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A finite point process is characterized by the distribution of the number of points (the size) of the process. In
some applications, for example, in the context of packet flows in modern communication networks, it is of
interest to infer this size distribution from the observed sizes of sampled point processes, that is, processes
obtained by sampling independently the points of i.i.d. realizations of the original point process. A standard
nonparametric estimator of the size distribution has already been suggested in the literature, and has been
shown to be asymptotically normal under suitable but restrictive assumptions. When these assumptions are
not satisfied, it is shown here that the estimator can be attracted to a semi-stable law. The assumptions
are discussed in the case of several concrete examples. A major theoretical contribution of this work are
new and quite general sufficient conditions for a sequence of i.i.d. random variables to be attracted to a
semi-stable law.
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1. Introduction

We first explain the motivation behind this work, namely, understanding statistical properties of
certain estimators arising when sampling finite point process. The issues raised in the motivation
require developing new theoretical results on the domain of attraction of the so-called semi-
stable laws. We conclude this section by describing this theoretical contribution, along with the
structure of this work.

Let W,W®, i =1,2,...,N, be iid. integer-valued random variables with the probability
mass function (p.m.f.) fw(w), w > 1. Let also Bin(n, g) denote a binomial distribution with pa-
rameters n > 1, g € (0, 1). Consider random variables W,, W(;l), i=1,2,..., N, obtained from
W, W@, i=1,2,...,N, through the relationships W, = Bin(W, ¢) and W\ = Bin(W®, ¢),
i=1,2,..., N (independently across i). Note that W, takes values in 0,1,2,..., W. Let the
probability mass function of W, be fw, (s), s > 0. The basic interpretation of Wy is as follows.
If an object consists of W points (a finite point process) and each point is sampled with a proba-
bility ¢, then the number of sampled points is W, = Bin(W, g).

One application of the above setting arises in modern communication networks. A finite point
process (an object) is associated with the so-called packet flow (and a point is associated with
a single packet). Sampling is used in order to reduce the amount of data being collected and
processed. One basic problem that has attracted much attention recently is the inference of fw
from the observed sampled data W;l), i=1,2,..., N (in principle, W(y) = 0 is not observed

directly, but the inference about the number of times Wq(i) = 0 is made through other means). See,
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for example, Duffield, Lund and Thorup [7], Hohn and Veitch [9], Yang and Michailidis [14]. For
other, more recent progress on sampling in communication networks, see Antunes and Pipiras
[2,3], and references therein.

We are interested here in some statistical properties of a nonparametric estimator of fy (w),
introduced in Hohn and Veitch [9] and also considered in Antunes and Pipiras [1]. We first briefly
outline how the estimator is derived. Estimation of fy (w) is based on a theoretical inversion of
the relation

fw, () = Z =s|W=w)P(W =w)
(1.1)

Z( )‘15(1—Q)w_sfw(w), s> 0.

w=s

In terms of the moment generating functions Gy, (z) = pa fw,(s) and Gw(z) =
Z;’)ozl z¥ fw(w), the relation (1.1) can be written as Gw,(z2) = Gw(zq + 1 — q). By chang-
ing the variables zg + 1 — ¢ = x, one has Gw(x) = Gw, (¢~ 'x — g~ '(1 — g)) which has the
earlier form but with ¢ replaced by ¢! (and z replaced by x). This suggests that (1.1) can be
inverted as

(e9]

fw(w>=Z(;>(q D =q7") " fw, ()
- 1)s—w (1.2
—Z( >( L — ) " fw, (), w=1

Antunes and Pipiras [1], Proposition 4.1, showed that the inversion relation (1.2) holds when

Z( >( - fq<s>=Z<f>2“’"(1—q>“’”fw(w)<oo, nzl. (13)

Observe that (1.3) always holds when g € (0.5, 1). But when g € (0, 0.5], the finiteness of the
above expression depends on the behavior of fy (w) as w — oo. We shall make the assump-
tion (1.3) throughout this work.

In view of (1.2), a natural nonparametric estimator of fy is

]

—~ —1)s—w —~
fw(w)=2<;)%(uqf—wqu(s), w1, (1.4)

S=w

where

N

~ 1

fwy ()=~ > Lwooy 520, (1.5)
i=l1
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is the empirical p.m.f. of fw,, and 14 denotes the indicator function of an event A. Note that, by
using (1.4) and (1.2),

s

A ad —1)sw ~
VN(fww) = fww)) = (;) %(1 — @) N (Fw, () — fw, (). (1.6)

Since
(VN (P, () = f, )} 20 S e, (1.7)
where {£(s)}72,, is a Gaussian process with zero mean and covariance structure
E(§(s0)§(52)) = fw, (5D Lisy=s) — Sfw, (51) fw, (52),

one may naturally expect that under suitable assumptions, (1.6) is asymptotically normal in the
sense that

(VN(Fw ) — fw @)}, S {5}, (1.8)

where {S(§)w};,_; is a Gaussian process. Antunes and Pipiras [1], Theorem 4.1, showed
that (1.8) holds indeed if R, ,, < 00, w > 1, where

S (1_ )2(S w)

=3 (2 ) O

S=w

i fw (@)1 - )"‘“(L)é(i)(i:ﬁ)(q“—1)‘?.

(1.9)

The quantity Ry, is naturally related to the limiting variance of VN fy N fw(w). Indeed, since
NE(fw,(s1) — fw, (SO)(Fw, (52) = fw,(52)) = fw, (s1)Lsi=s) — fw, (1) fw, (s2) and by us-
ing (1.6) and (1.2), the asymptotic variance of «/—fw(w) is expected to be R, — (fw (w))?.
Requiring Ry, < 00 is then a natural assumption in proving (1.8).

We are 1nterested in fW(w) when the condition R, < 00, w > 1, is not satisfied. In fact,
such a situation is expected with many distributions. For example, we show in Section 4 below
that if fiy(w) = (1 — O w>1,isa geometric distribution with parameter ¢ € (0, 1), then
the distribution of fw, (s) is given by

I-p-0 .
fw, (5) = 11 —cl—q) | (1.10)
Ec;(l—cq), ifs >1,

where ¢, = Moreover, the condition R, ,, < oo holds if and only if ¢ < lz—q (see

cq
1—c(1—¢q)" R
Section 4). Thus, for example, we are interested what happens with fw (w) when W, has p.m.f.
given by (1.10) with ¢ > lz—q.
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To understand what happens when R, ,, = 0o, observe from (1.4) and (1.5) that fw(w) can
also be written as

N
-~ 1
fW(w):NiZI:Xi, (1.11)
where X;,i=1,2,..., N, are i.i.d. random variables defined as
@) Wi .
Wq (—=1)"e w _y
Xi=< w )W(I_Q) g I{W,}i)zw}’ (1.12)
1-g" (i) . .
Focus on the key term % =(g~' — )" entering (1.12). For example, when W is geo-

g9
metric with parameter c, W;l) has p.m.f. in (1.10). One then expects that

1 wiD _ @) log x
Pl = )" =)= p (w0 s OB
(1.13)

‘x b

~ L Jogxtogq™ -0 _ 1 o
C 4 C

log cq’l
log(¢g~!-D"
and that the estimator fy (w) is asymptotically non-Gaussian stable when « < 2. In fact, the

where a = This suggests that the distribution of X;, i =1,2,..., N, has heavy tail

story turns out to be more complex. Because of the discrete nature of W(’), the relation (1.13)
does not hold in the asymptotic sense as x — oco. An appropriate setting in this case involves
the so-called semi-stable laws. In the semi-stable context, moreover, the convergence of (1.11) is
expected only along subsequences of N.

Semi-stable laws have been studied quite extensively (see Section 2 for references). They are
infinitely divisible and extend the stable laws by allowing the power function in the Lévy mea-
sure (of the stable law) to be multiplied by a function with a multiplicative period. In particular,
necessary and sufficient conditions are known for a distribution to be attracted to a semi-stable
law (see Theorem 2.2 below), that is, for the sum of independent copies following the distri-
bution to converge to a semi-stable law (along a subsequence and after suitable normalization
and centering). A common example (and, in fact, one of the few concrete examples) of such a
distribution is that of a log-geometric random variable

X =a" with P(Wq:s):(l—cq)cfl,s:O,l,..., (1.14)

where a > 0 and ¢, € (0, 1). (Strictly speaking, the log-geometric case is when a = e.) Note that
in (1.14), we use purposely the notation of (1.10) and (1.12).

In fact, motivated by (1.12) and the desire to consider more general distributions than log-
geometric, we will show that the domain of attraction of semi-stable laws also includes the dis-
tributions of random variables of the form

X:k(Wq)aW‘f with P (W, =s)=h(s)cf],s=0,l,..., (1.15)



Semi-stable laws 1059

where k and h are functions satisfying suitable but also flexible conditions. Our approach goes
through verifying that the distributions determined by (1.15) satisfy the necessary and sufficient
conditions to be attracted to a semi-stable law. Somewhat surprising perhaps, the proof turns out
to be highly nontrivial. The difficulty lies in dealing with the general case when both functions k
and 4 in (1.15) are not constant. Much of this work, in fact, concerns this problem.

