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Let Z, be the number of individuals in a subcritical Branching Process in Random Environment (BPRE)
evolving in the environment generated by i.i.d. probability distributions. Let X be the logarithm of the
expected offspring size per individual given the environment. Assuming that the density of X has the form

px () =x Pl ()P

for some B > 2, a slowly varying function /o(x) and p € (0, 1), we find the asymptotic of the survival
probability P(Z,, > 0) as n — oo, prove a Yaglom type conditional limit theorem for the process and
describe the conditioned environment. The survival probability decreases exponentially with an additional
polynomial term related to the tail of X. The proof uses in particular a fine study of a random walk (with
negative drift and heavy tails) conditioned to stay positive until time n and to have a small positive value at
time n, with n — oo.
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1. Introduction

We consider the model of branching processes in random environment introduced by Smith and
Wilkinson [13]. The formal definition of these processes looks as follows. Let 9t be the space
of probability measures on No = {0, 1, 2, ...}. Equipped with the metric of total variation 1
becomes a Polish space. Let ¢ be a random variable taking values in 91. An infinite sequence
E = (ey, ¢2,...) of i.i.d. copies of ¢ is said to form a random environment. A sequence of Ny-
valued random variables Zg, Z1, ... is called a branching process in the random environment &,
if Zy is independent of £ and, given &, the process Z = (Zy, Z1, . ..) is a Markov chain with

E(Zn|Zn—l =zu-1,€ = (e1, €2, .. )) =L+ +Enz,y)

foreveryn > 1,z,-1 € Npand ey, €3, ... € M, where &,1, &2, ... are i.i.d. random variables with
distribution e,. Thus,

Zp—1
Zy= Z &ni

i=1
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and, given the environment, Z is an ordinary inhomogeneous Galton—Watson process. We will
denote the corresponding probability measure and expectation on the underlying probability
space by P and E, respectively.

Let

X:log(Zke({k})), Xn:log<2ken({k})), n=12...,
k>0 k>0

be the logarithms of the expected offspring size per individual in the environments and
S0=09 Sn:Xl+"'+Xn7 nzls

be their partial sums.
This paper deals with the subcritical branching processes in random environment, that is, in
the sequel we always assume that

E[X]=—b <0.

The subcritical branching processes in random environment admit an additional classification,
which is based on the properties of the moment generating function

o) =E[e'X] = E[(Zj ke({k}))t], 1> 0.

Clearly, ¢’ (0) = E[X]. Let
pt=sup{r > 0:¢(1) < oo}
and ppin be the point where ¢(f) attains its minimal value on the interval [0, p4+ A 1]. Then a
subcritical branching process in random environment is called
weakly subcritical if Pmin € (0, p+ A 1),
intermediately subcritical if Pmin = p+ A 1 >0 and ¢’ (omin) =0,
strongly subcritical if Pmin = p+ A 1 and ¢’ (oin) < 0.

Note that this classification is slightly different from that given in [9]. Weakly subcritical and
intermediately subcritical branching processes have been studied in [1-3,10] in detail. Let us
recall that ¢’ (p4 A 1) > 0 for the weakly subcritical case.

The strongly subcritical case is also well studied for the case p;+ > 1, thatis, if ppin = p4 Al =

1 and ¢’(1) < 0. In particular, it was shown in [10,11] and refined in [5] that if ¢’ (1) = E[XeX] <
0 and E[Z; logT Z1] < oo then, as n — o0

P(Z, > 0) ~ K (E[Z1])", K >0,
and, in addition,

lim E[s%"|Z, > 0] = W(s),

n—o00
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where W(s) is the probability generating function of a proper non-degenerate probability dis-
tribution on Z, . This statement is actually an extension of the classical result for the ordinary
subcritical Galton—Watson branching processes.

2. Main results

Our main concern in this paper is the strongly subcritical branching processes in random envi-
ronment with p4 € (0, 1). More precisely, we assume that the following condition is valid.

Hypothesis A. The distribution of X has density

lo(x) _,,
BHC

px(x)=
where ly(x) is a function slowly varying at infinity, § > 2, p € (0, 1) and, in addition,
¢'(p) =E[Xe"¥] <. (1)

This assumption can be relaxed by assuming that px (x) is the density of X for x large enough,
or that the tail distribution

x+A
IP’(Xe[x,X—f-A))N/ px(y)dy, X — 00,
X

uniformly with respect to A < 1.

Clearly, p = p+ < 1 under Hypothesis A. Observe that the case p = p; = 0 not included in
Hypothesis A has been studied in [14]. In this situation, the decay of the survival probability has
a polynomial rate. Namely, it was established that, as n — oo

lo(nb)

P(Z, > 0) ~ KP(X > nb) = K o

Moreover, for any € > 0, some constant o > 0 and any x € R

<10g Zy —log Zyep +n(l — )b
P
ovn

where B; is a standard Brownian motion. Therefore, given the survival of the population up to
time n, the number of individuals in the process at this moment tends to infinity as n — oo that
is not the case for other types of subcritical processes in random environment.

The goal of the paper is to investigate the asymptotic behavior of the survival probability of
the process meeting Hypothesis A and to prove a Yaglom-type conditional limit theorem for the
distribution of the number of individuals. To this aim, we use nowadays a classical technique of
studying subcritical branching processes in a random environment (see, e.g., [2—4,10]). This tech-
nique is similar to the one used to investigate standard random walks satisfying the Cramer condi-
tion. Namely, denote by F,, the o -algebra generated by the tuple (eq, ¢2, ..., ¢s; Zo, Z1, ..., Zy)

<Xx

Zy >O) =P(B; — B, <x),
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and let P be the restriction of P to J;,. Setting
m = g(p) = E[e’X],
we introduce another probability measure P by the following change of measure:
dP™W =m"ePSngP™ o =1,2,... )
or, what is the same, for any random variable Y;, measurable with respect to F, we let
E[Y,] =m "E[Y,e"5"]. (©)
Note that by Jensen’s inequality and (1),

[Xer¥]

=¢' (p)/¢(p) =E[X]=—a <0.

Thus, under the new measure the BPRE is still subcritical and the random walk {S,,, n > 0} tends
to —oo as n — oo with a smaller rate.
Introduce a probability generating function

o0

) =f(si)=Y e({k})s*  with X =log f'(l: ).

k=0

Now we are ready to formulate our second basic assumption on the characteristics of the
branching process in random environment.

Hypothesis B. There exists a random function g(A), A € [0, 00),0 < g(A) < 1 forall ». > 0, and
lim) _, oo g(A) = 0 such that, forallk =0, 1,2, ...
lim E[f* (75 ¢)If'(1;0) = y] = E[¢"W)]. )

y—)OO

We provide in Section 3 natural examples when Hypothesis B is valid.
We now state the first main result of the paper.

