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The impact of the diagonals of polynomial
forms on limit theorems with long memory

SHUYANG BAI" and MURAD S. TAQQU™

Department of Mathematics and Statistics, Boston University, 111 Cumminton Street, Boston, MA 02215,
USA. E-mail: ~bsy9142 @bu.edu; “* bumastat@ gmail.com

We start with an i.i.d. sequence and consider the product of two polynomial-forms moving averages based
on that sequence. The coefficients of the polynomial forms are asymptotically slowly decaying homoge-
neous functions so that these processes have long memory. The product of these two polynomial forms is a
stationary nonlinear process. Our goal is to obtain limit theorems for the normalized sums of this product
process in three cases: exclusion of the diagonal terms of the polynomial form, inclusion, or the mixed case
(one polynomial form excludes the diagonals while the other one includes them). In any one of these cases,
if the product has long memory, then the limits are given by Wiener chaos. But the limits in each of the
cases are quite different. If the diagonals are excluded, then the limit is expressed as in the product formula
of two Wiener—Itd integrals. When the diagonals are included, the limit stochastic integrals are typically
due to a single factor of the product, namely the one with the strongest memory. In the mixed case, the limit
stochastic integral is due to the polynomial form without the diagonals irrespective of the strength of the
memory.
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1. Introduction

Let X (n) be a stationary process with mean O and finite variance. We are interested in the fol-
lowing weak convergence of normalized partial sum to a process Z(¢):

[N7]

ZX(n) = Z(@) )

n=1

.
A(N)

as N — oo where A(N) — oo is a suitable normalization. The limit Z(z),t > 0 if it exists,
has stationary increments and is self-similar with some index H > 0, that is, for any a > 0,
(Z(at),t =0} and {a” Z (1), t > 0} have the same finite-dimensional distributions. The parameter
H is called the memory parameter' of the process X (n) and the Hurst index or self-similarity
parameter of the limit process Z(t). The higher the value of H, the stronger the memory of the
process X (n).

A precise definition of memory parameter is given in Definition 4.3.
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When the dependence in X (n) is weak, one typically ends up in (1) with

N 1/2
A(N) = (Var[z X(n)i|> ~ N2

n=1

as N — oo for some ¢ > 0, and Z () is the Brownian motion. These types of limit theorems are
often called central limit theorems.

When, however, the dependence in X (n) is so strong that Var[Zf:[=1 X (n)] grows faster than
the linear speed N, and typically as N2 with H € (1/2, 1), the limit process Z(t) in (1) is no
longer Brownian motion. Z () is in this case a self-similar process with stationary increments
which has a Hurst index H (see [7]). This type of limit theorems involving non-Brownian limits
are often called noncentral limit theorems. When the process X (n) is nonlinear and has long
memory, the limit Z(#) can be non-Gaussian (e.g., [6,15,16]).

In [1], a noncentral limit theorem is established for an off-diagonal polynomial-form process
called kth order discrete chaos process:

/

Yimy= Y ali,....it)en iy En iy, )

where the prime " indicates that we do not sum on the diagonals i, =iy, p # g, the noise ¢&;’s
are i.i.d. random variables with mean 0 and variance 1, and a(-) is asymptotically some homoge-
neous function g called generalized Hermite kernel (GHK). The limit Z(t), called a generalized
Hermite process, is expressed by a k-fold Wiener—Ito integral:

/ t
Z(t)Z/kf g(s_xla---as_xk)l{s>x1,..4,s>xk}dSB(dxl)"'B(dxk)’ 3)
RrJO

where the prime ’ indicates that we do not integrate on the diagonals x, = x,4, p # ¢, and B(-)
is Brownian motion. These processes Z(¢) include the Hermite process considered in [6,16] and
[15].

In [2], a noncentral limit theorem is established for a polynomial-form process called kth order
discrete Volterra process:

Y= Y ali,...,i)eniy ey “)

which differs from Y’ (n) in (2) by including the diagonals, and where a(-) is asymptotically g(-),
some special type of generalized Hermite kernel called generalized Hermite kernel of Class (B)
(GHK(B)). The limit Z(#) can be heuristically thought as (3) with diagonals included, and is pre-
cisely expressed as a k-fold centered Wiener—Stratonovich integral, which is a linear combination
of certain Wiener—It6 integrals of orders lower than or equal to k (see [2]).

In this paper, we contrast the effect of two types of stationary sequences in the limit theo-
rem (1). The first stationary sequence is

X(n) =Y{(m)Y;(n), &)
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that is, a product of two long memory chaos processes (2) which exclude the diagonals. The
second stationary sequence is

X(n) =Y1(n)Y2(n), (6)

that is, a product of two long memory processes in (4) which include the diagonals. We also
consider the mixed case

X(n) =Y{(m)Y2(n). )

Limit theorems for such types of product are of interest, for example, in statistical inference
involving long memory processes with different memory parameters ([10], see also Proposi-
tion 11.5.6 of [8]), and in the study of covariation of fractional Brownian motions with different
Hurst indexes [11]. Typically, the factor processes Y there are assumed to be either linear (or
Gaussian) or a transformation of linear process (or Gaussian), which yields in the limit a gener-
alized Rosenblatt processes where g(x;, x2) = x]'x3” in (3). By taking the factors Y to be some
nonlinear processes as in (5), (6) and (7), one can obtain much richer limit structures, which are
briefly described below.

We show that in the case (5), the limit in (1) is expressed as Wiener—It integrals which can be
obtained by using a rule similar to that used for computing the product of two Wiener—Ito inte-
grals. In fact, if the stationary sequences Y| (n) and Y (n) have, respectively, memory parameters
Hy, H, € (1/2,1) with H; + H> > 3/2, then the limit in (1) has Hurst index

H=H +H —1e(1/2,1).

In the case (6), in contrast, the limit stochastic integrals are typically due to a single factor Y7 (n)
or Y>(n), namely, the one with the strongest memory parameter. The Hurst index of the limit is
then

max(Hy, Hy) € (1/2,1)

which is always greater than Hi 4+ H, — 1. In the case (7), only the off-diagonal factor Y| (n)
contributes to the limit stochastic integral, irrespective of the strength of the memory.

The paper is organized as follows. Section 2 contains some background. We state the main
results in Section 3, namely, Theorem 3.5 for processes without diagonals, Theorem 3.6 for pro-
cesses with diagonals and Theorem 3.8 for the mixed case. Section 4 provides some preliminary
results used in the proofs. Section 5 contains the proofs of the theorems.

2. Background

The following notation will be used throughout: 0 denotes the zero vector (0,0, ...,0) and 1 =
(1,1, ..., 1) denotes the vector with ones in every component. For two vectors x and y with the
same dimension, we write X <Yy (or <, >, >) if the inequality holds componentwise. We let

[x]=sup{n € Z: n < x}
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for any real x and for a real vector x = (x, ..., xx), we define
[x1= (lxil, ..., [xxd).

The notation 14 denotes the indicator function of a set A. The value of a constant C > 0 or ¢ > 0
may change from line to line.
In [1], the following classes of functions were introduced.

Definition 2.1. A measurable function g defined on R’i is called a generalized Hermite kernel
(GHK) with homogeneity exponent
k+1 &k
ae<_—1__>1 (8)

if it satisfies

1. g(Ax) =A% (x), VA > 0;
2. fszr le1+x)g(x)| dx < oo;

A GHK g is said to belong to Class (B) [abbreviated as GHK(B)), if g is a.e. continuous on RI_‘F
and

lg®)| < clIx||* = clxy + - + x)®

(I - |l is the Ll-norm)for some constant ¢ > 0.

Remark 2.2. As it was shown in Theorem 3.5 of [1], if g is a GHK, then
t
f |g(s1 = %) |1 {5155 ds < o0
0
for a.e. x € R¥, and the function
t
hy(x) :=/ g(s1 —X)1(s1-x ds € L*(R¥).
0

Using a GHK, one can define a self-similar process with stationary increments on a Wiener
chaos as follows.