The rest of this work is structured as follows. Preliminaries on semi-stable laws can be found
in Section 2. In Section 3, we state and prove the main general results of this work concerning
semi-stable distributions and their domains of attraction. In Section 4, we apply the main results
from Section 3 to sampling of finite point processes. Several concrete examples, in particular, are
considered. A few auxiliary results are given in the Appendix. Some numerical illustrations can
be found in Chaudhuri and Pipiras [5].

2. Preliminaries on semi-stable laws

One way to characterize a semi-stable distribution is through its characteristic function (Mae-
jima [11]).

Definition 2.1. A probability distribution u on R (or a random variable with distribution () is
called semi-stable if there exist r, b € (0, 1) and c € R such that

RO =amo)e’  forall6 R, 2.1)
and 11(0) # 0, for all © € R, where j1(9) denotes the characteristic function of .

A semi-stable distribution is known to be infinitely divisible (Maejima [11]) with a location
parameter n € R, a Gaussian part with variance o> > 0 and a non-Gaussian part with Lévy
measure characterized by (distribution) functions

My (x) Mg (x)

L(x)= , x <0, R(x)=— , x>0, 2.2)
x| x

where o € (0,2), My (c!/*x) = My (x) when x <0, and Mg(c'/*x) = Mg(x) when x > 0,
for some ¢ > 0. The functions M; and My are thus periodic with multiplicative period c!/¢.
The functions L(x) and R(x) are left-continuous and non-decreasing on (—oo,0) and right-
continuous and non-decreasing on (0, 00), respectively. The characteristic function of a semi-
stable distribution with a location parameter n and without a Gaussian part is given by

. ) O /e irx L ik irx
IOgM(t) =1t + - e —1— m dL(X) + ) e —1— m dR(.X) (23)

Semi-stable distributions arise as limits of partial sums of i.i.d. random variables. Let
X1, X2, ... be a sequence of i.i.d. random variables with a common distribution function F.



1060 R. Chaudhuri and V. Pipiras

Consider the sequence of partial sums

k,
1 n
S::A—{ZXJ-—B;(H}, (2.4)
kb |21

where {Ay,} and { By, } are normalizing and centering sequences. Semi-stable laws arise as limits
of partial sums S, supposing that {k,} satisfies

. kng
kn = 00, kn < knt1,  lim -
n—oo ky,

=ce[l,o0). (2.5)

Moreover, if S converges to a nontrivial limit (semi-stable distribution), the distribution F of X ;
is said to be in the domain of attraction of the limiting semi-stable law. In this case and supposing
the limiting law is non-Gaussian semi-stable, it is known that the normalizing sequence {Ay, }
necessarily satisfies

Akn — o0, Akn = Ak)H»l ’

where o € (0, 2). (2.6)

Megyesi [13], Grinevich and Khokhlov [8] gave necessary and sufficient conditions for a dis-
tribution to be in the domain of attraction of a semi-stable distribution.

Theorem 2.2 (Megyesi [13], Corollary 3). Distribution F is in the domain of attraction of
a non-Gaussian semi-stable distribution with the characteristic function (2.3) along the subse-
quence k, with normalizing constants Ay, satisfying (2.5) and (2.6) if and only if for all x > 0
large enough,

F_(=x) = x 91" () (M (=8 () + hp.(x)), Q2.7)
| — F(x) = x 1" (x) (Mg (8(x)) + hr (%)), 2.8)

where I* is a right-continuous function, slowly varying at oo, a € (0, 2), F_ is the left-continuous
version of F and the error functions hg and hy, are such that

hi(Ag,x0) — 0 asn— o0, 2.9)

for every continuity point xo of Mg, if K = R, and —xo of M, if K =L. Mg, K € {L, R}, are

two periodic functions with common multiplicative period ¢'/* and for all large enough x, §(x)
is defined as
X
S(x)= ——e[1,c'e , 2.10
(x) pres) [1,c* +¢] (2.10)

where ¢ > 0 is any fixed number, with

a(x) = Ag, if Ag, <X <A,y (2.11)
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Grinevich and Khokhlov [8] also showed that, in tlge sufficiency part of the theorem above, &,
can be chosen as follows. First, choose a sequence {A,} such that

lim nA *I*(A,) =1 (2.12)
n—oo
and
A, — o0, Ay <Ap41 and lim —— =1. (2.13)

n—oo An

Define a new sequence {a,} by setting a, = Ay, for every n, where Ay, appears in (2.11). Then,
the natural numbers k;, can be chosen as

Ay, <an < Ay, (2.14)

The centering constants By, in (2.4) can be chosen as (Csérgo and Megyesi [6])

1—1/ky,
By, =ky / Q(s)ds, (2.15)
1/kn
where, for0 <s <1,
Q(s) =inf{F(y) > 5}. (2.16)
y
The location parameter n of the limiting semi-stable law in (2.3) is then given by
n=0{1) —6{n), (2.17)
where
1 . 00 3
Oi) = L(Sz)ds—f L(Sz)ds i=1,2, (2.18)
o 14+y7(s) 1 1+97(s)
and
Y1(s) = inf {L(x) > s}, Y2(s) = inf {—R(—x) > s}. (2.19)
x<0 x<0

It is also worth mentioning that the slowly varying function /*(x) entering in (2.7) and (2.8) can
be replaced by two different, asymptotically equivalent slowly varying functions /7 (x) and /5 (x).
The proof of this result is given in Lemma A.5 in the Appendix.

3. General results concerning semi-stable domain of attraction

The next theorem is the main result of this work. We use the following notation throughout this
work:

[x] = the smallest integer larger than or equal to x,

[x]4+ = the smallest integer strictly larger than x.
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For example, [2.47] = [2.47]4+ =3 but [3] =3 and [3]+ = 4. The function [x]+ is the right-
continuous version of the function [x7]. Also note that [x]4 = [x] 4+ 1, where [x] is the integer
part of x (i.e., the largest integer smaller than or equal to x).

Theorem 3.1. Let W, be an integer-valued random variable taking values in 0,1, 2, ... such
that, for all x > 0,

]

P(% >x,Wyis even) - Z P<% :n) Zhl([ﬂ)e_vm’ (.1

n=[x]

w, —1 e w, —1
P( q2 >x, Wy is 0dd>= Z P( q2 =n> =h2(|—x-|)e_”m, (3.2)

n=[x]

where v > 0 and the functions h| and hy satisfy

ha(x)
— (1 as x — 00, (3.3)
hy(x)
for some fixed c; > 0, and
hy(ax)
—1 asx — oo,a — 1. 34
hi(x)
Let also
X =L(e")efWa(—1)"a, 3.5)

where B > 0 and L is a slowly varying function at oo such that L(€") is ultimately monotonically
increasing. Suppose that

v
o=— <2 3.6
2B (3.6)
Then, X is attracted to the domain of a semi-stable distribution in the following sense. If
X, X1, X2, ... are i.i.d. random variables, then as n — oo, the partial sums

1 (&
E{ij—Bkn} (3.7

j=1
converge to a semi-stable distribution with

ey 2m—2\ 2B(n—1)
k , A L(e” n— 3.8
" [hl(n—l)—‘ o (e ©-8)

and By, given by (2.15). The limiting semi-stable distribution is non-Gaussian, has location
parameter given in (2.17) and is characterized by

v
o= ﬁ, (39)
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Mp(—x) = cpe”V(1/24+1/2p)log x]=(1/(2h)) logx)

(3.10)
Mg (x) = eV ([(1/@B)logxT4—=(1/(2h)) logx) = 0.

Proof. The result will be proved by verifying the sufficient conditions (2.7)—(2.8) of Theo-
rem 2.2. We break the proof into two cases dealing with (2.7) and (2.8) separately. The final
part of the proof shows that the sequence &, can be chosen as in (3.8).

Step 1 (showing (2.8)): Fix x > 0 large enough. In view of (3.5), we are interested in

F(x):=1—F(x)=P(L(e")eYas(—)"s > x). (3.11)
Let Z, = % Note that (3.11) can be written as

F(x) (L( )ezﬂz2 >x,Zy1s integer)
= P(L(e*®2)e* % > x) (3.12)
L 275 L
P(ZZ+2,3 logL( )> 25 10gx>,
where, in view of (3.1),

P(Zy > x) =hi([x7])e . (3.13)

We next want to write F(x) in (3.12) as

_ 1
Fx)=P(Zy>g| —logx (3.14)
2p
for some function g.

