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Large deviations for bootstrapped empirical
measures
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We investigate the Large Deviations (LD) properties of bootstrapped empirical measures with exchange-
able weights. Our main results show in great generality how the resulting rate functions combine the LD
properties of both the sample weights and the observations. As an application, we obtain new LD results
and discuss both conditional and unconditional LD-efficiency for many classical choices of entries such as
Efron’s, leave-p-out, i.i.d. weighted, k-blocks bootstraps, etc.
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1. Introduction

In 1979, in a landmark paper [14], Efron proposed the following idea: When given a realization
x}, ..., x;, of random variables XY, ..., X one can easily obtain “additional data” by sampling
independent and % Z?:] 1) xh -distributed random variables X7, ..., X, ....It amounts to sample
with replacement from an urn which composition is described by %ZL 1 Oxn Often, this is
computationally cheap and theoretical studies are available to assess the quality of the distribution
of n% Y8 Xy in approximating the distribution of }l Y8 X! which makes it all worthwhile.
It was soon noticed that this urn procedure is not the only possible one: It can be generalized so
that

1 n
L= ;ZW{’BX,." (1.1)
i=1

is the right object to consider once it is assumed that the sampling weights (W}, ..., W) are pos-
itive n-exchangeable random variables such that ZLI Wl." =n. Let us recall that (W', ..., W)
is n-exchangeable means that for every element o of G, the set of permutations of {1,...,n}
both (W[',..., W]) and (W;’(l), e, W(’;(n)) have the same distribution. For example, Efron’s
bootstrap corresponds to (W7, ..., W) distributed according to a Multinomial law. A rich lit-
erature started flourishing on the ground of this idea that developed into two complementary
directions: “conditional” results where x{’, ..., x); are fixed observations filling some conditions
and L" = %Z?:] W/'é,n is considered and “unconditional” results where the xy, ..., x, are
allowed to fluctuate and L" = % Z?:l Wl.”S X! is considered instead, see, for example, [2,17,19].

Here we are concerned with the LD properties of (£"),>1 and (L"),>1. Let us recall that a
sequence of random variables (Y"),>; taking values on a topological space ) obeys a Large
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Deviation Principle (LDP) with rate function [/ if I is a nonnegative, lower semi-continuous
function defined on Y such that

1 1
— inf I(y) <liminf—1logP(Y" € A) <limsup —logP(Y" € A) < — inf 1(y)
yeA? n—oo n

n—oo N yeEA

for any measurable set A C ), whose interior is denoted by A° and closure by A. If the level sets
{y:1(y) <a} are compact for every o < 00, I is called a good rate function. For a background
on the theory of large deviations, see Dembo and Zeitouni [9] and references therein. In the
present paper, we prove under natural conditions on (W', ..., W)),>1 and ((x],...,x;))n>1
or (X1,...,X")n>1 that (L"),>1 and (L"),>1 obey a LDP and show how the resulting rate
functions combine the LD properties of the aforementioned random variables.

Classically a bootstrap scheme is said to be efficient when it mimics the behavior of
% 1.8 X" and one distinguishes between “conditional efficiency” and “unconditional effi-
ciency”. Following Barbe and Bertail [2], we say that a bootstrap scheme is LD-efficient when the
bootstrapped empirical measure has the same LD properties as the original empirical measure. It
is a very strong property: thinking of percentile bootstrap’s confidence intervals, LD-efficiency
says that the relative coverage accuracy tends to 1 exponentially fast. It is related to the notion of
asymptotic efficiency as described in [1]. Applying our general approach, we obtain new LD re-
sults and discuss both conditional and unconditional LD-efficiency for many classical choices of
((W!)1<i<n)n=1 such as Efron’s, leave-p-out, i.i.d. weighted, k-blocks bootstraps, etc. Another
possible application is the quantification of the performance of importance sampling algorithms,
see Hult and Nyquist [21].

Outline of the paper

The paper is structured as follows: In Section 2, we describe our results. As an application, in
Section 3 we discuss LD efficiency issues. To this end, we need sample weights LDPs which are
not the main concern of our work. This is the reason why their proofs are given in the supplemen-
tal article [26]. Section 4 is devoted to the proof of the central result of our paper (Theorem 2.1
below). Section 5 is concerned with the proof of Theorem 2.2. Finally, Section 6 contains the
proof of all other results.

