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In this paper, we are interested in finding upper functions for a collection of random variables {[I5; | . he
H},1 < p < oo. Here S;l(x),x € (—b,b)d,d > 1 is a kernel-type Gaussian random field and | - ||
stands for Lp-norm on (—b, b)d. The set H consists of d-variate vector-functions defined on (—b, b)d
and taking values in some countable net in Rf{_. We seek a non-random family {W¥, (ﬁ),ﬁ € H} such that
E{sup; ylll€;1lp — Ve (W)]4}4 < &9, > 1, where & > 0 is prescribed level.
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1. Introduction

Let R?,d > 1, be equipped with Borel o-algebra EB(IRd ) and Lebesgue measure v,. Put
‘B(Rd) ={B e %(Rd) vg(B) < oo} and let (Wg, B € %(Rd)) be the white noise with intensity
v4. Throughout of the paper, we will use the following notation. For any u, v € R? the operations
and relations u /v, uv, u Vv, u Av, u < v, au,a € R, are understood in coordinate-wise sense
and |u| stands for Euclidean norm of u. All integrals are taken over R? unless the domain of
integration is specified explicitly. For any real a its positive part is denoted by (a)+ and |a] is
used for its integer part. For any n = (ny,...,ng4) € N4, d > 1, |n| stands for Z‘;:l n;.

1.1. Collection of random variables

Let 0 < b < e~ 2 be fixed number and put §) = {h,, s € N}, where h; = e~*h. Denote by S(h)
the set of all measurable functions defined on (—b, b)d, b € (0, 00), and taking values in $) and
introduce

Sa(h) = {h:(=b,b)? = H% h(x) = (h1 (1), ..., ha(x)), x € (=b, b), h; € (%), i =1,d}.

Let K :R? — R be fixed. With any he S4(h), we associate the function

d
ﬂ;) Vi)=[Jhix). teR’ xe(=b.b)".
X

i=1

Kj(t,x) = V;l_l(x)K<%
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Following the terminology used in the mathematical statistics, we call the function K kernel and
the vector-function /# multi-bandwidth. Moreover, if all coordinates of h are the same we will

say that corresponding collection is isotropic. Otherwise it is called anisotropic.
Let H be a given subset of G,4(h) and consider the family

{gﬁ(x) :/Kﬁ(t,x)W(dt),ﬁeH,x € (—b,b)d}.

We note that &; is centered Gaussian random field on (—b, b)? with the covariance function

vVl )fK(t_x)K(t_ )v d),  x,ye(—b, b
P G ) G ) e

Throughout the paper, (&;, he H) is supposed to be defined on the probability space (X, 2, P)
and furthermore E denotes the expectation with respect to P. Moreover, without further mention-
ing we will assume that b > 1.

1.2. Objectives

Our goal is to find an upper function for the collection of random variables
ApM) ={lgll, heH),  1=<p=oo,

where || - ||, stands for IL,-norm on (—b, b)d, that is,

1/p
IIgIIpz(/ IgIPVd(dx)> , 1< p<oo, Iglla=sup |g(x)].
(=b,b)? xe(=b,b)d

More precisely, we seek for a non-random collection {\V, (ﬁ), he H} such that

Esup[liggl, - cwe], | et gz, (1.1
heH

where ¢ > 0 is a prescribed level and ¢ > 0 is a numerical constant independent of ¢.

Some remarks are in order.

(1) Although the upper function as well as the inequality (1.1) can be looked for any level
¢ > 0 we will be obviously interested in small values of ¢. In this context, (1.1) can be replaced
by

-4
limsupe “E sup[||§h||p c\IIE(h)]Jr] < 00, qg=>1. (1.2)
e—0 heH

(2) We will see that the upper function {\W, (ﬁ),fz € H} does not necessarily depend on &,
see, in particular Theorems 2 and 3 below. Typically, in such cases the set H depends on ¢
or reciprocally the level ¢ depends on assumptions imposed on the set H. In particular, since
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H € &,4(h) we relate later on the level ¢ with the extra-parameter ). We will show that in some
important cases ¢ = ¢() and e(h) — 0 quite rapidly when h — 0. This issue is discussed more
in detail in the paragraph preceding Corollary 2.

We will say that the upper function W, (-) is sharp in order if (1.2) holds and for some cg > 0

.. _ - q
liminfe q]E{sup[H’g‘,;Hp —collfg(h)L_} —c0, g>1. (1.3)
e—0 EEH

It is worth mentioning that uniform probability and moment bounds for [supy.g Y (xg)] in the
case where yy is empirical or Gaussian process and T is a positive functional are a subject of
vast literature, see, for example, Alexander [1], Talagrand [27,28], Lifshits [23], van der Vaart
and Wellner [31], van de Geer [30], Massart [24], Bousquet [5], Giné and Koltchinskii [9] among
many others. Such bounds play an important role in establishing the laws of iterative logarithm
and central limit theorems (see, e.g., Alexander [1] and Giné and Zinn [10]). However much less
attention was paid to the finding of upper functions. Some asymptotical results can be found in
Kalinauskaite [15], Qualls and Watanabe [25], Bobkov [4], Shiryaev et al. [26] and references
therein. The inequalities similar to (1.1) was obtained by Egishyants and Ostrovskii [7], Golden-
shluger and Lepski [12] and Lepski [18-20].

The upper functions for L. ,-norm of “kernel-type” empirical and Gaussian processes was stud-
ied in recent papers Goldenshluger and Lepski [12] and Lepski [18]. However the results obtained
there allow to study only a bandwidth’s collection consisting of constant functions, see discus-
sions after Theorems 1-3 below. To the best of our knowledge the problem of constructing upper
functions for the collection parameterized by bandwidths being multivariate (univariate) func-
tions was not studied in the literature.

1.3. Relation to the adaptive estimation

The evaluation of upper functions has become an important technical tool in different areas of
mathematical statistics in particular in the minimax and adaptive minimax estimation. Indeed, all
known to the author constructions of adaptive estimators, for example, Lepskii [22], Barron et
al. [2], Cavalier and Golubev [6], Goldenshluger and Lepski [11,13] involve the computation of
upper functions for stochastic objects of different kinds. We provide below an explicit expression
of the functional W, that allows, in particular, to use our results for constructing data-driven
procedures in multivariate function estimation. It is important to emphasize that the collection
{Ww, (ﬁ), he H} satisfying (1.1) is not unique and obviously we seek for at least sharp in order
upper functions. The latter means that some lower bound results (1.3) should be added to the
inequality (1.1), see next paragraph and the discussion after Theorem 1. Note however that the
theory of adaptive estimation is equipped with very developed criteria of optimality Lepskii [22],
Tsybakov [29], Kluchnikoff [17]. Hence, we might expect that the corresponding upper function
is sharp in order if its use leads to the construction of optimally adaptive estimators.
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1.4. Preliminary observations

This paragraph is devoted to the discussion about what kind of results we expect to obtain. We
provide with upper functions and the inequality (1.1) in some simple cases. We present also a
universal lower bound for an upper function and discuss its attainability. Although the proofs of
all presented results are straightforward and relatively simple for an interested reader we put them
in Section A.4 of the Appendix. Moreover, without further mentioning we will consider here only
p < oo and later on y , denotes pth absolute moment of standard Gaussian distribution.

Introductive example. Denote by G°mt(h) = {h: h(x) = h € $?,Vx € (—b, b)?}. Thus,
&eonst(p) consists of bandwidths which are constants. Put also Gics‘i)‘:‘r“(b) = {ﬁ € GOnst(f): h=
(h, ..., h), h € $H} (isotropic case).

For any p > 2, using the results obtained in Lepski [18], Theorem 1, we can assert that (1.1)
is satisfied with H = &' (h) and

We(h) =W(h) = A1h~92, e =g(h) = Ax(q)h?9C PP exp [ 273/2p=2/P) 1 (1.4)

Here A1 and A>(q) are constants completely determined by K, d, b and p. Note also that The-
orem 1 in Lepski [18] is proved under condition imposed on the kernel K which is similar to
Assumption 3 below.

Remark that h=4/2 = (2b)~/7| VE“/ ?||, for any h € &2™(h) and p € [1, 00]. The following
question naturally arises in this context.

How is the upper function on an arbitrary subset of G, () related to the functional || Vﬁ_l/znp?

Universal lower bound. Our first goal is to show that an upper function on H cannot be “better”
in order than || V{l/ 2 |, whenever H C G,4(b) is considered.

Denote GZ,p(h) = {E € G4(H): ||V;l_l/2||p < 0o}. The following assertion is true: for any
p=1

E{[Ig1, — 27 @ ) PIK |V 2| 1LY = Bio 42 > B Vhed) 1), (15)

where B depends only on K, d, b,q and p and its explicit expression can be found in Sec-
tion A.4.
Combining (1.4) and (1.5) we can assert that W(h) = A~/ is sharp in order on G™(h)

isotr
if h — 0 and p > 2. More generally, we will show that ]_[7»=1 h;l/ “isa sharp in order upper
function on G"st(h), see discussion after Corollary 1.
“Pointwise” upper bound and its trivial consequence. Let H = {ﬁ}, where 7 € 62’ p(b) isa
given multi-bandwidth. Introduce

2
op(h)= sup / ( / 0(x>1<,;(t,x>vd<dx>) vy (dr),
R4 (—=b,b)d

veB; 4

where B, s = {0 : (=b,b)? > R: Oy <1}and 1/s=1—1/p.
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The following is true: for any he Sy, p(h) and any p > 1

E{ 11, — (@) 71K +v2) [V 2] 1,1

(1.6)
S v

< Byoj(hye” g=1,
where B, depends only on K, d, b,q and p and its explicit expression can be found in Sec-
tion A.4.

Let now p € [1, 2]. Using the computations similar to whose led to the bound (3.53) in Sec-
tion 3.3.4 one can assert that there exists B3 completely determined by K, d, b and p such that

op(h) < B3 Vhe&y(b).

It yields together with (1.6)

—d)2

_1/2“ ]+}q < B4e—35h , g>1.

E{[Ig 1, — (@ )P 1K 12 +V2) | V-

Let H be a finite set and suppose that £7(h) := CaI'd(H)B4e_BSb_d/2 — 0, — 0. Then, in view
of (1.5) we assert that || V{l/z | » is the sharp in order upper function with level e(h) if p € [1, 2].