There are many choices for g in (3.14). One natural choice is to take
. 1 2n—2 1 Zn
go(y)=n 1f(n—1)+ﬁlogL(e )<y<n+ﬁlogL( ) (3.15)

The function gg, however, turns out not to be suitable for our purpose. It will be used below
only for reference and comparison to other related functions. We will use a related function g
defined, for integer n > 2, as

n—1,

1fn—1+ﬁlogL( 2"’2)<y<n—l—i—%logL( )

1 (3.16)
y— ﬁ logL( )

. 1 1
ifn—1+ ﬁlogL(ezn) <y<n+ ﬁlogL(ez”).

ga1(y)=
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n+2-4 -—

n+1-4

n—14

n—1+ 55log L(e*) n+ g3 log L(e*"2)

T T T T I
n—1+ 5zlog L(e?"~2) n+ 55 log L(e*™) n+1+ ﬁlog L(e?t2)

Figure 1. Plot of go(y), g1(y) and g2(y).

We will also use the function

e ="'y =inflz: f(z) >y} (3.17)

defined as an inverse of the function

1
f@=z+ ﬁlogL(ezz). (3.18)

Note that
[0 ] =[a1M ], =Te20 ], =[sM]. (3.19)

where g is any function satisfying (3.14). The functions go, g1 and g are plotted in Figure 1.
We shall use another function g; which modifies g; in the following way: for n > 2,

5 _ _i 2n—2
s =y zﬁlogL(e )

| | (3.20)
ifn—1+ %logL(ez”_z) <y<n+ ﬁlogL(eZ”).

One relationship between the functions g; and g; can be found in Lemma A.1 in the Appendix,
and will be used in the proof below. Note that g1 (y) can be expressed as

gy =y—-g O, (3.21)
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where, for n > 2,

=% _ L 2n—2 : _ i 2n—2 L 2n
gl(y)_Zﬂ logL(e™*™%)  ifn 1—1—2’3 logL(e )§y<n+2ﬂ logL(e™). (3.22)

See Lemma A.2 in the Appendix for a property of g} which will be used in the proof below.
We need few properties of the function g;. Since g3 is the inverse of the function f, we have
e82(102%) 4¢ the inverse of e/ 1°8%) Indeed,

fllogx)
es2(loge ) — e82(flogx)) _ glogx _

Note now from (3.18) that

of (logx) _ glogx+(1/(28))log L(x*) _ x(L(xz))l/(zﬂ).

Since (L(x2))!/@P) is a slowly varying function, e/ 1°¢%) is a regularly varying function. So, by
Theorem 1.5.13 of Bingham, Goldie and Teugels [4],

e220102%) — y/(x),
where [(x) is a slowly varying function. Hence,
g2(logx) =logx + logl(x) =logx + g5 (logx),
where
g, (logx) =logl(x)
or replacing log x by y,

2 =y+g8O»). (3.23)

Note also that for any A > 0, we have

1(Ax)
1(x)

Continuing with (3.14) now, note that, by using (3.13) and (3.19),

_ 1
F(x)= P<22 > g<ﬁlogx>>
1
hy <’7g<ﬁlogx>—‘)e—v(g((l/@ﬁ))klgxﬂ (3.25)
hl((&(Llogxﬂ )e—ng((l/(Zﬁ))logx)h'
28 .

g, (log Ax) — g5 (logx) =logl(Ax) —logl(x) =log -0 as x — 00. (3.24)
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By using (3.21), note further that

1 T .
—v&1((1/(2p))logx)
g2<—logx> )e véil
2 N

x e~ V(@1 ((1/2)) logx)—=g1((1/(2p)) log x)) o —v([g1((1/(28)) log x) 1+ —g1 ((1/(28)) log x))

=h1(_g2< % 10gx)_ )e—v((l/@ﬂ))10gx—§i‘((l/(2/3))10gx)) (3.26)
+

x e~ V(@1((1/2p)) logx)=g1((1/(2p)) logx)) o —v([g1((1/(28)) log x) 1+ —g1 ((1/(2)) log x))

F(x)=h1<

=x"U () (MR(8(x)) 4+ hr(x)),

where o = % as given in (3.9),

) = Iy qu <L 10gx)—‘ >eV§T((1/(2ﬂ))10gX)
28 .

. (3.27)
% e—V(gl((l/(Zﬂ))IOgX)—gl ((1/(2;‘3))10&)6))’
Mp(5(x)) = e ([&1(1/@A)log0) =21 (1/2f)) log) (3.28)
and
hr(x) = e~ v([81((1/(28)) logx)1+—g1 ((1/(2B)) log x))
(3.29)

— e v([&1((1/28)) logx)T+—&1((1/(2h)) logx))

We next show that the functions I§, Mg and hp satisfy the conditions of Theorem 2.2 with
suitable choices of §(x) and Ay, .

By Lemma A.3 in the Appendix, /] (x) is a right-continuous slowly varying function and hence
it satisfies the conditions of Theorem 2.2. For the function Mg (§(x)), note from (3.28) that

Mg (8(x)) = e~ (2601 ((1/28)) log0)/(26)14 =252 ((1/(26)) log )/ )

) (3.30)
= My (e2P81((1/@B)logn))

with
Mg(x) — e V([logx/(2P)1+—logx/(26)) (3.31)

The function Mg (x) is periodic with multiplicative period e*#, and is right-continuous as re-
quired in Theorem 2.2. Since the period e?# is also ¢!/%, this yields

c=¢e". (3.32)
To choose §(x), note from (3.30) that

Mg (8(x)) = My (P81 (1/@B)log0)=2pn=1))
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for any n > 1, since My has multiplicative period ¢*#. We can set

§(x) = e2h&1((1/@2p) logx)=2p(n—1) if GZﬂ(n—l)L(eM—Z) <x< 62”/31,(@2")_ (3.33)
From (3.20), we have

5(x) = e2B(1/C@B)logx—(1/(2p))log L") =2p(n—1)

X (3.34)
= WL(&"”) if ezﬁ(”_l)L(eZ”_2) <x< eZ"ﬁL(ezn).
Thus, 8 (x) has the required form (2.10)—(2.11) with
Ag, =D L (e272) (3.35)
and
a(x)=e?P DL )= Ay, if Ay, <x < Ap,,,. (3.36)

Note also from (3.34) that

eZﬂn L (62")

I=d(x) < 2B [ (c21—2)

2
= 2B L(e n) —> ezﬂ

- - =c''Y,
L(e—ZeZn)

so that 8(x) € [1, ¢!/% + ¢] for large enough x when & > 0 is fixed.
To complete step 1, we need to prove that hg(Ag,x0) = 0 as n — oo for every continuity
point xo of Mg(x). The discontinuity points of Mg are

x =e*b, keZ. (3.37)

To show hg (A, x0) — 0, note that, by Lemma A.1, it is enough to prove that hr (Ag,x0) # 0 for
finitely many values of n, where

fip(x) = e T@1((1/@B)Iog) s _ o=vIZ1((1/Q2B) logx)].

This holds only if for some integer m > 2,
1
m+logL(e*"?) < % log Ag, xo < m +log L(e*™). (3.38)

By Lemma A 4, (3.38) holds for infinitely many values of n only if xo = ¢*#, r € Z, which is a
discontinuity point of Mg (x) in (3.37). Hence, hr(Ak,x0) — 0 as n — oo for every continuity
point xg of Mg (x).

Step 2 (showing (2.7)): In view of (3.5), we are now interested in

F_(—x) = P(L(e")efYa (- )1 < —x). (3.39)
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Let Z, = W as in step 1. Note that (3.39) can be written as

1
F_(—x) = P(L(6222)e2ﬂ22 >x,7Z, — 3 is integer)

P|L eez(zz 1/2) efe?P =12 5 x 7, — l is 1nteger)
2

(3.40)
—P(Lle 221) P > )
1
=P(Z +—10gL( 2Zl+l)>%log)c>,
where, in view of (3.2),
P(Zy > x)=hy([x])e " (3.41)

Writing (3.40) as

1 1 1
F_(—x)= P<21 + ﬁlogL(eZZ‘H) > ﬁlogx - E)

the right- hand side has the form (3.11) where L(e?%2) is replaced by L(ee*21) and ﬁ logx is
replaced by 28 logx — 7. Thus, as in (3.14)—(3.15), one can write

1 1
Fo(—x)= P(Z1 > gr(ﬁlogx _ 5)) (3.42)
where
~ . 1 2n—2 1 2n
gy)=n 1fn—l+%logL(ee )<y<n+ﬁlogL(ee )- (3.43)

The expression (3.42) can also be written as

F_(—x)= P<21 > g()(% logx)>, (3.44)

where go(y) =g(y — %) or, forn > 2,

1 1
g0(y)=n ifn—— + ﬁlogL( 2”_1) <y<n + —+ %logL( 2"“). (3.45)