Theorem 1. If

E[—1log(1 —¢({0}))] < oo, E[ex > e({k})klogk] <00 )

k>1

and Hypotheses A and B are valid, then there exist positive constants Co and C1 such that, as
n— 0o

_1 lo(n) )
~ n—1_"*0 ~
P(Zy > 0)~ Copm"™! Clp(o?ﬁ;‘n S > 0). 6)
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We stress that m = ¢(p) € (0, 1) in view of ¢(0) = 1 and (1). Moreover, the explicit forms of
Co and C; can be found in (31) and (32).

The proof of this theorem is given in Section 6 and we now quickly explain this asymptotic
behavior and give at the same time an idea of the proof. In the next section, some examples of
processes satisfying the assumptions required in Theorem 1 can be found.

For the proof, we use the new probability measure P. Under this measure, the random walk S =
(Sy, n > 0) has the drift —a < 0 and the heavy tail distribution of its increments has polynomial
decay 8. Adding that E[exp(pX)] = ¢(p) = m, we will get the survival probability as

m"E[e”"5"P(Z, > 0|€)] ~ const x m"P(L, >0, S, < N),

where L, is the minimum of the random walk up to time n and N is (large but) fixed. We then
make use of the properties of random walks with negative drift and heavy tails of increments
established in [7] to show that

P(L, >0, S, < N)~const x P(X| € [an — M«/n,an + M+/n], S, €0, 1])

for n large enough and conclude using the central limit theorem. As we will see, the asymptotics
of the survival probability can be presented as

P(Z,>0)~CiP(L,>0)  (n— 00).

This once again confirms that in the subcritical regime the survival event is, as a rule, associated
with the event when the random walk generated by the environment is bounded from below
(compare, e.g., with the respective statements in [2] and [14]).

Note that to study the asymptotic behavior of the survival probability for the case p = 0 imply-
ing P = P, the authors of [14] used the assumption which looks, in our notation and after some
transformations as

L(f(e5e)1f (150 > y) — L), y = 00,

where y is a random variable being independent of A > 0 and less than 1 with a positive proba-
bility. It is shown in this case that the random walk S generated by the environment that provides
survival up to a distant moment n should have a single big jump exceeding (1 — ¢)an for any
¢ > 0. The present paper demonstrates that the random walk generated by the environment, view-
ing under the measure P and providing survival up to a distant moment n for p € (0, 1), should
have a single big jump enveloped by an — M \/n and an + M +/n for a large constant M. This
forces us to impose on the properties of the process Hypothesis B that is based on local properties
of the random variable f'(1; ¢) and includes dependence of the limiting function in (4) on A > 0.
Our second main result is a Yaglom-type conditional limit theorem.

Theorem 2. Under the conditions of Theorem 1,

lim E[s%"Z, > 0] = Q(s),

n—oo

where Q2(s) is the probability generating function of a proper non-degenerate distribution sup-
ported on Z.4..
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We see that, contrary to the case pmin = p+ A 1 = 0 analyzed in [14] this Yaglom-type limit
theorem has the same form as for the ordinary Galton—Watson subcritical processes.
Introduce a sequence of generating functions

o
fu($) = Flssen) =) en({k})s 0<s<1,
k=0
specified by the environmental sequence (e, ¢2, ..., ¢,, ...) and denote

fj,n:fj+1°"‘°fnv fn,j:fno"'ofj—i-l (J <n), fn,nzld' @)

For every pair n > j > 1, we define a tuple of random variables

L — fu,;(0)
W, =——"— 8
n,j eSVl_Sj ( )
and its limit
W; _nh_{rol0 W, j,

which exists by monotonicity of W), ; in n. We also define a random function g; : Ry — [0, 1]
such that

(i) gj is a probabilistic copy of the function g specified by (4);
(i) fo,j—1, gj and (W, j, W;, fr : k = j + 1) are independent for each n > j (it is always
possible, the initial probability space being extended if required).

Then we can set

~ . o cio™ (p)
= [ Bl fosalas@wi)]e v, xy= T

and describe the environments that provide survival of the population until time n by the follow-
ing statement.

Theorem 3. Forany é € (0, 1), for each j > 1,

(1) the following limits exist:

lim P(X; > dan|Z, > 0) =m;;
n—o0

(ii) for each measurable and bounded function F : R/ — R and each family of measurable
uniformly bounded functions F, : R"*! — R the difference

E[F(S0, s Sj—1)Fn—j(Su = Sj—1, Xj41, .-, Xn)|Zy > 0, X > 8an]

oo
—C |:F(S(),...,Sj_1)/ Fn—j(v,Xny-o-7Xj+1)Gj,n(U)dUi|
—00
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goes to 0 as n — oo, where
Gjn(@)= (1= foj-1(g;(e" Wa,j)))e™ "

We stress that these two limits do not depend on § € (0, 1). We refer to [2-5] for similar
questions in the subcritical and critical regimes. Here, the conditioned environment is different
since a big jump appears at the beginning (Theorem 3(i)), whereas the rest of the random walk is
independent and looks like the (non-conditional) original one (Theorem 3(ii)). Let us now focus
on this exceptional environment explaining the survival event and give a more explicit result. For
any § € (0, 1), let

#(§) =inf{j > 1: X; > dan}.
Corollary 4. Let § € (0, 1). Under P, conditionally on Z,, > 0, »(§) converges in distribution
to a proper random variable whose distribution is given by (7 : j > 1). Moreover, conditionally

on{Z, >0, X > 8an}, the distribution law of (X ,.sy — an)/(y/n Var X) converges to a law |
specified by

w(B) =cj1]E[1(G IS B)/ (1 — fo,j71(gj(e”Wj)))e_”” dv:|

for any Borel set B C R, where G is a centered Gaussian random variable with variance Var X,
which is independent of (fo,j—1, &;)-

3. Examples

We provide here some examples meeting the conditions of Theorem 1. Thus, we assume that
Hypothesis A is valid and we focus on the conditional expectation E[ f ke 2 o) f/(1;¢) = yl.
First, we give an example where this conditional expectation can be well defined.

Example 0. Assume that the environment e takes its values in some set M of probability mea-
sures such that for all &, v € M

D kntk) <) kv = p<v,

k>0 k>0

where © < v means that VI € N, u[l, oo) < v[l, 00). We note that Hypothesis A ensures that
P(:|X € [x,x + €)) is well defined. Then, for every H : M — R which is non-decreasing in
the sense that u < v implies H (u) < H(v), we get that the functional

E[H()|X € [x,x +¢)]

decreases to some limit p(H) as € — 0. Thus, writing H; y(u) = 1if u[l, c0) > y and 0 other-
wise, we can define the left-hand side of (4) via

PP(ell, 00) = y) = p(H,y)
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to get the desired conditional expectation.
Let us now focus on Hypothesis B.