2. Statement of the results

2.1. Notations
Wasserstein distances will play a key role in our paper. Given any Polish space (E, d) we de-

note by M1(E) the set of Borel probability measures on E. We further define on the so-called
Wasserstein space

WI(E) = {,0 € M/ (E) : there exists some y € E such that / d(x,y)p(dx) < oo},
E
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the Wasserstein distance

Wi(p,y)= inf f d(x, y)m(dx,dy) |,
7eClp. V) \JEXE

where C(p, y) is the subset of M|(E x E) of couplings of p and y, that is, the set of Borel

probability measures m on E x E such that their first marginal 7r; is p and second marginal
mp is y. If d is a bounded distance, then WYE) = M| (E) and Wld coincides with the weak-

d
convergence topology (see, e.g., Theorem 7.12 in [27]). We shall denote by 5 (resp. ﬁ) the
weak (resp. Wld ) convergence of probability measures on M| (E) (resp. WUE )). Let us recall
that " Bt w if and only if for every real-valued, bounded and continuous application f defined
on E we have [, f(x)u"(dx) — [, f(x)u(dx). Hence, by introducing Wf (resp. Wi, W],
the Wasserstein distance defined on Mj(Ry) (resp. M1(E), M1 (R4 x E)) when R, (resp. E,
R4 x E) is furnished with the bounded distance

_ B2
14 B(x,2)

d(y,t)

e T+d0.

(reSP- Ay, 1) = (G, ), @ 0) =2, 2) + A0, t)>,

where B(x, z) = |x — z| is the usual Euclidean distance on R, we obtain a user-friendly distance
compatible with the weak-convergence topology.
Key to our paper are the set

MIRy x E) = {p e Mi(R; x E):/ wpy (dw) = 1}
Ry

endowed with the distance A(p, y) = Wf (p1,71) + WIX (p, y) and the map F defined by
F: MR} x E) > M (E),

2.1
p(dw,dx)r—)/ wp (dw, dx).
Ry

Indeed, £" = F (% Yo S(W,-"’X?)) and F is continuous when ./\/l% (R4 x E) is equipped with A
and M (E) with the weak convergence topology. We also consider the natural set of the sampling
weights distributions

M{(Ry) = {p GMI(R”’/R wp (dw) = 1}.
+

Finally, for any two probabilities p, v on a measurable space (E, £) we denote by

dv .
H(v|p)={/EdV10g@’ if v<£p,
+o00, otherwise,
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the relative entropy of v with respect to p. To any p(dw,dx) € M;(R4 x E), we associate
px(dw) € Mi(Ry) (resp. py(dx) € M{(E)) a stochastic kernel which is the conditional distri-
bution of the first (resp. second) marginal of p given the second (resp. first). We summarize this
by p(dw, dx) = px (dw) ® p2(dx) (resp. p(dw, dx) = p1(dw) ® py (dx)). If v,y € Mi{(Ry X E)
are such that v = y; =6 (resp. v» = y» = 0), then

H(vly) :/ H vyl yw)0 (dw) (2.2
Ry

(resp. H(v|y) = fE H (vy|yx)6(dx)), see Lemma 1.4.3 in [13].

2.2. Main results
We are given a triangular array ((W]')1<i<n)n>1 of Ry -valued random variables defined on a
probability space (€2, A, P) such that

(H1) Forevery n > 1, we have ZL] W =nand (W}, ..., W) is n-exchangeable.
(H2) The sequence (S" = 1 4 (SW{‘)nzl satisfies a LDP on M 11 (R4) endowed with the

n
distance Wlﬁ with good rate function 7"

We are further given a triangular array ((x;’)lfif,,)nzl of elements of (E, d) such that
(H3) p" =L Y0 80 = € My(E).

We are first interested in the LD behavior of
1 n
V== .
i=1

Theorem 2.1. Under (H1-H2-H3) the sequence (V"),>1 satisfies a LDP on M{(R+ x E)
endowed with the distance A with good rate function

H A4 if pr =
J(p;u)={ (lor®@w + 1%, if m=wn,
+00, otherwise.

We prove Theorem 2.1 in Section 4. It is the keystone of the paper. Indeed, since

o=t > WS =F(V")
n 1
i=1

with F defined in (2.1) a LDP for (L"), >1 immediately follows from Theorem 2.1 by contraction
(see Theorem 4.2.1 in [9]) since A makes F a continuous map.
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Corollary 2.1. Under (H1-H2-H3) the sequence (L"),>1 satisfies a LDP on M(E) endowed
with the weak convergence topology with good rate function

K; n)= inf ;
(v; w) p:;(r;):vj(p )

= inf {/EH(pxmlm(dx)HW(m)}.

pxF(px®@u)=v

Next, we allow the xi"’s to fluctuate and consider a triangular array ((X?)]Sign)nz 1 of E-
valued random variables defined on (2, A, IP) such that

(H4) The sequence (O" = % Z;’zl 1) x;l)nzl satisfies a LDP on M| (E) endowed with the weak

convergence topology with good rate function 7%,
(H5) For every n > 1, the vectors (XY, ..., X) and (W[, ..., W)!) are independent.