Definition 2.3. Let g be a GHK on Ri with homogeneity exponent o € (—k%l, —%), then (3) is
called a generalized Hermite process Z(t). It is self-similar with Hurst index

H=o+k/2+]1. )

Example 2.4. 1f

k
g =[x,
j=1
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where —1/2 — 1/k <y < —1/2, then Z(¢) in (3) is the Hermite process considered in [6]
and [16].

Note that GHK(B) does not include the kernel in Example 2.4. We use a GHK(B) because of
its boundedness property. The subclass of GHK(B) is, in fact, a dense subset in the whole class
of GHK (see Remark 3.17 of [1]).

We now state two limit theorems, the first for the discrete chaos process Y’(n) defined in (2)
where the diagonals are excluded, and the second for the Volterra process Y (n) defined in (4)
which includes the diagonals.

Suppose that g is a GHK(B) on Rk, L(-) is a bounded function defined on Z’fIr such that

lggoL([nx] + B(n)) =1

for any x € Rl_“_ and any Z]_i -valued bounded function B(n), and suppose that the coefficient a(-)
in (2) is given by

a(i) =g L. (10)

Proposition 2.5 (Theorem 6.5 of [1]). The following weak convergence holds in D[0, 1]:

1 v
7 2 Y ) = Z(0) = I(hy), (1)
n=1
where H=a +k/2+1€(1/2,1),
t
h(x) = / 81 =% 11y ds (12)
0

with g as in (10), and I (-) denotes the k-fold Wiener—Ito integral, so that Z(t) is a generalized
Hermite process (3).

We now consider the limit when the diagonals are included. If g is GHK(B) on le_ and is in

addition symmetric, we define the following function g, by identifying r pairs of variables of g
and integrating them out, as follows:

gr(X)=/ VY1 ooy Vi Vs X1, oo vy Xk—2,) dy. (13)
R,

In [2], a noncentral limit theorem was established for the Volterra process Y (n) in (4). Let
a(-)=g()L()

in (4) be given as in (10) assuming in addition that g is symmetric.
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Proposition 2.6 (Theorem 6.2 of [2]). One has the following weak convergence in DIO0, 1]:
[N1]

1
SE YW= 20 = Y derZiar (D), (14)
n=1 0<r<k/2
where H=ao +k/24+1€(1/2,1),
k!
dpr=—+ 15
k= 2k — 2m)1r! as)
and
/ t
Zi—or (1) := Ak , / &r(s1 —x) 15155y ds B(dxy) - - - B(dxg) (16)
A

is a (k — 2r)th order generalized Hermite process with GHK given by g, in (13).

Remark 2.7. The limit process Z(¢) in (14) can be simply expressed in terms of a centered
Wiener—Stratonovich integral /; () as

Z(t) = I (hy), a7
where £, is as in (12), and where

o= duliea (7).

0<r<k/2

The integral I « () differs from the Wiener—Stratonovich integral

()= Z dir k=2 (")

0=r=[k/2]

introduced in [9] by excluding the term r = k/2 when k is even. Here, the operator T identifies r
pairs of variables of 4 and integrates them out (see [2]). The operator t” is often called a “trace
operator.”

3. Statement of the main results

We state here the main results, and defer the proofs to Sections 5.1 and 5.2. In the statement of
the results, the following expressions are used.

Definition 3.1. Let X (n) be a stationary process with finite variance. We say that:
1. X (n) satisfies a central limit theorem (CLT), if
[N1]
N72Y X (n) —EX ()] = o B(1) (18)

n=1

in D[0, 1], where o= ZOO Cov(X (n), X(0));

n=—oo
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2. X (n) satisfies a noncentral limit theorem (NCLT) with a Hurst index H € (1/2, 1) and limit
Z(),if
[Nt]

N7 [X () —EX(m)] = Z(1) (19)

n=1

in D[0, 1].

Remark 3.2. In case 1 above, the “long-run variance” o2 can be 0. In this case, we understand

the limit theorem as degenerate (the normalization N ~!/2 is too strong). We do not consider here
limit theorems involving a Hurst index H < 1/2. In case 2, the limit in (19) may be fractional
Brownian motion.

We now consider separately the cases where the diagonals of the polynomial forms are ex-
cluded (chaos processes) and when they are included (Volterra processes).

3.1. Limit theorem for a product of long-memory chaos processes

Suppose that we have the following two discrete chaos processes (off-diagonal polynomial
forms):

/ /
Y=Y aVWeni, enip,. Vs =Y aP@eni, - -eni,.  (20)
iezljrl ielef

where we assume that a/) = g) L) as in (10) is symmetric, where g/’ is a symmetric GHK(B)
with homogeneity exponent

aje(—k;j/2—1/2,—k;/2), j=12.
Definition 2.3 suggests the following terminology.

Definition 3.3. The index
H=a+k/2+1€(1/2,1) 21
is called the associated Hurst index of the coefficient a(-) = g(-)L(-) in (10).

Remark 3.4. The associated Hurst indices of the coefficients in Yl/ (n) and YZ/ (n) will determine
the Hurst index of the limit process Z(t) in (1).

We want to obtain a limit theorem for the normalized partial sum of the product process:

X(n) :=Y]{(0)Y}(n). (22)
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Theorem 3.5. Let X (n) be the product process in (22). Suppose that Hj is the associated Hurst
index of a)(-), j = 1,2, and assume that E|e;|** < oo for some § > 0.

1. If Hy + Hy < 3/2, then X (n) satisfies the CLT (18);
2. If H + Hy > 3/2, then X (n) satisfies the NCLT (19) with Hurst index H = Hy + Hy — 1
and limit

S (k) [k
AOEDI ( ;) ( j) Tty 20 (i), (23)
r=0

where k = k1 Nka if k1 # ka, and k = ki1 — 1 if ki = ka. The integrand h; , above is defined

as
t
hy (%) = / (sV & @) (51 = %) 1 (5125 ds, (24)
0
where
gV e gP
(25)
:2/ g(l)()’h ’~~7yr’xl’ ~-,xk1—r)g(2)()’1: ~~-s.Yr»xk1—r+17 "~7xk2+k2—2r)dy
RY

is a GHK, and when r = 0, (25) is understood as the tensor product gV ® g® . Whenr > 0
in (25), we identify r variables of gV and g® and integrate over them.

This theorem is proved in Section 5.1.

3.2. Limit theorem for a product of long-memory Volterra processes

Let now
X(n) =Y1(n)Y2(n), (26)
where
iy =Y aVie, i --eny, o)=Y a®Wen i eniy,. 27
iez!] iez?
We assume that @) = ¢ L) in (10) is symmetric, and g’ is a symmetric GHK(B) with
homogeneity exponent o; € (—k;/2 —1/2,—k;/2), j =1, 2. In this case, we can write
X(n) =) ale &,
iezk.
where k = k| + kp, and
a=a ®a?. (28)
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Let Cl2 to be the collection of partitions of the set {1, ..., k1} such that each set in the partition
contains at least 2 elements, and similarly let C% be the same thing for {k1 + 1,..., k1 + k2}.
Any partition 7w € Cjz. can be expressed as w = (Py, ..., Py), where P;,i =1, ..., m, are subsets

ordered according to their smallest elements. For example, if m = {{1, 4}, {2, 3}}, then P; = {1, 4}
and P, ={2, 3}. Let

/
ci=Y > aP ..  j=12 (29)
neC? i>0
J
where
M =lp - Hp,  With p, =Eel
and p; = |P;j| >2ifnr =(Py,..., Py),and where a,(,j)(~) denotes a'/) with its variables identified

according to the partition 7 (see (54) below).

The limit theorem for the normalized partial sum of the centered X (n) in (26) includes several
cases. We shall use the centered multiple Wiener—Stratonovich integral I ,f (+) introduced in (17).
The theorem states that except for some low-dimensional cases (cases 1-4), the limit is up to
some constant the same as the limit for a single factor, namely the one with the highest H; (cases
5-7).