Concluding remarks. Putting together (1.5) and the statement of Theorem 1 below we can
assert that any sharp in order upper function must satisfy

V2], S wed) S [y Iinevip v 2

whenever H € G,4(h) is considered.

We present sufficient conditions imposed on H under which || Vfl—l/ 2|| p 1s the sharp in order
upper function, see Remarks 2 and 3 after Corollary 1 and Theorem 3, respectively. We will see
that the latter condition can be checked on rather huge subsets of S;(h), Section 2.4. However
the finding of the necessary condition remains an open problem. The interesting question arising
in this context is the right-hand side of the inequality (1.7) tight? The following assertion answers
partially on this question.

One can construct H C S4(h) such that

lim llmg q]E[sup &1, — c“,/ In(eV;) _1/2 ] =00, qg=>1. (1.8)
c—>0e—0

We have no place here in order to prove this result since it takes tens pages. We only mention
that the proof of (1.8) is “statistical”, cf. Section 1.3. In particular, the description of the set H
can be found in the recent paper Lepski [21], Proposition 2, where it is used in order to prove the
optimality of the proposed adaptive procedure. It is important to emphasize that its construction
is similar to one of Section 2.4 below. The proof of (1.8) is also based on the lower bound for
minimax risks over anisotropic Nikolskii classes established in Kerkyacharian et al. [16].

.,  heH, (1.7)
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1.5. Organization of the paper
In Section 2, we present three constructions of upper functions and prove for them an inequality
of type (1.1), Theorems 1-3. Moreover, in Section 2.4 we discuss the example of the bandwidth

collection satisfying the assumptions of Theorem 2. Section 3 contains proofs of Theorems 1-3;
proofs of auxiliary results are relegated to the Appendix.

2. Main results

Throughout the paper, we will consider the collections A (H) with K satisfying one of Assump-
tions 1-3 indicated below. The parameters @ > 1 and L > 0 used there are supposed to be fixed.

2.1. Anisotropic case. First construction
Assumption 1. supp(K) C [—a, al? and
|K(s)—K@®)|<Lls—t  Vs,teR

Introduce &4, (h) = {i € S4(h): || |1n(v,;)|vﬁ*‘/2||,, < o0}. For any /1 € &4 ,(h) and any

0 <& <e~2 define
Ve () =C1 [/ IImevip v 2|,

where C; =2(q V [p1{p < 00} + 1{p = 00}]) + 2v/2d[/T + || K [2(+/ TN @BLTK )]+ D].

Theorem 1. Let g > 1, p € [1, o], be fixed and let H be an arbitrary countable subset of
Sa,p(h). Suppose also that Assumption 1 is fulfilled. Then

Esup[lg;l, - vem], | <iCselt vz (0,672),
heH

where C3 = C3(q, p)1{p < oo} + C3(q, )1{p=o00},g=(q/p) Vv 1 and

00 72/b 1/(ab)
C3(a,b):(4b)d/b|:2a/ z“_lexp(— 2>dzi| , a,b>1.
0 8IIK5

Remark 1. We consider only countable subsets of &4, ,(h) in order not to discuss the measur-
ability issue. Actually the statement of the theorem remains valid for any subset providing the
measurability of the corresponding supremum. It explains why the upper function ¥, as well as
the constants C; and C3 are independent of the choice of H.



738 O. Lepski

The advantage of the result presented in Theorem 1 is that it is proved without any condition
imposed on the set of bandwidths. Moreover, as it follows from (1.8) this bound cannot be im-
proved in order than an arbitrary H is considered. On the other hand for a particular choice of H
the obtained result can be essentially improved.

Indeed, let p > 2 and consider H = &{2%'(h). In this case, the found upper function is given
by

V@] +d[In(m)|h=4 > | /|In(e)|[n =42

Choose, for instance, h = (4¢|In(e)|)~P/?% we deduce from (1.4) and (1.5) that =4/ is the
sharp in order upper function. Thus, the upper function given in Theorem 1 is not optimal.

The problem we address now consists in finding subsets of S, () for which upper functions,
more precise than one presented in Theorem 1, can be found.

2.2. Anisotropic case. Functional classes of bandwidths

Put for any he G,4(h) and any multi-index s = (sq, ..., 54) € N4
d
Aslhl= () Aglhjl, Aylhjl={x € (=b.b)*: hj(x) =by,}.
j=1

Let 7 € (0, 1) and £ > 0 be given constants. Define

Hy(t, L) = {ii € G4(h): Z V3 (Aslh]) < L}.

seNd

A simple example of the subset of Hy (7, £) is &°™(h,), since obviously G°™t(h,) C Hy(t, £)
forany 7 € (0, 1) and £ > (2b)?T. A quite sophisticated construction is postponed to Section 2.4.
Put N; ={[pl+1,[p]+2,...} and introduce for any .4 > h—d/2

BA) = B,  B(A)={he&st): |V,

+
reNp

A}

rp/r—p) =

Note that introduced in the previous section &4, (h) C B(A) for any .A. The following notation

related to the functional class B(.A) will be exploited in the sequel. For any & € B(.A) define
Ni(h, A) = N5 O [rah),00),  rah)=inf{r eNj: h € B, (A)}. 2.1)

Obviously rA(E) < oo for any he B(A).
In this section, we will be interested in finding an upper function when H is an arbitrary subset
of Hy(t, £, A) :==Hy(z, £) NB(A).

The following relation between the parameters b, A and t is supposed to be held throughout

of this section.
dInln(A) <2,/2(1 — 7)|In(h)| — dIn(4). (2.2)
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For any he B(A) define

> . -1/2
Yy(h)y= inf Ca(r,7,L)|V. o,
reN;g(h) ” h Hrp/(r P)
where N}k, (ﬁ) is defined in (2.1) and the quantity C»(r, 7, £),t € (0, 1), £ > 0, is given in Sec-
tion 3.2.2. Its expression is rather cumbersome and it is why we do not present it right now. Here
we only mentioned that C;(r, T, £) is finite for any given r but lim, _, o, C2(r, 7, L) = 00.
Note also that the condition & € B(A) guarantees the v (h) < oo for any A.

Assumption 2. There exists K: R — R such that supp(K) C [—a, a] and

i |Ke&)—K®|<Lls—t| Vs,teR;

d
(i) K@) = l_[IC(xi) Vx = (x1,...,xq) € RY.

i=1

Theorem 2. Letg>1,1<p<o0,7€(0,1), L>0and A> b_d/2 be fixed and let H be an
arbitrary countable subset of Hy(t, L, A).
Then for any A, b and t satisfying (2.2) and K satisfying Assumption 2,

E{§“P[|I€g|lp — w(ﬁ)]+}q < [Cademe T
heH

vh e (0,e72),

where Cy4 depends on K, p,q,b and d only and its explicit expression can be found in Sec-
tion 3.2.2.

The statement of the theorem remains valid for any subset providing the measurability of the
corresponding supremum. It explains, in particular, why the upper function v (i:) is independent
of the choice of H and completely determined by the parameters 7, £ and A. It is worth noting
that unlike Theorem 1 whose proof is relatively standard the proof of Theorem 2 is rather long
and tricky.

Considering classes Hy(7, £, A) we are obviously interested in large values of A since the
larger A is the weaker restriction on the class is imposed. In this context, the parameters h and
A should be somehow related. Let us discuss one of possible choices of these parameters.

Choose h = b, :=e VMO A= A, = e"’(®) This yields

lime A" Z0 Va0

e—0 € ’

and moreover, for any t € (0, 1) there exist g9(t) such that for all ¢ < gg(t) the relation (2.2) is
fulfilled. In view of these remarks, we come to the following corollary of Theorem 2.
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Corollary 1. Let the assumptions of Theorem 2 hold and let h = b, and A = A;. Then for any
T €(0,1) and any q = 1 one can find (t, q) such that for any ¢ < e(t,q)

B{sup[liggll, —w ], | = {cse).

heH

The assertion of the corollary can be of course obtained for another choice of the parameters
A and §. Our choice is dictated by the following reason: b, tends to zero rather slowly (slower
than polynomial decay) while A, increases to infinity faster than polynomially in ¢. The both
restrictions are heavily exploited for the construction of adaptive statistical procedures.

Remark 2. Let HC Hy(z, L, A;) be such that there exists a constant Y > 0 independent on ¢
for which

supy ()| v, 2t < 2.3)
heH

Taking together the statement of Corollary 1, (1.5) and (2.3), we can assert that || Vﬁ_l/ 2 | is the
sharp in order upper function.

Let H C G&™t(p,). Since obviously & (h,) C Hy(z, £) for any T € (0, 1) and £ > (2b)7"
we first assert that H C Hy (7, £). Next, suppose that

Vi > 2b)P A2 VheH. 2.4)
Then, H € B(A,) and N;(ﬁ, Ag) = Nj, for any heH. It yields

v (h) = *‘/2(2b)d/f’ 1nf Cy(r,t,L£), heH.

We conclude that (2.3) is fulfilled and, therefore, Vﬁ_l/ 2 is the sharp in order upper function for
any choice of H satisfying (2.4). .

Another interesting question concerns the “sharpness” of the upper function ¥ (k) when H
does not satisfy (2.3). The following result, similar (1.8), can be deduced from recent results
obtained in Lepski [21], Proposition 2. One can construct H C Hy(z, £, A,) such that

lim lim e*qE{sup[nghnp — ()], ] —00, g>1. (2.5)
c—>0e—0 heH

It is impossible to compare upper functions found in Theorems 1 and 2 when an arbitrary
subset of Hy(t, £, A) is considered. However they can be easily combined in such a way that
the obtained upper function is smaller that both of them. Indeed, set W (h) We (h) A I/I(h) We
have

fsupligzl, — we], ) = {supllggll, — we], )" + {sup[igzl, — v, |-

heH heH heH
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Corollary 2. Let the assumptions of Theorem 2 hold and let h = b, and A = A.. Then for any
t €(0,1) and any g > 1 one can find e(t, q) such that for any ¢ < &(t, q)

B{sup[lizll, — wei], | = {(C3 + o).
ﬁeH

2.3. Isotropic case

In this section, we will suppose that ﬁ(-) = (h(-), ..., h(-)) and consider the case p € [1,2]. We
will show that under these restrictions the result similar to the one of in Theorem 2 can be proved
without any condition imposed on the set of bandwidths.

Note that in the isotropic case V;(-) = hd (+) and introduce the following notation.