A LDP for
1 n
Vn = — (S n yn
i=1
holds as a consequence of Theorem 2.1 and Theorem 2.3 in [18].

Theorem 2.2. Under (H1-H2-H4-H5) the sequence (V"),>1 satisfies a LDP on ./\/l} Ry X E)
endowed with the distance A with good rate function

J(p)=H(plp1 ® p2) + 1V (p1) + 1% (p2). (2.3)

Theorem 2.2 is proved in Section 5. Again, by contraction, a LDP for
1 n
L" == "W/'syn=F(V")
n L
i=1

holds as an immediate consequence of Theorem 2.2.

Corollary 2.2. Under (H1-H2-H4-H5) the sequence (L"),>1 satisfies a LDP on M(E) en-
dowed with the weak convergence topology with good rate function

K= inf J(p)= inf {K;p)+1%(p2)}, (2.4)
p:F(p)=v PEM|(E)
where
Kw;p)=  inf {/H(Px|P1)Pz(dX)+IW(Pl)}-
px:F(px®p2)=v | JE

It follows that for every v € Mi(E) we have K (v) < I*X (v).
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The latter inequality somehow quantifies the fact that the presence of the sampling weights of-

fers more possibilities to the bootstrapped empirical measure L” to get close to any v than it is the

case for % ?:1 ) X! We shall see in most examples that for classical choices of (W/")1<i<p)n>1
and/or ((X})1<j<n)n>1 there exists at least one v € M (E) such that K (v) < IX(v). Neverthe-

less, we have the following corollary.

Corollary 2.3. Under (H1-H2-H4-HS5) a necessary and sufficient condition on IV to ensure
that for every ((X!)1<i<n)n>1 and every v € M{(E) we have K (v) = I1X(v) is that for every
v,{ € Mi(E)

Kw:¢) = {0’ if v=_, 2.5)

+o00, otherwise.

Corollary 2.3 is proved in Section 6.1.

2.3. Analysis of the rate functions

2.3.1. Convexity issues

It is a natural question in LD analysis to wonder if the obtained rate functions are convex.

Proposition 2.1. If I is convex then for every u € M{(E) the rate functions J(-; jv) and
K(-; u) are convex as well.

Proposition 2.1 is proved in Section 6.2. Since the so-called mutual information p +—
H(p|p1 ® p2) is neither convex nor concave (see, e.g., Theorem 2.7.4 in [8]) the convex-
ity properties of J and K are less clear. However, if there exists some & € M{(R;) and
6 € M{(E) such that for every p € M}(R+ x E) IV (p1) = H(p1|€) and IX(p2) = H(p2]0)
then J(p) = H(p|& ® ) which is a convex function.

2.3.2. Representation of the rate functions

We shall often see in applications that there exists a & € M;(R4) such that for every v € M 11 R4)

we have IV (v) = H(v |€). Consider the logarithmic moment generating function of & defined on
R by

Ag () =log/ e E(dx). (2.6)

Ry
Necessarily Dp, = {a € R, Ag(a) < 0o} is an interval which supremum is denoted a. We further
consider for every 6 € D, the probability measure & 9 defined on R, by

Ox

o
di)= —
£7(dx) fR+ <PE (i)

£(drv) and Af(x) = sup{ax — Ag(@)) Q2.7)
aeR

the Fenchel-Legendre transform of Ag. We obtain
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Proposition 2.2. Ifthere exists a & € M1 (R.) such that for every v € Ml1 R IV () =H®W|8),
then for every v, u € M1(E) we have

/ A} —(X)>u(dx)+ inf / inf H(pox|£7)p(dx),
—l" Ry e Ag
F(p)= (2.8)
ifv <<,
otherwise.
The preceding equality reduces to
Af d—V( ) Jm(dx) if v
K(v;u)z{E £ dﬂx Hiax), yvsu (2.9)
+o00, otherwise,
forevery v, u € My(E) if and only if A¢ satisfies
lim Ag(a) 0 and lim A/g(ot):+oo. (2.10)
oa—>—00 oa—a

Proposition 2.2 is proved in Section 6.3. The rate function in (2.8) is the sum of a “regular”
part — |, E Ag‘(dv /du) — and a “singular” part. The latter cancels out for every v, n if and only
for every v, u € M1 (E) one can find a p € ./\/l{(RJr x E) such that pp = u, F(p) = v and for
a.e. x € Epy is built on the ground of & via an exponential change of measure as in the proof of
Cramér’s theorem lower bound. Condition (2.10) is a necessary and sufficient condition on the
distribution of & for this to hold. A typical situation where (2.10) fails to be satisfied is when &
has bounded support.