Theorem 3.6. Let X (n) be the product process in (26), where a'D has associated Hurst index
Hi=aj+k;j/2+ 1€ (1/2,1) (Definition 3.3). Assume E|g;|*1122%0 < 00 for some § > 0.
Then using the language of Definition 3.1,

1. ifky=1,ky=1,and Hy + Hy < 3/2, then X (n) satisfies a CLT (18);
2. ifki1=1,ky=1,and Hy + Hy > 3/2, then X (n) satisfies a NCLT (19) with Hurst index
H| + H, — 1 and limit

/ t
Z(Z):/]RZ/O g1(s —x1)82(s — x2)1{51>x) ds B(dx1) B(dx2)

(nonsymmetric Rosenblatt process);
3. ifk1 =2, ko =1, and if c1 in (29) is nonzero, then X (n) satisfies a NCLT (19) with Hurst
index Hp and limit

t
Z()=c / / 4205 — ) so) ds B(d)
RJO
(fractional Brownian motion);

4. ifky1 =1, ky > 2, and if c; in (29) is nonzero, then X (n) satisfies a NCLT (19) with Hurst
index Hy and limit

t
Z(t):c’z/f g1(s —x) 15> xydsB(dx)
RJO

(fractional Brownian motion);
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5. ifky >2,ky>2, H > Hj, and if ¢ in (29) is nonzero, then X (n) satisfies a NCLT (19)
with Hurst index H,, and the limit

Z(t) = 2 (hy 1),

t
where h; 1 (X) = [y g1(s1 —X) 1515 ds;

6. if k1 >2,ky>2, H < Hy, and if c1 in (29) is nonzero, then X (n) satisfies a NCLT (19)
with Hurst index H,, and the limit

Z(t) = c1If, (hy ),

where hy 2(%) = [ g2(s1 = %) 1{s1-x) ds;
7. ifk1 =2, ko > 2, Hl = Hp, and if at least one of the c;’s in (29) is nonzero, then X (n)
satisfies a NCLT (19) with Hurst index Hy = H>, and the limit

Z(t) = eI, (hy ) + 2 I (e, ).

Remark 3.7. These constants c¢;’s in the theorem are nonzero if, for example, every a @i) >0,
j=1,2.

The theorem, which is proved in Section 5.2, seems bewildering at first glance. But there is
structure into it. The cases 3 and 4 are symmetric, and so are the cases 5 and 6. Case 1 involves
short-range dependence, while all the other cases involve long-range dependence. Case 2 involves
the nonsymmetric Rosenblatt process, originally introduced by Maejima and Tudor [11]. Cases 3
and 4 involve fractional Brownian motion since one of the orders k equals 1. The typical cases are
5 (and 6). In these cases, quite surprisingly, it is not the orders k; or k, that matter, but the process
Y1(n) or Y>(n) in (26) with the highest value of H. In the boundary case 7, where H| = H», they
both contribute.

3.3. Limit theorem for the mixed case

Now we consider the mixed case (7), where Y{(n) is as in (20) and Y>(n) is as in (27). Let
X(n) =Y{(n)Ya(n). (30)

We only state the case which does not overlap Theorem 3.5 and Theorem 3.6, that is, both
Y 1’ (n) and Y>(n) are nonlinear: k1 > 2 and ky > 2. The limit, up to some constant, turns out to be
the same as the limit for the single factor Y7 (n).

Theorem 3.8. Let X (n) be the product process in (30), where a' has associated Hurst index
Hj=a; +k;/2+ 1€ (1/2,1) (Definition 3.3). Assume ky > 2, ky > 2 and E|e;|**?2+% < 0o
for some § > 0. Then using the language of Definition 3.1, if cp in (29) is nonzero, then X (n)
satisfies a NCLT (19) with Hurst index Hy = o1 + k1 /2 + 1, and the limit is

Z(t) = caly, (he,1),

where h; 1 (X) = fot g1(s1 —X)1{51>x) ds.
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Theorem 3.8 is proved in Section 5.3.

Remark 3.9. 1If the noises ¢;’s are Gaussian, then the normalized partial sum

[Nt]

A(N) ZX(n)

considered in Theorem 3.5 3.6 and 3.8 belongs to a Wiener chaos of finite order. There is a rich
literature on obtaining Berry—Esseen type quantitative limit theorems for elements on Wiener
chaos. For the case where the limit is Gaussian, see the monograph [12] and the references
therein; for the case where the limit belongs to higher-order Wiener chaos, see [4,5] and [14].
The case where ¢;’s are non-Gaussian may also be treated using techniques from [13].

The quantitative results mentioned above, however, seem not directly applicable to the limit
theorems considered here. This is because, as it will be clear in the proofs of these theorems,

T ( N Z Nt] X (n) does not have a “clean” structure as that considered in the works mentioned

above. In partlcular the decomposition of yXO0) N Z[Nt X (n) yields many terms. Some of the
quantitative results mentioned above may be apphcable to the terms which contribute to the
limit, but there are other terms in the decomposition which converge in L?(£2) to zero. How to
deal with these degenerate terms is an open problem.

4. Preliminary results

A central idea in establishing the limit theorems is to involve the nonsymmetric discrete chaos
process which generalizes the chaos process in (2) by allowing different sequences of noises.

We shall now define it. Let &; = (8~(1) (k) ) be an i.i.d. vector where each component has

mean 0 and finite variance. The components 8(1) sl.(k) are typically dependent. Introduce the

following nonsymmetric discrete chaos process

/

Y= > aG....iel el (31)

where Z;eZk a(i)? < oo so that X’ (n) is well-defined in the L2(2)-sense. Let
+

>3, j) —Ee(’) (/)'
The autocovariance of Y’ (n) is then given by
y(n) = Z Z a(it, ..., ialicq)y +n, ... iew +1) X1, is0)) - Bk, iow), (32)
o 0<iy,...,ip<00

where in the summation o runs over all the k! permutations of {1, ..., k}. The following lemma
is useful for studying the asymptotic properties of the covariance of X’(n).
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Lemma 4.1. Suppose that in (31), there exist constant co > 0and y; < —1/2,j =1, ..., k, such
that
laiy, ... i0)| <coil" - if". (33)
Let
k
H =a+k/2+1 witha:Zyj. (34)
j=1

o IfH* <1/2,then) > |y(n)| < oo, and Var[zrllv:l Y'(n)] < c1N for some ¢y > 0;
o If H* > 1/2, then |y (n)| < con®""=2 for some ¢y > 0, and Var[Y_Y_ Y'(n)] < 3N for
some c3 > 0.

Proof. The case H* < 1/2 was proved in Proposition 5.4 in [2].
In the case H* > 1/2, let |a| be the symmetrization of |a|(i) := |a(i)|, then for n > 0, by (32)
and (33),

lym| < Co Y fal+nbial )

iezk
o0 )
<C Z Z .. Z(il +) (i + n)ykii/”(l) o i;;a(k)
o 1=l ir=1

<G, Znyl+yg(l)+1 . .nyk+yg(k)+1 — C3n2a+k — C3n21—1*,2’

o

where the C;’s are positive constants, and ¢ in the summation runs over all the permutations of
{1,.... k). Var[3N_ ¥/ ()] < c3N?H" then follows as a standard result. O

Remark 4.2. In the applications of Lemma 4.1, the inequality (33) is often not seen in this form.
For example, the function a(-) defined on Zl_i may satisfy

la@)| < CGy+ - +ix) (k1 + - + ik k)2,

for some C > 0, where k; + k» =k, and Z—j < —%, then it is easily verified by the arithmetic—
geometric mean inequality

k k 1/k
k! Zyj > (l_[ yj)
Jj=1 Jj=1

for y; > 0, that (33) is satisfied since o < 0. It is also verified for a function a, (-) which is a(-)
with some of its variables identified.

In general when applying Lemma 4.1, we will omit the verification of (33) which usually can
be easily done as indicated above. We will merely count the total homogeneity exponents of the
bound, which in the preceding example is « = a1 + 3.
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For convenience, we make the following definition.

Definition 4.3. Let X (n) be a stationary process with mean 0 and finite variance. We say

e X (n) has a memory parameter of at most (denoted using <) H, if

N
Var[z X(n):| <N

n=1

for some ¢ > 0;
e X (n) has a memory parameter (denoted using =) H, if

N
Var|:2 X(n):| ~cN*H

n=1

as N — oo for some ¢ > 0.

Remark 4.4. In view of the definition above, Lemma 4.1 states that if Y’(n) in (2) satisfies (33),
then Y’(n) has a memory parameter of at most 1/2 if H* < 1/2 and of at most H* if H* > 1/2.