Example 1. Let f(s;¢) =) ;- ¢({k})s* be the probability generating function corresponding
to the measure ¢ € O and let (with a slight abuse of notation) & = £(¢) > 0 be an integer-valued
random variable with probability generating function f(s; ¢), that is, f (s; ¢) = E[s5(9)e].

It is not difficult to understand that if E[log f'(1; ¢)] < 0 and there exists a deterministic func-
tion g(A), A >0, with g(A) < 1, A > 0, and g(0) = 1, such that, for every ¢ > 0

lim P(e: sup |f(e_)\/y;e)—g()»)|>g|f/(1;e)=)’)=0,

y—oo 0<i<oo

then Hypothesis B is satisfied for the respective subcritical branching process.

We now give two more explicit examples for which Hypothesis B holds true and note that
mixing the two classes described in these examples would provide a more general family which
satisfies Hypothesis B.

Let (0, ¢) be a pair of random variables with values in (0, 1] x (0, co) such that for any Borel
set B C (0, 1],

lim P € Bi|c =y) =P € B))
y—00

exists.
Let 91y C 71 be the set of probability measures on N such that

t

e=e(t,y) €Ny < f(s;¢) +l+yt*1(l—s)

where ¢t € (0, 1] and y € (0, 00).
With this notation in view, we describe the desired two examples.

Example 2. Assume that the support of the probability measure P (as well as P) is concentrated
on the set 17 only and the random environment e is specified by the relation

92

¢ = 9, P—1 4 :1—9—}—7

e,%) VACHD) =y
Clearly, f/(1;¢) =¢ and forany k=0, 1,2, ...

Jlim B[ (7o)l = y] =E[g )],
where

2

0
MN=gh;0)=1-0 .
g =g(;0) to
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Contrary to Example 1, the function g(}) is here random. Note that if P(6 = 1|¢ = y) = 1 for all
sufficiently large y we get a particular case of Example 1.

Example 3. If the support of the environment is concentrated on probability measures e € 21
such that, for any ¢ > 0

&(e)
(e

lim P(e :

y—00

—1‘>s‘f/(1;e)=y>=0 9)

and the density of the random variable f/(1; ¢) is positive for all sufficiently large y, then g(1) =
e¢~*. Condition (9) is satisfied if, for example,

( Var & (e)

Iim Ple: ————— > ¢

y=00 (f'(1; )2

f/(l;e)=y>=0

for any ¢ > 0.

4. Preliminaries

4.1. Change of probability measure

Using the change of measure described in the previous section and applying a Tauberian theorem,
we get

E[I{X > x}e!X] 1 [>®
=—=—/ e px(y)dy
m m Jy

_ l/oo lody =~ 1 b)) _Ix)
mJ,  yPtl mpB xP xB’

Ax)=P(X > x)
(10)

where /(x) is a function slowly varying at infinity. Thus, the random variable X under the mea-
sure P does not satisfy the Cramer condition and has finite variance.
The density of X under P is

1 lo(x)
Exﬂ‘I’l

px(x)=—A'(x) =
and it satisfies (see Theorem 1.5.2 page 22 in [8]) for each M > 0 and €(x) — 0 as x — 0,

PXC+ 1) 1o
px (x)

’

uniformly with respect to ¢ € [—M, M]. In particular, for each fixed A > 0

A+ A) — AQr) = — 2PAD)

(14 0(D)) (11)
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as x — 0o. Setting

A(an) _ ,BP(X > an)

bn = ﬁ
an an
we have
b 'px (an + t/m) =31, (12)

uniformly with respect to t € [—M, M].

4.2. Consequences of Hypothesis B

Denoting by &;(¢),i =1, 2, ... independent copies of £ (¢) we get

k
E[ff (e e)1f/ (1) = y] =E|:exp{—§ Zéi(e)}‘f/(lg ¢) =y:|
i=1

and, therefore, the prelimiting function at the left-hand side of (4) is the Laplace transform of the
distribution of a random variable. Hence, by the continuity theorem for Laplace transforms there
exists a proper non-negative random variable 6; such that

lim E[ ¥ (e ¢)|f'(1;0) =y] =E[e %], 1 €[0,00).

y—00

The prelimiting and limiting functions are monotone and continuous on [0, co). Therefore, con-
vergence here and in (4) is uniform in X € [0, 00).
Let now

h(s)=E[s"]=Y ms*,  h()=1
k=0

be the (deterministic) probability generating function of some non-negative integer-valued ran-
dom variable v. Then

E[h(f(e 7 0)If' (i) =y] =Y mE[f (e e)|f/(1:0) =]
k=0

fe's] k
= thE[exp{—i Zsi(e)} \f’(l; ¢) = y}
k=0 Y i=1

A
= E[exp{—;z(e)}’f/(l; ) = y}
where

E(e)=) &)
i=1
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Thus, similarly to the previous arguments there exists a proper random variable ® such that, for
all L € [0, 00)

Jim E[a(f (™5 )1 f (500 =y] = ylgn;oE[exp{—%:(o“f’(l; e) = y]
=E[e ] =E[n(s)]-
Hence, we conclude that

lim sup|E[1(f(e™*7))1f'(1) = y] — E[h(g(1))]| =0. (13)

Y00,

4.3. Some useful results on random walks

We pick here from [7] several results on random walks with negative drift and heavy tails useful
for the forthcoming proofs. Introduce three important random variables

M, =max(Sy,...,S,), L, =min(Sy, ..., Sy)
and
T, =min{0 <k <n:S=L,}

and two right-continuous functions U : R — Rg = {x > 0} and V : R — R given by

oo
U =1+ P=Si<x.Mi <0, x=0,
k=1

(0.¢]
V) =1+ P(=S>x.Li>0), x<0,
k=1

and 0 elsewhere. In particular, U (0) = V(0) = 1. It is well known that U (x) = O (x) for x — oo.
Moreover, V (—x) is uniformly bounded in x in view of EX < 0.

With this notation in hand and recalling that b, = BA(an)/(an), we mention the following
result established in Lemma 7 of [7].