There are references in the LD literature where, as in (2.8), the rate function can be decom-
posed as the sum of a “regular” part and a “singular” part. In [24], a LDP is established for
(1/mn) Z:-’: 16i8,n)n>1 where (§;);>1 is a sequence of independent and identically distributed
random van’ablesi ((x{")1<i<n)u=1) satisfies (H3) and u is a stricly positive measure. It is demon-
strated there that if £; fails to have all its exponential moments finite then an extra “singular” part
is added to the “regular” part of the rate function || g Ag‘l (dv/du). This phenomenon is not of the
same nature as the one we consider here. Indeed if, for example, £; has bounded support the rate
function in [24] reduces to its regular part which is not the case here. See also [23] for a related
situation with a singular component in a LD rate function.

3. Examples of applications

In this section, we investigate the LD properties of (£"),>1 and (L"),>1 for several particular
choices of ((Wi")lgifn)nzl and/or ((X;’)lfifn)nzl. To this end, we need more notations: For
every A, y > 0, we shall denote by F (A, y) the distribution of a random variable Y such that LY
is P(y) (Poisson)-distributed and Q(1) denotes the distribution F (X, 1). For every positive in-
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tegers /m and n and every n-tuple of nonnegative numbers (p/, ..., p) such that 37, p? =1,
we shall denote by Mult, (m, (pf, ..., p;)) the (Multinomial) distribution of (¥1,...,Y;,) the
numbers of balls found in # urns labeled 1, ..., n when m balls are thrown in these urns inde-
pendently, each having probability p} to fall in the urn labeled 1, probability p5 to fall in the
urn labeled 2, etc. For every positive integer n and p € ]0, 1[ we denote by B(n, p) the Binomial
distribution with parameters n and p.

3.1. Efron’s bootstrap and ‘““m out of n”’ bootstrap

For every m,n > 1 the weights (W', ..., W,!) for the “m out of n” bootstrap are defined such
that %(W”, ..., W) is Mult, (m, (1/n, ..., 1/n))-distributed. Classical Efron’s bootstrap cor-
responds to m = n. We shall assume that m = m(n) and that the sequence (A, = m(n)/n),>1
satisfies lim,— o0 Ay, = A > 0. Quite surprisingly we could not find in the literature a reference
for the following, which proof is partly related to results in [15,22] and is given in [26].

Theorem 3.1. The sequence (S" = %ZLI (SWi")nz 1 obeys a LDP on M 11 (R4) endowed with
Wlﬁ with good rate function IW()/) =H(y|QM\)).

Corollary 3.1. Under (H3) the sequence (L"),>1 satisfies a LDP on M(E) endowed with the
weak convergence topology with good rate function

K; n) =AH(v|w).

Corollary 3.1 is an immediate consequence of Proposition 2.2 since A g (o) = A —1)
hence A*Q(X)(x) = AA;‘;(I)(x).

Remark that by properly rescaling, we obtain for every A > 0 and every measurable A C
M (E) the modified LD result:

— inf H < liminf logP(L" € A
o, H ) < iminf 205 Tos (L € 4)

1
< limsup 3 logP(L" € A) (3.1)

n—oo mn

< — inf HO|w).
VEA

The “m out of n” bootstrap has the same conditional LD properties as the unconditional LD
properties of the empirical measure of an m(n)-sample of independent and p-distributed X;’s.

Next, we investigate the LD properties of (L"),>; without any other assumption than (H4—
H5). To this end, we introduce the set Z = { € M{(E): 1% () = 0}. It follows from Corollar-
ies 2.2 and 3.1 that produce the following corollary.
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Corollary 3.2. Under (HA-HY) the sequence (L"),>1 satisfies a LDP on M1(E) endowed with
the weak convergence topology with good rate function K such that

K@) = MHEIE) +1%(©)) < inf H|n).
¢ nez

inf {
€M (E)
Corollary 3.2 is proved in Section 6.4.