We want to work with the intervals [n — 1 + ﬁ log L(e*"~%),n + ﬁ log L(ez")) appearing in
step 1, and use the results of that step. Note that, on the interval [n — 1 + 55 log L™ %), n+
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ﬁ log L(e*")), the function g has the form

n—1, ifn_1+L10gL(e2”_2)§y<n—l—i—ilogL(ez"_l),

~ 2 2 2
2o = L P (3.46)
n, ifn—E—i—ﬁlogL(ez”*l)§y<n+ﬁlogL(ez").
Defining
_ . _ L 2n—2 _ 1 i 2n—1
1, ifn 1+2ﬂ10gL(e )<y<n 2—i—21310gL(e ),
0 ifn—1+LlogL(e2”_1)<y<n+l10gL(e2")
’ 2 28 - 28 ’
and combining (3.15), (3.46) and (3.47), we have
80(y) = go(y) + Io(y). (3.48)
Continuing with (3.44), note further that, by using (3.41) and (3.48),
Fo(ex) = hz(é’o(% logx>>ev§o<<1/<2ﬂ)>logx>
) | (3.49)
- e—vlo((l/(Zﬂ))IOgX)hz(go(ﬁ logx) n Io(ﬁ logx>>e—vg0((1/(2/3))10gX)_

We want to write F_(—x) as in (2.7) of Theorem 2.2 (where by Lemma A.5, we can take a
slowly varying function /5 which is asymptotically equivalent to /7). We need the notation for
the intervals appearing in (3.46)—(3.47), namely, for n > 1,

= — L 2n—2 _l L 2n—1)
Dn_|:n 1+2ﬁlogL(e ).n 24—21810gL(e ) ),

— _l l 2n—1 L 2n )
En_|:n 2—|—2l310gL(e ),n+2ﬂ10gL(e ) .

We also need a similar notation without the slowly varying function L, that is, for n > 1,

D;:[n—l,n—%), E,;:[n—%n)
Set also
o0 o0
D:UDn, E:UEn,
n=1 n=1

(3.50)
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As in (3.26), we can now write (3.49) as

—ah2(g0((1/2B) logx) + Io(1/2BN10gX)) 1y ) - —vio(c1/2p)Iog)
c1hi(go((1/(2B)) logx)) !
x e—v((gn((1/(2/3))10gX)1+—g1((l/(Zﬂ))IOgX))’

F_(—x)=x

where o = % and [} (x) is given in (3.27). This can also be written as

F_(—x) =x"“I;(x)(ML(=8(x)) + hr(x)),

where
h2(go((1/(2B))logx) + Ip((1/(2B)) log x))
1x = 1T (x), 3.51
2 c1h1(30((1/2B)) logx)) 100 G20
ML(—8(x)) — Cle—v([1/2+§1((1/(2/5))10gx)]—§1((1/(2/3))102)6))’ (3.52)

hp(x)= creVo(1/@2P)logx) o —v([1((1/(2A)) log x) T+ —g1((1/(2)) logx))

_ _ (3.53)
— ee V2RI (1/2B) log0)1—21((1/(26)) log )

By using (3.3)-(3.4), we have

h2(80((1/(2F))logx) + Io((1/(2p)) logx))
cth1(go((1/(28))logx))

1 as x — o0.

15(x)
HE)
By the definition of I and using Lemma A.3, [5(x) is right-continuous and slowly varying.

The function §(x) appearing in (3.52) is the same as in (3.33)—(3.34) of step 1, while the
function M (—x) is defined as

Hence — 1,as x — oo, that s, l; (x)and! T(x) are two asymptotically equivalent functions.

My (—x) = Cle—v([1/2+(l/(2ﬁ))lOgX]—(l/(Zﬂ))logX)’ x>0. (3.54)

It is left-continuous when x > 0, and also periodic with multiplicative period e*# = ¢!/, Thus,
My (x) for x < 0 is left-continuous as required in Theorem 2.2. The discontinuity points of
My (—x) are

x = ePKHD, keZ. (3.55)

To conclude the proof of step 2, we need to show that A (Ag,x0) — 0 as n — oo for every
continuity point xo of My (—x), that is, x¢ different from (3.55). For this, we rewrite iy (x) as
follows. Observe that

e V) = e’ 1p(y) + 1£(y)
and

(ev 1p(y) + 1E,(y))efv(fﬂ+*y) = V(H/24Hy]-y),
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where after taking the logs, using [y]4+ = [y]+ | and simplification, the last identity is equivalent
to [yllpp(¥)+((y]1+ Dl (y) = [% + y] and can be seen easily by drawing a picture. By using
these identities and (3.53), we can write

1 1
() = (ele (ﬁ logx> g (ﬁ 1ogx)>e—””gl ((1/2B)) logx)1+—g1(1/2) log )

— e V(1172481 ((1/2p)) logx)]—g1((1/(28)) log x))

= Iy g (x)e 81 ((1/@B)Iog0) T g1 (/BN 1ogx) L jpo 1 ().

where

1 1 1
hip(x)= e”ll)(ﬁlogx) + lE(ﬁ logx) — e"lD/(gl (%logx>>
1
1155 00

hy 1(x) = eV ([1/2+81((1/(2B)) log )] =g1((1/(2p)) logx)) _ o—=v([1/2+81((1/(28))logx)]1=£1((1/(28)) logx))

It is therefore enough to show that Ay (Ag,x0) — 0 and hy 1 (Ag,x0) — 0, as n — oo.
From (3.16), (3.20) and (3.50), i1, (A, x0) # O if, for some integer m > 1,

1 1 1
m—> +logL(e*™ ") < % log Ag, xo <m — 3 +log L(e*™). (3.56)

(To see this, partition [m — 1 4 % log L(e*"~2), m + ﬁ log L(e*™)) into four subintervals [m —
1+ 55 log L(e*2), m — 14 35 log L(€*™)), [m — 1+ 55 log L), m — 3 + 55 log L(e*™ 1)),
[m — % + ﬁ log L(ezm_l)., m— % + ﬁ logL(ez’")), [m - % + ﬁ log L(e®™), m + % logL(ez’"))
and check that the function is nonzero only on the third subinterval as given in (3.56).) By
Lemma A.4, (3.56) holds for infinitely many values of n only if xo = e#®+1 which is a dis-
continuity point of My (—x) in (3.55). To show hj 1 (A, x0) — 0O, note that, by Lemma A.1, it is
enough to prove that i 1 (Ag,xo) # O for finitely many values of n, where

oo 1 (x) = e V112481 (/@B log )] _ o =vI1/2+81((1/(2) log0)]

By using (3.16) and (3.20), the relation fzz,L(Akn x0) = 0 holds only if, for some integer m > 1,

1 1 1
m—> —|—10gL(ezm_2) < 25 log Ay, xo <m — > —|—10gL(ezm). (3.57)
(To see this, draw a plot of g1 (y) and g;(y) for y in [m — 1+ ﬁ log L2, m— % log L(e*™y),

and note that g(y) = m — % at y =m — % + ﬁlogL(ez’"—z) and g1(y) = m — % +

ﬁ log L(e*™).) By Lemma A.4, (3.57) holds for infinitely many values of n only if xg = efr+D)
which is a discontinuity point of My (—x) in (3.55). Hence, hy (Ak,x0) — 0 as n — oo for every
continuity point xo of My (—x).
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Step 3 (Deriving subsequence k;): We conclude the proof of the theorem by showing that
k, is given by (3.8). In view of the discussion following Theorem 2.2, we want to choose a
sequence An satisfying (2.12)—(2.13) such that k,, given by (3.8) now satisfies (2.14). We define
such sequence A, as

log A, =2B(m — 1) +log L(e*"?)
(3.58)

logn — logk,) (28 + log L(e*™) — log L (e2"—2
+(ogn ogkm)(2B +log L(e”") —log L(e ) ik <1 < ket > 1.

logkm+1 — logkp,

The sequence An satisfies (2.13). If k,,, <n < kyy+1 — 1, the last limit in (2.13) follows from

- (logn —log(n +1))(2B +log L(e*™) — log L(e*"~2)) N

log Apy1 —log A, = log k1 — logk, §
m m

If n = k41 — 1, the limit follows from

log An+1 —log A,
=28+ logL(ezm) — logL(e2m_2)

_ (log(kns1 — 1) —logky) (28 +log L) —log L 2)

0
10g k41 —l0gky

since log L(e”™) — log L(e*"~2) — 0, and

log(kyp+1 — 1) — logky, N
logkm+1 — log ki

Next we show (2.12), that is, nA;“lT(An) — 1,as n — 00, where o = % and lf is as defined
in (3.27). When k,,, <n < k;;, 11, observe that
nli (An)
Azﬁﬁ

log nA;“lT(An) = log
. nli(An)
em=Dv [ (e2m=2)v/2p

2my 2m—2
L v 0/CP)log L(e™) — (v/(2)) log L(e™7) 10g<k_m> (3.59)
log k41 — log knm n

[} (An)
hi(m — I)L(eZm—Z)v/Z/S

v+ (v/(2B)) log L(e*™) — (v/(2B)) log L(e*"~2) (km)
+ log| — ).
logki+1 — logkn,

~ logn + log — logk,,
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K

z is bounded and

Now observe that as n — oo, we have m — oo, and thus

v+ (v/(28)) log L(€¥™) — (v/(2B)) log L(e*™~2) -

1.
logkp+1 — logk,

Thus, (3.59) is asymptotically equivalent to

o [F(An)
g hi(m — 1)L(e2m—2)"/2/3 :

(3.60)

By the relation (A.4) in the Appendix, lT(An) ~ hl(gz(ﬁ log A,))ev81((1/2p)log A and hence
(3.59) is also asymptotically equivalent to

h1(g2((1/(2B))log A,))eVEi ((1/(2B))log An)
hi(m — 1)L (e2m—2)v/2p

log (3.61)

Since k;, <n < k;;4+1, we have
2B(m — 1) +log L(e*" %) <log A, <2Bm +log L(e*")

vgF((1/2B))log An) . . _
il *™ — 1. Hence, (3.61) simplifies to log %,

% — 1 by using (3.4). This proves that

lognA;“li‘(An) — 0 and thus nA;”‘l]"(An) — l,as n — oo.
Finally, we show that k,, defined in (3.8) satisfies (2.14). Define a, = Ay, = e2Pn=Dp (e2n=2),
Hence,

and, by (3.22), W

But as n — oo, we have m — oo and thus

where 0 <k < 1.

logan = IOg Akn = 2[3(;1 — 1) + logL(CZn—Z).

