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We consider finite state space stationary hidden Markov models (HMMs) in the situation where the number
of hidden states is unknown. We provide a frequentist asymptotic evaluation of Bayesian analysis methods.
Our main result gives posterior concentration rates for the marginal densities, that is for the density of a fixed
number of consecutive observations. Using conditions on the prior, we are then able to define a consistent
Bayesian estimator of the number of hidden states. It is known that the likelihood ratio test statistic for
overfitted HMMs has a nonstandard behaviour and is unbounded. Our conditions on the prior may be seen
as a way to penalize parameters to avoid this phenomenon. Inference of parameters is a much more difficult
task than inference of marginal densities, we still provide a precise description of the situation when the
observations are i.i.d. and we allow for 2 possible hidden states.
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1. Introduction

Finite state space hidden Markov models (which will be shortened to HMMs throughout the pa-
per) are stochastic processes (X, Y;) j>1 where (X ;) j>1 is a Markov chain living in a finite state
space X and conditionally on (X;);>1 the Y;’s are independent with a distribution depending
only on X; and living in ). HMMs are useful tools to model time series where the observed
phenomenon is driven by a latent Markov chain. They have been used successfully in a variety of
applications, the books MacDonald and Zucchini [14], Zucchini and MacDonald [23] and Cappé
et al. [2] provide several examples of applications of HMMs and give a recent (for the latter)
state of the art in the statistical analysis of HMMs. Finite state space HMMs may also be seen
as a dynamic extension of finite mixture models and may be used to do unsupervised clustering.
The hidden states often have a practical interpretation in the modelling of the underlying phe-
nomenon. It is thus of importance to be able to infer both the number of hidden states (which we
call the order of the HMM) from the data, and the associated parameters.

The aim of this paper is to provide a frequentist asymptotic analysis of Bayesian methods used
for statistical inference in finite state space HMMSs when the order is unknown. Let us first review
what is known on the subject and important questions that still stay unsolved.
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In the frequentist literature, penalized likelihood methods have been proposed to estimate the
order of a HMM, using for instance Bayesian information criteria (BIC for short). These methods
were applied for instance in Leroux and Putterman [13], Rydén et al. [21], but without theoretical
consistency results. Later, it has been observed that the likelihood ratio statistics is unbounded,
in the very simple situation where one wants to test between 1 or 2 hidden states, see Gassiat and
Kéribin [9]. The question whether BIC penalized likelihood methods lead to consistent order
estimation stayed open. Using tools borrowed from information theory, it has been possible to
calibrate heavier penalties in maximum likelihood methods to obtain consistent estimators of the
order, see Gassiat and Boucheron [7], Chambaz et al. [3]. The use of penalized marginal pseudo
likelihood was also proved to lead to weakly consistent estimators by Gassiat [6].

On the Bayesian side, various methods were proposed to deal with an unknown number of
hidden states, but no frequentist theoretical result exists for these methods. Notice though that,
if the number of states is known, de Gunst and Shcherbakova [4] obtain a Bernstein—von Mises
theorem for the posterior distribution, under additional (but usual) regularity conditions. When
the order is unknown, reversible jump methods have been built, leading to satisfactory results
on simulation and real data, see Boys and Henderson [1], Green and Richardson [12], Robert
et al. [19], Spezia [22]. The ideas of variational Bayesian methods were developed in McGrory
and Titterington [15]. Recently, one of the authors proposed a frequentist asymptotic analysis of
the posterior distribution for overfitted mixtures when the observations are i.i.d., see Rousseau
and Mengersen [20]. In this paper, it is proved that one may choose the prior in such a way that
extra components are emptied, or in such a way that extra components merge with true ones.
More precisely, if a Dirichlet prior D(«q, ..., @) is considered on the k weights of the mixture
components, small values of the o ;’s imply that the posterior distribution will tend to empty the
extra components of the mixture when the true distribution has a smaller number, say ko < k of
true components. One aim of our paper is to understand if such an analysis may be extended to
HMMs.

As is well known in the statistical analysis of overfitted finite mixtures, the difficulty of the
problem comes from the non-identifiability of the parameters. But what is specific to HMMs is
that the non-identifiability of the parameters leads to the fact that neighbourhoods of the “true”
parameter values contain transition matrices arbitrarily close to non-ergodic transition matrices.
To understand this on a simple example, just consider the case of HMMs with two hidden states,
say p is the probability of going from state 1 to state 2 and g the probability of going from
state 2 to state 1. If the observations are in fact independently distributed, their distribution may
be seen as a HMM with two hidden states where ¢ = 1 — p. Neighbourhoods of the “true”
values (p, 1 — p) contain parameters such that p is small or 1 — p is small, leading to hidden
Markov chains having mixing coefficients very close to 1. Imposing a prior condition such as
8 < p <1—4§ for some § > 0 is not satisfactory.

Our first main result Theorem 1 gives concentration rates for the posterior distribution of the
marginal densities of a fixed number of consecutive observations. First, under mild assumptions
on the densities and the prior, we obtain the asymptotic posterior concentration rate /7, n the
number of observations, up to a logn factor, when the loss function is the L; norm between
densities multiplied by some function of the ergodicity coefficient of the hidden Markov chain.
Then, with more stringent assumptions on the prior, we give posterior concentration rates for
the marginal densities in L; norm only (without the ergodicity coefficient). For instance, con-
sider a finite state space HMM, with k states and with independent Dirichlet prior distributions
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D(aq, ..., ar) on each row of the transition matrix of the latent Markov chain. Then our theo-
rem says that if the sum of the parameters o;’s is large enough, the posterior distribution of the
marginal densities in L; norm concentrates at a polynomial rate in 7. These results are obtained
as applications of a general theorem we prove about concentration rates for the posterior distri-
bution of the marginal densities when the state space of the HMM is not constrained to be a finite
set, see Theorem 4.

A byproduct of the non-identifiability for overfitted mixtures or HMMs is the fact that, going
back from marginal densities to the parameters is not easy. The local geometry of finite mixtures
has been understood by Gassiat and van Handel [8], and following their approach in the HMM
context we can go back from the L norm between densities to the parameters. We are then able
to propose a Bayesian consistent estimator of the number of hidden states, see Theorem 2, under
the same conditions on the prior as in Theorem 1. To our knowledge, this is the first consistency
result on Bayesian order estimation in the case of HMMs.

Finally, obtaining posterior concentration rates for the parameters themselves seems to be very
difficult, and we propose a more complete analysis in the simple situation of HMMs with 2 hid-
den states and independent observations. In such a case, we prove that, if all the parameters (not
only the sum of them) of the prior Dirichlet distribution are large enough, then extra components
merge with true ones, see Theorem 3. We believe this to be more general but have not been able
to prove it.

The organization of the paper is the following. In Section 2, we first set the model and nota-
tions. In subsequent subsections, we give Theorems 1, 2 and 3. In Section 3, we give the posterior
concentration theorem for general HMMs, Theorem 4, on which Theorem 1 is based. All proofs
are given in Section 4.

2. Finite state space hidden Markov models

2.1. Model and notations

Recall that finite state space HMMs model pairs (X;, ¥;);>1 where (X;);>1 is the unobserved
Markov chain living on a finite state space X = {1, ..., k} and the observations (Y;);>1 are con-
ditionally independent given the (X;);>1. The observations take value in ), which is assumed to
be a Polish space endowed with its o -field. Throughout the paper, we denote x1., = (x1, ..., x,).

The hidden Markov chain (X;);>1 has a Markov transition matrix Q = (g;;)1<i, j<k- The con-
ditional distribution of ¥; given X; has a density with respect to some given measure v on ). We
denote by g,,(y), j =1,...,k, the conditional density of ¥; given X; = j. Here, y; € T C R4

for j =1,...,k, the y;’s are called the emission parameters. In the following, we parametrize
the transition matrices on {1, ..., k} as (¢ij)1<i<k,1<j<k—1 (implying that g; =1 — ZI;;% qij for
all i < k) and we denote by Ay the set of probability mass functions Ax = {(u1, ..., ug—1):1u1 >
0,...,up_1>0, Zf‘;ll u; < 1}. We shall also use the set of positive probability mass functions
Ag ={(uy,...,up—1):uy >0,...,u;_1 >0, ZZ-:]] u; < 1}. Thus, we may denote the overall
parameter by 6 = (¢, 1 <i <k,1<j < k—1;91,...,Y) € Or where O, = Allz x Tk To alle-
viate notations, we will write 8 = (Q; y1, ..., ¥&), where O = (gij)1<i,j<k» gik =1 — le;ll qij

foralli <k.
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Throughout the paper, Vyh denotes the gradient vector of the function # when considered as
a function of 6, and Di h its ith derivative operator with respect to 6, for i > 1. We denote by
By(y,€) thed d1mens1onal ball centered at y with radius €, when y € R?. The notation a, > b,
means that a,, is larger than b, up to a positive constant that is fixed throughout.

Any Markov chain on a finite state space with transition matrix Q admits a stationary distri-
bution which we denote by g, if it admits more than one we choose one of them. Then for
any finite state space Markov chain with transition matrix Q it is possible to define real numbers
po > 1 such that, for any integer m, any j <k

k

—1
2_1Q"); = mo| = pg", pQ—<1—erglgkql,) , (1)

j=1

where Q™ is the m-step transition matrix of the Markov chain. If pg > 1, the Markov chain
(Xn)n>1 is uniformly geometrically ergodic and (¢ is its unique stationary distribution. In the
following, we shall also denote (19 and pg in the place of g and pg when 0 = (Q; y1, ..., ¥k).