Set G5 (h) = U, epe yoalh € Sah): 172 p11/r < 00} and define
w ( ) rel\gl,r>d 2(1‘) ” ”

pE1/r ECHA O

where the explicit expression of C3(r) is given in Section 3.3.1.

Assumption 3. supp(K) C [—a, al? and for any n € N such that |n| < |d /2] + 1

gl
|D"K(s) - D"K(t)| <Lls—1t]  V¥s,teR? D= ————.
Ayt ayy
Theorem 3. Let g > 1, p € [1, 2], be fixed and suppose that Assumption 3 is fulfilled.
Let H be an arbitrary countable subset of GIde’;r(h). Then,

Bl supllgil, — v ], | = (Cee" ) wp e,
heH

where Cs depends on K, p,q,b and d only and its explicit expression can be found in Sec-
tion 3.3.1.

Coming back to the example of H consisting of constant functions we conclude that Theorem 3
generalizes the result given by Theorem 2 when p € [1, 2]. Indeed, we do not require here the
finiteness of the set in which the bandwidth takes its values.

Although the proof of the theorem is based upon the same approach, which is applied for
proving Theorem 2, it requires to use quite different arguments. Both assumptions isotropy and
p €[1, 2] are crucial for deriving the statement of Theorem 3, see Section 3.3.3 for details.

Remark 3. In view of (1.5), the condition

supy ()| 42|t <
heH
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with some Y > 0 independent of b, guarantees that |h=d/2| p 1s the sharp in order upper function
onHC ij’;r(h) when h — 0.

Also, combining the results of Theorems 1 and 3 we arrive to the following assertion.

Corollary 3. Let assumptions of Theorem 3 hold and choose b = b, Then,

Esup[lgzll, — v A v D]} = (G +Cole)”  Vee(0.67]
heH

2.4. Example of the functional class H,;(z, £, A)

Let (eq,...,e) denote the canonical basis of R?. For function g:R? — R! and real number
u € R define the first order difference operator with step size u in direction of the variable x ; by

Ay jg(x)=gx +uej) —gx), j=1,...,d.

By induction, the kth order difference operator with step size u in direction of the variable x; is
defined as

k

Aﬁﬁjg(x) = AM,jA];,_jlg(x) = Z(—l)H—k <]l<) Aul,jg(x). (2.6)
=1

Definition 1. For given vectorst = (1, ...,74), rj €[1,00], ,é =(B1,...,B4), Bj >0, and L =
(L1,...,Lg), Lj >0, j=1,...,d, we say that function g : RY — R! belongs to the anisotropic
Nikolskii class Ny(B,7, L) if

(1) ||g||,j’Rd <Ljforal j=1,...,d;
(i) for every j =1,...,d there exists natural number k; > B; such that
kj , .
||Au'fjgnrj’Rd <Ljlulfi  VueRVj=1,...,d. (2.7)
Let ¢ be an arbitrary integer number, and let w:R — R be a compactly supported function
satisfying w € C!(R). Put

14

d
1
we(y)=2(f)<—1>’“;w<l¥>, KO =[Jwetp, 1=@,....1).

i=1 j=1

Although it will not be important for our considerations here, we note nevertheless that K satis-
fies Assumption 2 with K = w.

Let €, € (0,e~2] be fixed and set % = Zle é, % = Zle rl]T Forany j =1,...,d let
Se(j) € N* be defined from the relation

o1 g2B/(@BHDB)) _ pe=5:() < (2B/(@BHDB)) . 2.8)
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Without loss of generality we will assume that ¢ is sufficiently small in order to provide the
existence of S, (j) for any j. Put also

O ={hs=be . seN,s >SN},  He=H" x - x HLY

and introduce for any x € (—b, b)¢ and any f € Ny (B, 7, Z)

d

-1/2 L )
+8V;l. :|, Vh_l_[hl
i=1

Zf(x) =arg inf |:
hee

[ Ko —nswa - reo

Define finally H = {ﬁf, f eNg(B.7, L)).

-

Proposition 1. Let B € (0, E]d, rell, p]d and L € (O, oo)d be given.

(1) Forany t € (0, 1) there exists L > 0 such that
{hy, f €eNg(B, 7, L)} C Hy(z, L).
(2) If additionally v(241/B) > p, then there exists C > 0 such that

{ﬁfa fe Nd(,é, 7, Z)} C ]B(Cg_l/(2ﬁ+l))'

The explicit expression for the constants £ and C can be found in the proof of the proposition
which is postponed to the Appendix.

The condition v(2 4+ 1/8) > p appeared in the second assertion of the proposition is known
as the dense zone in adaptive minimax estimation over the collection of anisotropic classes of
smooth functions on R?, see Goldenshluger and Lepski [14].

3. Proofs of Theorems 1-3

The proofs of these theorems are based on several auxiliary results, which for the citation conve-
nience are formulated in Lemmas 1 and 2 below.

Furthermore, for any totaly bounded metric space (%, ¢) we denote by &, 5(5),6 > 0, the
s-entropy of T measured in g, that is, the logarithm of the minimal number of p-balls of radius
6 > 0 needed to cover ¥.

19. The results formulated in Lemma 1 can be found in Talagrand [27], Proposition 2.2, and
Lifshits [23], Theorems 14.1 and 15.2.

Lemma 1. Let (Z;,t € T) be a centered, bounded on T, Gaussian random function.

D Foranyu >0

P{sup Z: > ]E(sup Z,) + u} < e—uz/(Zoz),
teT teT

where o> = sup, . E(Z?).
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(I1) Let T be equipped with intrinsic semi-metric p*(t,t') :=E(Z; — Z;)?,t,t' € T. Then

E(sup Z,) <Dr, ;:4&/00/2,/@,@(5) ds.

teT

(II) If D, < 00, then the (Z;,t € T) is bounded and uniformly continuous almost surely.

20, The result formulated in Lemma 2 below is a particular case of Theorem 5.2 in Birman
and Solomjak [3].

Lety >0,y ¢ N*, m > 1 and R > 0 be fixed numbers and let Ay C Rk,k > 1, be a given
cube with the sides parallel to the axis. Recall that |y| denotes the Euclidean norm of y € R¥ and

ain! k
——,n=(ny,...,ng) € N,
oy 1oy k” (1,10

Denote by S}, (Ax) the Sobolev—Slobodetskii space, that is, the set of functions F: Ay — R

equipped with the norm
|D"F(y) — D"F()|" o
E T dydz .
Ao,y —zffm=lrD

1/m
m
||F||y,m=</ IFO)| dy) +(
Ak In|=Ly |

Denote by S}, (Ar, R) = {F: Ay — R: | Flly,m < R} the ball of radius R in this space and set

Ly ] is the integer part of y. Set also D™ =

My, m, R, Ak)zinfic: sup SMVE L r ) (6) Sc}.
§€(0,R]

Lemma 2. Ay (y,m, 1, Ag) < oo for any bounded Ay and y, m, k satisfying y > k/m — k/2.
In view of the obvious relation € . s (A, g)(8) =€, s (A, 1)(8/R) one has for any R >0

Ay, m, R, Ap) = RMY a(y,m, 1, Ap). (3.1)

3.1. Proof of Theorem 1

For any multi-index s € N set Es =(bhs;»---5b5y), Vs = ]_[?:1 hs_/. and introduce

vs(x)=(Vsr‘/z/Kgs(t—x)W(dt), ns = (IIneV)])™""*  sup Jus@l.
x€(—b,b)

Note that for any h € H and any s € N we obviously have
)| <nsVe 2 /|Ineve)| v e Al (3.2)

and consider separately two cases.
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Case p < 0o. We have in view of (3.2)

gz < > 0¥ (Jn (Vo) | V') 2va (Aslh)).

seNd

Since

[V 2 e vl |2 = 3 (Vo v ) 2va (Adlil),

seNd

using the obvious inequality /P —ZV/Py <[(y —2)+1P, y,2>0, p > 1, we obtain for any
heH

. 1/p
(151, — e (@), < (Zb)"“’[z (Jn (V)| V)" (n — CI)J .

seNd

Noting that the right-hand side of the latter inequality is independent of h and denoting g =
(g/p) v 1 we obtain using Jensen and triangle inequalities

Efsup[lig;l, — ve @], |’

heH
© (3.3)
d 1\p/2 "’
< (2b) q/p[Z(|ln(sVs)|Vs )PHEMWE - 1)l ) ] .
seNd
Let s € N9 be fixed. We have
- oo
E(nd — 1)L zéf 7Pl > €1 + 2z} dz
0
© (3.4)
:cj/ zq’IIP’{ sup |Us(x)| z[Cl—i—z]l/p,/\ln(sVs)”dz.
0 xe(=b,b)d
Set 3 =[C1 +z]'/7/TIn (¢ Vs)| and prove that
5 Z2/p
IP’{ sup  |us(x)] 23} <2(eVg)*avp) exp(— 2d> Vz > 0. (3.5)
xe(=b,b)d 8IIKII5

Since vs(-) is a zero mean Gaussian random field in view of the obvious relation sup,, |vs(x)| =
[sup, vs(x)] V [sup, {—vs(x)}] we get

Pl sup Jus(o|z5) <2P] sup w25} (3.6)
xe(—=b,b)d xe(=b,b)d

Let p denote the intrinsic semi-metric of vg(-) on (—b, b)<.
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We have for any x, x" € (—b, b)d in view of Assumption 1
P () = [T = K5 (=) +0) o
=2||K||§—2/ K@K (b5 (x — x') +u) du
[_a’a]d

=_ / dK(u)[K(Es_l(x—x’)—i—u)—K(u)]du
[—a,a]

<2LIK i [b ! (x —x')| < 2L K | Vg = x).

Recall that €, (_;, ;,)¢(8), 8 > 0, denotes the §-entropy of (—b, b)¢ measured in p.

Putting ¢y = |In(4bL||K||1)|, we deduce from (3.7) for any § > 0
€, b pd(8) <dci +d[In(Vs)| +2d[In(1/3)]. .

Note that 62 := SUPy(—p,b)d E(ng(x)) = ||K||% and, therefore,

D pyi p < Vd(c2+2V2(|K |2,/ [In(Ve)]).