Lemma 5. Assume that E[X] < 0 and that A(x) meets condition (11). Then, for any A > 0 as
n— oo

oo
E[*S; 7, =n] = E[¢*"; M, <0] ~ b, / eFU () dz (14)
0
and

o0
E[le ™%t >n]=E[e *"; L, > 0]~ bn/ eV (—z)dz. (15)
0
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Moreover from (19) and (20) in [7], we know that for A > 0 and x > 0

o
b, 'E[e*S"; M, <0, S, < —x] — / e MU (2 dz, (16)
X

o0
by 'E[e ™5 L, > 0,8, > x] > / eV (-2)dz. 17)
X

In the sequel, we need the following statement in which the first estimate is an improvement
of Lemma 9 in [7], the second and third may be found in Lemmas 10 and 11 of the mentioned

paper, while the last is evident.
Lemma 6. IfE[X] = —a < 0 and condition (11) is valid then

(i) for any §' € (0, 1) there exists 8o € (0, 1) such that for an8’ > u, all § € (0, 8o] and each
fixedk € Z,

P, (max X;j <dan,S, >k) ( _’3_1), n— oo;

1<j<n

(1) for any fixed N,l and § € (0, 1),

Jlim Timsupb, 1P(L > _N, max X;>dan, S, € [1,z+1))=

J—00 pn—o00 J<j<n
(>iii) for each fixed § € (0, 1) and K > 0,

hm limsupb, 'P(8an < X| <an — My/n or X1 > an+ M/n; |S,| < K) =0;

M—00 p—soo

(iv) for each fixed 5 > 0 and J > 2,

J
lim b, 1P<U{X > San, X >8an}>

n—oo
i#]

Proof. We prove (i) only. Put
Yi=Xj+a, j=12,...,n; Ry =0, R, =Y+ ---4+7Y,, n>1.
Clearly,

P(maxX <dan, S, >k) P(max Yj§(8n+l)a,ank+an—u>

1<j<n I<j<n

P(max Y; < (n+1a, Ry >k+an(l—8))

1<j<n

Since EY; =0 and VarY; = Var X forall j =1,...,n, it follows from the Nagaev-Fuk in-
equality (see, e.g., the proof of Lemma 13 in [12], Chapter III, Section 6) that for any positive x
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and y

P( Y. <y.R, > ><2 T Y og(14+
max Y; ,R,>x)<2expl——=1lo .
I<j<n j = P y oy & n Var X

Hence, setting y = (6n + 1)a and x = k + an(1 — §') we get for sufficiently large n

(1=8")/8
P(max ijy,anx)fconstx(—> .

I<j=zn n
Taking now &y > 0 meeting the inequality (1 — "), 'S p+1 completes the proof of (i). (]

Combining the limit for J — oo in (ii) with (iv), we get that for any fixed N, K > 0, and
6 >0,

n
lim b,;lP(U{x,» > dan, X; > dan}; L, > —N, |S,| < K) —0. (18)
n—0oo l;é]

5. Proofs

In this section, we use the notation
E.[[]=E[|£], P.(-) =P(-[E)

that is, consider the expectation and probability given the environment £. Our aim is to prove (6).
Making the change of measure in accordance with (2) and (3), we see that it is necessary to
show that, as n — 0o

E[P.(Z, > 0)e 5] ~ Coby. (19)

The proof of this fact requires several preliminary steps which we split into subsections.

5.1. Time of the minimum of S

First, we prove that the contribution to E[P.(Z, > 0)eP5n] may be of order b, only if the
minimal value of S within the interval [0, n] is attained at the beginning or at the end of this
interval. To this aim we use, as earlier, the notation 7, = min{0 <k <n: S; = L,} and show that
the following statement is valid.

Lemma 7. Given Hypothesis A, we have for every M > 0,

lim lim b, 'E[Pc(Z, > 0)e "5"; 7, € [M,n — M]] =0.

M —oon—00
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Proof. In view of the estimate,

P.(Z, > 0) < min P.(Z, > 0) < exp{ min sk} — ¢S,
0<k<n 0<k=<n

we have

E[P.(Z, > 0)e 1, € [M,n — M]]
< E[eS"f”S"; T, €[M,n— M]]

n—M
— E[e(l_P)Sk+p(Sk—Sn); T, = k]
k=M
n—M
=Y E[e" "% 1 =k]|E[e "%+ L, > 0].
k=M

Hence, using Lemma 5 we get

E[P.(Z, > 0)e "1, € [M,n — M]]

[n/2] n—M

k=M  k=[n/2]+1

(20)

C an [n/2] 1—p)S

= ZP<X > 7) D E[ g =4]
k=M
c a2 .
+ ;P(X > 7) Z E[e Pk Ly 20] <emby,
k=M

where ¢)y — 0 as M — o0. [l

The following statement easily follows from (20) by taking M = 0.

Corollary 8. Given Hypothesis A there exists C € (0, 00) such that, foralln=1,2, ...

E[P.(Z, > 0)e 5] <E[e’" 5] < Cb,.

5.2. Fluctuations of the random walk S

Introduce the event

Cn={—-N<S8;, <SS, <N+S5;, <N}
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and agree to denote by ey, en., Or €y k. functions of the low indices such that

hm EN = hm limsup ey | = hm limsuplimsup |eny x.n| =
N—>00 p—soo —>X0 K500 h—00

that is, the lim sup (or lim) are sequentially taken with respect to the indices of ¢ . .. in the reverse
order. Note that the functions are not necessarily the same in different formulas or even within
one and the same complicated expression.

Lemma 9. Given Hypothesis A, for any fixed k

lim limsupb, E[ (Zp > 0)e P57, = k,C_N] =

N—00 n—soo

and

Jim _Tim sup b, 'E[P(Z, > 0)e 5151, =n —k,Cyn] =

N—0oo n—soo
Proof. In view of (17)
E[P.(Z, > 0e P51, =k, S, — Sp, > N]
< E[E(I_P)Stne_p(sn_sfn); Ty =k, Sy — S;, > N]

<E[e % Ly >0, Su—k = N] < enby,

where ey — 0 as N — oo since fooo exp(—pz)V (—z) dz < oo. Further, again by (17)

E[P:(Z, > 0)e "1, =k, S;, < —N]
<E[e(!™%memr iS¢, — k. S, < —N]

<e U=PNE[e P9k L, > 0] <enby.