Proposition 4.5 (Proposition 5.4 of [2]). Let Y'(n) be given as in (31) with coefficient a(-)
satisfying (33) and H* < 1/2 in Lemma 4.1. Then

V7] fd.d
N7 Y () —EY'(n)] = 0 B(),
n=1

where

ol = Z Cov[Y'(n), Y (0)],

n=—oo

. . . fdd. L . .
B(t) is a standard Brownian motion, and — stands for convergence of finite-dimensional dis-
tributions.

If each Si(l), e Si(k) has a moment greater than 2, then the tightness of

[N1]

N1/2 Z[Y/(n) —EY'(n)]

n=1

.d.d.
in D[0, 1] holds and thus f—> can be replaced by weak convergence = in DIO0, 1].

d.d.
Remark 4.6. The above f—> or = convergence also holds for a linear combination of different
Y’(n)’s defined on a common i.i.d. noise vector €;, while the Y’(n)’s can have different orders
and involve different subvectors of &;, provided the coefficient of each Y’ (n) satisfies (33) with
H* <1/2.
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We now state an important result concerning the weak convergence of a discrete chaos to a
Wiener chaos. Let & be a function defined on Z* such that Z;eZk h(i)? < oo, where ’ indicates
+

the exclusion of the diagonals i), = i;, p # q. Let Q¢ (h) be defined as follows:

/!

I k
QW)= Qx(h, &)= Y hr,....ien &, = Yy h@d [ ] &, (35)
p=1

(i1,...,ix ) EZK icZk

where ¢;’s are i.i.d. noises. Observe that Q (k) is invariant under permutation of the arguments
of h(iy, ..., ix). Soif h is the symmetrization of , then Qy(h) = Qx(h).

Suppose now that we have a sequence of function vectors h, = (A1, ..., h;,) where each
hjn€LXZ), j=1,...,J.

Proposition 4.7 (Proposition 4.1 of [1]). Let
Bjn®) =050, (Inx]+¢;),  j=1,...,J,

where ¢; € ZF. Suppose that there exists h j € L2(Rk5), such that
Wjn = hjl

2@y =0 (36)

as n — 00. Then, as n — 00, we have the following joint convergence in distribution:

Q= (Qty (i) Oty (hy)) S = (L (B, Iy ().

5. Proofs

5.1. Proof of Theorem 3.5 where diagonals are excluded

We first show that g(l) Xy g(z) in (25) is a GHK.

Lemma 5.1. Let g9 be a symmetric GHK(B) with homogeneity exponent o j defined on Rij,
j =1, 2. Suppose in addition that either ky > 2 or ky > 2, and that

ar+ar > —(ki +ka+1)/2, (37)

and set
0,....,ki Nk, ifkl;ékz,
r =
0,....k —1, ifki = k.

If the function gV ®, g@ is nonzero, then it is a GHK on ]Rl_i‘ =itk homogeneity exponent

a1 +oax+r.
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Proof. When r =0, gV ® ¢ is a tensor product of two GHK(B)s. It is a GHK because con-
dition 1 of Definition 2.1 is satisfied with homogeneity exponent

—(ki+hk+1)/2<a;+ar < —(k1 +k2)/2 (38)

[see (8)], and condition 2 of Definition 2.1 is satisfied because

/ oo [P P 2)g M (1 +x1)g P (1 +x2) | dxy dxo
R}

= f eV @A +x]dx / 1e?®g® 1 +x)| dx < co.
R} R?

We shall now focus on the case r > 0.
Consider first k| > 2 and k» = 1 (the case k; = 1 and k, > 2 is similar), so that g® (x) = Cx*2

for some C # 0, where o € (—1, —1/2). Fix an x = (x1, ..., Xk—1) € ler'_l, then

00 o0
/ |g<‘>(y,x>|y“2dyscf 0 1 420 y* dy < 00,
0 0

because near y = 0 (the other x > 0), the integrand behaves like y*2, where oy > —1, while
near y = oo, the integrand is like y¥1 %2, where o; < —1 and oy < —1/2. Hence, gV ®; g@ is
well-defined in this case. It is easy to check that

g(l) ®1 g(Z)()LX) — )\d1+062+1g(1) ®1 g(Z)(X)

for any A > 0 by using a change of variable and using the homogeneity of g(/). We are left
to show that g := g1 ®; ¢@ satisfies condition 2 of Definition 2.1. This is true because the
function f(x) == [;°(x 4+ y)* y*2 dy is f(x) = Cox*1T*2F! for some Cp > 0. So

18V @1 8P| = Clxp 4+ xp )M Tt = g* (%) (39)
for some C > 0. Note that g*(-) is a GHK(B) on R¥1 ! with
—ki =12 =12 <ai+ar+ 1 <—(ky — 1)/2
because o1 < —1/2, ap < —k»/2 and a1 + ap > —(1 + k2 + 1)/2 by assumption (37). So g =
gV ®; g@ satisfies condition 2 of Definition 2.1 because the dominating function g* does.
Suppose now that ky > 2 and kp > 2. Consider first the case 1 <r < (k; A k2) — 1. Using the

bound g/ (x) < C||x||%, one has by applying Cauchy—Schwarz and integrating power functions
iteratively that

leV ®r P )|
SC/ (yl+"'+yr+xl+"'+xk1—r)al
R,

X 1+ Y+ Xk —r 1 o Xk —20) "2 dyr - dyy (40)
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:C/R

00 1/2
dyp - dyr—l(/ Gy x4+ dyr>
0

r—1
+
= 1/2
X </ O+ yr X1+ +xk2+k2—2r)2“2 dyr)
0

< C/ l(yl + Y1+ +...+xk1_r)a1+l/2
R'-

+

X+ 4 Y1+ Xk —rp1 oo +xk2+k2—2r)a2+1/2 dy

<CO 4 A X0y 1 4 o Xy ke —20) 2T =1 g (x).

The dominating function g* is a GHK because it is a tensor product of two GHK(B)’s on Rkj ,
j=1,2,and

SEEDA DR o)t ) < -0 O

as in the inequality (38). Therefore, the bound g*(x), and hence the kernel gV ®, g® satisfy
condition 2 of Definition 2.1. Moreover, the homogeneity exponent of gV ®, ¢® is oy +ap +r
in condition 1 of Definition 2.1. This can be easily verified as above by change of variables and
using the homogeneity of g(/).

The only case leftis: k1 # kp > 2 and r = k1 A ka. Suppose k1 < k». In this case, condition 2 of
Definition 2.1 can be checked by first applying the iterative Cauchy—Schwarz argument leading to
(40) until only one variable of gV is unintegrated, and then bounding the last fold of integration
similarly as in (39). Hence, in this case as well, g(l) Ry g(z) is GHK. |

The following lemma shows a noncentral convergence involving g/ ®, ¢® appearing in (25).

Lemma 5.2. Suppose that all the assumptions in Lemma 5.1 hold. Let a/ (-) = g VLY, j =1, 2,
be as assumed before. Set

/

Xpm) = > aPr. ..o ir. i)
(u,i)>0

2 . .
X a( )(Ml, e Ups g —r 15 e lk1+k2—2r)8n—i1 o 8n_ikl+k2—2r ’
where ¢;’s are i.i.d. with mean 0 and variance 1. We then have

[Nt]
fdd.
D X1 (n) TS Ze (1) = Dy ky—ar (e )

n=1

1
NH
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jointly for all the r =0, 1...,k where k is as defined in Theorem 3.5, and where
H=o+oay+ ki +k)/2+1€(1/2,1).

Proof. In view of Proposition 4.7, we need only to prove the convergence for a single r and a
single ¢ > 0, and the joint convergence for different r’s and ¢’s follows. We assume for simplicity
that ¢ () = g (1) (setting L = 1), and including a general L in (10) is easy. We focus on the
case r > 1, since the case r = 0 follows from Theorem 6.5 of [1], although the proof for case
r = 0 may be regarded as contained in the proof below with u being an empty vector.