-1
where ¢2 = 2|| K ll2v/2e1 + 442 iy 12 /lin(178)15 ds.
Thus, using the second assertion of Lemma 1 we have

E::]E( sup us(x))gzvzdn+2,/2dc1||K||z+2@||K||2,/|1n(vs)|.

xe(—b,b)d

Here we have used that 42 2 'K /TIn(1/8)1; ds <2427

Note that in view of the definition of C;

O. Lepski

(3.7)

(3.8)

(3.9)

3—E>271C" [lin(eVg)| —E 4271217 > 2./(g vV pIIK 124/ |In(e V)| + 27121/

Remark that the third assertion of Lemma 1 and (3.9) implies that the first assertion of Lemma 1

is applicable with T = (—b, b)? and Z, = vs(x) and we get for any s € N

) Z2/p
P{ sup  us(x) 25} < (eVs) @vp) exp(_ 2)-
xe(—b,b)d 811K 15

Thus, the inequality (3.5) follows now from (3.6). We obtain from (3.4) and (3.5)

Z2/p

8IIK I3

0 ~
E(ﬁsp —Cl)j_ EZQ(SVS)Z(WP)/O 747! exp(

) dz =: c3(eVs)2WVP . (3.10)
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2

Taking into account that |In(eVg)| < |In (8)|Vs’1, since &, < e, we deduce from (3.3)

and (3.10) that

N - q/p
]E[§up[||éﬁ||p — wg(h)L]q < (2b)dq/p(c3)q/<qp>8q[z VJ’}

heH seNd

< (4b)df1/17(c3)(1/(f?l7)811 = (C3¢)4.

Case p = 0o. We have in view of (3.2)

12
I65loo = sup  sup \sh<x)|<sup (nsy/ |In (e V)| V™

seN? xe Aglh]

Since, obviously

[Vi Y eVl = sup (lin eVl va'").
se

we obtain for any heH

e — —1/2
(167100 = () . = s0p (1[I0 GV V%) = €1 sup y/ in eV |97

seNd

Since (sup,, a,, — sup,, b,.)+ <sup, (a,, — b,,)y for arbitrary collections {a,.},. and {b,.},, of
positives numbers, we obtain for any g > 1

(I8 lloo — Ve ()%, <sup (/[In eV |V *) (s — C1),
< 3 (e v ) s — Cn)i.

seNd

Taking into account that the right-hand side of the latter inequality is independent of h we obtain

Efsup[lg5loc = ve @], | = 3" (@[ ) B —c0f. @G

heH seNd

Note also that inequality (3.10) is proved for arbitrary p, g > 1. Applying it formally with p =1
and g = g we obtain

o0 Z2
E(ns — C1)4 §2q(£V)2"f zq_lexp<— >dz (3.12)
T o 811K |12

and the assertion of the theorem for p = oo follows from (3.11) and (3.12).
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3.2. Proof of Theorem 2

3.2.1. Auxiliary lemma

Set A*(y,m) = A (y,m, 1,[—a — b, a + b]), where we recall the number a > 0 is involved in
Assumption 2 and Ag(-, -, -, -), k € N is defined in Lemma 2.

If d > 2 write x = (x2, ..., x4) and define for any 7 € H and any x € (—b, b)d-1

T/r

b
A s(X) = [ / T (xm(dxl)}

Later on for any x € (=b,b)? we will use the following notation x = (x1,x). If d = 1,
the dependence of x should be omitted in all formulas. In particular, if d = 1 then Ay, 5, =

vi(As ImDY".
For any x € (—b, b)?~1 and s € N introduce the set of functions Q : R — R

b Pp—
Oxs = {Q(-) =k,{i(X)/bbs_.l/ziC<b—m>ﬁ(X1)1As[ﬁ](X1, X)vi(dxy), L €Bgy, 7 € H}

S

where By = {£:(—b,b) — R: ffb [L(xp)|Tv(dxy) <1}, 1/q=1—1/r.

1

If A5 s(x) = 0, put by continuity Q = 0. Let finally =" = q '+ 7r"andnote that 2 > p > 1

since T < 1 and r > 2.
Lemma 3. Forany x € (—b,b)*™ ', s e N? and any w € (1/jn — 1/2, 1) one has
€ 1,00, (6) < A% (@, WRYZH/ P Vel ve e (0, Rub>),
where R, = [{27 1K ll2/Gu—2)} VUK + 2[5{4L(a + D} + 42| K] (2 — w) 114y

3.2.2. Constants and expressions
Introduce Q = {{w1, w2}: w1 < 1/2 < ws, [w1,w2] C (1/ —1/2,1)} and set
+e V2(L+ )/ 1K, 1)

=~ r © ~ \(r+Tt=1)/(1=1)
C/L = / (u + C[,L)
1—1 0

1 (1-v)/r
x exp {—? 2014 1K /3] }du] :

Cp = Cp +4%(V2er + V) IKIS 11K N2/ 323
C. =4v2IK15 ot VAR @2 (1 - [2w2]7") R)/ )
1,W2
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+ VA (o1, w) (20117 = 1)RY/V];
1/q
o= (rem/@Pv ] 3 e[V >d||/cn2r/<r+z)]q/2) .

reNy
3.2.3. Main steps in the proof of Theorem 2

The goal of this paragraph is to explain the basic ideas and main ingredients of the proof of
Theorem 2 which is rather long and tricky.
Setforany r € Ny, and h € H

G =v."g

g S =sup g(r). (3.13)
heH

Our basic idea is to prove that for any r € N; one can find a constant U(r) being the upper
function for ¢ (r) whenever H C Hy(z, £, A) is considered. Since U (r) is independent of h the
initial problem is reduced to the study of the deviation of the supremum of ¢; () on H.

First part of the proof consists in the aforementioned reduction of the considered problem to
the study of the upper function for the L,-norm of the normalized process Vﬂl / 2(‘E}-{(-). This part
is rather short and straightforward and the obtained reduction is given in (3.22).

Our next observation consists in the following. In view of duality arguments

((ry=supgp(r)y=sup sup Vj,, Vi, = f 12 ()8, (0) 9 (x)va (),
heH heHP€Bqq (=b,b)?

where Bq.q = {¢: (=b,b)? > R: I#]lq <1} and 1/g =1 —1/r. Obviously Yj , is centered
Gaussian random function on H x By 4. Hence, if we show that for some 0 < V (r) < 00

E{¢c(n} =V, (3.14)
then the first assertion of Lemma 1 with

of :=sup sup E{Y; ;}* (3.15)
heHO€Bqa '

will be applicable to the random variable ¢ (r).

Second part of the proof consists in finding a suitable upper bound for o~ . It is also short and
straightforward and the obtained bound is presented in (3.25).

Main part of the proof, that deals with establishing (3.14), is divided in several steps. Although
the proof is done in an arbitrary dimension some additional difficulties come from the considera-
tion of an anisotropic bandwidth collection. For this reason, the explanations below are given in
the case d > 2. Define for any s = (s1, ..., 5q) € N4 and x € (—b, b)d’1

§S(Q7X)=/Q(II)GS(L X)W (dr), 0 € Qxs. (3.16)
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Here we have putt = (2, ..., #7), denoted t = (#1,t) for any ¢ € R4, and set

d
Gs(t.x) =[] 052K ( —x)/by).  teRT xe(=b,n)?".
i=2

Remind also that the set Oy ¢ is defined in Lemma 3 and hy =e™*h, s e N.
The basic idea used in establishing (3.14) consists in bounding from above E¢(r) by some
quantities related to the collection of random variables

{gs(x) S gs(Q,x),seNd,xe(—b,b)d_l}. (.17)
QEQs,x

First step in the proof of (3.14) consists in the realization of the aforementioned idea. The main
ingredients for that are: duality arguments, product structure of the kernel (Assumption 2(ii)) and
the fact that H € Hy(t, £, A). The required bound is given in (3.36) (d > 2) and (3.37) (d = 1).

Second step in the proof of (3.14). Looking at the inequality (3.36) (or (3.37)) we remark that
one has to bound from above the quantities

sup E(sup gsr/(l_r)(x)>, sup  sup E(gsr/(l_r)(x)). (3.18)
xe(—=b,b)d=1  ‘seS,; xe(—b,b)d—1 seNd

It is important to note that S, is the finite set and its cardinality is completely determined by the
parameters h and A.

Another important remark is that ¢s(Q, x) is zero-mean Gaussian random function on Qg .
Hence, in order to compute the quantities given in (3.18) one can use the concentration inequality
presented in the first assertion of Lemma 1. The most tricky part of the realization of this program
consists in bounding from above Egg, which, in its turn, is reduced to the bounding from above
the Dudley’s integral in view of the second assertion of Lemma 1. The required bound is given
in (3.43).

The main technical tool here is Lemma 3 providing very precise estimates for the entropy
of the set Qg x, which are possible because this set belongs to the intersection of balls in the
Sobolev—Slobodetskii space (proof of Lemma 3). The result obtained in Lemma 3 allows to use
different bounds for the entropy of Qg x near and outside of the origin in the computation of the
Dudley’s integral.

Final step in the proof of (3.14) consists of routine computations related to the careful applica-
tion of the first assertion of Lemma 1.

3.2.4. Proof of Theorem 2
Put for brevity C>(r) = C(r, 7, £) and let

v () =G |V reNs,

rp/(r—p)’

For any h € H define r*(I;) =arg infreNj;(ﬁ,A) Yy (fz). Note that C(r) < oo for any r € N“;, and

Yr(h) > Ca(r)h ™4 = 00,  r— o0,
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and, therefore, r*(ﬁ) < oo for any he B(A). The latter fact allows us to assert that

2y . 7N Ly . *,7 —1/2 R R
b= int V) =y = Co(r ). 7. L) [V i sy B9

since N; (E , A) is a discrete set.

By definition r*(fz) >r (E), Whe_ye recall 7 4 (E) is defined in (2.1). Hence, we get from Holder
inequality and the definition of r 4 (h)

v 2 <[1vep|v: A[1v @2b)]. (320

pr)/ () —p) prali/atiy—p) =

Using the notation given in (3.13), we obtain for any heH, applying Holder inequality

. —1/2 7 —1/2
1850 = inf (eI} < EE WV s B2D

We deduce from (3.19), (3.20) and (3.21) that for any heH

[, = v 1L < 1Ve 212 ey £ B) = 2 )T,
< A1[1v 20)*][¢ (r* () — Ca(r* () ]"
<A1V @2p)*] Y [e(r) = Can)]?.