In view of
E[P.(Z, > 0)e "1, =k, S, > N|
<E[Pc(Z, > 0)e 51, =k, Sy — Sy, > N|
and
E[Pc(Z, > 0)e 1, =k, Sy < —N]
<E[Pc(Z, > 0)e "5, 5, =k, S;, < —N]|
we see that

E[Pc(Z, > 0)e 51, =k, Sy ¢ (=N, N)| = en ubn (21)
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and
E[P.(Z, > 0)e *5"; 7, = k]
=E[P(Z, > 0)e S"; 1, =k, Sy, > =N, Sy — S5, < N| + ennbn.
Similarly, by (16)
E[P.(Z, > 0)e "1, =n—k,S;, < —N]
< E[e(lfp)sfn e PSni=Su) g = —k, S, < —N]
<E[e!" P54k gy =n—k, Sy < —N]
=E[e!""% My <0, Sy < —N] = 6N ubs
and
E[Pc(Z, > 0)e "1, =n—k, S, — S;, > N|
< E[e(]fp)sfﬂefp(s"fsf"); Tw=n—k, Sy — Sg, = N]
< e_pNE[e(l_p)S"*k; Tu—k =n — k]|
= e PNE[" "S-k M,y < 0] = en nby.
As aresult, we get
E[P.(Z, > 0)e ¥ 1, =n — k]
=E[P(Z, > 0)e *"; 1, =n—k,Sg, > =N, S, — Sg, < N| + ennbn.
This completes the proof of the lemma. O

Lemmas 7 and 9 easily imply the following statement.
Corollary 10. Under Hypothesis A
E[P.(Z, > 0)e "]
= E[Pe(Zn > 0)e 5 |8,| < N;1, € [0, MU [n — M, n]] + EN.M.nbn
=E[P(Z, > 0)e "5 [S,| < N] + ennbn @2

=E[P(Z, > 0)e "5"; Sy, > —N, Sy < N| +&n.nbn.

where

lim limsuplimsup ey pm.n| =
N

lim limsup(le »| + [Enq]) = 0.
=00 M_soo n—00 N—

0 n—o00
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5.3. Asymptotic of the survival probability

In this section, we investigate in detail the properties of the survival probability for the processes
meeting Hypotheses A and B. As we know (see (3)), this probability is expressed as

P(Z, > 0) = m"E[Pc(Z, > 0)e"5"].

We wish to show that E[P.(Z,, > 0)e~?5] is of order b, as n — oo.
First, we get rid of some trajectories giving the contribution of the order o(b;) to the quantity
in question. Let

Dy(j,8) ={—N <8, <S8y <N, X; >dan}.

Lemma 11. If Hypothesis A is valid then there exists 5o € (0, 1) such that
J
E[P.(Z, > 0)e 5] => "E[Pc(Z, > 0)e 5" Dn(j. 80)] + &N, /b
j=1

Proof. In view of Corollary 10, we just need to find §p such that

E[P.(Z, > 0)e 8, > —N, S, < N]
(23)

J
=Y E[Pe(Zy > 0)e "1 Dn(j.80)] + &N,y b
j=1

From the estimate
Po(Z, > 0)e "5 < Su=PSn < o(1=PSu < 1 (24)

we deduce by Lemma 6(i) that

E[Pe(Zn > 0)e "5, Sz, >—N,S, <N, max X; < SOan] = eN.nbn

l<j=n

and by Lemma 6(ii) that for any § € (0, 1)

E[Pe(Zn > 0)e "5 S, > —N, S, <N, max X;> 5an] — &N Jnbn.

J=j=n
Thus,
E[Pc(Z, > 0)e 5§, > —N,S, < N]

_ E[Pe(Zn > 0)e /515 Sy, = =N, S, < N, max X; = 80an] EN Jnbn.
<j<i



On the survival of a class of BPRE 75

Finally, thanks to Lemma 6(iv), there is only one big jump (before J), that is,

J
E|:P¢(Zn > 0)@7/)5"; Srn >—N,S, <N, U{X’ > dan, Xj > 8an}:| = SN,J,nbn-
i#]j
It yields (23) and completes the proof. U

Now we fix j € [1, J]and § € (0, 1) and investigate the quantity

E[P.(Z, > 0)exp(—pSy); D (j. )]

First, we check that S;_; should be bounded to give an essential contribution to the quantity
above.

Lemma 12. If Hypothesis A is valid then, for every fixed j and é € (0, 1),
E[P.(Z, > 0)exp(—pSp): [Sj-11 = N, X; > 8an]| = ey nbn.
Proof. First, observe by (24) that
E[P.(Z, > 0)exp(—pSy); Sj—1 < —N, X; > dan]|
< E[exp((l — p)Srn); Si1<—-N.,X;> San]
<E[exp(—(1 — p)N); X > dan]
= exp(—(l - ,o)N)P(X > 8an) =en nby.
Further, taking y € (0, 1) such that ¥ > 1, we get
E[exp(Sz, — pSn); Sj—1 = n”, X; > éan]|
<P(Sj_1 =n")P(X > San) (25)
B+1
< jP(X = n” [j)P(X > San) ~ ZWI(nV)P(X > San) = e,by,.

Consider now the situation S; | € [N,n”], j > 2 and write

E[exp(Sz, — pSn); Sj—1 € [N,n”], X; = 8an]

n? p0
=/ / P(Sj_1e€dy,Lj—1 €dz)Hys(y,2),
N —0

where

0 0 0
Hys5(y,2) = f P(X e dt)/ f Py+t(Ln—j edv, Sn—j e dw)ez/\ve—pw
dan —00 Ju

oo 0 oo
= / P(X edt — y)/ / Pi(L,—j €dv, Sy—j € dw)e™ e ",
1) —oo0 Ju

an+y
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By our conditions P(X € dt — y) =P(X €dr)(1 4+ o(1)) uniformly in ¢ > dan and y € [0, n”].
Thus, for all sufficiently large n

]

0 oo
H,s5(y,2) < 2/ P(X e dt)/ / P/(L,—j€dv,S,—j edw)e’"e "
—0o0 J VU

San

00 0 00
< 2/ P(X € dt)/ / P/(L,—jedv,S,_j€dw)e’e """
San —o0 Jv

o0
=2 f P(X € d)E, [ "%]
1]

an

< 2Eg[e -1 TPSI X > San] = 2H, (0, 00).

By integrating this inequality, we get for sufficiently large n
n¥ 0
/ / P(Sj_1e€dy,Lj_1€d2)H,s(y,2)
N —00

n? 0
<2 [ Psiiedr L e 0.
N —00

<2P(Sj_1 = N)Eo[e*n-i+1 751 X > san].
Since
by "E[e* i1 TPIi X > san] < by VE[e im0 = 0(1)
as n — oo (see Corollary 8) and P(S;_; > N) — 0 as N — oo, we obtain
E[exp(Ss, — pS); Sj—1 € [N, n"], X; = 8an] = ey nby. (26)
Combining (25) and (26) proves the lemma. O

The next lemma shows that the values of S, and S;_; should be close to each other to give an
essential contribution to the quantity of interest.