We write Py for the probability distribution of the stationary HMM (X ;, Y;) j>1 with parame-
ter 6. That is, for any integer n, any set A in the Borel o-field of X" x )":

Po((X1,..., Xn, Y1,....Y) € A)

2
= Z / 1a(X10, Y1 n)MQ(xl)HQx,x,Hl_[gyx yi)v(dy1) - - v(dyn).
X yeees xp=1 i=1 i=1

Thus for any integer n, under Py, Y1., = (Y1, ..., Y,) has a probability density with respect to

v(dyy) - - - v(dy,) equal to
k n—1 n
FuoOnoy = o) [ [ qwinir [ [ 8, 00)- 3)
X1yeens xp,=1 i=1 i=1

We note Ey for the expectation under Py.

We denote I the prior distribution on ®. As is often the case in Bayesian analysis of HMMs,
instead of computing the stationary distribution p ¢ of the hidden Markov chain with transition
matrix Q, we consider a probability distribution 7y on the unobserved initial state X(. Denote
£,(0, xq) the log-likelihood starting from xq, for all xg € {1, ..., k}, we have

£,(0, x0) = log[ Z qu,x,ﬂ ]_[gyx (i) }

X1 yeers x,=1i=0

The log-likelihood starting from a probability distribution wy on X is then given by
1og[21;0=1 et (@%0) 71 (x0)]. This may also be interpreted as taking a prior IT = IT; ® 7y over
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Oy x {1,..., k}. The posterior distribution can then be written as

Yok 1 [, e @O (d6) 7y (x0)
Yok 1 J et @X0 I (d0)m x (xo)

PT(A|Yy) = 4)

for any Borel set A C ©.

Let M; be the set of all possible probability distributions Py for all 8 € ®;. We say that
the HMM Py has order ko if the probability distribution of (¥,),>1 under Py is in My, and
not in My for all k < ko. Notice that a HMM of order ky may be represented as a HMM of
order k for any k > ko. Indeed, let Q° be a ko x ko transition matrix, and (ylo, e, ylg)) e rko

be parameters that define a HMM of order kg. Then, 6 = (Q; Vlo’ e Vlg)v e, V;ff)) € O with
0 =(qij, 1 <i, j <k) such that:

61ij=61,pj, i, j <ko,
Clij=q,?0j, i > ko, Jj < ko,
Q)
k k
Z qit = 4y, i <ko, and Z qil = Qs i = ko
I=ko I=ko
gives Pg = PPg,. Indeed, let (X,,),>1 be a Markov chain on {1, ..., k} with transition matrix Q.
Let Z be the function from {1, ..., k} to {1, ..., ko} defined by Z(x) = x if x < ko and Z(x) = ko
if x > ko. Then (Z(X,))n>1 is a Markov chain on {1, ..., ko} with transition matrix 0°.

2.2. Posterior convergence rates for the finite marginal densities

Letfy = (Q% ), ... v) € Oy, 00 = (g 1<i<ky 1)<

ko < k. We now assume that [Pg, is the distribution of the observations. In this section, we fix an
integer / and study the posterior distribution of the density of / consecutive observations, that is
f1.0, given by (3) with n =[. We study the posterior concentration rate around f; g, in terms of
the L1 loss function, when PPy, is possibly of order ko < k. In this case, Theorem 2.1 of de Gunst
and Shcherbakova [4] does not apply and there is no result in the literature about the frequentist
asymptotic properties of the posterior distribution. The interesting and difficult feature of this
case is that even though 6 is parameterized as an ergodic Markov chain Q° with k states and
some identical emission parameters as described in (5), f; ¢, can be approached by marginals
/1.6 for which py is arbitrarily close to 1, which deteriorates the posterior concentration rate, see
Theorem 1.

Let w(uy,...,ur—1) be a prior density with respect to the Lebesgue measure on Ay, and
let w(y) be a prior density on T' (with respect to the Lebesgue measure on RY). We consider
prior distributions such that the rows of the transitions matrix Q are independently distributed
from 7 and independent of the component parameters y;, i = 1, ..., k, which are independently
distributed from w. Hence, the prior density of IT; (with respect to the Lebesgue measure) is
equal to 7 = 7® ® w®*. We still denote by 7y a probability on {1, ..., k}, we assume that
mx(x)>0forallx € {1, ..., k} and set [1 = [1; ® . We shall use the following assumptions.
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A0 q?j>0,15i5ko,15j5ko.
A1l The function y +— g, (y) is twice continuously differentiable in I', and for any y € I,
there exists € > 0 such that

/ sup ||V, logg, ()| * g, ()v(dy) < +o0,
y'€By(y.€)

2
/ sup || D} logg, ()] gy (»v(dy) < +oo,
y'€By(y,€)

1SUP, e 5 .c) Vy &y DI € L1(v) and [ sup, e, y.c) D28y DI € L1 ().
A2 There exist a > 0 and b > 0 such that

swp [[1%5, 0] dvis) =n.

lyll<n®

A3 m is continuous and positive on AO, and there exists C,a; > 0, ..., ar > 0 such that
(Dirichlet type priors):

k=1
0
V(ui,...,uk—1) € A, uk=1—zui,
i=1

O<m(up,...,up—1) < Cu'i”*1 --~uZ‘k—1
and w is continuous and positive on I' and satisfies
/ w(x)dx = O(n_k(k_1+d)/2), (6)
llxl|>n?

with b defined in assumption A2.
We will alternatively replace A3 by

A3bis 7 is continuous and positive on A?, and there exists C such that (exponential type
priors):

k=1
0
V(uy,...,uk—1) € A, ukzl_zui»
i=1

0<m(uy,...,uk—1) <Cexp(—C/uy)---exp(—C/ug)
and w is continuous and positive on I" and satisfies (6).

Theorem 1. Assume A0-A3. Then, there exists K large enough such that

n logn
P [9 Mo = fralliloo = 1) = Ky — ‘Yl:ni| = opy (1), (7
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where pg = (1 — Zl;zl inf)<j <k qij)fl. If moreover & = leigk o; > k(k—1+d), then
PU6: N fio — fralh = 2Kn~ @ FEIFD/CD (log n) | ¥y, ] = op, (1). ®)
If we replace A3 by A3bis, then there exists K large enough such that
P61l fro — fraplh = 2Kn™ ' (logn)*?|Y1.,] = op,, (1). 9)

Theorem 1 is proved in Section 4.1 as a consequence of Theorem 4 stated in Section 3, which
gives posterior concentration rates for general HMMs.

Assumption A0 is the usual ergodic condition on the finite state space Markov chain. Assump-
tions A1 and A2 are mild usual regularity conditions on the emission densities g, and hold for
instance for multidimensional Gaussian distributions, Poisson distributions, or any regular expo-
nential families. Assumption A3 on the prior distribution of the transition matrix Q is satisfied
for instance if each row of Q follows a Dirichlet distribution or a mixture of Dirichlet distribu-
tions, as used in Nur et al. [16], and assumption (6) is verified for densities w that have at most
polynomial tails.

The constraint on & = ) ; o;; or condition A3bis are used to ensure that (8) and (9) hold re-
spectively. The posterior concentration result (7) implies that the posterior distribution might put
non-negligible mass on values of 6 for which pg — 1 is small and || f7,¢ — fi,6,l1 is not. These are
parameter values associated to nearly non-ergodic latent Markov chains. Since pg — 1 is small
is equivalent to j min; g;; is small, the condition & > k(k — 1 + d) prevents such pathological
behaviour by ensuring that the prior mass of such sets is small enough. This condition is therefore
of a different nature than Rousseau and Mengersen’s [20] condition on the prior, which charac-
terizes the asymptotic behaviour of the posterior distribution on the parameter 6. In other words,
their condition allows in (static) mixture models to go from a posterior concentration result on
/1.6 to a posterior concentration result on 6 whereas, here, the constraint on & is used to obtain a
posterior concentration result on fj ¢. Going back from || f;,9 — fi.6, 11 to the parameters requires
a deeper understanding of the geometry of finite HMMs, similar to the one developed in Gassiat
and van Handel [8]. This will be needed to estimate the order of the HMM in Section 2.3, and
fully explored when ky = 1 and k = 2 in Section 2.4.

For general priors, we do not know whether the /Iogn factor appearing in (7) could be re-
placed or not by any sequence tending to infinity. In the case where the «;’s are large enough
(Dirichlet type priors), and when ko = 1 and k = 2, we obtain a concentration rate without the
+/logn factor, see Lemma 2 in Section 3. To do so, we prove Lemma 3 in Section 3 for which we
need to compute explicitly the stationary distribution and the predictive probabilities to obtain a
precise control of the likelihood, for 6’s such that Py is near Pg,, and to control local entropies of
slices for 6’s such that Py is near Pg, and where pg — 1 might be small. It is not clear to us that
extending such computations to the general case is possible in a similar fashion. The logn terms
appearing in (8) and (9) are consequences of the /logn term appearing in (7).

2.3. Consistent Bayesian estimation of the number of states

To define a Bayesian estimator of the number of hidden states kg, we need to decide how
many states have enough probability mass, and are such that their emission parameters are
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different enough. We will be able to do it under the assumptions of Theorem 1. Set w, =
n~@kk+d=1)/C0) oo if A3 holds and & > k(k +d — 1), and set w, = n~?(logn)3/? if
instead A3bis holds. Let (u,),>1 and (v,),>1 be sequences of positive real numbers tending
to 0 as n tends to infinity such that w, = o(u,v,). As in Rousseau and Mengersen [20], in the
case of a misspecified model with kg < k, fj g, can be represented by merging components or by
emptying extra components. For any 6 € ®;, we thus define J (0) as

J©)={j:Po(X1=J)=un},

that is, J(0) corresponds to the set of non-empty components. To cluster the components that
have similar emission parameters, we define for all j € J(6)

Aj@)={ieJ®):ly; —vil* < v}

and the clusters are defined by: for all ji, j» € J(0), ji and j, belong to the same cluster (noted
J1 ~ j2) if and only if there exist » > 1 and iy, ...,i, € J(0) with i} = j; and i, = j, such that
forall 1 <l <r—1, A;;(0) N A;,(0) # &. We then define the effective order of the HMM
at 6 as the number L(0) of different clusters, that is, as the number of equivalent classes with
respect to the equivalence relation ~ defined above. By a good choice of u,, and v,,, we construct
a consistent estimator of ko by considering either the posterior mode of L(#) or its posterior
median. This is presented in Theorem 2.