"
rENP

To get the last inequality we have used that r*(ﬁ) € N; for any h € H.
Taking into account that the right-hand side of the latter inequality is independent of h we get

B(sup[liggll, — v @], )" = [1v @Al 3 Ecr -Gl (22)

heH reN;

Also we have for any r € N},

]E[g“(r) — Cz(r)]i =q/0 zq_lP{g(r) > Co(r) +Z}dz. (3.23)

1°. Our goal now is to prove the following inequality: for any z > 0 and r € N;

_ ol _a24/2d[In(h)]
€ e qe e

P{¢(r) > Ca(r) + 2} <e xp {~ R0V IKIS, 1) 22} (324

To do that, we will realize the program discussed in Section 3.2.3 and consisting in the proof of
(3.14) and bounding from above oy given in (3.15).
1%a. Let us bound from above o~ . By definition

Yo = - K<tq_x>19 dx}Wd
B, /[/(_b’b)d 7 (x) o (x)vg(dx) |W(dr)
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and, therefore,

2 12
oYy =Ssup Sup |:/ [/ ﬁ—l/Z( )K( )ﬁ(x)Vd(d)C)] Vd(dl)} .
heH? B (=bbyd N h(x)

In view of triangle inequality and Assumption 2(ii)

UT<ZH[71/2 sup // li[ (j x;)
Y beByg —bb)| by,

seNd j=1
Applying the Young inequality and taking into account that ¥ € B, 4 we obtain

2 1/2
|z9(x)\vd(dx):| vd(dt)> )

1/r _ —1/r1—d d d
ar<|I/CII2,/(r+2)Z]_[h <[1=e TN, jra 0
seNd j=1
P y (3.25)
< (VO IKIS, ) 42h "
1%. Let us prove (3.14). Set for any s € N, and heH
g ) =1, h](x)f[]_[h_l/z (tl—xl)/by,)}w(dt), x € (b, by,
We obviously have for any heH

Gy =V g =" g I (3.26)

seNd

Moreover, note that |§; ((x)| < 1As[ﬁ] (x)|In(g Vi) | /%1 for any x € (—b, b)4, where, recall, Vs
and g are defined in the beginning of the proof of Theorem 1. Since, we have proved that rg is
bounded almost surely, one gets

b
r r/2 .
fb}g,;ys(xﬂ vi(dxp) < A% (%) |In(e Vs)| / ne=0  ifx; (x)=0. (3.27)
On the other hand in view of duality arguments

b
/ h|55,s<x>|’v1(dx1) = [sup / & ()L (dxl)] (3.28)

where, recall, By = {£: (—b,b) - R: fbb L |Tv(dy) <1}, 1/q=1—1/r.
Let d > 2. The following simple remark is crucial for all_further consideration: in view
of (3.27) and (3.28) for any x € (—b, b)4~1 s € N and for any heH

b
/ b|s,;,s(x1, X[ vidrn) < A7 (05 (), (3.29)
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where ¢ is defined in (3.17).
Indeed, if )L;l,s(x) =0 (3.29) follows from (3.27). If )\;lgs(x) > 0, then

b
/ L) = () / 0(1)Gs(t, )W (dr),

with Q() = A (x)j by, 2K (- 501 iy (1. 01 (dxr) € Qus, where Qs s defined in

Lemma 3. Then (3.29) follows from (3.28).

Below we will prove that ¢g(x) := sup 0€0;, 5s(0. %) is a random variable. This is important
because its definition uses the supremum over Qs x which is not countable.

We get from (3.29) for any h € Hands € N’ in view of Fubini theorem

b
g §lI7 = / / |65 o1, 0| v (dr)vg— 1 (dx) < / A ()] (X1 (dx)
' (=bbyd-1Jp (—=bbyd
b T
= / 5l (x) [ / 1AS[5](X)V1(dX1)} va—1(dx).
(—b,b)? -b
Taking into account that T < 1 and applying Holder inequality to the outer integral, we get
-t

gs’/“‘”(x)vd_l(dx)} Vs e N7, (3.30)

I 7 < v (As[ﬁ]){ /(

If d = 1 putting G(t, x) = 1 in (3.16), we obtain using the same arguments

b,b)4

||§h|,S1 ”r S vé (AS1 [hl])S'sl ) S-sl = Sué) 5‘5‘1 (Q) (331)
0€Q,,

1%b1. Let us prove some bounds used in the sequel. Let S € N be the number satisfying e ™! <

hle=SA* <1, and set S; ={0,1,..., S}¥ and S; = N? \ S4. If such § does not exist, we will
assume that S; = @ and later on the supremum over empty set is assumed to be 0.
Setalso S} = {s € N?: A*Vg < 1}, where, recall, Vs = ]_[J 1 bs; - Note that Vs < <hle S <A

for any s € Sd and, therefore,
Sr:=NI\SicS,. (3.32)
Putting for brevity r =r A(fz), we have for any s € N¢ and any he B(A)

—pr/Q2(t—p) 7 @2r—p)) —1/2) pr/(—p) ).
(Vo) PRy (Aslh]) = D ()~ P e Pvg(Akthl) = v, 2|0l < AP/
keNd

The last inequality follows from the definition of A(ﬁ).
Taking into account that % > p and that V5 < 1 we get in view of the definition of S}

va(Ash]) < VP Vi e B(A), Vs € S} (3.33)
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19b2. Set ¢ (x) = SUpges, Gs(X) and let d > 2.
We have in view of (3.30) and (3.32) for any heH

1-7
Z 165 51l < Z 187 sllr < {/( i gr/(lf)(x)vd_l(dx)} Z v (As[h])

seS) seSy seNd

1-1
< z:{ / g”<1—”<x>vd1<dx>} :
(,b’b)d—l

To get the last inequality, we have used that H C Hy(z, £).
Writing © = 24+ 7(1 —1) and using the bound (3.33) we get in view of (3.30)

1-t
2 nd — —
S lg = > vE (A v ””/4{/ " lgs”(l ’)(x)vd_l(dx)} .
(=b.byi~

* %
seS) seS)

(3.34)

Applying Holder inequality with exponents 1/t and 1/(1 — ) we get

1-7
2 - — —
> v (At ””/“{ [ ”(x)vd_l(dx)}
(=b,b)*~

"
seS;

T I-7
< [Z v;(As[ﬁ])] [Z AL /( — gsr/(l_r)(x)vd_l(dx)} (3.35)

seNd seNd

4
< £t|:2 VSTP/ /
seNd (

1—-7
1_
/¢ ”(x)mﬂdx)} .
—b,b)d*I

To get the last inequality, we have used once again that H C Hy(7, £).
We deduce from (3.26), (3.34) and (3.35) that for any # € H

-7
() = c{ | g’/“’)(x)w_l(dx)}
(—b,b)d’l

+U[Z vs”’/“/
seNd (

1-7
1—
o/t ”(x)vd_1<dx)] :
—b,b)d*I

Noting that the right-hand side of the obtained inequality is independent of h we get

(1-1)/r
c(r) < ,;w{ / gr/“f><x>Vd_1<dx)}
(=b,b)4-1

4 : (=7)/r
+U/’[Z Ve / e ”(x)vd_l(dm} .
(=b,b)*=

seNd
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Hence, applying Jensen inequality and Fubini theorem one has for any d > 2

E{z(r)) 51:1/’{/(

7b,h)d_1

n £t/r|:z Y /

seNd (=b.byi~

(I—-7)/r
E(g’/“—”(x))vd_l(dx)}

' a-1)/r
E (s _T)(X))Vd—l(dx):|
] (3.36)
< El/r[l v (Zb)dq] sup {E(S_r/(lfr)(x))}( —1)/r
xe(—b,b)d!

+£r/r[1 v(2b)d—l](1 _e—fp/4)(f—1)/r sup sup {E(gsr/(l_f)(x))}(l_f)/r
seN9 xe(—b,b)d-!

Here we have also used that Vg < 1_[7‘:1 e~%~2 and that (1 — T)/r <1.
If d = 1 repeating previous computations we obtain from (3.26) and (3.31)

E{é‘(r)} EE]/FEg +£r/r(1 _e—f[)/4)(7_1)/r Sup[E(gsr/(lir))](l_r)/r (337)
seN

In what follows, x is assumed to be fixed that allows us not to separate cases d = 1 and d > 2.
19b3. Let x € (—b, b)4~! be fixed. First, let us bound from above

Eo(0:=Ef sip (@0}, seN,  Eex =El[swp swp (2.0}
QGQS.X SESd QGQS.X

Note that ¢5(Q, X) is zero-mean Gaussian random function on Qs x. Our objective now is to show
that the assertion (II) of Lemma 1 is applicable with Z, = ¢5(Q, x),t = Q, and T = Qg «.
Note that the intrinsic semi-metric of ¢3(Q, X) is given by

p*(Q, 0)= / G2 0[Q@) — O] vad). 0.0 € Qsx.
Noting that fIRtH Gg(t, X)vg(dt) = ||IC||§”Z_2 for any x € (—b, b4 we get

p(Q, 0)=IIKITNQ—0ll. V0,0 € Qsx.