Lemma 13. Given Hypothesis A, we have for each fixed j and § € (0, 1),
E[Pe(zn > 0)exp(—=pSn); |Sn — Sj71| > K, Xj = San] = SK,n(j)bn'

Proof. We know from Lemma 12 that only the values S;_1 < N for sufficiently large but fixed N
are of importance. Thus, we just need to prove that, for fixed N

E[e%n P58, | <N, |Sy— Sj—1l > K, X; > 8an] = ey k.n(j)bn,
where limg _, oo limsup,,_, o len. k.»(j)| = 0. To this aim, we set

Lj,n =min{Sk—Sj_1 :j—lfkfn}
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and, using the inequality S;, < S;_1 + L », deduce the estimate
E[eSn %8, | <N,|S, — Sj—1| > K, X; > San]
< E[esj—1+Lj<r1*P(Sn*Sj—l)*ij—l; Sic1 <N,|Sy—Sj-1] > K]
=E[e""7%-1; 5, < N]|E[ebinPGn=Si-0y s, — 8, | > K].
We conclude with E[e1—P)Si-1; §j—1 < N] < 00 and we can now control the term
E[eLj,n*p(Sn*ijl); 1Sy — Sj—1| > K] :E[eSTn*j+17pS”*j+1; |Sn—j+1] > K]

by ek nby,. Indeed it is now exactly the term evaluated in a similar situation in (21) on the event
T, ¢ [M,n — M], while the remaining term is controlled in Lemma 7. U

We give the last two technical lemmas.

Lemma 14. Assume that g is a random function which satisfies (4). Then, for every (determin-
istic) probability generating function h(s) and every &€ > O there exists k > 0 such that

E[1 — h(ee"n))] - E[1 - h{g(ew)]| (D

for|lv—"7'| <k,w € [0,2].
Proof. Clearly,

[E[1 = (g(e"w))] = E[1 = h(g(e"w))]| < W' (DE[|g(" w) — g(e"w)]

We know that g () possesses the following properties: 0 < g(A) <1 for all A € [0, 00), it is con-
tinuous and non-increasing a.s. and has a finite limit as A — oo. Therefore, g(A) is a.s. uniformly
continuous on [0, co) implying that a.s.

lim sup |g(e”/w) — g(evw)| =0.

=0 |y /| <ic,wel0,2]

Hence, by the bounded convergence theorem

sup E[Ig(e”/w) - g(evw)” < E[ sup |g(evlw) — g(e”w)|]

lv—v'|<k,wel0,2] [v—v'|<Kk,wel0,2]

goes to zero as k — 0, which ends up the proof. ]

Leta2:VarX, Sn,j =8 —S5;,0<j<n,and

Sn,j +an

Gn.j = o /n
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Using the notation (7), we write P.(Z, > 0) =1 — f ,(0) and put X; , = (Xj11,..., Xn),
Xy, =Xp, ..., Xj41) and

szF(S()vSO,j—l)v Yj,nan(Sn_Sj—hXj,n)v Yn,j:Fn(Sn_Sj—len,j)a

where F, F,, are positive equi-bounded measurable functions.
Since fjp is distributed as f, ;, we have

E[Y;Y;,Pe(Z, > 0)e P X > dan]
=E[Y;Y;(1 = fou(0)e ™% X; = 6an]
=E[Y;Yu (1= foj-1(fi(fujO)))e "5 X > san]
=E[Yje "5, (1= fo.j1(fi(fn,j(©)))e "5 75-0; X ; > san]
=E[Yje 5%, (1= fo.j-1(fi(1 = €5 W, j)))e "5i71; X j = 8an),

where W, ; were defined in (8). Our aim is to obtain an approximation to this expression.
To simplify notation, we let

h(s)=1—h(s)
for a probability generating function & (s). For fixed positive M and K, we set
Bjn={1Sj-11 < K,|Xj—na| < M/n},
and define
Fyj(h, K, M) =E[e "5ni-1Y, ;h(f;(exp{—e® W, ;})); Bja]-

We now introduce a random function g; on the probability space (£2, P), that is, an independent
copy of g from Hypothesis B. Moreover, we choose g; such that g; is independent of (f :
k # j). As we have mentioned, it is always possible by extending the initial probability space if
required. We denote Y, ;(v) = F;, (v, X, ;) and consider

K -
On,j(h, K, M) = f . e PV dvE[Yy, j(0)h(gj(€" Wn,j)): 0Gn j € [-M, M]],

where g; is independent of (S : k > 0) and (f : k # j).

Lemma 15. If Hypotheses A and B are valid then, for all K, M > 0 and any probability gener-
ating function h we have

lim |b, ' F, j(h, K, M) — Oy j(h, K, M)| = 0.
n—oo

Proof. Let F; , be the o-algebra generated by the random variables

(fres X1, k=1,2,....,j—1,j+1,...,n
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and
VYV, Xjn) =e "V F(y, Xn, ) 1{y<k}-

Using the uniform convergence (12), the change of variables t = (x; —an — M \/n)//n ensures
that

by Fy j(h, K, M)

an+M./n
:b;lE[/ V(Su,j +xj. Xnj)
an—M \/n

x E[h(f;(exp{—e™ W i )1 Fjn: Xj = xj]px, (xj')dxj}
an+M./n
~E[/;”Mﬁ V(S i +xj, X))
[ (7 expl e W D)1 X = ), |

when n — oo. Moreover, the uniform convergence in (4) with respect to any compact set of A
from [0, co) ensures that, uniformly for |x — an| < Mn'/2 we [0,2] and |v| < K we have

[EL (7 (exp(—¢"we™)))1X; = x] ~ E[i(g; (")) < en-
Denoting F#,, the o-algebra generated by the random variables
Xp,  k=1,2,...,j—1,j+1,....n
we get, as n — 00, with X, j = (x4, ..., Xj41),
by Fy j(h, K, M)

an+M./n B
~ EU V(Sn,j+xj, Xn E[R (g (77 W, 1)) IFF,] dxj]
an—M/n

an+M/n B
= E|:/ V(Sn_j +xj, Xn,j)h(gj (eS”’j+xf Wn/)) dx'/]
an—M .\/n

an+M/n
’V/ dxj/ V(IXn,j—11, Xn, )
an—Mﬁ |X,,,j,1|§K

n
x E[h(g; (€|x”’j*1|Wn,j)|Xn,j =Xu,j] l_[ Px; (x;)dx;.
i=j+1
Making the change of variables

V=Xp -1l =Xp +Xp—1 + - +xj; Zi=xi,i=j+1,....n
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and setting
Dy j(K,M)={lv| <K, |v—xj41 —Xj42— - —xy +an| < M/n},
we arrive at
b, Fy j(h, K, M)
n
’\'/ eivan(U,Xn,j)E[h(gj (eUWn,j)|Xn,j :Xn,j] l_[ Px; (xi) dx; dv
Dn,j (K. M) i=j+1
Nf e_p”E[Yn,/(v)l_z(gj(e”W,,,j); oGy jel[—M, M]] dv.
lvl<K ’
This completes the proof. (]

Observe that by monotonicity

1— £,
lim W, ; = lim M =W; a.s. 27

ns 00 n—00  @Sn—5;

and W; 4 W,j=1,2,... where P(W € (0, 1]) = 1 in view of conditions (5) and Theorem 5 in
[6], II.
We can state now the key result:

Lemma 16. Assume that Hypotheses A and B are valid and let g be the function satisfying (13).
Then for any é§ € (0, 1)

lim
n—>0oo

by 'B[Y;Yj (1= fo.u(0))e™5"; X > an]

=0,

- E[Yje_ps“ / Yo j@)(1 = foj-1(8j(e" Wa.j)))e " d”}

—00

where (W, j, fx k> j+1), gjand (Sj_1, fo,j—1) are independent and

oo
0 < lim E[e_psj_lf (1 —fo,j1(gj(e”Wn,j)))€_"”dv}

n— 00 S

~ (28)
=E|:e_'05./—1/ (1= fo.j-1(gj(e"Wj)))e " dv] < 00.