To prove that this gives a consistent estimator, we need an inequality that relates the L dis-
tance between the [-marginals, || f;.6 — f1,6,111, to a distance between the parameter 6 and param-
eters 0y in O such that 1.6, = J1.60- Such an inequality will be proved in Section 4.2, under the
following structural assumption.

Let T ={t=(t,..., 1) € {1,...,k}k°:t,- <tiy1,1 =0,...,ko — 1}. If b is a vector, bT de-
notes its transpose.

A4 Foranyt=(r1,...,1,) € T, any (m);:iko e (R0 (if 1, < k), any (q; fozl (ci)].“’=1 €

l
R, (bi)fil e ®RHM, any z; ; eRY, o j €R i =1,...,ko, j=1,...,t; — ti_1 (with
o= 0), such that “Zl,]” = 1’ Oli,j > 0 and Zli*li,l

k—
" i =1, for any (1),_,° which be-
longto T\ {y2,i =1,...,ko},

k=t ko ko ti—tio1

Z i &y + Z(aigyio +biTD1gyi0) + chz Z ai‘jzij:jD2gyiOZi,j =0, (10)
i=1 i=1 i=1 j=1

if and only if
a; =0, b; =0, ¢ =0 Vi=1,..., ko, ;=0 Vi=1,...,k—l‘k0.

Assumption A4 is a weak identifiability condition for situations when ko < k. Notice that A4
is the same condition as in Rousseau and Mengersen [20], it is satisfied in particular for Poisson
mixtures, location-scale Gaussian mixtures and any mixtures of regular exponential families.

The following theorem says that the posterior distribution of L(6) concentrates on the true
number k¢ of hidden states.
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Theorem 2. Assume that assumptions A0-A2 and A4 are verified. If either of the following two
situations holds:

o Under assumption A3 (Dirichlet type prior), if @ > k(k +d — 1) and

11, vyn @k (td=1)/2&)

— +00.
logn

e Under assumption A3bis (exponential type prior), if u,v,n'/?/(logn)>/? — +o0,
then
PU6: L(0) # kol Y14 ] = op, (1). (11)

If ky is either the mode or the median of the posterior distribution of L(0), then

A

en = ko + 0py (1), (12)

One of the advantages of using such an estimate of the order of the HMM, is that we do not
need to consider a prior on k and use reversible-jump methods, see Richardson and Green [17],
which can be tricky to implement. In particular, we can consider a two-stage procedure where
ky is computed based on a model with k£ components where k is a reasonable upper bound on kg
and then, fixing k = 12,, an empirical Bayes procedure is defined on (Q; j, i, j < 12,,, Visenos V/E,,)'

On the event k, = ko, which has probability going to 1 under Py, the model is regular and
using the Bernstein—von Mises theorem of de Gunst and Shcherbakova [4], we obtain that with
probability Py, going to 1, the posterior distribution of /n(6 — 6,) converges in distribution to
the centered Gaussian with variance Vj, the inverse of Fisher information at parameter 6, where
é,, is an efficient estimator of 6y when the order is known to be kg, and /n (é,, — 6p) converges
in distribution to the centered Gaussian with variance V under Py, .

The main point in the proof of Theorem 2 is to prove an inequality that relates the L distance
between the /-marginals, to a distance between the parameters of the HMM. Under condition A4,
we prove that there exists a constant c(6p) > 0 such that for any small enough positive ¢,

I f1.0 — fr.o0ll1
c(6o)
ko
> > Py(X1=j)+ Y_|Po(X1 € B(G)) — Py (X1 =1)| (13)
1<j<kVillyj =y ll>¢ i=l

ko

+Z[

i=1

> Poxi=i(yi—v)

Jj€B(@)

1
+3 3 Pg(X1=j)”Vj_ViO”2:|’
jeB()

where B(i) ={j:|ly; — yio || < e}. The above lower bound essentially corresponds to a partition
of {1,...,k} into ko + 1 groups, where the first ko groups correspond to the components that
are close to true distinct components in the multivariate mixture and the last corresponds to
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components that are emptied. The first term on the right-hand side controls the weights of the
components that are emptied (group ko + 1), the second term controls the sum of the weights of
the components belonging to the ith group, fori =1, ..., kg (components merging with the true
ith component), the third term controls the distance between the mean value over the group i and
the true value of the ith component in the true mixture while the last term controls the distance
between each parameter value in group i and the true value of the ith component. A general
inequality implying (13), obtained under a weaker condition, namely A4bis, holds and is stated
and proved in Section 4.2.

As we have seen with Theorem 2, we can recover the true parameter 6y using a two-stage
procedure where first 12,1 is estimated. However, it is also of interest to understand better the
behaviour of the posterior distribution in the first stage procedure and see if some behaviour
similar to what was observed in Rousseau and Mengersen [20] holds in the case of HMMs. From
Theorem 1, it appears that HMMs present an extra difficulty due to the fact that, when the order is
overestimated, the neighbourhood of 8’s such that Py = IPg, contains parameters leading to non-
ergodic HMMs. To have a more refined understanding of the posterior distribution, we restrict
our attention in Section 2.4 to the case where k = 2 and ky = 1 which is still nontrivial, see also
Gassiat and Kéribin [9] for the description of pathological behaviours of the likelihood in such a
case.

2.4. Posterior concentration for the parameters: The case kp =1 and k =2

In this section, we restrict our attention to the simpler case where ko = 1 and k = 2. In Theorem 3
below, we prove that if a Dirichlet type prior is considered on the rows of the transition matrix
with parameters «/;’s that are large enough the posterior distribution concentrates on the configu-
ration where the two components (states) are merged (y; and y» are close to one another). When
k =2, we can parameterize 6 as 6 = (p, q, y1, 2), with0 < p < 1,0 < g < 1, so that

_(1-p p ) _< q p )
Qo (q 1-q) "7 \oxa p+g

when p#0o0rq#0.If p=0and g =0, set ug = (%, %), for instance. Also, we may take

po—1l=(p+q) AQ2—(p+9).

When ko = 1, the observations are i.i.d. with distribution g,0dv, so that one may take 6 =
(p,1—p,y°, 9% forany 0 < p < 1, or §p = (0,4, y°, y) for any 0 < ¢ < 1 and any y, or
6o = (p,0,y,y% forany 0 < p < 1 and any y. Also, for any x € X, Pgy,x =Pg, and

€ (8, x) — £,(00, x0) = £,(6, x) — £, (60, x).
We take independent Beta priors on (p, g):
Ma(dp.dg) = Capp®~ (1 = p)P 7111 = )P o< peilocg<1 dpdg,

thus satisfying A3. Then the following holds.
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Theorem 3. Assume that assumptions A0—A2 together with assumption A4 are verified and
consider the prior described above with w(-) verifying A3. Assume moreover that for all x,
y > gy (x) is four times continuously differentiable on I', and that for any y € I' there exists
€ > 0 such that for any i <4,

i
Dy g

8y’

4

| gy ()vy) < +oo. (14)

/ sup
y'€Ba(y.€)

Then, as soon as o > 3d /4 and B > 3d /4, for any sequence €, tending to 0,

Pn(ppfq <e€yor pf]i-q §€n|Y1:n) :OIP’()O(l)a

and for any sequence M, going to infinity,
P (v = voll + llyv2 = yoll < Mun™"*{Y1,0) = 1+ op, (1).

Theorem 3 says that the extra component cannot be emptied at rate €,,, where the sequence ¢,
can be chosen to converge to 0 as slowly as we want, so that asymptotically, under the posterior
distribution neither p/(p+¢g) nor g /(p+ p) are small, and the posterior distribution concentrates
on the configuration where the components merge, with the emission parameters merging at
rate n~'/4. Similarly in Rousseau and Mengersen [20] the authors obtain that, for independent
variables, under a Dirichlet D(«y, ..., o) prior on the weights of the mixture and if mino; >
d/2, the posterior distribution concentrates on configurations which do not empty the extra-
components but merge them to true components. The threshold here is 3d /2 instead of d /2. This
is due to the fact that there are more parameters involved in a HMM model associated to k states
than in a k-components mixture model. No result is obtained here in the case where the «;’s are
small. This is due to the existence of non ergodic Py in the vicinity of P, that are not penalized
by the prior in such cases. Our conclusion is thus to favour large values of the «;’s.

3. A general theorem

In this section, we present a general theorem which is used to prove Theorem 1 but which
can be of interest in more general HMMs. We assume here that the unobserved Markov chain
(Xi)i>1 lives in a Polish space X and the observations (Y;);>1 are conditionally independent
given (X;);>1 and live in a Polish space ). &X', ) are endowed with their Borel o-fields. We
denote by 6 € ®, where © is a subset of an Euclidean space, the parameter describing the dis-
tribution of the HMM, so that Qg, 68 € © is the Markov kernel of (X;);>; and the conditional
distribution of Y; given X; has density with respect to some given measure v on ) denoted by
go(y|x), x € X, 0 € ®. We assume that the Markov kernels Qg admit a (not necessarily unique)
stationary distribution pg, for each 6 € ®. We still write Py for the probability distribution of the
stationary HMM (X ;, Y;) j>1 with parameter 6. That is, for any integer n, any set A in the Borel
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o-field of X" x Y™:

Po((X1,..., Xn, Y1,...,¥y) € A)

(15)
n—1 n
= / po(dxn) [ T Qotxi, dxivn) [ T goGilxiovdyn) -+ v(dyn).
A i=1 i=1
Thus for any integer n, under Py, Y., = (Y1, ..., Y,) has a probability density with respect to
v(dy1)---v(dyy,) equal to
n—1 n
o s oo yn) = /X po(dxy) [T Qo i, dxin) [ ] go(yilxi)- (16)
i=1 i=1

We denote by I1g the prior distribution on ® and by 7y the prior probability on the unobserved
initial state, which might be different from the stationary distribution pg. We set I1 =Tlg @ my.
Similarly to before, denote £, (0, x) the log-likelihood starting from x, for all x € X.