Now we consider some particular cases for ((X?)]SiSn)nZ]. First, we assume that for ev-
ery n > 1 the random variables X", ..., X! are independent and identically p-distributed. Then
%Z?:l le»_a = w a.s. (see Theorem 11.4.1 in [12]) and Corollary 3.1 can be interpreted as a
conditional LDP. Hence, any “m out of n”” bootstrap such that lim,,_, oo m(n) /n = 1 (in particular
Efron’s bootstrap) leads to a conditional LDP that coincides with the original LDP in this case.
This was first established in [3] for Efron’s Bootstrap and in [7] in the general case. Actually the
X 7, ..., X need not be i.i.d., it is sufficient that the associated empirical measures satisfy a LDP
with rate function H (-|p) for Efron’s bootstrap to be conditionally LD-efficient.

Corollary 3.2 completes the previous result with an unconditional LDP. In this particular case
I1%(¢) = H(¢|w) and by taking, for example, 1 = %80 + %81, V= %80 + %81, =180+ %81
and A = 1 we observe that K(v) < H(v|¢) + H(¢|n) < H(v|ur) hence Efron’s bootstrap is not
unconditionally LD-efficient. Straightforward use of the same kind of arguments shows that this
remark also holds true when X7, ..., X}, is the result of sampling without replacement from an
urn with suitable properties (see Theorem 7.2 in [9] for the reference LDP) or when X7, ..., X},
are the n first components of an infinitely exchangeable sequence of random variables (see [10]
for the reference LDP).

3.2. Li.d. weighted bootstrap

The weights (W{, ..., W) for an i.i.d.-weighted bootstrap are defined on the ground of a se-
quence Y1, ..., Yy, ... of R -valued independent random variables with common distribution &.
We shall assume that for every o > 0 we have A¢(a) < 0o and that AZ‘ (0) = oo (or equivalently
P(Y; =0) =0). The weights (W}, ..., W) are defined by

A B A —
YT amyl Ty "
wn Y

A/ Y
In order to describe the LD behavior of (S" = % Z?:] 5W,,")nzl we introduce the map

GW'RY) x RY = W R4),
(y,m) > G(y,m): A € Br, — y(mA).

The continuity of G when W!(R) is endowed with W{g is the main argument in the proof of
the following result given in [26].
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Theorem 3.2. The sequence (S" = % Yoy SW;‘)nz 1 satisfies a LDP on M 11 (R4) endowed with
WF with good rate function

™) =r;11ng{H(y|g<s,m>)}.

Theorem 3.2 is proved in [26]. As a consequence of Proposition 2.2, we obtain the following
corollary.

Corollary 3.3. Under (H3) the sequence (L"),>1 satisfies a LDP on M1(E) endowed with the
weak convergence topology with good rate function

m=>0 =

d
inf{/ A§<m—v(X))u«(dx)+ inf / ian(pxlg(m,S)g)u(dX)},
E du pp2=it JRr, 6€R
K; ) = F(p)=
ifv< i,
+o00, otherwise.

Moreover, the preceding reduces to

. of dv .
Ko 1) — {,b‘lfo/E AZ (ma(X))u(dx), if v <,

+o00, otherwise,
for every v € M| (E) if and only if

lim Aé () =0 and lim Aé () = 4o00.
oa——00 o—>+00

Corollary 3.3 is proved in Section 6.5. Similar expression of the rate function are also given in
[6,21].

It follows from the previous corollary that there is no distribution & such that for every v, u €
M (E) the identity KC(v; u) = H (v|u) holds. Indeed, as soon as there exists v, u € M (E) such
that g—l‘i(x) =0 on a set A such that £(A) > 0 one has KC(v; u) = oo while it could be possible
that H (v|u) < oo. In words there is no choice of £ for which one gets a conditional LDP that
coincides with the original one for X', ..., X/ independent and p-distributed. It is clearly due
to the fact that Ag(O) = oo forces all the weights W{',..., W to be positive which is to be
compared to, for example, Efron’s bootstrap. Finally, as for Efron’s bootstrap, one can construct
examples to show that in most classical cases the i.i.d.-bootstrap is not unconditionally LD-
efficient.

3.3. The multivariate hypergeometric bootstrap

Let K be a fixed integer number such that K > 2. The multivariate hypergeometric bootstrap
emerges from the following urn scheme: Put K copies of each observed data in an urn so
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that the urn contains Kn elements then draw from this urn a sample of size n without replace-
ment. The sampling weights (W}, ..., W) take their values in {0, 1, ..., K} under the constraint
Y i—y W' =n and are distributed according to

IF’(Wf':w?,...,W,’f:w"):—K m L

CnK

Theorem 3.3. The sequence (S" = % Z?:l 8 W;’)nzl satisfies a LDP on M 11 (R) endowed with
Wlﬁ with good rate function

" ()=H(yIB(K,K™")).

Theorem 3.3 is proved in [26]. It immediately follows from the latter result and Proposition 2.2
in the following.