Below we show that (Qg x, || - ||2) is totally bounded metric space and, moreover, the corre-
sponding Dudley’s integral is finite. The latter fact allows us to assert that ¢ (-, X) is almost surely
continuous on Qs x that implies the measurability of ¢s(x) as well as ¢ (x). We obviously have

€00 = €., (IK1;748) V8> 0, (3-38)

and, therefore,

27 gy e
Do, .0 :=4\/§/0 1/G/),Qs’x(S)d(S 54\/§||IC||2_1/0 1/€”'H2,Qs,x(a) ds, (3.39)
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where & = 2~ 1og|| K17 and

172 B
os:=| swp E{s2(0.0}] " =1KIS" sup jQll
0€Qsx 0€Qsx

We start with bounding from above the quantity oy.
Recall that 4~ = q~! + zr~!. Applying Young inequality, we have

b /1
1Q12 <25 Lobs” 1/“[ [ el 1y o (dxl)] I 20/ Gu—2)-

Applying Holder inequality to the integral in right-hand side of the latter inequality and taking
into account that £ € By we get

b 1/n b I/n—1/q
[ f €] 1 gy 1, X0V (dm} < [ f 1As[,;](x1,x)v1(dx1>}
-’ b (3.40)
=)u/;’s(x).
Thus, we obtain
_ 1—
o5 < KIS K 2y bl 77" (3.41)

Putting o = 27|12, Gu-2b% /" we deduce from (3.39) and (3.41)

og
DQSVX,,)54\/§||/C||§—1/O [€).15.0,, (8) dS. (3.42)

Now let us bound from above E{supyco, 6s(Q,x)}.
Recall that Q = {{w1, w2}: w1 < 1/2 < wy, [w1, w2] C (1/u — 1/2, 1)}. Note that the condi-
tion w; > 1/ — 1/2 implies 1/2 — w; < (1 — 7)r~! and, therefore

g—r)/r < A1‘1/2—(4)| < sll/Z—a)z
since by, < h < 1. It yields that (0,07] C (0, R,by/> '] C (0, R,by/* ], since R, >
21 ICll24e/31.—2)- Hence, Lemma 3 is applicable to the computation of the integral in the right-
hand side of (3.42).
Recall that A*(-, ) is defined in Section 3.2.1 and introduce the following notation: A2(a)) =

A (w, ,u)R,l/w ‘11/(2‘0)_1, 8o = h;l/z and note that 8 < of. We get in view of Lemma 3

oy
/ V Cil-l2,Q5 (8) A8
0
) o
=/O \/@|-||2,Qs,x(5)d3+/50  €lll2. Qs (8) d8
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< A(2) (1 - 2021718, 7% + A(wp) (120117! = 1)8, /Y

= V1 (@2, (1 = 2] 7R/ + ik (1, w) (12w1] ™" = 1) R/ V.
It yields together with (3.42) DQs,m o < C,, where, recall,

Cu=4v2|K)4! { inf}eg[,/x*(wz, (1= 2wl R/ )
w1,w2

+ VA (o1, ) (Re1]7 = 1) R/ V]

Applying the assertion (II) of Lemma 1 we get

Ees(0)=E{ sup (0.0} =Cp. (3.43)
QEQS,X
We obtain from (3.41) that
oc=sup sup (/E2(Q.x)=: sup o5 < KIS 1Kll2/u—2p" 7" (3.44)
SESd Qe Qs,x SGSd

Applying the assertion (I) of Lemma 1, we obtain in view of (3.43) for any z > 0
P{ce(x) > Cp + 2} < e /0% < o7/C00), (3.45)

Set T = C,, + V2e"IIK 13 1Kll2y/Gu—2) we obtain using (3.45)

[e.e]

o0
Ec(x) <T + f P{c() =T +y}dy <T +(S+ 1) / e~ (W=Cutn?/Q00) gy,
0 0

< T+ VBrlKI 1K 20/ Gu—2)(S + D exp {—e"h@=D/7,

Taking into account that (S + D4 < [4In(A)]? in view of the definition of S and that

inf ¢ hCE—)/7 — 2V2T-—DWE)

r>0

we obtain

- d ¢—2v20=0[n®)]
Ec(x) < T +VBulKI§ 1Ko/ [4In(H)] e a0
< Cpu+4 (V2 + VBT IKIS ™ 1K 2/ -2 = Ci-

The last inequality follows from the relation (2.2) and the definition of T'.
19b4. Applying the assertion (I) of Lemma 1, we obtain in view of (3.44) for any z > 0

P{s(x) = 5# +z} < e~2/Q0)),
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It yields together with (3.44)

oo
E(s"0-7) (x) = G109 4 1 r - / (2 + C)rHT=D/0=Dpl () > 2 + T, ) dz
—tJo

- _ (3.47)
< &r/0=0) 4 Er/0-D),

Here recall

—~ r S ~ D/l 9 i1 1 (I=7)/r
C.= [: /O (+ C) T D exp L [201K15 1K N2y Gu—2)] }du:| .
Similarly, we deduce from (3.44) and (3.45)
E(cs/" ") < /070 4. ¢/0=0 < C1/1-0 4 E1/07D v e N9, (3.48)
Noting that the bounds in (3.47) and (3.48) are independent of x and s we get in view of (3.36)
E{é‘(r)} < [1 V. (2b)d71][£1/r + £t/r(l _ ef‘rp/4)(f*])/r][5p¥ + 6M]

This proves (3.14) with V(r) = [1 v 2b)4~"[LY/" 4 L7/7 (1 — e~/ T=D/")[C,, + C,u].
1%¢. Remembering that C2(r) = T 4+ ¢"/2(1 + q) (r\/e)? ||IC||‘21V/(H_2) we obtain, applying the
assertion (I) of Lemma 1 available in view of (3.14) and (3.25)

_af el p2d/r —
P{L(r) = Co(r) +2) <e e 0 exp {20V KIS, 0] 2} V220
Taking into account that e’ h24/7 < e>v2dIn)l for any r > 0 we come to (3.24).

20, We deduce from (3.23) and (3.24) that

2d[In(b)]

E[¢(r) — C2]% < V/De™ [V KN, 0] ey 4,

where recall y, . is the (¢ + 1)th moment of the standard normal distribution. This yields
together with (3.22)

E(sup[Ig;1, v ()], ) < [Cade Y
heH

’

and the assertion of the theorem follows.

3.3. Proof of Theorem 3

3.3.1. Constants

Let ¢(d) be the constant appearing in (2, 2)-strong maximal inequality, see Folland [8]. Set

Oy = \/2d+1ad||1<||Oo||K||1c(d)(2b)d<pfl)/p;
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z[«/gaf_lyqﬂ Z Z

For any r e N*,r > d put y, = %’ + % and let © denote the unit disc in R?. Set
T(r) =[ox/21V [(@/2+ DT*() + IIKI{ 20)/7];

T*(r) =27 [L(a +2)¢ f AT 5 ) dy 4+ C(K) / A Tnli5G) dz]

where C(K) = supy=|a/2] ID"K|;. Note that y, # |y,] and, therefore, both integrals in the
definition of T*(r) are finite.

Let A3(r) = Aa(yr, 1,1, [-a — b,a + b]?), where the quantity Ag(-, -, -, -), k € N*, is defined
in Lemma 2. Set finally

Ci(r) =8,/25() [T ()] (0./2)1/P) + 4 /e o,

3.3.2. Auxiliary lemma

For any [ € N* and any r € N* satisfying r > d put

Hy, = (e 20 < i <20

p+1/r

and introduce
Q= {Q R R 00 = [ KR 00 (@@, 9 € By e Hz}
(=b,b)

where By g = {9 : (=b,b)¢ - R: IPllg<1}and 1/q=1-1/p.
Lemma 4. Foranyr,l e N*, r > d and any § € (0, T(r)(2[h"1/2)27”/d] one has
d/yr _ 2o
€y, 11 8) < A5 [T ()] (2Iy=d12)2 5=

3.3.3. Preliminary remarks on the proof of Theorem 3

The goal of this paragraph is to discuss the main technical tools involved in the proof of the
theorem. In particular, we explain the role of the isotropy and the condition p € [1,2] in our
considerations.

We proceed similarly to the proof of Theorem 2. Using duality arguments, we have

sup 1§51, = sup sup / £ (09 (X)va(d).
heH;, heH; , V€Bqa J (=D, byd
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Noting that [_, ;4 & ()9 (¥)va(dx) = [1[i_y pya h™ @)K (575)9 (x)va (dx)]W (dr) we obtain

sup &1l = Sup /Q(t)W(dt)—i sup  £(Q).

hEH[ r Qe Lr QGDI,r

Remind that H; , and £, are defined in Lemma 4. Using standard slicing device, we reduce
the initial problem to the investigation of SUPpcq,, £(Q), see (3.52). Obviously ¢(-) is centered
Gaussian random function on £; - and our goal is to apply to it the assertion (I) of Lemma 1. To
do this it suffices to show that

Ef sip c@) =0, (3.49)
QEQIJ‘

for some 0 < U, < oo and to compute

of, = sup / 0% (H)vy(dr). (3.50)
' QEDI,r

We will see that this programm, being similar to those realized in the proof of Theorem 2, requires
completely different arguments. It is related to the fact that we consider the random field & itself
and not its “normalized” version \/7555.

First step consists in the finding an appropriated upper bound for oy . In distinction from the
similar problem related to the quantity oy appeared in the proof of Theorem 2, the computations
here are more involved. The proof of the bound obtained in (3.53) heavily exploits the condition
p € [1,2] and one can easily checked that (3.53) is not true in general if p > 2.

Second step consists in proving (3.49). As in the proof of Theorem 2 the main problem here
is to bound from above corresponding Dudley’s integral and Lemma 4 is the basic technical tool
for it. The aforementioned bound is presented in (3.54).

There is however a great difference between Lemmas 3 and 4. One of the main efforts made in
the proof of Theorem 2 is to reduce the considered problem to the study of supremum of Gaussian
random function defined on Qs x. The latter set consists of smooth univariate functions and this
fact is crucial for the proof of Lemma 3. Namely to make the aforementioned reduction possible
the original problem “is replaced” by the study of the process \/VT;@; and functional classes
Hy(z, L, A) are introduced. All of this is dictated by the consideration of anisotropic classes of
bandwidths. It turns out that it is not necessary when isotropic classes are studied. Although Q; ,
is the class of d-variate functions, its entropy admits very precise bound presented in Lemma 4,
that in its turn leads to the correct estimate in (3.49).

3.3.4. Proof of Theorem 3
Forany r > d,r € N*, set ¥ (h) = C5(r)||h=¥?|| p41/r. We have

Efswp[ g0, _infvr@] | < 5 E{sup[lg;l, — ], |-

heH r=d+1 heH
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Moreover, since H = H; , for any r € N*, one has
1>1"1, y

fsupligzt, — v ], ) =3 (sup Mgl - C3002 ")
heH =1 ‘heH,, T
Thus,
E{sup g, - _jinf W(E)L}q

heH

3.51)
Z ZE( sup. 111, — 02/~ !p )"
r=d+1 1=1 heH; ,
Thus, we get from (3.51)
> q
- —_ 1 *
]E{;upl:”%,”p rel\gl,{>d wr (h)]+}
€H
(3.52)

= Y Y E( sw e - i)’

r=d+11=1 Q€

19, We start with bounding the quantity o1, given in (3.50). Putting for any x, y € (—b, b)?

R — [ k(=5 k(" dr
(x’”_/ (h(x)) (h())”d( »

we obtain for any Q € 9 ,

2
f 02 (1)vg(dr) = f [ / —d(x>1<< )ﬂ(x)w(dx)} va(dr)
(—=b,b)d h(x)

= /( o /( bb)lh*%x)h*%y)ﬂ(x)ﬁ(ym(x,y)vd(dx)vdmy).