We assume that we are given a stationary HMM (X, Y;) ;> with distribution Pg, for some
6p € O.

For any 6 € ©, it is possible to define real numbers pg > 1 and 0 < Ry < 2 such that, for any
integer m, any x € X

105 (x. ) — 1o | vy < Ropg™. (17)

where | - ||Tv is the total variation norm. If it is possible to set py > 1, the Markov chain (X,),>1
is uniformly ergodic and ¢ is its unique stationary distribution. The following theorem provides
a posterior concentration result in a general HMM setting, be it parametric or nonparametric
and is an adaptation of Ghosal and van der Vaart [10] to the setup of HMMs. We present the
assumptions needed to derive the posterior concentration rate.

C1 There exists A > 0 such that for any (xg,x1) € X2, Pg, almost surely, Vn € N,
|, (00, x0) — £,(6p, x1)| < A, and there exist S, C® x X, C,, > 0 and €, > 0 a se-

quence going to 0 with né,% — 00 such that

sup Py, [€n(6. ) — LB x0) < —né2] =o(1),  TI[S,] Z e e,
@,x)eSy,

C2 There exists a sequence (F,),>1 of subsets of ®
Mo (75) = ofe"301+).

C3 There exists a sequence €, > €, going to 0, such that (nE,Zl(l +Cn))/ (ne,%) goes to 0
and

N(% Fudi (-, -)> < 16 (oay =17/ (161 2Ry =17,

where N (8, Fy, di(-, -)) is the smallest number of 6; € F, such that for all 6 € F,, there
exists a 6; with d;(0;,0) < 4.
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Here d; (6, 6;) = |l fi.o — fi.o;I1 == [y | fro — fre;1(3) dv® (y).
C3bis There exists a sequence €, > €, going to 0 such that

Z e (An,m(en)) o (nm2e2)/(320) _ O(C—néf)

A
and
N(%! An,m(en)y dl('a )) < e(nmzerzl(pgo—1)2)/(16l(2R90+p90—1)2)7
where
po — 1
Apm(€)=F, N {937716 <Ifie— fl,&onlm <(m+ 1)6}.

Theorem 4. Assume that pg, > 1 and that assumptions C1-C2 are satisfied, together with either
assumption C3 or C3bis. Then

po—1
P 6: — — >
|: ”fl,@ ﬁﬂo”lZRg-l-,Oe—l = €n

Yl:n} = op,, (1).

Theorem 4 gives the posterior concentration rate of || f; 9 — f1.,ll1 up to the parameter

%. In Ghosal and van der Vaart [10], for models of non independent variables, the au-
thors consider a parameter space where the mixing coefficient term (for us py — 1) is uniformly
bounded from below by a positive constant over ® (see their assumption (4.1) for the applica-
tion to Markov chains or their assumption on F in Theorem 7 for the application to Gaussian
time series), or equivalently they consider a prior whose support in ® is included in a set where
# is uniformly bounded from below, so that their posterior concentration rate is directly
expressed in terms of || ;.9 — f1,6,1l1. Since we do not restrict ourselves to such frameworks the
penalty term pg — 1 is incorporated in our result. However Theorem 4, is proved along the same
lines as Theorem 1 of Ghosal and van der Vaart [10].

The assumption pg, > 1 implies that the hidden Markov chain X is uniformly ergodic. As-
sumptions C1-C2 and either C3 or C3bis are similar in spirit to those considered in general
theorems on posterior consistency or posterior convergence rates, see, for instance, Ghosh and
Ramamoorthi [11] and Ghosal and van der Vaart [10]. Assumption C3bis is often used to elimi-
nate some extra logn term which typically appear in nonparametric posterior concentration rates

and is used in particular in the proof of Theorem 3.

4. Proofs

4.1. Proof of Theorem 1

The proof consists in showing that the assumptions of Theorem 4 are satisfied.



2052 E. Gassiat and J. Rousseau

Following the proof of Lemma 2 of Douc et al. [5] we find that, since pg, > 1, for any xo € X,
oo \2
|€n(90, x0) — £, (6o, x1)| < 2<_0)
1090 - 1

so that setting A = 2(%)2 the first point of C1 holds.
0

We shall verify assumption C1 with &, = M,,//n for some M,, tending slowly enough to
infinity and that will be chosen later. Note that the assumption A0 and the construction (5) allow
to define a 6y € ® such that, writing 6y = (QO, )710, e )7,?) with QO = (c}l.(?j, i,j<k),if Visa
bounded subset of {6 = (Q, ¥1, ..., ¥ |4i,j — G; ;| < &}, then

inf pg > 1, (18)
feV

for large enough n, and

2
sup sup |€n(9,x)—£n(9,xo)|§2$llp< P ) :
BeV x,xpeX oev\pg — 1

Following the proof of Lemma 2 of Douc et al. [5] gives that, if A0 and A1 hold, for all 6 € V
Pg,-a.s.,

€,(8, x0) — £, (B0, x0) = (6 — 60) Vg, (60, x0)
(19)

1
+ /0 (O QO)TDan (90 + u(® — 0y), xo)(9 —6p)(1 —u)du.
Following Theorem 2 in Douc et al. [5], n~12v,¢, (6o, x) converges in distribution under Py, to

N (0, V) for some positive definite matrix Vj, and following Theorem 3 in Douc et al. [5], we
get that supgy n~! Dgﬁn(e, x0) converges Py, a.s. to V. Thus, we may set:

Se={0eV:|yj—v]| <1/V/nVj<k}xx
so that
sup  Pgy[€a (0, x) — £, (60, x0) < —M, ] = o(D). (20)
(0,x)eS,

Moreover, letting D = k(k — 1 + d), we have I1 ® T1x(S,) = n~P/2 and C1 is then satisfied
setting C,, = Dlog n/(2M,%).
Let now v, = n~P/Cmini<i<k@i) / /logn and u, = n—D/(ZzlgiSk%‘)/ /logn, and define

Fn=10=ij, 1 <i <k, 1<j<k—=1Ly1,....%):qij >vn, 1 <i <k, 1 <j <k,

M~

1<i<
j=t =7

infkqij > up, 1yl Snbs 1<i<ky;.
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Now, if 6 € Ff, then there exist 1 < i, j <k such that ¢g;; < v,, or 21;:1 infi<j<k gij < un,

or there exists 1 <i <k such that ||y;|| > n®. Using A3 we easily obtain that for fixed i and j,
T({0:qij < va}) = O(vy’) and TI({O: ||y || = n®}) = o(n~P/2). Also,if Y5, infi <<k gij < un,
then there exists a function i(-) from {1, ..., k} to {1, ..., k} whose image set has cardinality at
least 2 such that Zl;:l qi(j)j < un. This gives, using A3, H({Q:Z];:l infi<i<k qij < un}) =

Ou="="="") Thus,

M(F) = O(0h ™= 4 w9 4 o(n=P2).

We may now choose M, tending to infinity slowly enough so that vy, iisiskei | unZ Lk _
O(e_Mn n—D/2) and n(frcl) = O(e_M"}’l_D/z). Then, C2 hOldS.

Now, using the definition of f; g, we obtain that

k k
1 2
I froy = froln <Y o, — pey| +1 > |01 — Q7] +imax g, — g2l
j=1 ij=1 -

so that using Lemma 1 below, A1 and A2 we get that for some constant B, V(01, 6») € .7-",%

1
I fr.e, — frellt = B(ﬁ +n”> 61 — 62].

n

Thus for some other constant B,

B 1 k(k—1)+kd
N(8, Fn,d(-, ") < [3<v—’%€ +n )}

and C3 holds when setting €, = K 10}%" with K large enough.

We have proved that under assumptions A0, A1, A2, A3, Theorem 4 applies with ¢, =
K /198" 5o that

n

logn

IP’H[llfl,e—fl,eolll(/oe—l)zK )Y1:n] = op,, (1)

n

and the first part of Theorem 1 is proved. Now

logn
OIP’@O(D:PH[”ﬁﬁ_fl,a()”l(/)@—1)2K\/ 5 ‘Yl:ni|

logn
=p" [9 e Fuand I fig = franli (oo = 1) = K\ = \m} + 0,y (1.




2054 E. Gassiat and J. Rousseau

Since pg — 1 > ZI;'=1 mini<;<x qij, forall 0 € F,,, pg — 1 > uy,

logn 1 /logn
P“hﬁﬁ—ﬁ%mww—nzKerhmJzP“hﬁﬁ—ﬁ%mzzK;ﬁ n\nm}
n

and the theorem follows when A3 holds. If now A3bis holds instead of A3, one gets, taking
u, =v, =h/logn,withh >2C/(k+d —1)

(FE) = O(vy exp(—C/vy)) +o(n~P/?) = o(e Mnn=P/2)
by choosing M, increasing to infinity slowly enough so that C2 and C3 hold. The end of the
proof follows similarly as before.

To finish the proof of Theorem 1, we need to prove the following lemma.