Proof. Introduce the event

TNkm() ={1Sj—1l <N, |8y — Sj—1| < K. |Xj —an| < M/n}.
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Recalling that Y; and Y; , are bounded, to prove the lemma it is sufficient to study only the
quantity

E[Y;Y0(1 — fon(0)e™S": Tov k.m ()]
=E[Y; Y, [1 = fo -1 (fi (fu.; ))]e S5m0 Ty k m ()]

Moreover, we may assume without loss of generality that Y¥; and Y;, are non-negative.
The general case may be considered by writing Y;Y; , = (¥; Yj’n)+ — (Y;Y; )", where xt =
max(x, 0) and x~ = —min(x, 0).

Clearly,

{Xj=an—Mn, IS, —S;-1| <K} C{S, —S; <K —an+ M+/n}.
This, in view of the inequality

Wy j =1 = fuj(0) < e

and the representation e * = 1 — x 4+ o(x), x — 0, means that if the event Ty g a(j) occurs

then, for any ¢ > 0 there exists ng = ng(e) such that for all n > ng
e~ 1=, O) < £ (0) < =1 Frs O,
As a result, we have
E[Y Y0 (1~ fo o1 (f5(e™ 0 O))emrSrmtemr5ust To ()]
< b, 'E[Y;Yjn (1= fon(©)e™ 5 Tn k.m ()]
<E[Y; Y, (1= fo -1 (fj(e MO miON)))empSizte=pSnits Ty e a(j)].
We set

Fp j(h, K, M; ) = E[e *CSr=5i-0y, ;A (f;(exp{—(1 +&)e 5 W, ;1)) Bja],
Onj(h,K,M;¢e) = /_I; e P dvE[Yn,j(v)}_z(gj((l +£)ean,j)); oGy, je[—M, M]],
denote by F;_; the o-algebra generated by the sequence
(S1seos fi=15 815+, Sj—1)s

and introduce the random variables
Fo j(fo,j—1, K, M; &) =E[Fy j(fo.j—1, K, M; &)|F;_1]

and

On,j(fo.j—1, K, M; &) =E[On,j(fo.j—1. K. M; )| F;_1].
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With this notation in view, we get from the previous inequalities
E[Yje 571 Fy j(fo,j—1, K. M3 0);1S-1] < N]
< b, "B[Y;Yj0 (1= fouO)e™5: oy k. m ()] (29)
<E[Y;e "5 F, j(foj-1. K. M:€);|S;_1| < NJ.
Moreover, the dominated convergence theorem and Lemma 15 give for o equals either O or ¢,

limsup|b, 'E[Y;e "SI F, ;(fo.j—1, K, M;a); |S;—1] < N]

n—oo

—E[Y;e 5710, j(foj-1. K. M @);]Sj-1] < N]| =0.
Finally, Y; and Y, ;(v) are bounded (say by 1 for convenience) and we get

limsup|E[Y;e™"%10, j(foj—1, K, M; €);|S; 1| < N]

n—oo

—E[Yje 51 00, j(fo,j-1, K, M5 0);1Sj—1] < N]|

K
<lim SupE[e_pS-"1 / e~PV dvE[ fo j-1(g; ((1 +&)e" Wy ;)

n—00 K

— fo.j—1(gj(e"Wn ;)]s 1Sj—1] < N}

K
:E[epsjl / e P dvE[fo,j_l(gj((l +8)eUWj))
K

— fo.j-1(g; (€ W) 1Sj-11 < N}

with the last expression vanishing as € — 0 by monotonicity. We combine these limits with (29)
to get

limsup|b, 'E[Y; Y, ; (1= fon(0))e "> Ta k. (j)]
n— o0

. (30)
—E[Y;e 5710, ;(fo.j—1. K, M;0); |S;—1| < N]| =0.

By Corollary 10 and Lemmas 6(iii), 12 and 13, the fact that Y; and Y, ; are bounded ensures that
E[Y;Y)0(1 — fon(0)e "5 X; > san]
—E[Y;Y;1(1 = fon(©)e " 1S; 1| <N, X, > 8an] + en.uby
:E[Y]Yn,/(l - fO,n(O))efpsn; |S/—1| S Ng |Sl’l — Sj—l' S 1{7 X/ Z 8an] + EN,K,nbn

=E[Y; Y (1 — fo.n(0)e ™" Ty k. ()] + en. k0.0 ()bn,
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where

hm hmsuphmsuphmsup|sN kma(] =
N=>0 K00 Moo n—

Taking now Y; =Y, ; = 1, adding that E[(1 — fo . (0))e=”5n]1 = O(b,) by Corollary 8 and re-

calling (30), we deduce, again by monotonicity that

lim lim lim limsupE[e™*510,, ;(fo.j—1, K, M;0);1S;-1] < N]

N—>ooK—ocoM—00 p—sc0

=[5 [T (= ol e w))e v an |

< limsupb, "E[(1 — fo.,,(0))e "] < C < o0,

n— o0
proving, in particular, the estimate from above in (28). This, in turn, implies for arbitrary uni-

formly bounded Y; and Y, ;,

limsupE[Yje_pS-"’ OAn,j(fO,jfl, 00, 00; 0)]

n—oo

<cnferso [T il ew)er ] <oo

—0o0

and

limsup|b, "E[Y;Y;.1(1 = fo,.(0))e " X; > San]

n—0o0

—E[¥je 5 0, (fo,j-1, 00,00 0)]| =

It yields the first part of the lemma. We have already checked the finiteness of the limit in (28).
Positivity follows from conditions (5), since under these conditions W > 0 with probability 1
according to Theorem 5 [6], II. This gives the whole result. (]

6. Proof of the theorems and the corollary

Now we prove Theorem 1 with the explicit forms of the constants Cp and C1 mentioned in the
statement of the theorem.