Now observe that Akn = a,, and thus (2.14) is satisfied. O
The partial sums (3.7) involve centering constants By, defined in (2.15). As in the stable case,
one can expect to replace By, by k, EX when 1 < « < 2, and to show the convergence of (3.7)

without By, when 0 < o < 1. The next result shows that this is indeed the case.

Proposition 3.2. Suppose that the assumptions of Theorem 3.1 hold. Let

r= -t —e’ _ PRI oze]=) (¢ w1/ loger] =D _ )
1 —e2—v !
(=" s uyamioger e
+c1 P = e .
If0 <o <1, then
By,

k,
I & d
n n i1
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and if 1 <o <2, then

k,EX — B, 1 o d

n — Dk,

—_— = =, K{ElXj—knEX}ﬁY+C,
J

where Y follows the semi-stable law characterized by (3.9) and (3.10).

Proof. Case 0 < o < 1: Itis enough to show the convergence of ﬁi” = :]'; /; 11/;:/ kn O(s)dstog,
where Q(s) is defined in (2.16). For fixed s; and s, write

k 1—1/k,
n
— Q(s)ds
Ak, J1/k,
(3.63)
k, [ 0(s)ds + ky /Sz 0(s)ds + kn /1_1/kﬂ 06)d
= S S S \) —_— S S.
Ag, Jyk, Ag, Jsy Aty Jsy

Observe first that, for fixed s; and s,, the second term in (3.63) converges to zero. Indeed, this

follows from the fact that :}Z’ — 0. For the latter convergence, note from (3.8) that

n

ky, e(”l—l)u 1
Ak, - hy(n — 1) L(e?=2)e2f(n—1)"

(3.64)

For arbitrarily small § > 0, by using Potter’s bounds for L and Lemma A.6 for /1, the right-hand
side of (3.64) is bounded by Ce®=2£+9)(=1) _ 0 aslongas v — 28 + 8 < 0.

Consider now the third term in (3.63), involving the function Q(s) for values of s close
to 1. The function Q(s) is defined as the inverse of the distribution function F(x) =
P(L(e"1)ePYa(—1)"s < x). Since we are interested in Q(s) for s close to 1, it is enough to
look at the function for x > 0. For x > 0, the function F(x) has jumps at points x = L(e*")e?/"
of size

Wy . Wy .
P(W,=2n)=P TZn,quseven —P 72n+1,quseven .

This means that, for s close to 1, the inverse function Q(s) has jumps at points s = 1 — P(% >
n, W, is even) of size L(e*")e*f" — L(e*"~2)e*#"=1). Moreover, Q(s) = L(e*")e*’" when 1 —
P(% >n,Wyiseven) <s <1— P(% >n+1, W, is even). (If this step is unclear, the reader
may want to draw a picture.) Note that the jump points satisfy

14
l—s= P(Tq >n, Wy is even) =hi(n)e”""

by (3.1).
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RICE))

Assuming for simplicity that are integers so that k, = ) and taking s» =1 —

n—1)
h (n 1)
hi(n)e™"™, we can write,

k 1—h(n—1)e~ =D
~ / Q(s)ds

Ag,
k n—2
— A)’l Z L(eZm)CZﬂm(hl(m)efum _ hl(m + ])efv(m+l))
kn m=ni
eV(n=1) =, hi(m+1)
= L(e?™)e*mn e "1 — ——Fe™V
hi(n — 1)e2Pn=D[ (e2n—2) m;nl (™) 10m) < hy(m) )
=11+ I,
where, for fixed K,
= € € m)e ———¢ ,
hy(n — 1)e2B(=D [ (e2n—2) = ! hi(m)
ev(n—1) n-2 ) him+1)
= L(e™)e*Pmn el — —Ze™ V).
o DR L@y 2 L ) ( i m) )

m=n—K

For the term I, note that, after changing m to n — j in the sum,

K —i . .
Izzezﬂ_sz(ez(n ]))e_(zﬂ U)]hl(n ]) 1_ hl(n_]+l)e_v
— L(eD) hi(n—1) hi(n — j) '

By using (3.4), we get that

v—2ﬁ
26-v (1 _ ~@BV)j _ (] _ e~V _ e~ (K=D@p-)
h—>e® (1 —e Ze (1—e )1—ev 5 (l—e ). (3.65)

as n — oo. For the term /1, we have similarly

N zezﬁ,v”i' L@"D) gy =D (| me—j+D )\
—~ L(e2-) hi(n—1) hi(n— j)

For arbitrarily small § > 0, by using Potter’s bounds and Lemma A.6, we can write

n—nj
L <C ) e Fdi, (3.66)
j=K
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When 28 —v —§ > 0, the last bound is arbitrarily small for large enough K. Together with (3.65),
this shows that

k, 1—hy (n—1)e~ =DV ev—28 1—e™
— __ a7V —
Ak, Js, Qwds=h+h~ (1 ¢ )1 —ev28 | —e2—’
as n — 0o.

Consider now the first term in (3.63), involving the function Q(s) for values of s close to 0.
Here we need to examine the function F (x) = P(L(e"¢)efWa(—1)Ws < x) for x < 0. For x < 0,
the function F(x) has jumps at x = —L(e?*+1)ef "+ of size

W, —1 W, —1
P(Wq:2n+l):P( q2 zn,qusodd>—P< q2 zn—l—l,qusodd).

Moreover, Q(s) = —L(e?"t1)ef@+1) when P(W"Q_1 >n+1,W,isodd) <s < P(

n, W, is odd). Note that, by (3.2), the jump points satisfy

W, —1
2

=

W, —1
s = P( qz >n, W, is odd) = ha(n)e™"".
Write the first term in (3.63) as

— O(s)ds +
Ak, Jny(n—1)e—v-1 kn

ky ha(l(n)—1)evdmM=1 6
/ Q@s)ds =: I} + I, (3.67)

ha(Um)— et =D

where [(n) is the integer such that
ha(I(m))e ™™ < hi(n — De™ ™Y < hy(I(n) — 1)e (D
or

hz(l(n))e—vl(n) <hy(n— l)e—v(n—1+(1/v)log(hz(n—l)/(h1(n—l)))) < hz(l(l’l) _ l)e—v(l(n)—l).

Note that, when 2% — ¢ and %log c1 is not an integer, or when %log ¢ is an integer and

hi(x)
ng; 1 ¢y, for large values of n one can take [(n) =n — 1 + (% logc17. Indeed, this follows from
e~V < eV ([A/M)logha(n=1)/(h (1= D)) =(1/v) loglha(n=1)/ (1 (1=1))) < | (3.68)
and the fact that

ha(n — 1+ [(A/v)log(ha(n — D/Chi(n — DY

p— 1, (3.69)

asn — oQ.
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Now, taking s1 = hp(n2)e™""2, we can write I3 in (3.67) as

I(n)-2
k
13 =—m Y L)L (ha(me™" — hom 4 DY),

n m=ny
Following a similar calculation as done for the third term in (3.63), we get, as n — oo,

(1 _ e—V)eZ(v—Zﬂ)eﬂ

e e~ (v=2B)[(1/v)loger]
1—ev—

Iy — —c

_ o U= o nramozen
[ —e28~v '
One can write I{" in (3.67) as

ev(nfl)
- hi(n — l)eZﬂ(n—l)L(GZn—Z)
x (ha(l(n) — 1)e =D —py(n — 1)e"71)

_ _L(eZI(n)—l)eﬁ(Zl(n)—l) (hz(l(n) - l)e—u(l(n)—n) _ 1)

11* — L(GZI(n)fl)eﬂ(Zl(n)fl)

L(e2”_2)62/3(”_1) hl(n _ 1)
_ L@ sorammeet-n (200 =D _yqamiogeat-n ).
L(e*=2) hi(n—1)

Now, by using (3.3) and (3.4), it can be seen that
I — _eﬁ(Zf(l/V)logm—l)(cle—v(F(l/V)logm—l) _ 1),
as n — oQ.