Corollary 3.4. Under (H3) the sequence (L"),>1 satisfies a LDP on M1(E) endowed with the
weak convergence topology with good rate function

K=  inf {fH(px|m>u(dx>+H(m|93(K,K‘l))}-
px:F(px®@u)=v | JE

Notice that B(K, K~!) does not satisfy condition (2.10). Again, there is no integer K such
that for every v, u € M| (E) the identity /C(v; u) = H (v|u) holds. Indeed, as soon as there exists
v, u € M (E) such that g—;(x) > K on a set A such that £(A) > 0 one has C(v; u) = oo while
it could be possible that H (v|u) < oo. Thus, all multivariate hypergeometric bootstraps fail to
be conditionally LD-efficients for i.i.d. observations. One can construct examples to show that
in most classical cases the multivariate hypergeometric bootstrap fails to be unconditionally LD-
efficient.

3.4. A bootstrap generated from deterministic weights

The weights for bootstrap schemes defined from deterministic weights are given by

(Wf, o W,’f) = (wgn(]), . ..,wgn(n)),

where for every n > 1 the w{, ..., w; are fixed nonnegative real numbers such that Yy wi=n

and

1 & w/ .
;Zaw? = reM (Ry)

i=1
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while o, is an uniformly over &, distributed random variable. Clearly the sequence (S" =
% Y SW;l),,Z] satisfies a LDP on M 11 (R4) endowed with W{j with good rate function

w. .o, if y=n,
m= { ~+o00, otherwise.

An important special case is the leave-p-out bootstrap, or delete-p jacknife. The leave-p-out
bootstrap is generated by permuting the deterministic weights

We shall take p = p(n) such that lim, .~ p(n)/n =a €[0, 1) so
7 =(1—a)d1/(1-a) + ado.

Corollary 3.5. If o > 0, under (H3) the sequence (L"),>1 satisfies a LDP on M(E) endowed
with the weak convergence topology with good rate function

— (- —(1-
K(v;u)z{“‘”H(”'“H“H(%!u)’ if%eMl(E),

+o00, otherwise.

If @ =0 the sequence (L"),>1 satisfies a LDP on M1(E) endowed with the weak convergence
topology with good rate function

K(v;u)z{o’ 7=

+o00, otherwise.

Corollary 3.5 is proved in Section 6.6. Naturally this result coincides with Theorem 7.2.1 in
[9]. Combining Corollary 2.2 and Corollary 3.5, we obtain an unconditional version of the latter
result. To every v € M (E), we associate

&= {;“ eMl(E):E_(lai_“)v € M1(E)}.

Corollary 3.6. If « > 0, under (H4-HS) the sequence (L"),>1 satisfies a LDP on M|(E) en-
dowed with the weak convergence topology with good rate function K (v) = infrcg UV, )
where

—(1-
Uv,o)=d —oz)H(v|§)+aH(§(a7a)v|g‘> +1%(0).

If o =0, the sequence (L"),>1 satisfies a LDP on M1(E) endowed with the weak convergence
topology with good rate function K (v) = IX (v).
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Corollary 3.6 is proved in Section 6.7. Thus when o = 0, for example, the leave-p(n)-out
bootstrap with p(n) = o(n), the bootstrap is unconditionally LD-efficient.

3.5. The k-blocks bootstrap

To conclude, let us consider the (moving or circular) k-blocks bootstrap. Weights from the “m =
n/k out of n” bootstrap are such that %(W{’, ..., W} is Mult, (m, (1/n, ..., 1/n))-distributed.
The k-blocks bootstrapped empirical measure is defined as in [20] via the formula

~ 1 1
L= ;ZWﬁEZax?,
i=1 Jj~i
where j ~ i means that the j belong to block i. For the moving k-blocks bootstrap, j ~ i if
jef{i—k/2,...,i + k/2} modulo n. We could also consider the circular k-blocks bootstrap

where j ~i if j € {i,...,i +k — 1} modulo n. Both schemes are asymptotically equivalent as
soon as k is fixed as it is the case here. Notice that

N 1 n ~ . ~ 1
Ly=- Z Wisg  with W= Z W,
i=1 Jri
where (W, e, Wf}) fails to be exchangeable. However, our approach relies on preliminary

results like Theorem 2.1 that are general enough to allow us to handle this situation under some
mild additional hypothesis. Indeed, assume that the observations ((xf) 1<i<n)n>1 satisfy

(H6) 1370 8¢ n oy — u® e My(EY)

o Xipk—

the i’s being taken modulo n. We obtain the following theorem.