Lemma 1. The function 6 — g is continuously differentiable in (Ag)k x T'% and there exists an

integer ¢ > 0 and a constant C > 0 such that forany 1 <i <k,1<j<k—1l,anym=1,...,k,
‘3M90n) - c
dqij |~ (infirgjrgirj)?e

One may take c =k — 1.

Let 0 = (gij, 1 <i <k,1<j<k—1;y1,...,y) besuch that (g;j, 1 <i <k, 1 <j=<k-—
e Ag, Qs =(gij, 1 <i <k,1 < j <k)isak x k stochastic matrix with positive entries, and
W is uniquely defined by the equation

1e Qo =g

if pg is the vector (wg(m))1<m<k. This equation is solved by linear algebra as

P,(gii,1<i<k,1<j<k-—1
poom) = Loz L=1= / T Y A
R(gij,1<i<k/1<j<k-1)
ey
k—1
potl)=1-"7" ug(m,
m=1
where P,,l=1,...,k — 1 and R are polynomials where the coefficients are integers (bounded

by k) and the monomials are all of degree k — 1, each variable ¢;;, 1 <i <k, 1 <j<k—1
appearing with power O or 1. Now, since the equation has a unique solution as soon as (g;;, 1 <
i<k, 1<j<k—-1)e Ak, then R is never 0 on A](‘), so it may be O only at the boundary. Thus,
as a fraction of polynomials with nonzero denominator, 6 — g is infinitely differentiable in
(Ag)k x %, and the derivative has components all of form
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where again P is a polynomial where the coefficients are integers (bounded by 2k) and the
monomials are all of degree k — 1, each variable g;;, 1 <i <k, 1 < j <k — 1 appearing with
power 0 or 1. Thus, since all g;;’s are bounded by 1 there exists a constant C such that for all
m=1,....k,i=1,...0k, j=1,...,k—1,

d c
' W (m) < | . } o
3qij R(gij, 1 <i<k,1<j<k—1)
We shall now prove that
(qij, 1 <i<k,1<j<k- )Z(lsisk’llgjsk’i#j%'j) , (23)

which combined with (22) and (23) implies Lemma 1. Note that we can express R as a polyno-
mial function of Q =¢g;j, 1 <i <k,1<j <k,i# j. Indeed, u:= (ug(i))1<i<k—1 is solution
of

w' M=V,

where V is the (k — 1)-dimensional vector (gxj)1<j<k—1, and M is the (k — 1) x (k — 1)-matrix
with components M; ; = gx; — ¢;j +1;=;. Since R is the determinant of M, this leads to, for any
k>2:

R= Y e ] (qki+ > q,-,-> [l @i-god @

0eSi_ 1<i<k—1,0(i)=i 1<j<k—1,j#i 1<i<k—1,0(i)#i

where for any integer n, S, is the set of permutations of {1, ..., n}, and for each permutation o,
e(o) is its signature. Thus, R is a polynomial in the components of Q where each monomial has
integer coefficient and has k — 1 different factors. The possible monomials are of form

B Hclki l_[clij(i),
i€A ieB

where (A, B) isapartitionof {1, ...,k —1},andforalli € B, j(i) €{l,...,k—1}and j(i) #i.
In case B = @, the coefficient 8 of the monomialis ) . S, €(0) =0, so that we only consider
partitions such that B # &. Fix such a monomial with non-null coefficient, let (A, B) be the
associated partition. Let Q be such that, for all i € A, gx; > 0, foralli ¢ A, gx; =0 and ggx > 0
(used to handle the case A = @). Fix also ;) =1 for all i € B. Then, if (A’, B') is another
partition of {1,...,k — 1} with B’ # &, the monomial [[;4 qki [ ;cp 9ijiy = 0. Thus, R(Q)
equals [[;c4 gxi [ [;cp ¢ij) times the coefficient of the monomial. But R(Q) > 0, so that this
coefficient is a positive integer and (23) follows.

4.2. Proof of Theorem 2
Applying Theorem 1, we get that under the assumptions of Theorem 2, there exists K such that

Poo (I fi.0 — froolll < 2Kwy Y1) =1 + o, (1.
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But if inequality (13) holds, then as soon as

I fi.o — fropllt S wn (25)

we get that, for any j € {1,..., k}, either Po(X; = j) S wy, or

Jiefl,....kob  PaXi= ]y — v S wa.

Let us choose € < min;; || yio — y]Q||/4 in the definition of B(i) in (13). We then obtain that for
large enough n, all ji, j» € J(0), we have j; ~ jo if and only if they belong to the same B(i),
i=1,..., ko, sothat L(0) < kg. On the other hand, L(0) < ko would mean that at least one B(i)
would be empty which contradicts the fact that

|Po (X1 € B(i)) —Poy (X1 =1i)| <wy.
Thus, for large enough #, if (25) holds, then L(6) = ko, so that
PULO) =kolY"] =1+ 0p, (1).

To finish the proof, we now prove that (13) holds under the assumptions of Theorem 2. This
will follow from Proposition 1 below which is slightly more general.

An inequality that relates the L; distance of the [-marginals to the parameters of the HMM
is proved in Gassiat and van Handel [8] for translation mixture models, with the strength of be-
ing uniform over the number (possibly infinite) of populations in the mixture. However, for our
purpose, we do not need such a general result, and it is possible to obtain it for more general
situations than families of translated distributions, under the structural assumption A4. The in-
equality following Theorem 3.10 of Gassiat and van Handel [8] says that there exists a constant
c(6p) > 0 such that for any small enough positive ¢,

I fi.0 — fre0ll1
c(6o)

> > Py(X1 = j)

1<j<k:Villyj—vLl>e

+ Z |:’P9(X1:lGA(il,u-,il))—POO(X1:1=i1"‘il)| (26)

1<iy,...,i;<kg
0
. ) y/l yil
+ Z Po(Xiu=j1---joyl ) -
Gt JOEACG i) Vi vy

( Vi ) ( Vi(l) )
Vi Vi(,)

1 . .
t3 Z ' Po (X1 =Jji---j»)
Uty JDEA(T,001)
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where A(i1, ..., i) ={(1, ... ) lvj —v2 I <& ..., lyi =¥ Il < &}. The above lower bound
essentially corresponds to a partition of {1, ..., k}/ into ké + 1 groups, where the first klo groups
correspond to the components that are close to true distinct components in the multivariate mix-
ture and the last corresponds to components that are emptied. The first term on the right-hand
side controls the weights of the components that are emptied (group k(l) + 1), the second term
controls the sum of the weights of the components belonging to the ith group, fori =1,..., k(l)
(components merging with the true ith component), the third term controls the distance between
the mean value over the group i and the true value of the ith component in the true mixture while
the last term controls the distance between each parameter value in group i and the true value of
the ith component.

Notice that (13) is a consequence of (26). We shall prove that (26) holds under an assump-
tion slightly more general than A4. For this, we need to introduce some notations. For all
I =(y,...,0i) € {1,...,k}l, define y; = (Viy, .-+, %ip)» Gy = Hi:lgl/i, ), DlG,,, the vec-
tor of first derivatives of G,, with respect to each of the distinct elements in y;, note that it has
dimension d x |I|, where |I| denotes the number of distinct indices in 7, and similarly define
DG, the symmetric matrix in R/"1*?/l made of second derivatives of G,, with respect to the
distinct elements (indices) in y;. For any t = (#1, ..., 1,) € T, define for all i € {1, ..., ko} the
set J(i) ={ti_1+1,...,1}, using 1o = 0.

We then consider the following condition:

Adbis Forany t=(t1,...,#,) € T, for all collections (7;), (yr)1, I €{1,..., tko}l satisfying

w; >0, yi = (Vi -.., V) such that Yi; = yl.o when i; € J(i) for some i < ko and
vi; €T \ {yio,i =1,...,ko} when i; ¢ {1,...,1,}, for all collections (as);, (c/)1,
(b, I ef{l,... ko), aj € R, ¢; >0 and b; € R, for all collection of vectors

zr.7 € R with I e {1,...,ko} and J € J(iy) x --- x J (i) satisfying ||z; ;| = 1,
and all sequences (), satisfying o7 7 > 0 and Z]e](il)x~~~><J(i1) arg =1,

Y. mGy+ ) (aG,+b;D'G )

T n2 _
+ Z cr Z aryzy DG ozr g =0
Ie(l,....ko}l  JeJ(@)x--xJ (i)

7)
<

Yoo m+ Y (lal+ il +cr) =0.

Ié{l,...,[ko}l Ie(l,....ko}!

We have the following proposition.

Proposition 1. Assume that the function y — g, (y) is twice continuously differentiable in T
and that for all y, g, (y) vanishes as ||y || tends to infinity. Then, if assumption Adbis is verified,
(26) holds. Moreover, condition Adbis is verified as soon as condition A4 (corresponding to
[ =1) is verified.
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Let us now prove Proposition 1. To prove the first part of the proposition, we follow the ideas
of the beginning of the proof of Theorem 5.11 in Gassiat and van Handel [8]. If (26) does not
hold, there exist a sequence of /-marginals ( f; gn),>1 with parameters (6"),>1 such that for some
positive sequence &, tending to 0, || f7.on — f1,0,111/Nx(6") tends to O as n tends to infinity, with

Na(6) = > Py (X1 = j)

1<j<Vi,llyj =y ll>en

Y

1<iy,...,ij<kg

Z Po(X1y=j1--ji) —Po, (X1 =i1---ip)
(7T /) L=V P (ST 7))

0

. ) Vit Vi

* Z PoXia=j1-- 3l )=
1reeer SO EAR (T nsip) Vi Vi?