Proof of Theorem 1. We assume that Hypotheses A and B are valid. It follows from (22) that
for each fixed j

E[(1 — f0..(0)) exp(—pSy): Dn (j. 80)]
=E[(1 = fon(0))e " X; > Soan] + ey .nbn.
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Using this fact, Lemma 16 with Y; =Y; , =1 and Lemma 11 we get
. —nqs—1 . —ni—1
nll)n;om "b, ' P(Z, >0) :nll)rr;om "b, 'E[(1 = fo.0(0))]

= lim b, 'E[(1 = fou(0)) exp(=pS)] = Co,

where, recalling that g;, W; and fo j_1 are independent

o0
Co= B[ [ (1= ol (wi))ean)
j=1 —o
. (31)
=3 i / E[1— fo.j—1(g;(e"W;))]e " dv.
j=1 -
To complete the proof, it remains to observe first that in view of (10)
b —,BP(X > an) 1 Ilg(an)
" an m (an)B+1’
while by (15)
P(L, > 0) = IP’( min S, > 0) =m"E[e"5"; L, > 0]
0<k<n
(e.¢]
~m"b, / e PV (=s)ds.
0
Thus,
P(Z, > 0) ~ Com"b, ~ C1P(L, > 0),
where
(%] —1
C1=Co (/ e_pSV(—s)ds) . (32)
0
The proof of Theorem 1 is complete. |

Proof of Theorem 2. Let
1 - fn,j (s)

Wn,j(s) == eSn*Sj ’

s €[0,1).

By monotonicity,

lim W, ;(s) = W;(s)
n— o0

and W;(s) 4 W(s),j=1,2,... where P(W(s) € (0, 1]) = 1 thanks to [6], II, Theorem 5.
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Similarly to Lemma 16, one can show that, as n — 0o

Jim 5 E[(1 = fon(s))e "]
o
:nl_i)ngobn_1 ZE[(I — fo,,,(s))e_ps”; X;> 8an]
j=1
o o0

= Z E[g_ps./—l /

j=1 >

(1 ol WD) ]| =0t

Hence we get

: z, o Bl = fou(s)e P
A B> 0 = 1= i = s one 7]

=1-C;'Q(s) = Q).
Theorem 2 is proved. U
The proof Theorem 3 and the corollary rely on the two following results.

Lemma 17. Forany § € (0, 1),

() for each measurable and bounded function F : R/ — R and each family of measurable
uniformly bounded functions F, : R"*! — R the difference

E[F(So, ..., Sj—1)Fu—j(Sp = Sj—1. Xj41s--., Xp)|Zy > 0, X > San]

o0
— C;IE[F(S(), ey Sj_l)/ Fn_j(v, Xn, ey Xj+1)Gj,n(U)de|
—00
goes to 0 as n — oo, where

Gin(@) = (1~ foj-1(gj(e"Wn )))e .

(ii) 1imy .00 PP {X; > 8an, X; > 8an}| Z, > 0) = 0.

Proof. Coming back to the original probability P, Lemma 16 yields

lim 'bnlm"E[Yij,n]P’e(Zn >0)X; > (San]

n—o0

_m—j—llE[Yj/ Yn,j(v)(l—fo.,j—l(gj(eUW"*j)))e_pvdv} "
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Recalling that P(Z,, > 0) ~ Com"b,, as n — oo ensures that

lim ']E[Yij,”; X;>dan|Z, > 0]
n—0o0

(33)
=0.

- Co_lm_j_lE[Yj/ Yu,j () (1 = fo,j—1(8;(€"Wn,j)))e " dv]

—0o0

Then (i) comes by dividing the last displayed formula by P(X ; > dan|Z, > 0).

Let us now check that conditionally on Z, > 0, there is only one big jump. Recalling from
Section 5.2 the notation Cy = {—N < S, < S, < N + S;, < N} and the inequality P.(Z, >
0) exp(—pS,,) < 1 justified by (24), we have for any &’ € (0, 1),

n
IE"(Z,Z >0, U{X, >dan, X > yan})

i#]

n
= m”E|:Pe(Zn > 0)exp(—pS): | J{Xi = 8'an. X; > 8’an}i|
i#]

<m" <E[Pe (Z,>0) eXP(—PSn)Q C_N]
n
—|—P<Ln >-N.S <N. | J{Xi=8an, X; > a’an}>>.

i#]

Then Lemma 9 and the limiting relation (18) ensure that

n
limsup(b,,m”)]]P’(Z,, >0, U{X,- >dan, X; > S/an}) =0

and (ii) is proved. O

‘We now focus on the big jump and prove that one can take any § € (0, 1) in the previous limits.
We recall that »(8) =inf{j > 1: X; > dan]}.

Lemma 18. Ler§ € (0, 1).

(i) Conditionally on {Z, > 0, X ; > dan}, the distribution law of (X j — an) /(y/n Var X) con-
verges to a law u specified by

M(B):cj_l]E[l(G € B)/ (1 —f()yj_l(gj(eij)))epvdvi|,

for any Borel set B, where G is a centered gaussian random variable with variance Var X, which
is independent of (fo,j—1,8})-
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(i1) Forany 8’ € (0, 1),

nl_i)rrolOIP’(%((S) = (') = j|Z, > 0) :nli)ngo]P’(Xj >é8an|Z, > 0) =m;,
where wj = cj(p_j (p)/[Zkzl e ()] defines a probability = on N.

Proof. Since X; = (S, — Sj—1) — (Xj41 + --- + X},), the first statement is obtained from
Lemma 17(i) with F(-) =1, Fy—j(v, Xj41, ..., %) = H((v — Xj41... — X, —an)//n), where
H is measurable and bounded.

To prove (ii), we first apply (33) with Y; =1 and Y; , = 1, so that recalling the definition of 7
from Section 2 ensures that for any § € (0, 1),

lim P(X; > éan|Z, > 0)=n;,
n—>oo

where 7; >0and ), 7; = 1.
Moreover, Lemma 18(i) ensures that for any §” € (0, 1),

lim P(X; >4'n|Z, >0, X; >8an) = 1. (34)
n—oo

From Lemma 17(ii), we know that there is only one big jump so that

lim P(5(8) = (8') = jIZy > 0, X; > dan) =1 (35)
n—o0
and
lim P(5(8') = 52(8) = j|Zy > 0) = ;.
which completes the proof. (]

The proofs of the two last results of Section 2 are now directly derived from the two previous
lemmas.

Proofs of Theorem 3 and Corollary 4. The statement (i) has been obtained in Lemma 18(ii),
while the statement (ii) is given by Lemma 17().

The first part of the corollary is a direct consequence of Lemma 18(ii). The second part is
obtained from Lemma 18(i) and (35). [l
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