Now we consider the case when % log c1 is an integer and ng; } c1. We want to find /(n) such
that (3) holds. Hence, we want

im 120D o1/ togtha =1/ = 1) 1) 5
n—00 hy(l(n))

Take [(n) =n — 2+ [1log ZTEZZBT Then, lim,_ o0 % — 1. Now,

lim e~ V(—1+1/mloglha(n—=1)/(h1(n—=1))=n+2—[(1/v)log(ha(n—1)/(h1 (n=1))T)

n—oo

— e—v(l—i—(l/v)logcl—(l/v)logcl—l) — e0 =1.

We also need

ha() = 1) o) —1-nt1-1/v) logtha(n—1)/thy (n=1)))
ha(n—1)

>1
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hhdm)—1

e 1 and

for large n. For this, observe that

lim e~ =1=n-+1=(1/v)log(ha(n=1)/ (1 (n=1))))
n—oo

= lim e~ V@=3+1U/Wloglha(n—1)/(h1(n=D)1=n+1=(1/v)log(ha(n—1)/(h1(n—1))))

n—o0

= lim e—v(—2+l+(l/v)logc‘]—(l/v)logcl) —e V.
n— 00

Hence, when %logcl is an integer, we have ngg J c1 and (% log %] N %logcl + 1, and as in

the previous calculations,

I} — —ePQIU/Mloger]=D) (¢ e =v([U/Moger]=D) _ 1)

and

(I =e™e"" opmyiam
% v v)logcy]
Iy —ci [ —o2F— e .
Finally, gathering the results above, we deduce the convergence to the constant ¢ given
by (3.62).

Case 1 < o < 2: It is enough to show the convergence of ]{”Ejf%Bk” to —¢. Using the fact that
EX = fol Q(s) ds, observe that
ko EX — By ky /Ukn k, (!
— = O(s)ds + —/ 0(s)ds.
Ag, Ak, Jo Ak, J1-1/k,

S a-ly . .
For simplicity, we assume that m is an integer. To evaluate || 1171 Jkn Q(s)ds, one follows a

similar procedure as in the case 0 < o < 1 to obtain

ky (!
Q(s)ds
Ak, J1—h(n=1)e—v@—D

o]

_k ~ ~
= An Z L(ezm)ezﬁm(hl(m)e_”m _ h](m + l)e—v(m-l—l)) = I] + 12’
o m=n—1
where, for fixed K,

- eu(n—l) n+K h] (m . 1)
I = L 2m 2ﬂmh —vm(q _ —p ’
' = 1)eB=D [ (e21-2) m;:_l (e™)e 1(m)e ( Thim) e )
- ev(n—l) e} , I+ 1)
1 = L m 2ﬂmh —vm 1_ sV ) v .
2 hi(n— l)ezﬁ("—l)L(GZH—Z) Z (e )e 1(m)e ( Iy (m) e >

m=n+K
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Similar to the case 0 < o < 1, one can show that
1—e™

—hi(n—1)e-(n=Dv 1 —e2f—v

ko (! -
O)ds=5L+ 1, —>
Ak, J1

Similarly, one can write
1/kn k, [Mrm-De = k, (h2@m—Dertem=
f Q(s)ds = —”/ O(s)ds — - Q(s)ds
0 Ak, Jo kn Jhy(n—1)e=v@=1)
=

As shown in the case 0 <« < 1, we again use two different representations of /(n) for two
different cases. Note that /" is exactly /] considered in that case.

Observe that
k o0
[2* = _A_” E L(eZm-H)e(Zm-H)ﬁ (hz(m)e—vm —hy(m + l)e—v(m—i-l)).
n m=Il(n)—1
Asn — oo,

i A =e™e"™? g nyram
* _ v v)logey]

12 — —C] [ — 2h—v e 1

and, fromthecase 0 <o < 1,

fl* N _eﬂ(Zf(l/V)logCﬂ—l)(cle—v((l/V)IOgCH _ 1)_

Finally, gathering the results above, we deduce the convergence to —¢ where ¢ is given
by (3.62). O

Theorem 3.1 concerns the partial sums Z?: | X j along a subsequence k;, of n. The following
result describes the behavior of the partial sums across all n. The result is a direct consequence of
Lemma 5 of Meerschaert and Scheffler [12]. Recall that a collection of random variables {Y;,},,>1
is called stochastically compact if every subsequence {n'} has a further subsequence {n"} C {n'}
for which {Y,,»} converges in distribution. The following notation will also be used. For a semi-
stable distribution T with characteristic function v (¢), * will denote the semi-stable distribution
with the characteristic function v (£)*.

Proposition 3.3. Let X, X1, X2, ... be i.i.d. random variables such that

k
1 n
™ {Zx, ~ B, } Ly, (3.70)
n j=1

where Y follows a semi-stable distribution T with 0 < a <2 and k,, Ax,, Bk, are given in (2.5),
(2.6) and (2.15). Then, there exist a, and b, such that a, is regularly varying with index é,
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ak, = Ay, and a;l(Xl + Xo +--- 4+ X)) — by is stochastically compact, with every limit point
of the form A='/%t* for some ) € [1, c]. Moreover, one can take

—1/a Bk,
an=y/* Ak, and by =iy ”"ﬁ, 3.71)

Pn

where A, = k,"—)n and py, kp,, are chosen so that k,, <n <k for everyn > 1.

Pn+1

Proof. The proposition follows directly from Lemma 5 and its proof in Meerschaert and Schef-
fler [12]. The left-hand side of (3.70) appears in (2.9) of Meerschaert and Scheffler [12] as

a; (X1 + Xa 4+ Xy,) — by
The existence of a regularly varying a, with g, = a, is part of the statement of Lemma 5

of Meerschaert and Scheffler [12]. The expressions in (3.71) can be found in the proof of that
Lemma 5. O

Corollary 3.4. Under the assumptions of Proposition 3.3,

limsup P (a, (X1 +Xo+ -+ Xn) —by >x) < sup P(¥y >x) (3.72)
n 1<i=<c
and
limsup P(a; (X1 + Xa+ -+ X,) — by <x) < sup P(Y; <x), (3.73)
n 1<i<c

where Y, has the distribution of the form 3~ Y/*t*,

Proof. Along a subsequence {n(k)} of {n}, we have

limsupP(arfl(Xl +Xo+ -+ X,) — by >x)

n

X (3.74)
= li]{nP(an_(k)(Xl + X2+ -+ Xuw) — bay > x).
Now, by Proposition 3.3, there exists a further subsequence {n(k;,)} of {n(k)} such that
lim P (a (X1 + X2+ + Xuth,) = bue) > %)
(3.75)

= P(Y)V > X),

where Y, follows the distribution A~1/®¢*. The relation (3.75) holds for all x as long as the
semi-stable distribution t* is continuous. By Huff [10], the continuity of t* is equivalent to
fi)oo dL; (x) 4+ [y~ dR;.(x) = oo, where L, and R;, define the Lévy measure of t*. By the
definition of *, L; = AL and Rj = AR. Denote the multiplicative period of My (x) and Mg (x)
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by p > 1. Then, after the change of variables x = pXy in the integrals below,

0 00 = G (M) MR(x»
[ [ o= 5 [ a0 5 [
Z / ML(Y) n Z p_ka/pd(_ﬁ/il;(y)) — o,
k=—o00 1

o
Pt Iyl

unless My =0 and Mg = 0. Combining (3.74) and (3.75), we have (3.72) for all x € R. The
relation (3.73) can be obtained similarly. [l

We will use Corollary 3.4 to provide a conservative confidence interval for fy (w) in Section 4.

4. Application to sampling of finite point processes

We now turn back to the context of sampling of finite point processes. The following result
restates Theorem 3.1 and Proposition 3.2 for the nonparametric estimator fy (w) of fw(w)
given in (1.4) or (1.11)—(1.12).