(W) <ﬁ>
0
Vil yi[
with Ay (its ooy i) = {1 D vi = Vil S €nsens i — 70l < €.
NOW, ‘fl,en = Zle{l ’’’’’ k}l ]PG"(X15 "'aXZ = I)Gyln Where 0” = (Qn7 (yln7~-'7y]?))’ Qn a

transition matrix on {I,...,k}. It is possible to extract a subsequence along which, for all
i =1,...,k, either y/ converges to some limit y; or |y/"|| tends to infinity. Choose now the

1 o
+ 5 > Po(X10=j1---JD
Gtseees JDEAR (i1 5nsip)

indexation such that fori =1, ..., 1, yl.” converges to ylo Jfori=Hn+1,...,0, yl.” converges to
)/20, and soon, fori =tg,—1 + 1, ..., ), yi" converges to yk%, and if #, < k, for some k <k, for
i=t,+1,..., k, yl.” converges to some y; ¢ {ylo, e, ylg)}, andfori =k+1,....k, ||yl.”|| tends
to infinity. It is possible that k = Iy, In WhiCl:l case no y;" converges to some y; ¢ {ylo ey y,?o }.
Suchat=(t,...,1%,) € T exists, because if || f7,6n — f1,0,111/Nn(6") tends to O as n tends to
infinity, || f.on — fi.6,11, and N, (8") tends to O as n tends to infinity (if it was not the case, using

the regularity of 6 — f; 9 we would have a contradiction). Now along the subsequence we may
write, for large enough n:

N, (") = Z Po (X1 =1)

> IEJ’9(X1:1=J)—IP’90(X1:1=1)‘
T (iy)xxJ (i)

+Zl[

1€{l,....ko}

+Y Bxu=Ds )

Jed(iy)x-xJ (i)

1
#Y Reu=sle -]

Jed(iy)x-xJ (i)
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We shall use a Taylor expansion till order 2. To be perfectly rigorous in the following,

we need to express explicitly 7 in terms of its distinct indices, (i1, ...,f| 11), so that G, =
ll_ll [1 jiii=i, 8 (¥j), but to keep notations concise we do not make such a distinction and
- I it

for instance (y} — y,O)TDle? means
171
Z ( . O)T 3Gy,
vy s
t=1 it
and similarly for the second derivatives. We have

fron—fioe= Y Pe(Xiu=DGy

1811,

+ ) {[ > Pa(xlzz=J>—P00<X1:z=1)]cy;>

Ie{l,...ko}l ~ ~JeJ(i1)x-xJ (i)

— _ 0T 1
+ Z Po(X11=J)(ys —v]) D G o
JeJ (i) x--xJ (i)

1
+§ Z ‘ P@(X1:1=J)(VJ—)/IO)TDZGy;f(VJ—VIO)}
TeJ (i) x—xJ (i)

with y; € (y/, )/10). Thus, using the fact that for all y, g, (y) vanishes as ||y || tends to infinity,
S1.on — f1.60/Nn(0") converges pointwise along a subsequence to a function % of form

h= > mGy+ Y, (a,Gy;)er,TDle?)
TE{1,.. 00 Y I€(l,....ko}!

+ Z cr Z OZI,JZ,TJDZGVIOZI,J
Ie{l,.. kol JEJ (1) xxJ(ip)

,,,,,

f1.00111/ N, (6") tends to O as n tends to infinity, we have ||k|l; = O by Fatou’s lemma, and thus
h = 0, contradicting the assumption.
Let us now prove that A4 implies A4bis. Let

Y. mGy+ ) (uG,+biD'G )
TE{1,...n, Y I€(l,....ko}!

T 2 _
+ Z cr Z aryzy D GVIOZI,J—O
Ie{l,..ko}t  JeJU)x-xJ ()
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with wry, ay, by, oy ;7 and 77 be as in assumption A4bis. We group the terms depending only on
y1 and we can rewrite the equation as

k 0
Y w02 g D)+ Y (6020 380D + 5T (02, ) D g 0 ()
i=tk0+] i=l1
(28)
k() ti—ti—1

22 Z > w210 () D*g,0(y1)z1s (1) =0

i=1 j=1 ip...i=1 (jz ,,,,, JDEJT (i) X+ x J (i)

where we have written

21,0 = (210G, - 200 GD)),  WithI = in, .. it)y I =ty --os J1)s 20,0 () €RY

and
I
C/I =cCy l_[gyo(yl)‘
it
=2

Note thatif fori =1,...,kpand j=1,...,4 — t;_1, there exists w; j € R4 such that

Y4 > ar,s21,0 ()" D*g,0()z1,5 () =w! ;D’g o (y)wi
i, =1 (ja,eesji)€J (i2) XX J (i)

t 7’1 1

where possibly w; ; = 0. Let «; ;j = [|lw; ;| /(Z ||wl-,j||2) if there exists j such that

ti—t,
||w,,]||2>0andci_2 il IZ’ ’l||ww|| ,then

ti—ti—1

Z Z Z Oll,JZI,J(i)TngyiO(YI)ZI,J(i)

J=1 ig,..ij=1 (./2,-.-,./1)GJ(iz)X--~><J(il)
Li—li—1
’ T 2
=c¢; Z a,-,jwiij gyt_o(yl)w,-,j
j=1

and (10) implies that

aj=ci=0, b =0 i=1,...k., 7=0 i=fy+1.....k

1 ]
Simple calculations imply that

k l

= > nll_[gy[_?(y[):O & Yo, i) efll, .. kY Pris i =0
in,nij=1 =2
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and similarly if i is such that there exists j =1,...,; — t;j_1, I = (i,i2,...,i;) and J =
(J,j2y ooy j)€J@) x---x J() such thatc; >0, oy > 0 and ||z7, (@) > 0, thenc; iy, .. i, =0
for all ip, ..., i;. Else, by considering y; for some other ¢, we obtain that (28) implies that

mr=0  VI¢{l, ..., cr=0  VIe{l,...,n).

This leads to

ko
bi= Y bi[[ep0n=0 Vi=l...k
12,00y i=1 t>2
A simple recursive argument implies that by =0 forall 7 € {1, ..., tko}l which in turns implies
thata; =0forall I € {1,..., tko}l and condition A4bis is verified.

4.3. Proof of Theorem 3

First, we obtain the following lemma.

Lemma 2. Under the assumptions of Theorem 3, for any sequence M,, tending to infinity,

IP’H<(p+61)/\(2—(117+61))||f29—fze Il <%> =1+op, (1)
> »U0 —ﬁ ) N

We prove Lemma 2 by applying Theorem 4, using some of the computations of the proof of
Theorem 1 but verifying assumption C3bis instead of C3. Set S,, = U, x X with

1 2 1
U = 9 = s Y ) : - 0)2 =< = - 0 =< =
n { (P‘]J/IVZ)HVIVH_ﬁ 2 J/H_ﬁ
la0r =)+ P =) < =g — 2| <, [p— 2| <e
—Jn 2|~ 2|~
for small but fixed €. We shall prove later the following lemma.
Lemma 3. Let M, tend to infinity. Then
sup P, [£4(6, x) — £,(60, X0) < —M,] = o0(1)
@,x)eS,
and
M(Sy) Zn >4 (29)

Now we prove that assumption C3bis holds with €, = M,,//n, which will finish the proof of
Lemma 2. By Proposition 1, we obtain that there exists c(6p) > 0 and n > 0 such that:
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o If [y1 — Ol <nand [ly, — y°l <,

Il f2.6 — f2.60lI1
1

e =y 4 pG2 =) +aln =+ Pl =]

> c(bp)

o If [y1 —¥°l <nmand 1 — ¥l + lly2 — ¥°Il > 2,

p q 0
|l f2.6 — f2.60lh =2c@@)| ——+——|1i—v"| |-
0 51 p+q|l ||_
o If Iy, — %l <nand [ly1 — YOl + Iy — ¥°l > 21,
- ) .
Il f2.6 — f2.60lh =2c@@)| ——+——|v2—v"| |-
0 lp+q p+q” ”_

o If 1 —¥°l > nand Iy — ¥°l > n,
Il f2,06 — f2,60l1 = c(6p).

Similar upper bounds hold also by Taylor expansion. Thus, for any m, A, ,(€,) is a subset of
the set of 0’s such that

. {(p+q)A(2—(p+q))
min [

2 2
o la( =7y + POz =) +aln =y "+ ol =]

P+ AC—-(p+9) 01
P [p+allvi=»"[];
(r+q) /\p(i; (P+Q))[q+p”y2_yo|];(p+q),\(2_(p+q))}g(m—i—l)en.

This leads to

2 2 d
Mo (Anm(en)) S [0m + Den ™ + [0n + Den] ™ + [m + Dea]™
so that if «, 8 > 3d /4 and (29) holds, there exists § > 0 such that

T3 (Aym(€,))e— M€/ (32D
T(Sy)

2,2
sn—ﬁ[(Mnm)ZC( + (Mnm)Z/S + (Mnm)a+d]e_(M"m )/(32])

Also for all € > 0 small enough A, ,, (¢) contains the set of 8’s such that

{(P+q)A(2—(p+q))
max
p+aq

% [la(n = v°) + p(r2 =¥ +alv = v°|* + plr2 = v°|*):
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P+ A2—-(p+4q)

+ -7
p [P +afv =¥°|]
2 —
(p+q)Ap(+q(p+q))[q+p||yz—yo ]:(p+q)A(2—(p+q))}§(m+1)e

therefore

me 2,2 2 2
N< o Anm(en). di, ->) P g e o =D/ UG =0T,

so that assumption C3bis is verified.
We now prove Theorem 3. Notice first that, by setting

D, — / 1060~ (5050) [T, (497 ().
OxX

as in the proof of Theorem 4 we get that for any sequence C, tending to infinity,
Pg,(Dy < Cun=P72) = o(1) (30)

with D=d +d/2.