Letuw=(ui,...,u;), i1 = @1,..., i —r)s 2 = (ky—r41s -+ s ik +hy—2r), and i = (i1, Ir). We
define the sum

Nt [N1] t

an = an + (Nt — [Nt])x[Nf]+] = N/ X1+[Ny] dy.
0

n=1 n=1

Obviously,
| v | M 2
E[N—H > Xin)— ~F ZX;(n):| )
n=1 n=1

1 Nt .
as N — 0o. One can thus focus on 47 >, X;(n) instead.

/

Nit Ni
1 1 .
NA E X, (n) = E N E E gV, nl — i) =i
n=1

jezkithy—2r n=1ueD(i,n)

ky+ky—r
< ¢P @ nl —i)lpsiy [ &
j=1
= Qk1+k2—2r(hN,t,r)s
using the notation (35), where
| M
hvar@® =2 > > gVl —ing® @ nl =)y
n=1ueD(i,n)

and

DG,n)={weZ :u,#uyif p#q; andu, #n —ig evenif p=gq}.
Setx; e RFI7 x; e R andx = (X1, x2). Define

Ex,N)y={u€Z:u,#uqif p#q; andu, #n —[Nxy] — 1 evenif p =q}.
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In view of Proposition 4.7 and using the homogeneity of g(/)’s, one writes:

Iy i p(x) = NETRZ202p, (INX] 4 1)

Nt
1
= ot 2 2 &V (@nl—INxi] = 1)g® (w0l — [Nxo] = 1) Iy

n=1ueE(x,n)

Nt
1 1 u nl—[Nx;]—-1 u nl—[Nxp]—1
B m(® of® Lo
LN N8 (N’ N )g <N’ N ) {n1>i}

uckE(x,n)

—/[ds/ d “)([NYHI [Ns]I—[le])
=/, . ¥8 N <

2 [Ny]+1 [Ns]1—[Nx;]
X g N N L{Ns1>[NXINF(N) >

where we correspond u to [Ny] + 1, n to [Ns] + 1, and

F(N) = {(x.y.9): [Nyp]# [Nyl [Nx,] # [Nx,],
if p#q; and [Ny,] # [Ns] — [Nxg] evenif p = q}.

In view of Proposition 4.7, the goal is to show that

Nh_I}loo ”hN,t,r _h[,rl|L2(Rk1+k2—2r) :O, (41)

where h; , is given in (24). By the a.e. continuity of g(j)’s and the fact that 1ry) — 1 a.e. as
N — 00, one has

) [Nyl+1 [Ns]1 —[Nxq] 2 [Ny]+1 [Ns]1—[Nx2]
8 8

) , 1
N N N N ) (INs11>[NX])NF(N)

— gW(y,s1—x)gP(y,s1 —x2)l51-xy  forae. (x,y,s).

We are left to establish suitable bound to apply the dominated convergence theorem. To this end,
since g (x) < C||x||% =: g“)*(x) on RY/, we have the following bound:

1) [Nyl]+1 [Ns]1—[Nx] 2) [Ny]l+1 [Ns]1—[Nx;]
8 N N 8 N N L{Ns11>[NXINF(N)

e ([Ny] +1 Vs~ [le])g@)* ([Ny] +1 [Ns]l— [NXz])
N N N N

)

(42)
X L[ Ns]1>[Nx])NF(N)

< CgM*(y,s1—x1)gP*(y, 51— x2) 1 (512x)
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where we have used the following facts: on the set {y > 0, [Ns]1 > [Nx]}, we have ([Ny] +
/N >y, ([Ns]—[Nx;])/N > %(s — x;) (see relation (40) in the proof of Theorem 6.5 of [1])
and g(* decreases in its every variables, as well as the fact that {{Ns]1 > [Nx]} C {s1 > x}.
Note that

t
/ ds/ dygV*(y. s1—x1)g@*(y, s1 = x2) L 515x)
0o Jr:
; (43)
= / gV* ®, gP*(s1—x)1(s1-y ds.
0

Since gV* and g@®* are GHK(B)s, so by Lemma 5.1, gV* ®, ¢®* is a GHK. This has two
consequences. First, by Theorem 3.5 and Remark 3.6 of [1], the integral in ds dy on the left-
hand side of (43) is finite for a.e. x € R&11%2=2"_ One can then apply the dominated convergence
theorem to conclude that

R (X) = By p(X) for a.e. x € RkiHk2=2r (44)

But to obtain (41), we need L2 convergence for the integral in dx. For this, we use the bound (42):
- t
a9 <7, =€ [ 61 @, ¢ (51 =1 saon ds.
0

The second consequence of the fact that g(V* ®, ¢®* is a GHK stems from Remark 2.2, which
entails that h;", € L2(R¥11k2=2ry "and hence (41) follows from (44) and the dominated conver-
gence theorem. This concludes the proof of Lemma 5.2. ]

We now decompose the product X (n) in (22) in off-diagonal forms (31) as follows: let

u=(uy,...,u;) €Zl, iy =(1,...,ik,—) and ip = (g, —r+1, ..., iy +hr—2r), and i = (iy, p) €

Ky +hy =2
Z+1+ 277 then

X(n) =Y{(n)Y;(n)

ki ~ky k k ’
1 2 1 . 2 . 2 2
= Z r! < - ) ( - ) Z aV @, ina® @, i)e,_, ep_, ey  En—ig phy—2r
r=0 ezl 2

where we have used the symmetry of a/)’s, while the combinatorial coefficient

e (1) (3

is obtained as the number of ways to pair r variables of a!) to r variables of a®. We write

2, =1+ (e2_; — 1) = Ao(en—i) + As(en—i),
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where Ag(¢) = 1 and A, (g) = &2 — 1. These are Appell polynomials which will be introduced in
more details in Section 5.2. Set J, = {0, 2} x --- x {0, 2}. Then

ki ~ky /
YimYymy= ) cnki k) Y Y aV@ind®m i)
r=0 (u,i)EZ,j_l+k2_r jedr

X A]] (gn—ul) te A]r (Sn—u,)en—il te gn_ikl+k2—2r‘

The random variables in each summand are independent because the sum does not include diag-
onals. Observe that it is only when k| = k», that the mean

/
EY{(m)Yym) =k! > aPwa® ()
ueZT

may possibly be nonzero (this is the case when r = k1 = k»). Hence, one can use the k defined
in Theorem 3.5 to write that

k I
X)) -EX(m)=)_> Y clrkik)a@ina® @, i)
r=0jeJ, (u,i)eZﬁ_l +ky—r
(45)
X A]1 (5n7u1) e Ajr (Enfur)snfil T Sn*ik1+k2—2r .

A basic term of the preceding decomposition of X (n) — EX (n) is

/

Xjny:= Y etk ka® (@ ina® @, i)

. ky+ky—r
(u,l)eZ]Jr1 2

X A]] (Sn,ul) o A]r (8n,ur)8n,il t gnfik1+k2—2r .
Notethat 0 <r <kj Akyifk) # ko, and 0 <r < k; —1if k; = ko, whichimplies k| +k, —2r > 1
so that there is at least one i variable. Due to the symmetry of a/)’s, we can suppose without loss

of generality that jj =--- = js=0and js41 =---=j, =2, 0 <s <r. One can hence rewrite
the basic term as

/

Xjmy= Y ki k)aP @i )a® @i, i)

o kgt —
(w,iez! T2

X Ax(&p—iy) -~ A2(5n71’rﬂ)5n7ir,s+1 T En—iky thy—r—s°
where
uz(”ls"‘?"ts)v ilz(ils"'sir—s)v

i = (5415005 Ik —s), i3 = (g —s+15 -+ s lkj+hy—r—s)
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and i = (i, iz, i3). Setting

d)= )Y c@rkik)a @iy, ae® @, i, i), (46)
uek (i)
with
K@ ={u>0: u,#u,if p#q; andu, #i, evenif p =g},
we get
/
Xjn) =Y d' B)As(en—i,) - A2(Eniy )en—i_ypr ity siyros- (47)
i>0

We list here some useful elementary inequalities which will be used many times in the sequel:

Lemma5.3. Let A>0,B>0.Ify <—1, then

o0
D (A+iy <carth, (48)
i=1
Ify <0,8 <—1, then
o0
D (A+iyif <caAr. (49)
i=1
Ify <—1/2, -1 < B <—1/2, then
o0
> (A+iyif <cArtPHL (50)
i=1
Ify <—1/2, 8 < —1/2, then
o
D A+ (B+i)f <cArH2BTIZ 51

i=1

Proof. To obtain inequality (48), we have

YA+ =Z[i1(A+i)ydxSZ/il(A+X)ydx
i=1"1" i=1"""

i=1

oo
= / (A+x)dr=—(y+ D larth
0

For (49), note that (A +i)” <A and ) 2, i < o0.