Theorem 3.4. Under (H6) the sequence (En)nzl satisfies a LDP on M| (E) endowed with the
weak convergence topology with good rate function

K; p) = inf %H(v(k)lu(m) v ® e my(EY), !

Theorem 3.4 is proved in Section 6.8. Condition (H6) is a.s. satisfied with w® = 1@k when
we are given the realization xi’, ..., x; of independent and u-distributed random variables
). ¢TI, ¢

1° ’ n

Corollary 3.7. Under (H6) with 1® = u®k the sequence (Z,,)nz | satisfies a LDP on M1(E)
endowed with the weak convergence topology with good rate function

K; w) = Hwlw).
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Corollary 3.7 is proved in Section 6.9. The k-blocks bootstrap is thus conditionnally efficient
in this case but fails to be unconditionally efficient for the same reason as Efron’s bootstrap, see
Section 3.1.

When we are given the realization xi’, cooxyof X 1’ ..., X} the first n components of a sta-
tionary Markov chains (Y;);> with transition probability P and stationary measure p as in [11],
we get

1 & w
;ZS(X?““*X?M—I)_)M®P®-”®P as.
k—1
so (H6) is satisfied a.s. with u® =y ® P ®---® P. Applying Theorem 3.4 with v =1 ®
————

k—1
P’ ® ---® P’ where P’ belongs to the set MC(v) of kernels of ergodic Markov chains with
stationary measure v, we obtain

1
IC(v w) < H(U|/L)+— inf /H P|P
P'eMC(v)

It is interesting to note that this upper bound tends to the rate function in the classical LD of [11]
when k — oo.

4. Proof of Theorem 2.1

First, we describe the ideas behind the proof of Theorem 2.1. Let us recall that we are given
a triangular array ((x;’)l <i<n)n>1 of elements of E that satisfies (H3). Let A be a measurable
subset of M%(R+ x E). For every integer n > 1, we have

n — n l . — n
P(V EA)_/M;<R+>P<V eA‘;;(sW’n_v)Q (dv),

where Q" stands for the distribution of % Z?:l ‘SWI.”- Let (0)n>1 be a sequence of random vari-
ables defined on (2, A, P) such that for every n > 1 the distribution of o, is uniform over
G,, the set of permutations of {1,...,n}. Since (Hl) holds (W', ..., W)}) is n-exchangeable
hence for every w, ..., w; € Ry such that )/, w! =n the dlstrlbutlon of V" conditioned on
% Y Swn = % - 5w;’ =" admits the dlstnbutlon of

Z (wa (i)’ I

as a regular version. Let us denote by P(7" € -; v") this distribution and assume that for every
B

w
converging sequence " =it obeys a LDP in M} (R+ x E) endowed with A with some good
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rate function 7 (-; v). Then the usual LD heuristic writes
P(T" € A;V") ~ exp(—n inf I(p; v))
peA

and clearly I (p; v) = oo if p; # v. This conditional LDP is turned into a rigorous statement in

Theorem 4.1 below. It is the main step in the proof of Theorem 2.1. Indeed if we further assume

that (H2) holds and that for every v € M 11 (R) there exists a sequence (v"),>; of elements of
p >

w
Mll (R4) such that v = v then we get

P(V" € A) = /MI(R )IP’(V” € A;v) Q" (dv)
1 W

[y, oo(nint o) oton® e

~ eXp(—n glelg{l(p; o1) + IW(m)})

since I(p;v) = oo if p; # v. Pasting LDPs as in the latter heuristic is turned into a rigorous
statement by appealing to Theorem 2.3 in [18]. We detail on that in Section 4.2.1. The required
approximation result on (M 11 R4), Wlﬂ ) is proved in Section 4.2.3.

So the proof of Theorem 2.1 is divided into two main steps: In Section 4.1, we establish
a conditional (on the W/'’s) LDP. Then in Section 4.2 we show how the latter result leads to
Theorem 2.1.

4.1. A conditional LDP

All through Section 4.1 we are given a fixed triangular array ((w!')1<;j<n)n>1 of elements of R,
possibly with repetition, such that

B

"—nand v =13 8,0 v e MIRY)
wp =nand Vi =) i 0y ve M (Ry).

(H7) Forevery n>1wehave !,
Let us recall that we are also given a fixed triangular array ((x;')1<j<n)n>1 of elements of E that

satisfies (H3), that is, " = £ 37| 8, 5 e Mi(E).