Let now €, be any sequence going to 0 and let A, = { €, Or ﬁ < €,}. For some

P <

ptq = +

sequence M, going to infinity and 8, = M, /</n, let B, ={(p + ) A 2 — (p + @) fr.0 —
f2.60ll1 < 8,}. We then control with D =d + d/2, using Lemma 2

Eg,[P™(AnlY1:)] = Egy[P™ (A N By |Y1:0)] + 0(1)

_ o [Jaung e OO OO @) 7 (dx) 0
b Tz €@ =Ta@0.50) T (d6) 7 (dx)

Ny
= Eeo[D—} +o()

n
D nP/2
= Pay(Dn = Can™PP) + == T12(Ay 0 By) + o(1).
n

Thus using (30), the first part of Theorem 3 is proved by showing that

Ty (Ay N By) < 82% 4 594 4 s td/2eu=d/2, (31)

Then, the second part of Theorem 3 follows from its first part and Lemma 2.
We now prove that (31) holds. Define

B! =

n

{(p+q)A(2—(p+q))
p+q

% [la(n =v°) + p(r2 =¥ +alm = v + pr2 = v°|*] san},



2064 E. Gassiat and J. Rousseau

+OAC—(p+
5= [ LEDRCZLED gy <5,

P+q
s |+ A2 —(p+q) 0
= — 8}1
B> { pa [+ p|r—7"|] <
and
By={(p+a) A(2—(p+q) <8}
Then

M2(A, N By) < Ta(A, N B)) + o (A, N B2) + a2 (A, N BY) + (A, N BY).

Notice thaton A,,if p+qg >1,then p<e€,andg>1—¢,,0rq <¢, and p > 1 — ¢, so that
also2—(p+q)=1—¢€,.

e On Ay N B, lg(t =¥ + p2 =¥ S 8u. allyr = ¥°I7 < 8us pllv2 = v°I? < 8. and
p Senor g S ey This gives TIa(A, N B < gdrd/2o=d/2

e OnA,NB2 p<é,andqlly) — y° <8y incase p+g<1,and p <6y, 1 — g <6, and
qllyi — y°| <8, incase p + ¢ > 1, leading to TT5(A, N B2) < 8@+ 4 sath+d,

e For symmetry reasons, [T (A, N Bs) =TII(A, N B,%).

e On A, N B} p <6, and g <8y, so that TT(A, N BH <82,

Keeping only the leading terms, we see that (31) holds and this terminates the proof Theorem 3.
We now prove Lemma 3. We easily get I1>(U,) > n~3¢/%, and

Dyz [ 00O @) @),
U, xX

Let us now study ¢, (6, x) — £,,(6p, x). First, following the proof of Lemma 2 of Douc et al. [5]
we find that, for any 6 € U, for any x,

1+2e)2

|én(9)—zn<0,x>|s<1_26

where ¢,,(0) = Zi:] o (x)€, (0, x). Thus, for any 6 € U,, and any x, and since ¢, (6p, x) does
not depend on x,

2
1+ 2€> . (32)

£a(0. %) = €460, %) = £,(6) — £ (B) — (1 -

Let us now study £,,(6) — £,(60).

£ (0) — £,(00)

n
8 8
= Zlog[l%(xk = 1Y14—) 2 (Yp) + Py (Xy = 2|Y1:k_1>£(Yk>}
k=1 8y0 8y0
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and we set for k =1

Py(Xi = 1|Yis_1) =Pp(X; = 1) = —1—
p+q
Po(Xk =2|Y1:4—1) =Pe(X1=2) = L-
p+q

Denote pi () the random variable Pg(Xy = 1|Y].x—1), which is a function of Y;.;_ and thus
independent of Y;. We have the recursion

A = p)pi©)gy, (Vi) +q( — pr(6))8y, Vi)

Pr+1(0) = 33)
Pk(0)8y, (Yi) + (1 = pr(0)) gy, (Yi)
Note that, for any p, ¢ in ]0, 1[, for any £ > 1,
0,0 49
Pk\P-4,V >V )= — -
( ) Ptq
We shall denote by DE}’I) i ()i the ith partial derivative operator j times with respect to y;

and i — j times with respect to y» (0 < j <1, the order in which derivatives are taken does not
matter). Fix 0 = (p, ¢, y1, ¥2) € U,. When derivatives are taken at point (p, ¢, y°, y°), they are
written with 0 as superscript.

Using Taylor expansion till order 4, there exists ¢ € [0, 1] such that denoting 8, =10 + (1 —

N(p.q.v" v°):
2(0) = £2(00) = (1 —v°) D}, ) + (2 — ¥°) D), €0 + $2(0) + T (0) + Ru (0, 1), (34)

y27n

where S, (6) denotes the term of order 2, 7,(f) denotes the term of order 3, and R, (6, ) the
remainder, that is

$u(®) = (11 —v°)’ D, 200 +2(1 = v*) (12 = ) D2, L, 60+ (2 = ¥*)* DL 80,
L®) =(n—y")'D} L6 +3(n—v")(n—v°)D] . €

2 3
+3(n =y (2 =)D, L+ (= v°) D] e

and
4

k _
Ri@.)=" <4) (=7 (=) DY e s sn @),

k=0

Easy but tedious computations lead to the following results.

"\ D} gy a1 —v") +prn— 0
(1 =¥°) Dy, ) + (2 —v°) D), £ = Z 222 (V) [ :|
— gy p+q

1 < Dyeyn [ CI(VI_VO)+P(V2_VO):|
= — Y,
[ﬁ,; 8w (k)} v p+q
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so that
GSULIJ) |(y1 - )D11/1€2+(V2_)/0) " ni _OPB (1) (35)
€Un
Also
1 </ Dlg 2 _ 04 o2
S,(0) = — —Z<V—VO(Y1<)> [ﬁq(y1 y)+rya—vy )}
o\ 8w p+gq
1 & D}z/zgy() q 5 .
T 7 (Y)[ a4y — ) + a1/4 _0}
[ﬁkzl o Tk erq( (1 —v°)) erq( (r2—7?))

1 ¢ D, gy,
20 =] 3ol )

_2(”]/4(7/2_ |:\/—Z Dyz 3 ygVO(Y ):|

1 <& Dl
+2(n"* (1 = ¥") (2 = ¥?)) [«/_ﬁ > (D), p) - D} p) L2 ygy‘) Yy )}
k=1

Using (33) one gets that for all integer k > 2 (Dylp1 =0 and D1 pl =0):

k—1

Dl _ leVOY
)Pl = (+)ZZ( P

and
1 1 0
D, Pk —D,, py

which leads to

and

Thus, we obtain

sup [S,(6)] = O, (1). (36)
0eU,
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For the order 3 term, as soon as 6 € U,;:

" /D! _ .0 . 0y73
T”(0)=_|:Z( Vg)/o(Y )> i||:‘]()’1 y)+pya—vy ):|

=\ gn p+q

+[2::D3gyo( )H +q(V1 y°)3+piq(7/2—yo)3}

Yo

k=1
" D] D? _ 0 _0
_3[2 yg)/o(Yk) yzgyo(Yk)Mq(m vy +py V)]
k=1

8 8y p+q
q 0\2 p 0\2
- - i + - - @ i
X[(p+q)2(y1 7) (P+q)2(y2 y)}
- Dl )’0 2
+0(n™*) Z(D;lp,?)< 4 (Yk)>
k=1 &n

+ZDV1 k

gy
(Yk)+z 2 PL) V—”(Yk)
8w

/8% Dg)/o
V 14
300 308 ) L 0|

so that using assumptions (14)

sup |T:(0)| = O, (n~"/*) + Op, (1) +O(n ") 2,
€Un

2
1 & g 2 Disgy
Zpy=— {[( Y V"(Yk)) + 2 (Y@]Dl
L 8

1
DygVO

with

+

B (Yk)[ )2Pk+D(y )2pk+D(y1 yz)pk]}
¥

Now using (33) one gets that for all integer k > 1,

1 pa®  (Dygw .\
D2 pl =2 (2,
L=p—q 0T T 193\ gy,

D]gyo rq 2810
+2(D} P22y + ——— L (vi) + D2 ,pY,
( 12! k) 0 (p+q)2 27 (y1)2Fk




2068 E. Gassiat and J. Rousseau

Dl 2
P q 8%
——D? ,pp ( (Yk>)
T—p—q P =20\ T
2
D) v pPq D
—o(D) ) vy — LL Ty 4 D20,
( 71 k) (p+ )2 2 (r)? 'k

1 p4(q —p) < y 80
—p? _pV =2 (Yk)
L—p—gq T (p+g)* \ gy

Dlgy
10\ y8n
+ 2(Dy1 P) (Yr) + D(y1 yz)l’k,

Yo

and using D> )2 p1 0, D )2 p1 0, D(VI ) p1 0 and easy but tedious computations one
gets that for some finite C > 0

Dl Dl 4
Eg(Z )<CEeo< ;V"(Y )) [Ee< Vg”’(m)
0
D? 2 Dlg 2
+E90< Gl (m) +<E90< 7m0y, >) ) }
8vo 8w

sup |7,,(9)| = Op,, (1). 37)
0eU,

so that we finally obtain

Let us finally study the fourth order remainder R, (6, t). We have

sup|R o, l)|<_ZAkann»
k=1

where, for big enough n, Ay, is a polynomial of degree at most 4 in sup /¢, (,,0 ) | —— y 8! = (Yol

and By is a sum of terms of form

sup HH 7 (i PEED) (38)
0eUn|;— 1,j=0

where the g; ; are non-negative integers such that Z?: > j=o0laij < 4.
To prove that

sup [R, (8, 1)| = Op, (1) (39)
0eU,

holds, it is enough to prove that Eg,| Y ;_; Ak,nBi.n| = O(n). But for each k, pi(6) and its
derivatives depend on Y7, ..., Yx—1 only, so that A, , and By , are independent random variables,
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and
n n
Ey, ZAk,an,n < ZE00|Ak,n|E00|Bk,n|
k=1 k=1
Di gy
<C max Ego( sup —roy )ZE90|Bkn|
=234 \yepi00ll 8y

for some finite C > 0. Now, using (33) one gets that for all integer £ > 1 and for any 6,

