4]. Namely, it follows from [4], Theorem 4, that if X is a random vector following a
law p(dx) = e V™ dx on R" with Hess V > o Id for some p > 0, then for all smooth function
f :R" — R such that

E[0; fXOIX1, ..., Xiz1, Xig1,.... Xa| =0 Vie{l,...,n} (6.1)
it holds
Var, (f(X)) < [ 3 Z(X)},
a ; 1/c, 0
where, for all x = (x,...,x,) € R", C;(x) denotes the Poincaré constant of the conditional
distribution of X; knowing X = x1,..., X;—1 = x;—1, Xi+1 = Xi41,..., X, = x,,. Note that

the conclusion of [4], Theorem 4, is more general than what we state above. In the general
formulation, to any decomposition of the identity Id = Zf": 1 ¢i Pg; where ¢; > 0 and Pg; is the
orthogonal projection on a subspace E; corresponds a weighted Poincaré inequality involving
the Poincaré constants of the conditional distributions of X knowing Pr, (X), with F; = E IJ-

It is well known (see, e.g., Theorem 4.2 below) that Poincaré constants of one dimensional
log-concave probability measures can be estimated by the variance. In particular, it holds

Ci(x) <3Var(X;|X1=x1,..., Xi—1 =Xi—1, Xit1 =Xi+1,--., Xn =Xp) Viell,...,n}.

Therefore, taking p = 0, it holds

n
Var, (f(X)) <3 E[Var(X;|X1...., Xi 1. Xip1..... Xp)d; f2(X)). (6.2)
i=1
for all smooth f enjoying (6.1). The difference between this result and Theorem 1.1 (besides the

fact that we condition only with respect to the first variables) is that our result is true for all f
but for X instead of X.
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Let us see how to recover the conclusion of Corollary 1.3 from (6.2). Let us assume that X is
such that

EXi|X1,..., Xi—1, Xi+15---, X,1=0 Viell,..., n}.

This condition (which is actually a bit stronger than the condition X = X) exactly amounts
to require that the function f(x) = |x|? satisfies (6.1). So applying (6.2) to this function and
reasoning as in the proof of Corollary 1.3 we thus get from (6.2) that Var(] X |2) < an for some
universal constant a.

Proof of Corollary 1.4. Let us start with identity (1.7). For all i € {1, ..., n}, it holds

E[XiEi-1[Xi]] = E[(Xi — Eim1[Xi))Ei1[Xi1] = E[Ei—1 [ Xi — Eim1[X:]]Ei—1[Xi]] =0.
Asaresult X and X' are orthogonal in Ly (€2, A, P; R"). Therefore, it holds

E[IXI?] = E[IX*] + E[|X'|] and
E[1X P = B[ XPT + 26[KPIE[|x "] + E[| X |*T"
Since
E[IXI*] = E[|IX*] + 2E[IX P]E[|X'|"] + E[|x'|*] + 4E[(X - X')°] + 4E[I X*X - X']
+AE[| XX - X7,

we get that

Var(|X|2) = Var(|X|?) + Var(|X'[*) +2Cov(IX 2, |X'|*) + 4E[(X - X')°]

+AE[|X1PX - X'] + 4E[|X['X - X].

Using Cauchy—Schwarz, and the orthogonality of X and X’ we get

|Cov(IX P2, |X'|*)| </ Var(IX[2)y/ Var(|x[*),

[E[XPX - X']| = [EI(XP ~ E[XP)X - X']| =/ Var(KP) B[(X - X)),

B[ XX X']| = [BL( x>~ E[|X' )X - X']| < Var(|x' )y B[(X - )]

Moreover, note that if i < j the random variable X,Ei_1[X;]E j—1[X ] is measurable with re-
spect to the o field generated by X1, ..., X ;1. Therefore,

E[XiEi—1[X:1XE;_1[X;1] = E[X;Ei1 [ X JEj— 1 [X]E;—1[X;]] = 0.
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So, it holds

]E[(Y . X/)z] = ZE[Y?E,'_l[Xi]Z] + 2ZE[Yi]Ei—l[Xi]YjEj—l[Xj]]

i=1 i<j

—ZEXIE”[X] ZE,1 JEi-1[X, 1 — B [Xi1']

where a’ is some universal constant such that E[Y*] < a’E[Y?]? for all log-concave random
variable Y. We conclude from the inequalities above that

Var(|X|?) < (/ Var(IX|?) 4/ Var |X/ +4an+4m (y/ Var(IX[?) 4/ Var |X/
= (\/Var(lflz) + \/Var(|X/|2) + 2\/%)2 <( Var(|X/|2) + (2\/;4- b)\/ﬁ)2

< 2Var(|X/|2) + 2(2x/c7+ b)zn

where in the last inequalities b is the universal constant given by Corollary 1.3.
Similarly,

ar(|X|?) > (y/ Var |X/ —/ Var(1X12)) 2 _4Jan (y/ Var |X’ + / Var(|X|?)

Therefore, expanding the square, we see that the number +/V’ := /Var(]X’|?) is less than or
equal the positive root of the equation

X2 — 2x(ﬁ+2Va’n) +V-— 4«/a/nﬁ -V =0,
with V = Var(|X|?) and V = Var(|X|?). An easy calculation thus gives

VvV < ﬁ+2«/a’n+V4a’n+ Vv,

which together with Corollary 1.3 easily gives the desired inequality. (]
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