Taking into account that supp(K) C [—a, a]? in view of Assumption 3, we get

X =Yy
|RG(. y)| < [h) ARG ]IK oI K Il 1[_26,’2a]d(m>.

Hence, putting ¥ = || K || || K || 1, We obtain

/ 0 (t)va(dr)

Y #)9(0)|[hG) v h(1)] 1 i) dr)va(dy).
< /(_b’b)d /(_b,b)d| )P G[[A) Vv h(y)] [_za,za]d(h(x)v nGy )V @0va(@y)
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It remains to note

_d X _y
[A GV O] 120,200 (m)

(X)l[ 2a,2ald (/’l( )>+h d(y)l —2a,2a}4 <);’lzy)y)

and, therefore,

f Q*(t)va(dr) <27 f |ﬁ(v)|[/ h—d<v>1[zu,w(Q>|ﬂ<u)|vd<du)}vd(dv)
(—b,b)? (—b.b)d h(v)

< 2d+1adT/|19*(v)| iu%(zx)—d [/Rd 1[M,d(” _ v) |l9*(u)|vd(du)i|vd(dv)

A

< 2d+1adT/|19*(v)|M[|z9*|](v)vd(dv).
Here we have put 9*(-) = 1(,1,’ by ()9 (-) and M[|9*|] denotes the Hardy-Littlewood maximal

operator applied to the function |9*|.
In view of (2, 2)-strong maximal inequality, Folland [8], there exists ¢(d) such that

/{M[\ﬂ*y](v)}zud(dv)gcz(d)/ |9* () |*va(dv).
R4 R4

Using the latter bound, we obtain applying Cauchy—Schwarz inequality

, 1/2 ) 1/2
[/Q (t)Vd(dt):| = C(d)[/ |19(v)’ Vd(dv)]
(=b,b)?

< /2d+1ach(d)(2b)d(p71)/p.

To get the last inequality, we applied the Holder inequality and took into account that ¢ € Bq 4
and q > 2 since p <2.
Noting that the right-hand side of the obtained inequality is independent of O we get

01 <2041 | K o [ K l16d) @5Y PP = g, (3.53)
We would like to emphasize that the condition p < 2 is crucial in order to obtain the bound

presented in (3.53).
20, Let us now establish (3.50). The intrinsic semi-metric p; of £(-) is given by

e (01, 02) =101 — O2ll2, 01,02€9y,.



Upper functions 763

< 1 and applying the second assertion of Lemmas 1 and 4,

3 : d _ 2pr
Taking into account that 3 = Tpred

we obtain in view of (3.53)

Ul,r/z
DQl,r’Pg = 4\/%[T(r)]d/2yr (2lh_d/2) /0 §~4/2vr g4
= 4-1 / 2)\.2(F)[T(r)]d/2yr (zlh—d/Z) (U[’r/Z)l/Opr)
< 4\/%[T(r)]"/2% (0,,/2)1/@P) (21 g=4/2),

We conclude that Dudley integral is finite and as it is proved in Lemma 4 £J; , is a totally bounded
space with respect to the intrinsic semi-metric of ¢(-). It implies that ¢(-) is almost surely con-
tinuous on £; , and, therefore, SUPgegq,, $(Q) is a random variable.

Thus, in view of the second assertion of Lemma 1

* d/2y, 1/Q2pr) (Al —d/2
E{Qi‘gf(Q)]54‘/%“)[“’)] (04/2)/P (219 7472) (3.54)

and (3.50) is proved with Uy , = 4,/21% (")[T (r)1%/?7 (0, /2)1/ P (2/h=4/2),
Moreover, £ (-) is almost surely bounded on £, and, therefore, the first assertion of Lemma 1

is applicable.
30, Hence, noting that C3(r) =8, /ZAZ(r)[T(r)]d/sz (04/2)V/CP) 4, [ge” o, we obtain

P{ 5151:12) ¢(Q) =272 (r) +z] <exp {—2’+lqb*d/2er}e*zz/(zcrf) Vz > 0.
Q6 Lr

It yields for any g > 1

B sup £(Q) - €392y’
QEDl,r +

=q / 27| sup £(0) =250 + 2 (3.55)
0 ey,

< «/8nofflyq+1 exp{—21+1qh_d/2er}.

We deduce from (3.52) and (3.55)

o « 714 h=d/2\q
E{Zzg[nshn,, it || < (cse Y

where, recall, C5 = [4/8]’[0';3_1};‘]4_1]1/(1 Zfidﬂ Pl o2l
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Appendix
A.l. Proof of Lemma 3

Recall that £~' = q~! 4+ 77~ and note that 2 > ;4 > 1 since 7 < 1 and r > 2. The proof of the
lemma is mostly based on the inclusion

Qs €SY([—a—b.a+bl.R,) Voe(l/u—1/2,1), (A.1)
where Ry, = |K|l1 + 2[5{4L(a + D)}* + 42[IKC|| 42 — )~ V-,
First, we note that all functions from Oy s vanish outside the interval A =[—a — b,a + b]

since K is compactly supported on [—a, a] and b, <bh < 1.
Next, applying Young inequality we obtain for any Q € Oy s

101L, a)

=5z (x)[/’f by 2K ( 3 )axl)lA i (1. v (dx)

I/n
5/\;;i(X)(hx])”zlllClll[fb|E(X1)|”lAs[g](x1,X)w <dx1>} < (hs)'?IKII-

" 1/u
V| (dy)] (A2)

To get the last inequality, we have used (3.40).
Letwe (1/u — 1/2, 1) be fixed. Let us bound from above the quantity

I ::/ 10(y) — Q)" dy dz.
AJA

ly —z"Hne

Putting y = u + v and z = u — v, we obtain by changing of variables

oo o0
< 2—’““/ |v|—1—“w[/ | Qs +v) — Qy(u — v)|“du} dv
—00 —00
Note also that

|Qs(u+v) — Qs(u — v)|

= P{; X)/ _1/2 ( bvl)q - [)U_Yl) - K<u ()_SIXI hn >’|Z(XI)|1 (XI’ X)vl(dxl)

Hence,
12 o
Jy <27 HepTHOT, 20 () f |w| = HOGH (w) dw,
’ —00

where we have put for any w € R

e’} b _ — s
G(w) = [/ [/b ic(”h i —i—w)—IC(uh a —w>’|E(x1)|1AS[,;](x1,x)ul(dxl)] dui|

1/u
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Applying Young inequality for any fixed w, we obtain
oo b 1/n
G(w) <b,, [/ 1K+ w) — K — w>!du} [/ oG [# 1 i, x)m(dxl)}
—00 —b

o
< by |:/ |IC(u +w)—Ku — w)|dui|)»ﬁ’s(x).
—0o0
To get the last inequality, we have used (3.40). Note that

o0
/ |lC(u+w)—IC(u—w)|du§2||/C||1 Yw € R;
—00

/ K@ +w) — K@ — w)|du <4L(a+ Dw|  Ywe[-1,1].

To get the second inequality, we have used Assumption 2(i). Thus, we get finally
_ 1/2— _
Jy <27 hept 2O s 4@ + DY + 420K e - w ] (A.3)
Here we have also used that 4 < 2 and pw > (2 — n)(2p) L.

Putting Iéﬂ = 1Kl +[5{2L(a+2)}* + 42K |1 }* 2 — )~ 1V/* we get from (A.2) and (A.3)
foranywe (1/u—1/2,1)

_ N 1/n .
0+ [ [ 220D ] ™ < e

|y_Z|1+uw

Thus, the inclusion (A.1) is proved since Iéﬂ < R,,. The assertion of the lemma follows from
Lemma 2 with k = 1 and its consequence (3.1).

A.2. Proof of Lemma 4
Similarly to the proof of Lemma 3 the proof of the present lemma is based on the inclusion
Q, CSV((—a—ba+b)',R),  R=T@)(25 )7 (A4)
Indeed, if (A.4) holds then the required assertion follows from the consequence (3.1) of Lemma 2.
Thus, let us prove (A.4). First, we note that all functions from £; , vanish outside the cube

A =[—a —b,a+b]? since K is compactly supported on [—a, a]? and h < 1.
Next, for any Q € £;, we obviously have

||Q||1:=f|Q(r>|vd<dt)s||icu€’f |9 (x)|va(dx) < 1|19 2b) 1P, (A.5)
A (7b,b)d

where the last inequality follows from the condition ¢ € B, 4 and the Holder inequality.
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Taking into account that I;(x) = (h(x),...,h(x)) and that |y,] = |d/2], we have for any
n e N? satisfying |n| = |y, ] in view of Assumption 3

DnQ(t)zf (o] "=p K](tf
(—=b,b)4 h(

X

X
) )ﬁ(x)vd(dx).

Moreover, putting y = u + v and z = u — v we obtain by changing of variables

In:Z// |DnQ(y)_DnQ(Z)|dydz§27d7°‘[ [v|~¢7¢T (v) dv.
A R?

|y—z|d+£

Here « =y, — |yr] and T (v) = fRd |ID"Qu +v) — D"Q(u — v)|du.
We get using Fubini theorem

Il‘l S 2—d—0{

—In|—d —d—a u+v—x
X./( bb)d[h( 0] |ﬂ(x>|{./|v| [/‘ < h(x) )

()

By changing variables in inner integrals w = (4 — x)/h(x) and 3 = v/ h(x), we obtain

du] dv } vg(dx).

In < T/ [h0)] ™9 () [va(d), (A.6)
(=b,b)?

where T =2797% [ 3174~ [|D"K (w + ;) — D"K (w — 3)|dw d;.
We obtain in view of Assumption 3 for any |n| < |d/2] + 1

/[D"K(w +3) = D"K(w—3)|dw <2C(K)  V;eR%
f|D“K(w +3) — D"K(w —3)|dw < 2L(a +2)" 3] Vi3l < 1.
It yields (recall that © denotes the unit disc in RY),
T <274t [L(a +2)? / 37 Mo () + C(K) / 375 0) da} =T*(r).

Thus, we deduce from (A.6) for any n satisfying [n| = [y, ]

1/p
[h(x)]pyvd(dx))
(A7)

Iy <T* (r)/ [h()] "

9 (x)|vg(dx) < T* (r)(/
(—b,b)?
)2w/d'

« _ 29, /d N _
=T (r)(Hh d/2||2py,/d) md =T (’)(”h d/2||p+l/r
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Here we have used Holder inequality, the condition ¥ € B 4 and the definition of y;.
Taking into account that # € H; . we obtain from (A.7) that
d Iy, —d/2\2vr/d
> L= @d24+ )T (2T
nj=Ly-]

It leads together with (A.5) to the assertion of the lemma.