D) pis1(0)
o) pk(exl—pk(e))ngk)Dygm(Yk)+gy.<Yk>gn(Yk>D;1pk(0)}
B (Pe @)y, (Yo) + (1 — pre(0))2,, (V1))? ’
D), pi+1(60)
Cew) —pe @) (1 = pr(©))gy, (Y DL gy, (Yo) + &, (Y1) gy (V) DL 2pk(e>}
Lo (Pe @8y (Yo) + (1 — pr(®))2,, (V1))

Notice that for any 6, any k > 2, px(0) € (1 — p, g) so that for any 6 € U,,, any k > 2, pr(0) €
[% — €, % + €]. We obtain easily that fori = 1,2, k > 2,

1

(Yk)

+ sup D, pk(9)l}
0eU,

sup | Dy, pi+1(0)| < (2—6){ sup
pel, Vi - 1 — 8¢ ’

y'€Ba(y0e) gV

Using similar tricks, it is possible to get that there exists a finite constant C > 0 such that for any
i=1,2,3,4,any j=0,...,i,any k > 2,

i
gseul%|D<m>-/‘,<yz>f—fp’<+1(9)|
i I

18y’
L (V)
8y’

i+1-—1 i
£33 ol im0l

I=1 m=09€Un

§Ce{ sup
y'eBa(y%.€) || =1

By recursion, we obtain that there exists a finite C > 0 such that any term of form (38) has
expectation uniformly bounded:

[S“p Hl—[ 7 a1 PRED) ™ }
GGU"I 1j=0
Dmg , r
<C max max Eg()( sup vov )
m=1,2,3,4r=1,2,3,4 yeBay0.0ll 8y
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which concludes the proof of (39). Now, using (32), (34), (35), (36), (37) and (39), we get

~Op,, (1)

D,>e > (Uy)

so that (20) holds with S, satisfying (29).

4.4. Proof of Theorem 4

The proof follows the same lines as in Ghosal and van der Vaart [10]. We write
po —1
P [Ilfz,e — fralhso———— =€

Y.

2Rg +pg— 1~ l'n}
B fAnxXel"(g’x)_e"(go’x())H@(de)ﬂ){(dx)
T Jo y €@~ 030 T (df) 7 1 (dx)

Ny
D,

3

where A, =1{0: | fi.0 — fi.6,l1 % > €,}. Alower bound on D, is obtained in the following

usual way. Set 2, = {(0, x); £,(0, x) — £,,(60, x0) > —ng,zl}, which is a random subset of ® x X
(depending on Y7.,),

Doz [ 1, @ 00 @)y (@)
Sn

> (S, N Q)
therefore
Py [ Dy < e " T1(S,)/2] < Poy [T1(Sy N Q5) > T1(5,)/2]

- s, Poyl€n (6, x) = £, (60, x0) < —né; 1M (d6)mx (dx)
- T(S,)
=o(1)

and

e —1
]P’l_l — A —
[Ilﬁ,e fl,@onlzRe s

Y =0 1)+ —N 1
Lin P%( ) D, 2D,l>efn€%r[(5,1)'
But

N= [ (0.~ 0030) [T (46) ()
(A,NF)xX

+/ ee"(g”‘)_e"(e"”“))H@(d@)n;\g(dx)
(ANFEx X
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and

Eg, [ / (07000 g (df)my (dx)]
(ApNFE)x X

_ O[H@)(An n ‘7:2)] _ O(e—nez(C +1))

by Fubini’s theorem and assumption C2 together with the fact that £,,(6y) — £, (6p, xo) is uni-
formly upper bounded. This implies using assumption C1 that

—1 Nuy
]P’n|:||fl,9 - fl,@onlzpi €n Yln] opg, (1) + o= (40)

Rog+pg—17

2D,l>e_"€n 1(S,)’

where Ny = [(4 7,0 €700 ® 0o (d0) (). Let now (60))j=1...v, N = N(8, Fi.
d(-,-)), be the sequence of 0;’s in F, such for all 6 € F, there exists a 6; with d;(0;,0) < ¢
with § = ¢, /12. Assume for simplicity’s sake and without loss of generality that n is a multiple
of the integer /, and define

¢j = 12”/ Awy_gyrmvipea; —Pog (Y1, YD EA D) >t

where

Aj={01 .. €V froOre - ) < fro, O 30 }

for some positive real number #; to be fixed later also. Note that

Po, ((Y1..... Y1) € Aj) —Poo (Y1, ... YD) € Aj) = 3l fro, — fraoll1-

Define also
Loy 1<j N 0y A,
Then
E &w <EgYn <N(8,Fy,d(-,)) max  Ego; 41)
W\ 'p, ") = "0V = PR < j<N e, e
and
E90(1\7,,(1—1//n f Egy,x ( N (1 = ¥n)) 1, (dxo)
v (42)
/ Eo.r (1 = Y)) Mo (d0) 0 (dx).
(ApNFp)x X
Now

n/l

Egl¢j]1="Pq, {Z(ﬂmi_m ,,,,, vived; = Poo((Y1,.... YD) € Aj)) > fj]

i=1
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and

Egx(1—9;)

n/l
=Pp.x |:Z(—11(Y,,-_,+1 ..... vineA; +Pox(Yicig1. ... Yii) € Aj))
i=1

n/l
> —tj + Z(Pé,x((yli—l+la oY) € A) =Py ((Y1,.... V) € Aj)):|~
i=1
Consider the sequence (Z;);>1 with for all i > 1, Z; =_(X1,-_1+1,...,X1,-, Yiici+1, -, Yi),
which is, under Py, a Markov chain with transition kernel Qg given by
Qs (z.d2)
= go (1 1x7) -+~ 8o (¥/1x]) Qo (x1, dx]) Qo (x7, dx5) - - Qo (x/_y, dx))e(dy]) - - pe(dy)).
This kernel satisfies the same uniform ergodic property as Qg, with the same coefficients, that
is condition (17) holds with the coefficients Ry and pp with the replacement of Qg by Qp, and

we may use Rio’s [18] exponential inequality (Corollary 1) with uniform mixing coefficients (as
defined in Rio [18]) satisfying ¢ (m) < Rgp, ™. Indeed, by the Markov property,

d(m) = sup (s (B) — Po(B|A))
A€o (Z1),Beo(Zyy1)

IA

sup|Py(Zy11 € B) —Pyg(Zy41 € BI1Z1 =2)|
Z

IA

Rgpgm.

We thus obtain that, for any positive real number u,

n/l
Pa, [Z(E(Yu_m,...,YmeA_,- — Py ((Y1,..., Y1) € Aj)) > '4}

i=1

(43)
{ —21u* (pg, — 1) }
<exp 5
n(2Rgy + pg, — 1)
and
n/l
Po, x |:Z(_1(Y,i_/+1 ..... vineA; + Pox (Viizi1, .., Vi) €Aj)) > “i|
=! (44)

- —2lu*(pg — 1)?
X .
= P1n@Ry + pp — 1)2
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Set now
~ nllfie = el
I 4l '

Since for any 6, W < 1 and since consequently for 0 € Ay, || f1,0; — fi,00l1 = €n, we first
get, using (43),

(45)

I PSR!
Egyl0] SGXP{ ne, (pg, — 1) }

8I(2Rg, + pg, — 1)2
Now, for any 6 € A,

n/l

—tj+ > (Po(Viitg1.---. Yi) € Aj) = Py ((Y1..... Y1) € Aj))
i=1
nll fie, — fiaol  n

:—4—I+Y{P9j((Y1,...,Y[)EAj)—PQO((Yl,...,YZ)EAj)}

—i—%{Pg((Yl,...,Yl)EAJ')—]P)(;_/.((YL...,Y])EAJ')}

n/l

+ ) (Po(Viicrgr. ... Yi) € Aj) —Py((Y1..... Y)) € Aj))
i=1

n/l
nll fio;, — frelh nllfz,e fiel ¥

ST - _ZRG

_nllfig, = franly  nllfia, = ol Ropy

- 4] l o — 1

S 2= 2 i Il fr.0 = Jre0l I fi.0 = Jrooll
Z 1 I 1,6 1901_l 16 — frellt

for large enough n, using the triangular inequality and the fact that || 1,0, — fiolli < % <
I io 1? ol 2R§ip;—1 since 6 € A, and % < 1. Then for # € A,, and large enough n,
ne2
n
Egx(1—¢j) SeXP{—3ZI } (46)

Combining (40), with (41), (45), (42), (46) and using assumptions C1 and C3 we finally obtain
for large enough n
Y, n])

> €p

Py, [ P™ P —
90< [Ilfz,e f100||12R e

2
<o(l)+ O(e"€5(1+c")) exp{ —%}
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Cexp { —né; (pg, — 1) }ex { ney(po, —1)° }
8I(2Rq, + po, — 1)2 16/ (2R, + poy — 1)2
=o(l).

Assume now that assumption C3bis holds. By writing A, N F, = UJ,,~| An,m(€,) and using
same reasoning, one gets, for some positive constant c:

100—_126
2Ry + pp — 1

Pg, (PH |:||f1,9,~ — fralhh

_ ne2 N e (Anm(€n)) nm?e
_0(1)+e ZWCXP{__Szl }

m>1

2,2 2
me, nm~e; (pg, — 1)
N —=, A, m(€n), di(, ) Jexpd — n 70
+m§>l (12 nm(€n), di( )) XP{ 81(2R90+,090—1)2}

=o(1)

and the second part of Theorem 4 is proved.
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