Impact of diagonals of polynomial forms on limit theorems with long memory 731

For inequality (50), we have

D (A+i)if =AY f (/A (/A d(x/A) < ATHFH / Tty
i=1 i—1 0

i=1

where the integral is finite since § > —l and y + 8 < —1.
The last one (51) is obtained by applying Cauchy—Schwarz and (48) as follows:

00 00 121 co 1/2
> Aty (B+i)f < [Z(A+i)2y} [Z(B—H)zﬁ} < CAVT!/2ph+1/2,
i=l1

i=1 i=1

O

Remark 5.4. The inequalities (48), (50) and (51) all raise the total power exponent by 1, while
inequality (49) kills one of the exponents. These observations are useful in the proof below and
also in Section 5.2.

We now state the proof of Theorem 3.5.

Proof of case 1 of Theorem 3.5. We want to apply Proposition 4.5. The condition E|g; [**® < oo
guarantees that E|A2(8)|2+5/ < 00 in (47) holds for some 8’ > 0 and so the tightness in D[0, 1]
holds.

We only need to show that H* < 1/2 in Lemma 4.1 for each of the basic terms X J’ (n) in (47).

Suppose without loss of generality that k; < k». Using the fact |a'/)(i)| < C|i[|% (recall that
| - |l is the L'-norm), one can bound a’(i) in (46). One has to distinguish two cases. In the first
case, where s < k1, one gets

0] =€ 3 i i | i)
ueZ’,
<C Z (ul + s + i ]| + ||i2||)011 (ul + o dug + i+ ||i3||)0l2
ueZ’
< C (Wil + izl (il + s>,

after applying (51) to each of the s components of u iteratively (note: i; may not be present). In
the second case, where s = r = k1, one gets

ld®<C > Il iz)|*
ueZ’
SC Y A u) (w44 us + Jlisl])
ueZ’

< Cllij|*r e+,
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after applying (51) s — 1 times, and then (50) to the last component of u. In either case, the total
power exponent is raised by s.
According to (34), this yields
H=ai+ay+s+F—s+ki—r+k—r)/2+1
=H+H+(—-r)/2-1 (52)
<H +H,—1<1/2,

where the last strict inequality is due to the assumption H; + Hy < 3/2 of case 1. (]

Proof of case 2 of Theorem 3.5. We now suppose that H; + H, > 3/2. As was shown in case 1
above, the off-diagonal chaos coefficient a’(+) in (46) leads to

H'=H +H,+(s—r)/2—1.

When s = r, we have only factors Ag(e) = 1 in (47). The chaos process X (n) is up to some
constant the process X (n) in Lemma 5.2. Note that Lemma 5.2 concludes a joint convergence
for X/ (n) with different r’s. So adding up all the terms corresponding to the case » = s in (45),
which yields

k ’ X k
) r!(r‘>(f)a“>(u,il)a@(u,iz)en_il---en_,-,wcz_z,,

r=0, . ky+ky—r
(u,i)eZ,

one obtains the noncentral limit claimed in the theorem with a Hurst index H = H; + Hy — 1 >
1/2.
When s < r, the corresponding terms are negligible. Indeed,

H*=H +H+(G-r/2—1<H+H-1/2-1<1/2.

So by Lemma 4.1, the term X‘; (n) has a memory parameter H < 1/2 in the sense of Defini-
tion 4.3. Hence,

Vel 72
NH_IPOO E |:N—(H1+Hz—l) Z X! (n)i| =0.
n=1
We have now shown the convergence of finite-dimensional distributions. Tightness in D[0, 1]
is automatic since H > 1/2 (see, e.g., Proposition 4.4.2 of [8]). O

5.2. Proof of Theorem 3.6 where diagonals are included

We first recall from [2] the off-diagonal decomposition of a general kth order Volterra process
X (n) in (4). The purpose is to decompose X (n) into off-diagonal chaos terms as in (31). To
this end, it is convenient to use Appell polynomials. Suppose that ¢ is a random variable with
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finite Kth moment. The Appell polynomial with respect to the law of ¢ is defined through the
following recursive relation:

d
SA@=pApr BAE =0 A=l p=1...K

We will use the following identity:

p

xP=Z<’7)up_jA,-(x), p=0,1,2,3,.... (53)
j=0 /

For more details about Appell polynomials, see for example Chapter 3.3 of [3].

Let Py be the collection of all the partitions of {1, ..., k}. We further express each partition 7 €
Prasm = (Py,..., Py) (som = |x|), where the sets P;’s are ordered according to their smallest
element. If we have a variable i € Z’_i, then i, denotes a new variable where its components
are identified according to m. For example, if k =3, w = ({1, 2}, {3}) and i = (i1, i2, i3), then
ir = (i1,i1,12). In this case we write w = (Py, P») where P; ={1,2} and P, = {3}. If a(-) is a
function on Z’fH then

aﬂ(ilv'-'vim) :=a(i7r)» (54’)
where m = |7|. In the preceding example, a, (i) = a(iy, iz, i2) with m = 2. We define a sum-
mation operator S7. as follows: for any 7 C {1,..., ||}, S} (az) is obtained by summing a,

over its variables indicated by T off-diagonally, yielding a function with || — |T'| variables. For
instance, if 7 = ({1, 5}, {2}, {3, 4}), then i, = (i1, i2, i3, i3, i1) and if T = {1, 3}, then

!/

(Sraz)y=" > alir,iiz, iz, i),

O<iy,iz<oo

provided that it is well-defined. Note that in this off-diagonal sum, we require also that neither i;
nor i3 equals to i. If T = @, S’ is understood to be the identity operator.
Now, by collecting various diagonal cases and using (53), X (n) in (4) can be decomposed as

X(ny= Y > aze), et =" > xbm), (55)

Py ieZ’jr’ mePy jed ()
where
/
Xi() =" ax (. DA (i) Aj, (Eni,). (56)
ieZ}

Aj(-) is the jth order Appell polynomial with respect to the law of &;, p; = |P|, J(w) =
{0,....p1} x---x{0,..., pn}, and

c(p,j)=<p.1>-~~<p.m)um—jl'“Mpm—jm, wj=Ee!l. (57)
J1 Jm
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Note that since by assumption @1 = 0, when j; =0, it is only when p, > 2 that it is possible to
have a nonzero term.

In addition, the expression for the centered X (n) — EX (n) is the sum in (55) with J () re-
placed by J* () := J(n)\ (0,...,0), and

EX()= )" Y ax@ip - tpy= Y. Y ax@ip - ip, (58)

T ePyieZ neP,f i€z
where 77,3 denotes the collection of partitions of {1, ..., k} such that each set in the partition
contains at least 2 elements, namely, p; >2 forallt =1, ..., m.

So from (55), (56) and the discussion above (58), the summands in the off-diagonal decompo-
sition of X (n) — EX (n) can be written as

/!
XEm)= 3" c.DSrar A, Eni,) - Ajy, i), (59)
iezt
where T ={tr=1,...,m: j;=0},and {#1,..., 5} ={1,...,m}\ T (thus j; > 1,...,j,k, >1).
Note that T # {1, ..., m} since j € J* (). In fact, X% (n) is of the form (31) with k = k¥’ and
a()=c(p.j)Srax ().
We now state the proof of Theorem 3.6 case by case. Recall that C > 0 denotes a constant
whose value can change from line to line.