Theorem 4.1. Suppose conditions (3.1)-(3.4) hold and k,, is given in (3.8). Let

Vv

= 4.1
2log(g— ! —1) @1
Ifa € (1,2), then
- d —
dy(f(w) = f(w) = (=D (Y +9¢),
and if @ € (0, 1), then
~ d _
dy f(w) =D +9),
along the sample sizes N = k,,, where dy = v with
2n — —w( —1 2n—2
Ak, = ( )(1 D =17, (4.2)
and ¢ defined in (3.62) and Y is a semi-stable distribution characterized by (3.10) with
B= log(q_l - 1). (4.3)

Proof. In view of (1.11)—(1.12), we are interested in the distribution of

W, A=W
X = < wq) (—I)Wq WTI{Wqu},



1082 R. Chaudhuri and V. Pipiras

where w > 0 is fixed and W, follows a p.m.f. satisfying (3.1)—(3.4). For W, > w large enough,
one can write (—1)*” X = L(e"4)efW¢(—1)W4 as given in Theorem 3.1 with

w—1 .
L) = (log") (1 = — gz (=D (44

w w!

and 8 =log l%q =1log(g~! — 1). Observe that L(x) is an ultimately increasing slowly varying

function. Hence, when « € (1, 2), by using (1.11)—(1.12) and applying Theorem 3.1 and Propo-
sition 3.2,
kn
Ak,
converges to a semi-stable distribution (—1)7" (Y + ¢) with « in (4.1) and Ay, in (4.2). When
ae(0,1),

(Fww) = fw ) = dy (fw W) — fww))

ky ~ ~
A—fw(w) =dy fw(w)
k

n

converges to a semi-stable distribution (—1)7" (Y + ¢) with « in (4.1) and Ay, in (4.2). O

The next result provides a conservative confidence interval for f(w) based on f(w) when 1 <
a < 2. The finite-sample performance of the confidence interval and related issues are considered
in Chaudhuri and Pipiras [5].

Proposition 4.2. Under the assumptions and notation of Theorem 4.1, suppose o € (1,2). For
y € (0, 1), set

C=[fww) —byxi—y 2, fw (W) —byx, 2], (4.5)
where
by =NV A, k' (4.6)

with py such that kpy, < N <kp,., and

sup P(Yy <x,p) = % sup P(Yy >x1_yp0) ==, 4.7

1<i<c 1<i<c

N [R

where Yf has the distribution of the form »~Y*t* and t is the distribution of Y + ¢. Then,
liminf P(fw(w) €C) >1—7y, (4.8)
N—o00

that is, C is a conservative 100(1 — y)% confidence interval for fw (w).

Proof. When « € (1, 2), by using Corollary 3.4 and Theorem 4.1, we get

—1/a
—~ _1/a k
limsupP( AN Sfw (w) _)‘}v Ve PNy (w) <xy/2> < sup P(Y) <xyp)=7%

N—o00 PN AkpN 1<Ai<c

R
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1/a—1

. N =~ )LN AkpN
& limsup P fww) — ——x, 2 < fw(w) ) <
N—o0 )‘NkpN kPN

NSRIRN

Using Ay = kl, we get
PN

limsup P(fw (w) — NYV* 7 A, kpa/®x, /2 < fw(w)) < % 4.9)
N—o00
Similarly for the right tail, we get
1/a
. N _ — k
lim sup P( AN fw (w) — )»11\, l/aAﬂfW(w) > xl_,,/2> < sup P(Y) >x1_yp)= g
N—o0 kpy kpy 1<A=c
1/a—1
N o~ A k
& limsup P Fwwy— NI ) ) <L (4.10)
N—o00 )‘NkPN kPN 2
& limsup P(fw(w) = N* 1Ay, kpa/“x12y 2> fir(w)) < %
— 00
Combining (4.9) and (4.10), we get (4.8). ([l

We conclude with two examples illustrating Theorem 4.1.

Example 4.3. Consider the case where W follows a geometric distribution, that is, fy(w) =
cw_l(l —c),w=1,2,3,...and 0 < ¢ < 1. Substituting this into (1.1) leads to

Fw, (5) = Z (f) g (1= )"~ (1 o). @.11)
When s =0, we get
N gy — o 2 Lm0 =0
fwf,(O)—wZ:la T (4.12)
When s > 1, on the other hand, we have
fw, ) =q'c" 1 =0 Z ('f) (c—g)"™*
v (4.13)

g li-0 o,
T U-ci—gyt e T
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where ¢; = {1y by using the identity 377 ({)x""* =372, (X" = (1 —x)~6FD,

q)°
Hence, for x > 1,

00 20x]

14 C 1 ¢
P =L >x,W,iseven )= 2= — =__4 4.14
<2 SR ) s;mccq e clteg @19
and
W, —1 o ¢, c2I*1
P[——>x, W, isodd ) = L1 —cy)=-2-"12 . 4.15
( 5 2% Wyiso ) 2 e e =T (4.15)

s=[x]

Thus, the conditions (3.1)—(3.4) in Theorem 3.1 are satisfied with v = 2log é, hi([x]) =

m, ha([x]) = c(l+c ; with Z?g; = ¢y4. By using the expression of § in (4.3), the parameter

« appearing in (3.9) or (4 1) is given by

_log(l/eq)  log (1 —c(1—q))/(cq)
Clog(gT' =1 log(g~' =1

Note that ¢; < 1 and hence log > (. Then, o > 0 is possible only when g € (0, 0.5). In partic-
ular, for g € (0,0.5),

q 1
l<a<2 & —<e<——, 4.16)
l—gq 2(1—¢q)

1
O<a<l & —<c<l1. 4.17)
2(1—¢q)

Theorem 4.1 can now be applied in these two cases with
- c(l+c
Ay, = (2}’1 >(1 )—w(q—l _ 1)2n 2 and Kk, = ’7%—‘
Cq

Remark. Under (4.16) or (4.17), and g € (0, 0.5), the limit of f(w) involves a semi-stable distri-
bution. On the other hand, as proved in Antunes and Pipiras [1], f(w) is asymptotically normal
if Ry < 00, where Ry, is given in (1.9). This condition obviously holds when g € (0.5, 1)
(and also for g = 0.5 by recalling from Example 4.3 above that fw, (s) ~ Cc; as s — 00). To
understand when Ry ,, < oo for g € (0, 0.5), observe that

o) 2 () ()G

k=w

RO B ()

sS=w k=s

(4.18)
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Since

k (k—w>_ k! k—w)! Kk 5! _<k (S
(w) s—w ) wlk—w)! (s —w)!k—s)!  (k—s)ls!wl(s —w)! s) w)’

wa—(l—c)2<5)) (q—l_])SZ<IS>ck—l(l_q)k—2w
s=w k=s
oo 2 %)
=<1—c>2(j)> (a7 1)SZ<’S‘) (=) e a—g)
s=w k=s
[e%) 2 e’}
=(1-c¢) Z (5}) (q—l l)scs—l(l q)s—Zw Z (kfs> (C(l _q))k—s
X:ow i k= (4.19)
=(1-0) ( ;) (¢ =1 a—g (1= el —q) T
1_ > 2 s S — —(s
=( - c)Z(j)) (@ =) (ci=a) a=g " (1—cl—q) "
(Y (o = Y
- ;U<w> <(q - )1—c<1—q>) ’
where dy, = (1=6)(1 — q)_zwﬁ. Thus, Ry, < oo if and only if
Ly cl=g) q
(g l)l—c(l—q)<1 & <1, (4.20)

Apart from the boundary cases ¢ = lf—q and ¢ = 2(+_q), the ranges of ¢ given in (4.16), (4.17)
and (4.20) now cover the whole permissible interval ¢ € (0, 1).

Example 4.4. Consider the case where W follows a negative binomial distribution, that is,
Jww) = (lf__ll)cw_’(l —o,w=rr+1,...,0 <c<1 We first compute fy,(s). One
can write W =G| + G2 + --- + G,, where G, G», ..., G, are i.i.d. geometric random vari-
ables with p.m.f. fg,(w) =c*~'(1 —¢),w > 1, and hence W, = G| + G, + - -- + G, where
G/l, G’Z, ..., G, are i.i.d. random variables following the distribution given in (4.12)—(4.13).
Hence,

421

1—-¢g)1 - g
qu(o)z{( 9)( c)}_

l—c(l—gq)
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For s > 1, we have

fw, () = > P(G)=i))P(Gy=i2) - P(G, =iy).

1,0, 0 >0,i1FHip+-Fip=s
To evaluate this quantity, let
pi= > P(Gy =ij41)P(G)a=ij42) - P(G,=i), (422)
L1l j 25 ir 2 L0 jp 1 i jp iy =s
for 0 < j <r. Then, by using (4.12),
r—1 1
A\ [a-pa-a) ,
qu(s)_.Z<f) { T—et—q | 77
j=0
Now, by using (4.13),

1—c)\ ™ o)
p;:(cq( Cq)) ¢ =9 Z 1

c , . . - . .
Lt lsij42seendr 2 LT jp1 i jpo 4 tip=s

(1-¢ rijcs s—1
=\ a\r—j—1)

Hence, for s > 1,

r—1 i i
i A=A =) (1—cg\ 7 (r s—1
qu(s)—qug(:){ l_c(l_q) } ( I ) (J)(r-]-l)

*

= 'p* ),

where p*(s) is a polynomial given as

r—1
pH(s) = Za;"s’.
i=1

This implies that for x > 1,

W o (o)
P<7q >x, W, is even) = Z cgs_lp*(Zs) = cém Z cés_z[x]_lp*(Zs) (4.23)
s=[x] s=[x]

W _1 o] o0
P( Lz Wy s odd) =Y pr@s+ =" Y P pr s+ 1), (424)

s=[x] s=[x]
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Thus the conditions (3.1)-(3.2) in Theorem 3.1 are satisfied with v = 2log é, hi(x) =

Yrlo et P 2x 4 2k), ha(x) = Y 32 c2Fp*(2x + 1 4 2k). The conditions (3.3)-(3.4) also

hold with ¢; = ¢,;. The parameter a appearing in (3.9) is given by

_log(/cy)  log((1 —c(1—q))/(cq))
T loggT'—1) log(g=' = 1) '

Note that ¢; < 1 and hence log é > (. Then, o > 0 is possible only when g € (0, 0.5). In par-

ticular, for g € (0, 0.5), the two cases (4.16)—(4.17) can be considered. Theorem 4.1 can now be
applied in these two cases with

Ay, = (2” - 2)(1 —) (g =17 and k= (—1 —‘

w " hy(n—1)

Appendix: Auxiliary results
We state and prove here a number of auxiliary results used in Section 3.