A.3. Proof of Proposition 1
Set

B (f.x) =

/K,;(t—x)f(t)dt—f(x), x e R

We start the proof with several remarks.
(1) Obviously A [hf] € B(R?) for any f € Nd(,B 7, L) and any multi-index s since By (f 2)

is measurable function. Moreover, h 7 (+) takes its values in countable set that implies that h 110
is measurable function.

(2) The definition of the Nikolskii class implies that || f||,; < L; forany j =1,...,d.Ityields,
in view of the Young inequality

||Bﬁ(f,-)||rj5(1+||K||1)L.,' Vi=1,...,d,

and therefore,

va(x € (=b,b)": Bi(f,x)=00) =0  VhefH!.
This, in its turn, implies that
d
vd<U{x € (=b,b)%: hj(f,x) :oo}) =0. (A.8)
j=1

(3) The following statement was proved in Goldenshluger and Lepski [14], Lemma 3: there
exists a constant C completely determined by ,B d and the function w such that

d
Bi(f,x) <) B j(fix), xeRY

j=1

~ (A.9)
1Bi (£, < CLn? vi=1,..d
19, Proof of the first assertion. For any s € N* recall that 65 = (bs,,...,bs,) and V5 =
H?:l f)s,«~ Denote by S, the set consisting of s = (sy,...,57) € N satisfying s; > S.(j) for
any j =1,...,d. We will also use the following notation: for any s € S; let § € N9 be such that
S<sand|s—§|=1.
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Putting X = ﬂ‘;zl{x € (—b, b)%: hj(f,x) < oo} we have in view of the definition ﬁ(f, -) for
any s € Sy such that s # (S: (1), ..., Se(d)).

AslR 1IN X C {x € (=b, b)Y By (f, ) +eVe % < By (f. ) +eV, 7}

C {xe=b,b)": By (fx)zeVs P(1—e72))

d
EU x € (=b,b)%: By j(f.x)=eVs l/2(1—(3*1/2)d*1}.

The last inclusion follows from the first inequality in (A.9) and the definition of §.
We get from (A.8), the second inequality in (A.9) and the Markov inequality

d
va(Asli 1) = va(Asl 10 ¥) < 2 avy e(1 = e )] By (0

; [87] Vsl/zbif]rj,

IA
iMs T

where we have put »; = {d(ePi — eﬁf—l/z)aLj}’f and used once again the definition of §.
Since vg(Aslhr]) =0 for any s ¢ Sy by the definition of &y and vg(Asylhf]) < b, sy =
(S:(1), ..., S:(d)), we obtain for any 7 € (0, 1)

d
—1+y,1/2,Bj j
pRITINTIED F I DI Cl A ) KENC s
seNd j=1 s€Sy,5#8)
In view of (2.8) (the definition of S;(j), j =1,...,d) we get

V2 = [e- i sg<l)ezf:1(sg(l)—s;)]l/2 < g/CBHD /DT (S (D—50).

b = 5P ePiS Dehi (S (D=s)) < g2B/CR+DA (Se)=s)) < g2BICP+D)

It yields g1 Vsl/zbfjj <e/2) Yo (Se(k)—s1) and, therefore,

d

> v (Aslhrl) Z 1—e /)y byt = L

seNd j=1

The first assertion is proved.
20, Proof of the second assertion. The condition of the proposition allows us to assert that
there exists p > p such that v(2 4 1/8) > p. Putting ¢, = e?/2¢2#/2P+D we obtain using the
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definition of Ef
|v —1/2||'° <s7| B, (f. )+sv‘1/2||’°=g—P/ inf [By(f,0) +eV %] dx
(=b.b) he,

o

< (2¢88_1)p + Z(Zek"’lcj)gs_l)pvd(x: inf [B (f,x) —|—sV 1/2] > Zekqﬁg)
k=0 efJe
o

=< (2¢8871)p + Z(Zek“@g* ) Vd(x Bh[k](f X) +8V5 172 > 2€k¢s),
k=0

where we choose E[k] € 9. as follows. Let E[k] = (h1[k], ..., hqlk]) be given by

B TK] = (o) VBiKU/BI—v@H B/ Bir) 1 4,

and define b[k] € §), from the relation e~'2[k] < h[k] < A[k].
First, we note that

hjlk] < (¢e)'/Pi < heSeDH!
since 7 € [1, p]¢ and p < v(2 + 1/B). This guarantees the existence of h[k]. Next,

12 _ y=U2Z  _ k+d/2 28/Q2B+1) _ ok
th < V_]E[k]_e e =e P,

and, therefore, using the latter bound, (A.9) and Markov inequality we obtain

WK

[Vi 05 < (20ee™)" 4 302 gee ™) va (s By (f0) = €t)

F)s[l«]
k

Il
o

WK

d
< (2067 + 3 (2 g™ Y (k) TI(CL " (s, K1)
j=1

~
Il
=}

d
(2ek+1¢£8—1)pe—kv(2+l/ﬁ) Z(ELJ)I‘]
j=1

M2

< (2¢.e7")" +

~
Il
=}

d
— g~ P/2B+D) (zed/Z)P + (zed/2+1)p iefk[v(ZH/ﬁ)*P] Z(ELJ.)U }
k=0 j=1

As we see the assumption of the proposition v(2 4+ 1/8) > p allowing us to choose p > p and
v(2 4 1/B) > p is crucial. The second assertion is proved.
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A.4. Proofs of (1.5) and (1.6)

We start with the following bound obtained by application of the Minkovski inequality for inte-
grals and the Holder inequality.

op(M <KV, Vhes; ). (A.10)

Set &Y = {ﬁ € 63,17(!)): U,,(ﬁ) < y||K||2||Vﬁ_l/2||,,}, where y < 272-1/P will be chosen later.
Our first goal consists in establishing the following inequality.

_12 —-1/2 >
/O PIK |V, <E(Ig],) < ) PIK I VP, Yhe &Y, (Al
where, remind, y » is the pth absolute moment of the standard normal distribution.

The right-hand side of the latter inequality is obvious. Indeed, we have in view of Jensen
inequality and Fubini theorem

1/p
E(lg;1,) < [E(I&15)]" = [/( (E|s,;<x>|”)vd(dx>} =) "Ik v

—b,h)d

Thus, let us prove the left-hand side in (A.11). In view of duality arguments

¢ =g llp = sup / ¥ (x)&j; (x)va(dx) =: sup g,
(=b.b)! Qe

veB; 4

where we have put (g = fRd Q)W (dt) and
0= {Q eRY > R: o) = / ; B (x)Kj; (-, x)vg(dx), ¥ € IB%S,d}.
(=b,b)

Let M, be the median of ¢ and let n ~ A/ (O, ag(ﬁ)). We have in view of triangle inequality

-1/2 1 1 1
@) IRV = [E(IgI0)]7 = [BIe17] < M; + [Blg — M 1P]'7
Note that § =supycq §o and {g is zero mean Gaussian random function on 9. Moreover, this
function is bounded since E¢ < oo in view of the right-hand side of (A.11).

Hence, in view of Theorem 12.2 in Lifshits [23], P(|¢ — M| > z) <2P(|n| > z) forany z > 0.
It yields, E|; — M;|? <2E|[n|? =2y ,0} (h). Since y <272~ 1/7, we obtain for any h € &~

[Elc - Mc1P]7" <47 o ) VPR | V2

It remains to note that M, <E¢, Theorem 14.1 in Lifshits [23], and the left-hand side of (A.11)
follows. We easily deduce from (A.11) that

ATy )UK |V < M < VIR IRV vheS' . (A1)
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Indeed, the right-hand side follows from M; < IE¢ and the right-hand side of (A.11). Addition-
ally,

E¢ < Mg +E|¢ — Mc| < Mg +2p,0p(0) < Mc +27 )P IK 1| V2] Ve o

This, together with left-hand side of (A.11) completes the proof of (A.12).
Proof of (1.5).
1°. Suppose first that 1 € &Y and put for brevity A, = || V;l_l/2||p. We have

E{[¢ =27 )P IK aAp) L}
> 274 VUK 22 ) Pl — M| <273 (p )P 1K |22 ) (A.13)

> Bih™2[1 = 2P{In| > 273 (¥ )P K 122 }].

To get the first inequality we have used the left-hand side of (A.12). Taking into account that
h € & we obtain

P{lnl =273 )PIIKI2ap} <2 =202 (r )"/Py7Y),

where @ is the distribution function of the standard normal law. Choosing yg from the equality
2 — 2<D(2’3(yp)1/1’y’1) =4~! and setting y = yo A 272~1/? we deduce from (A.13)

E{[¢ —27* ()P 1K 122y, } = 27'Bh? Vhed. (A.14)
20, Suppose now that he G:’;’p(f)) \ & and put for brevity X =273 (yp)l/P||K||2. One has
E{[¢ =27* ()" PIIKI2hp ], }* = Bib™PP(g = X2}
Remembering that § =supyeq §o we get

E{[¢ =27 )P 1K 124p), } = Bip™49/2 s P{So = XAp}. (A.15)
€

Taking into account that £p ~ N (0, || Q ||%) we have
V2Pt = Xhp} 2 012X~ [1+ 1 Q13(X2,) 2] e XA0Y/ IR,

Since ap(/Z) = Suppen Q2 we obtain from (A.10) [1 + [QI3(XA,) 217" > [1 +
8(y )P
Therefore,

sup P(¢g > XA} > Blo,(h)(XA,)~le™ K"/ Qop),
QeN
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Since /1 € Gfl’p(h) \ &Y one has op(fz)(X)»p)’l > 8y(yp)’1/P that implies

sup P(Co = X2} = 8B y(y )~ /Pe= @7 /0285,
QeN

It yields together with (A.15)
E{[¢ =27 )P IK I22,), )T = By Vhe&; ,(5)\&.  (A.l6)

The inequality (1.5) follows now from (A.14) and (A.16).
Proof of (1.6). In view of the right-hand side of (A.11) and the first assertion of Lemma 1 we
have

E{[I&1, — ()" 71K+ V2) [V 1L )

o0 - o0
< q/ 217IP(C —BC > V24, +2)dz < e“’p2<’%a,‘,’(h)q/ 247 1e=72 gz,
0 0
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