Proof of case 1. In this case, g (i) = C1i*1, and g® (i) = C»i*2, where C; and C» are two
nonzero constants. The off-diagonal decomposition (55) for the centered X (n) is simply

/

X)) -ExX(m)= Y aVi)a®@en-ien—in+ Y aV@)a?()Az(en—). (60)

0<iy,ip<0o 0<i<oo
where Aj(e,—;) = 8,2#1. — 1. Note that
laV(ina® (ip)| < Cit"i5?,
so the coefficient of the first term in (60) satisfies (33) with
H'=aj+o+(1+1)/24+1=H; —3/2)+(H,—3/2)+2<1/2
by (21), since H; + H> < 3/2. For the second term in (33), one has
laV()a? ()| < ci®rte,
which yields
H =aj+ay+1/24+1=(H —3/2)+(H>—3/2)+3/2=H + H,—3/2<1/2, (6])

since H; < 1 and H, < 1. Hence, Proposition 4.5 applies. ]
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Proof of case 2. Now the first term of (60) is subject to Proposition 2.5 with a Hurst index
H=o14+ay+2=H;+ Hy— 1> 1/2. One can see that for the second term of (60), relation
(61) still holds. So by Lemma 4.1, the second term of (60) has a memory parameter H < 1/2 in
the sense of Definition 4.3, and hence with the normalization N~ | the normalized partial sum
of the second term of (60) converges to 0 in D[O, 1]. ([l

Proof of case 3. Recall from (59) that the summands in the off-diagonal decomposition of
X(n) —EX(n) are

X5 =Y e DSrax DA, Eniy) - Ajy, Eniy,)-
ieZ’i

Consider first the following partition & = (Py, ..., Py) of {1, ..., k1, ki + 1}, which we express
as

7= Py, Py, (ki + 1)),

withmi=m — 1, U;":ll Pi={1,...,ki},and P, = {k1 +1}. Let T = {1, ..., m1}. Recall that
to have nonzero c(p,j), one must require |P;| > 2 if r € T, and hence 2m; < k. Set 7] =

{P1,..., Py, }andletu e Zﬁ_l . Then applying the off-diagonal summation S/., we get
(Srax)i)= > awa® ()= ( > al) (u))a<2> (i) — R(i). (62)
UpFlg,UpFl upFug

where the difference R(7) includes the terms where some u, = i. Since laVi@)| <Cly+---+
ix,)*" which implies |a7(,1)(u)| < C(uy + -+ 4+ um,)% . Suppose without loss of generality that

um, =i, then by applying (48),

|R(l)| SC Z (’/ll +"'+uml—l+i)alia2 SCiO(z+(O(1+mlfl),

O<u1,..4,uml_1 <00

where o] +m1 — 1 < 0 because o1 < —k1/2 < —m1 < —1. It follows that |R(i)| < Ci*8 for
some & > 0. Since k> = 1, the term R(i) defines the linear process ) ;. R(i)e,—; but one with
smaller memory parameter in the sense of Definition 4.3, than the linear process:

e, (Z af,?(u)) > a® e,

u>0 i=1

resulting from the first term in the right-hand side of (62) (in this case c(p,J) = Uy, =
Hp, "'“Pml)' Collecting all such m; € C%, one obtains ¢ 2?21 a@ (i)e,_; with ¢; as given
in (29). Applying Proposition 2.6 with k = 1, we get the noncentral limit in case 3, with a Hurst
index

H=a+1/24+1=0ay+3/2=Hy.



736 S. Bai and M.S. Taqqu

We now show that in all the other cases, the memory parameter of X}i, (n) is smaller than
H = as + 3/2, which will conclude the proof. Observe first that

la@)] < Clir+ - +ix) i 7. (63)

Letw ={Py,..., Py}isapartitionof {1,...,k; + 1},and T ={z1,...,#},] <m — 1. To bound
|(S’Ta)(i)|, one can assume without loss of generality that either

@ Pin{ki+1l}=gforl<j<m-—1,Py,={ki+1}, T C{l,...,m—1}, U -1 Py #
{1,...,k1},or
®) PNk +1}#2,and P, N{1,...,k1} # 2.

Observe that in the previous case we had Ulj:1 P,j ={l,....ki} l=my=m—1)and P, =
{k1 + 1}.
In case (a), one has by (63) that

lax D] < Cli1+ -+ im—)™ig?.

Since in case (a), Ul.zl P,_/. is a strict subset of {1,...,k;}, we have | <m — 1, and thus by
applying (48) iteratively, one has that

(Srar)®] <D Clur+- 4w +ir+ - +imy1)™ip?

u>0

<Cl1+-Fipg_1) i

m—1>
which results in H* in (34) equal to
= +l+w)+m-—DR2+1=ay+ary+m/2+1/2+1
<—ki24ay+ ki +1)/24+1=ar+3/2=H>

since o1 < —ky/2,and m +1 =21+ (m — 1) <kj + 1 (recall that each |P;| > 2ifr € T).
In case (b), one can write without loss of generality that

laz ()| < CGy+ -+ im)™i]?

since 7 contains m partitions. If for the above a,, the summation S/T includes a sum over the
index 1, thatis, 1 € T, then using (48) and then (50), one has

(S7az)D] < CY @i+ Fur+ir+ -+ im)* u?

u>0
o

<C Y i it A i) T < Cliy o i@,
ur=1

Relation (50) does apply because on one hand oy > —1, and on the other hand, we have o +
l—1<—1/2since oy < —k1/2and 2(I — 1) + 1 < ky because of | P;| > 2 if t € T. This leads to
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H* in (34) equal to
H' =(a+a+D)+m—-D2+1=a;+ar+m/2+1/2+1<a,+3/2=H,.

If the summation S’T does not include the index 1, that is, if 1 ¢ T, one has

[(S7ax)®)| < C G+ + iy + 1y + -+ up) i
u>0
.0

< Clir+ - +im )i,
by (48), which also yields H* < ay +3/2 = H>. (Il

Proof of case 4. Same as case 3. O

Proof of case 5. We consider first in Part 1 all cases of S%.a, in (59) which contribute to the
limit, and in Part 2 negligible cases.

Part 1 of case 5: Suppose that & can be split into 771 and 7> which satisfy the following: the
subpartition w1 = {P1, ..., Py, } is apartition of {1, ..., k}, such that each P; satisfies | P;| < 2,
and at least one |Pj| =1, j=1,...,my.

Thus, suppose without loss of generality that |P{| =2,...,|P,|=2,0<r <mj,and | Pry{| =
-+« =|Py, | = 1. Require that the subpartition 7, belongs to C2, where C% is the collection of
partitions of {k; + 1, ..., k1 +-- -+ kp} such that each set in 7> contains at least 2 elements. Cg is
nonempty because ky > 2. Let

T={,...,rrmi+1,...,m +mo}.

Setting i = (i1, ..., im—r), 0= (Uy,...,u;) €Z and v= (v1,...,Vp,) € ZT, one can write
(S7ar) @) = > aOy,ur, . ur,upin, i —)al) (V) (64)

UpFUqUpFiqUpFVy,
Vp AV VpFig,u,v>0

= > aVur ur, .o up g i —r)ag) (V) = RiG) - (65)

UpFUg il pFVg,Vp7FVg,0,v>0

1 . .
E aV @y, ur, e up, ity i)

upFug,u>0
(66)
x Yy alv) = Ril) — Ra(d)
VpF#vg, V>0

for i, # i,. Relation (66) has the preceding three parts. We shall now apply Proposition 2.6
to the first part. Summing over all possible values of r, one gets a NCLT with Hurst index
H = a1 + k1/2 + 1, where the limit is

Z:=c Z di,r Ziey—2r
0<r<k; /2
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where the process Z, —», is defined in (16) with g, = gﬁl). Taking into account that in this setting,
c(p,j) in (57) and (59) is

P1 p DPr+1 p Pmy+1 Pmy+
(O)H'(Or)( ’1 )( ’1"1)< m6 )( mlom2>(l/«2)rﬂpml+1"‘Mpmﬁ—mz

= MUy,

since up =1, py =---=p, =2 and p,y1 =--- = py, = 1, one gets the nonzero constant ¢
in (29). As in (17), we can express the limit Z(¢) as a centered Wiener—Stratonovich integral.

We shall now show that Ry and R; in (66) lead only to terms with Hurst indices strictly less
than H = a1 + k1/2 + 1 in the sense of Definition 4.3, so they are negligible compared to the
first term, and hence they do not contribute to the limit.