Lemma A.1. Let g1 and g1 be defined in (3.16) and (3.20), respectively. Then, g1(y) — g1(y) —
0, as y — oo.

Proof. Forn > 2, if
n—1+ LlogL(ez”*z) <y<n-—1+ ilogL(ezn)
2B - 2p ’
then
. 1 L(e®)
0<g1(y) —g1(y) <5 log

2,3 L(eanz) g

since L is a slowly varying function. If

0 as y — 0o (n — 00), (A1)

1 1
n—1+ ﬁlogL(eZ”) <y<n+ ﬁlogL(eZ”),
then similarly

~ 1 L(C2n)
g1(y) —gi(y) = log

2ﬂo m—)O as y — 0o (n — 00). (A.2)

Lemma A.2. Let g} be defined in (3.22). Then, for any A > 0,

g7 (log Ax) — gj(logx) — 0 as x — oo.
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Proof. Suppose without loss of generality that A > 1. First, note that
1
g (log Ax) — gT(logx) = % (log L(e*"4+~2) —log L(e** %))

R G

1 L(CZ"AX —2ny e2n)(—2)
= —log
28 L(es—2)

where, for y (= x or Ax),
ny—1+ L log L(e*~%) <logy <ny + LlogL(eZ”»V).
28 2p
Observe that n 4, — n, takes only positive integer values, and that
0 <nay —ny <[logAl.
Hence, by Theorem 1.2.1 of Bingham, Goldie and Teugels [4],

L (enAx —y @l — 1 )
LeT)

ny—1

—1 as e — 00 (or x = 00).

This yields the result. U
Lemma A.3. The function I{(x) defined in (3.27) is right-continuous and slowly varying at co.

Proof. To show that [{(x) is slowly varying, write

ey = MUTE2(1/@B) log 1)
! h1(g2((1/(2B)) logx))

x I <g2 <L 10gx>>eV§T((1/(2ﬂ))IOgX)e—V(gu((1/(2ﬁ))10gX)—§1((l/(Zﬂ))IOgX))_
28

Note that
hi(Tg2((1/(2B))logx)1+)
h1(g2((1/(28))log x))

_ m((82((1/2p)) log x) 1+ /(2((1/(2B)) log x)))g2((1/(2B)) log x)) |
h1(g2((1/(2B))log x))

1

by using (3.4), since gz(ﬁ log x) — oo and

[82((1/@2B)logX) T+
§2((1/(2B))logx)

1 as x — 00.
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By Lemma A.1, we also have

V@ ((1/CANIog) -G (1/CN10g) L | a6 x — oo,

Hence, [{(x) is asymptotically equivalent to

1 .
h1<g2<ﬁ logx>)e"gl((l/(zﬁ))ng). (A.4)

It is enough to show that the function (A.4) is slowly varying. By using Lemma A.2, we have

ev81((1/(28))log Ax)

Ry L x>0 (A.5)

It remains to show that 4 (gz(% log x)) is a slowly varying function. For A > 0,

h1(g2((1/(2B)) log Ax))
h1(g2((1/(2B))logx))

A.6
_ h1((g2((1/(2B))1log Ax)/(g2((1/(2B)) logx)))g2((1/(2B)) log x)) (A0
h1(g2((1/(2B)) log x)) '
Now, by using (3.23),
82((1/(2B)) log Ax)
&2((1/(2pB)) logx)

_ (1/@2p))log Ax + g5 ((1/(2p)) log Ax)
(1/(2B)) logx + g5((1/(2B)) log x)
4 (1/(2B)) log Ax + g5 ((1/(2B))log Ax) — (1/(2B)) logx — g5((1/(2B)) logx)

(1/(2B)) log x + g5 ((1/(2B)) log x)
- (1/2p))log A + g5 ((1/(2B)) log Ax) — &5 ((1/(2p)) logx) 1
£2((1/(28)) logx)

El

since > (55 logx) — oo and by using (3.24), g;(ﬁ log Ax) — g;(ﬁ logx) — 0. Thus, by us-
ing (3.4) and (A.6), we have

hi(g2((1/(2p))log Ax))

; 1 asx — o0.
I (82(55 log x)

This completes the proof that /] (x) is a slowly varying function.

The function /{(x) is right-continuous since /1(x) can be defined to be continuous, g is
continuous (as the inverse of a continuous increasing function) and g1, g; and g are right-
continuous functions. O
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Lemma A.4. Let L be a slowly varying function. Then, for any fixed xo # e*P0+1=b0) e 7,
B > 0, there are only finitely many integer values of n for which

1 1 1
m—b; + o] logL(ezm_hz) < % log(Ag, x0) <m — by + o] logL(ezm_h3), (A7)

where Ay, = e(”_l)zﬂL(ezn_Z), m takes positive integer values, b, by and b3 are fixed positive
constants with by > bj.

Proof. Suppose m = n + r,, where r, is a sequence of integers. We first show that if (A.7) is
satisfied for infinitely many values of n, then sup,.; |r,| < 0o. Arguing by contradiction, for
example, assume r,, — oo as n — oo. From (A.7), we need to have

) L (62n+2rn—b2)
L (62”_2)

) L (62n+2rn —b3 )

ezﬁ(rrl+1_bl
L(CZn—Z)

<xp< e2Brn+1-b (A.8)

zlg(rn*i’lfbl)w — 00 (b —

A standard argument using Potter’s bounds for L shows that e &
by or b3) when r,, — o0. Since x is fixed, this leads to a contradiction. A similar argument can
be applied when r, — —o0.

Next we show that m is necessarily of the form m = n 4 r where r is a fixed integer for
large enough n. We prove this by contradiction. First, observe that r,, can only take finitely many
integer values. Now if r, has a subsequence r,, — r, then letting n — oo in (A.8), we have
e2BUr+1-b1) — . Thus, r is determined uniquely and since r, are integers, we have that r, =r
for large enough n.

Finally, if m = n 4+ r, then (A.7) cannot hold for infinitely many values of n unless xo =
e?Ar+1-bD) This proves the lemma. O

Lemma A.5. Let (2.7)-(2.8) hold for a random variable X with I*(x) replaced by a right-
continuous slowly varying function li‘ (x) in (2.7). Then, I*(x) in (2.8) can be replaced by another
15 (x)

mﬁlasxaoo.

right-continuous function I3 (x) if
Proof. Observe that

1— F(x) =x""5x)(Mg(8(x)) + hg(x))

B
I (o)

= x‘“lf(x)(MR (800)) +hr(x) + ( 1>(MR (800) + hR<x))) (A.9)

=x ") (MR(8(0)) + hr(x) + hg(x)),

where

- 1*
hr(x)= ( i(x) - 1)(MR(8(x)) + hg(x)). (A.10)
l] (x)
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13 (x)
IF(x) _
as n — 0o, we have hg (A, x) — 0 for every continuity point x of Mg(x). Hence, in (A.9), one
can take the new error function to be Ag(x) + hg(x). Hence, the result is proved. ([l

Since

— 1 as x — 0o, My is a bounded periodic function from (2.2) and hg(Ag,x) — O,

Lemma A.6. Let hy be the function defined in Theorem 3.1 and satisfying (3.4). For every § > 0,
there is Ms such that, for all n > M,

hi(Ms + 1)egn

Ms+1 .6n
hi(Ms+ 1)e e <hi(n) < TO7ERY

Proof. Fix any 8 = o € (0,1). By using (3.4), there exists M, such that for all m > M),

1—8g < hz(l”(’;)l) < 1+ 8. Take any n > Mj,. Then,
hi(n) hi(n—=1)  hi(Ms,+2)
hi(n) = hy (Mg, + 1
) = - D=2 g, w1 Mt D
< I (M, + 1)1 +80)"~M0™1 <y (M, + De =Moo~

Similarly,

hy(n) > hy(Ms, + 1)(1 — 80)" Moo= > by (M, + 1)e=%00=Msp =D O
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