R in (65) is obtained by taking the difference between the sum in (64) and the sum in (65).
Thus R; is obtained by identifying some of the u and v variables in the sum in (64) with i
variables. Using the fact a'/) (i) < C|[i||%, one can see that one of the terms (a coefficient on
Z1'™") in Ry is bounded by

AN o1\ X2
> C (Il + 1™ (vl + 1)) (67)
UpFlg U pFVg,VpFVq,0,Vv>0
where u= (uy, ..., ur—5) =1, esim—r)s V=1, ..., Uny—s,), I = (i1, ..., i;), where
0<sy<rAn(mp—r), O0<t=<sy<mpAn(mp—r).

If t = 0, then s» = 0, and in addition, either s; > 0 or s» > 0. Note that i’ is a subvector of i.
By (48), the term (67) is bounded by

. . Clfentr= if =0;
S i+ 1) v+ 1) = { oo [ ite-o.

u,v>0
When ¢ = 55 =0, one must have s > 0, and so the term yields
H=ai+r—si+m —r)2+1=a1+F+m)/2+1—s51 <a; +ki/2+1,
because
r+my=2r+ (my—r)==k.
When sp > ¢ > 0, it yields an
H*=a+r—si+ay+my—sy+(m; —r)/2+1
=a;+m+r)/2+1+ar+my—s1—5
<a1+ki/24+14+ar+ky/2—s1—s2 <1 +k1/2+1,

since 2my < ky due to > € CZ, and where the last inequality is due to the assumption oy <
—ko/2.
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We now examine R; in (66), which is obtained by identifying some of the u variables to the v
variables in the first sum in (65). One term of R, can be bounded by

> C(Ilall + Ivall + 15D (Ivill + fvall)*

UpFilg,VpFvg,u,v>0

where w = (uy,...,u,—5),vi = (V1,...,05), V2 = (Vs41,...,Umy) and i = (@1, ..., 0 —r),
where 1 <s < (r Am>). By using (48), and then (51) and (49), this term is bounded by

a1\ a
Yo Ol vl + 1) (Ivall + v l)*
u>0,v;>0,v,>0
0t+r—s . . s(s—1)/2
< 37 C(ivill + )™ v et < et e,
vi>0
which yields an

H =aj+r—s/2—1/2+@m—r)2+1=a;+(m+r)/2+1—5/2—1/2 <aj+k /2+1.

So neither Ry nor R» contributes to the limit.
Part 2 of case 5. Suppose now that w and T are not as in Part 1. To determine these cases, note
that one can always bound |(S}.a;) ()| by

C Y (il -+ Miall 4l ll 4+ oz 1) (i |+ sl 4l + us]]) (68)

u>0
. ) ‘i . .
where i; € Zi, u; € ZJ‘;, sj,tj = 0 and where s1 + 52 + s3 > 0 (at least one i variable must
remain), and
s1+s2+1 +2t <k, s1+s3+1 +2t3 <k

Thus, the variables in uy are at least paired within aW, and the variables in u3 are at least paired
within a®.

We note that in Part 1, we had s; =53 =¢; =0, and s; + 2f, = k. Thus, to avoid the situation
considered in Part 1, we require

ifsi=s3=1=0, then sy + 2t < kj. (69)
As we have dealt with Ry and R; before, by properly applying (48)—(51), the bound in (68)
yields
H*<H =a1/2+k/2+1.
To check this, we consider the following exhaustive cases:

(a) either sy > 0,0rs; =0, 50 >0, s3 > 0;
(b) s1=52=0,53>0;
(¢) s1=s53=0,sp >0buts, +21n <kj.
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Note that in case (c), if sp 4+ 2t = k; then ¢ = 0, which would contradict (69).
In case (a), for example, if 51 > 0, by applying (48) to the sum over u, and u3, and then (51)
on the sum over uy, we can bound (68) by

C (il -+ i f)™ 22 (g I+ g )72+,
This yields
H'=ai+a+n+n+63+61+s2+53)/2+1
= +(s1+s2+0+20)/2+14+az+ (s3+1 +213)/2 (70)
<aj+ki/2+1+ar+k/2 <ay+ki/2+1=H.

In case (b), (68) becomes C 3, g(llurll + [luzD*' (i3]l + [lui ]l + [luz])** which we can
bound by

. ar+13
C Y w2 (s + [y f)
ll]>0

{ [iz[| et @=D+/24if ey /241 < —1/2;
[[iz ||t o2ttt if —1/2<oa14+1/2+16 <0,

<

where we need to apply first (48), then apply (51) if #; > 2, and finally apply either (49) for the
first case or (50) for the second. Note that o] +11/2 + 1, > —1/2 only if t1 /2 + t, = k1 /2 since
—k1/2—-1/2 < a1 < —k1/2 and t; 4+ 2t; < k1. So this yields either an

H =ay+ (1 — 1)y /2+13+s53/2+1
(71)
=ay+(s3+1+2R)/2+1+ 1 —Dy/2—t0/2<ar+ky/2+1=H, < H

or H* as in (70).
Similarly, in case (), (68) is 3o C([li2]l + [ur |l + luz[D** (Jlur || + [lz]))*2, which can be
bounded by

C Y (il + g )2 g o243
u; >0
< { lipn*=Ds/242 oy + 11 /2 413 < —1/2;
T i teetntiats if —1/2<ai+11/24+1 <0.

So it yields either an

H'=a1+ @ — D2+ 60 +5/2+1
(72)
=a1+ 2+t +20)24+14+H—-Dy/2-11/2<a1+k1/2+1=Hy,

or H* as in (70). To get the strict inequality in (72), we use (69) when ¢; = 0, and use (7} —
1)+/2 <t1/2 when t; > 0. (|
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Proof of case 6. Same as case 5. O

Proof of case 7. Since H| = H,, both factors a1’ and a® may contribute to the limit. The proof
is similar to case 5, while the other term in the limit arises by exchanging of the role of a‘" and
a®@ in the proof of case 5. Note that because H| = H», the equality in “<” in (71) is attained
whenever #; = 0 and s3 + 2#3 = k», a case which would then be included in the NCLT part of the
proof. (]

5.3. Proof of Theorem 3.8 the mixed case

The proof is similar to case 5 of Theorem 3.6. We thus only give a sketch.

First, following the same notation as Part 1 of case 5 of Theorem 3.6, we look at the con-
tributing case: the partition 7 can be split into 771 and 2, where since now the factor Y7 in (30)
excludes the diagonals, the first partition mq is just {{1}, ..., {m}}. This means that the compo-
nent u in (64) does not appear, namely, r = 0. Hence, instead of (66) one gets

aVy, .. im) Y al ) =R, (73)

VpFVg, V>0

where i, # i, for p # g and the residual term R(i) is as Ry (i) in (66) (there is no R, due to
absence of u). The first term leads to the noncentral limit ¢y fy, (h;,1) with Hurst index H; =
o1 4+ k1/2 4+ 1 claimed in Theorem 3.8 by Proposition 2.5. Then treating R(i) in the same way
as Ry (i) is treated there, one can show that R(i) leads to terms with Hurst index strictly less than
Hy =a1 + k1 /24 1. Since Hj is used in the normalization, all these terms are negligible.

Next, one follows Part 2 of case 5 of the proof of Theorem 3.6 to show that all other cases of &
yield terms with Hurst indices strictly less than H; = o1 + k1 /2 + 1. Due to the off-diagonality
of Y 1’ , for the bound (68), we have the following additional restrictions involving the dimensions
of the vectors in (68): 1, = 0 (uy does not appear), and thus

Sy + 2+t =ky. (74)

The argument in the proof of Theorem 3.6 for cases (a) and (c) continue to hold because the
quantity H* continues to be strictly less than Hj. The only case there involving modification is
case (b) where 51 = s, =0, s3 > 0, because the original inequality (71) allows H* = H, which
can be greater than H;. But now by (74) we have the restriction | = k; > 2. So (71) is now
changed to

H*=ar+(s3+1+263)/2+1—1/2<H,—1/2<1/2 < H,.

Since H* < Hj, these terms are also negligible. Then the first term of (73) dominates and pro-
vides the limit ¢ Iy, (h;,1).
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