Theorem 4.1. Under (H3-H7) the sequence (T™),>1 satisfies a LDP on M i (R4 x E) endowed
with the distance A with good rate function

oy H(plv® w), if pp=vand py=p,
o) = { +00, otherwise. 4.2)

We shall proceed in two steps in proving Theorem 4.1. First, following the proof of Theorem 1
in [25], we prove in Section 4.1.1 that a LDP for (7"),>1 holds in M1 (R4 x E) with good rate
function /(-; v) when M{(Ry x E) is endowed with the weak convergence topology. Then,
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in Section 4.1.2, we strengthen this result up to a LDP in M} (R+ x E) furnished with the
distance A.

4.1.1. A LDP in the weak convergence topology

All through Section 4.1.1 M1 (R4 x E) is endowed with the weak convergence topology. Let us
introduce some more notations. For every n > 1, we denote by

1 n
1 .
Pi=1peMIR, xE):I0 €6,,p= - ZfS(wzm,x,-”
i=1
the set of possible values of 7" where ((x]')1<j<n)n>1 is defined in (H3) and ((w})1<i<n)n>1
is defined in (H7). Since both (v"),>1 and (u"),>1 are fixed once for all in Section 4.1, P, is
fixed once for all in this section as well. We shall say that a sequence (p"),>1 of elements of
M (R4 x E) satisfies Assumption (A1) if and only if

(A1) Forevery n > 1, we have p" € P,.

We further introduce two triangular arrays ((L})1<j<n)n>1 and ((R})1<i<n)n>1 of elements of
Ry and E, respectively, defined on (€2, A, P) and such that for every n > 1 the 2n random
variables LY, ..., Ly, R{, ..., R are mutually independent. We assume that every L (resp. R}')
is distributed according to v" (resp. u"*). The sequence

1 n
T" = - > Swn .k € Mi(Ry x E)

i=1

has the following LD behavior.

Lemma 4.1. The sequence (T")n>1 satisfies a LDP on M1 (R4 x E) endowed with the weak
convergence topology with good rate function H(p|v ® u).

Wﬂ
Proof. Since v — v we have 1" 5 v according to, for example, Theorem 7.12 in [27]. More-
over, since " = u we have V" @ u'* S0® W (see [4], Chapter 1, Theorem 3.2). The announced
result then follows from Theorem 5 in [3]. O

Our strategy in proving a weak convergence version of Theorem 4.1 consists in comparing
T" to random measures associated to 7. Comparison is possible because the p € M (R4 x E)
such that 7 (p; v) < 400 can be approximated in the weak convergence topology by elements
of P,,. The next two lemmas are the crucial arguments of the proof.

Lemma 4.2. Let p € M1 (R x E) be such that py = v and py = . There exists a sequence
(p™)n=1 satisfying (A1) and such that p" = p.

Proof. Let p € M (R4 x E) be such that p; = v and p» = u. According to Varadarajan’s
Lemma (see [12], Chapter 11, Theorem 11.4.1) there exists a family ((u}, v!')1<j<n)n>1 of ele-
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ments of Ry x E such that

n
1 w
= ; E 5(,4;!1”1(1) — pP.
i=1

For every n > 1, we take ¢,, t, € G, such that

2wl g, ) = min [25 Wo(i) }
and
Z)‘(Uinvx?n(l) —Tlggl :Z)‘ v} ’xz(l) }
i=1 "

We shall prove that the sequence of measures p” = % Y S(wz PRELNES Pn converges weakly
to p. Indeed, according to Lemma 2.1 in [16] we have

£(u, v)Q(du, dv) = min —Zg ul wl )

(. n . n .
Wr(py,y; )=  min /
1( ! 1) 0eC(pl,v1) JRy xRy keG, n “

hence 1 Zl 1Sl w on (l)) Wf (0}, v{") — 0 since both pf % v and vy =" X v. One can
prove the same way that 1 Sy A, x’r“w.)) — 0 since Wl)‘ is compatible with the weak con-
vergence topology. Finally,

Wi (p",y") = min / x (u, ) Q(du, dv)
Ry xE

QeC(p",y")
= oo o Z X '): (Weog, i) ¥eor, i)

I A

1
‘25 W) ;ZA(”?’%@'))

so Wl (p", y") — 0 hence p" 5 psince y" 5 p. 0

To every n > 1 and every realization of 7", we associate two elements T"and T" of M (R4 x
E) by

WI(T", T) = min (W (T", v)} (4.3)
and
W (T", T") = max{ W] (7", v)}. (4.4)

veP,
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In case there are several elements of P, achieving the min (resp. the max) " (resp. f”) is picked
uniformly at random among these measures.

Lemma 4.3. For every n > 1 the random measures f”, T" and T" are identically distributed
over M{(Ry x E).

Proof. We shall only prove that T" and T" are identically distributed since the proof with "
and T" is similar. Let n > 1 be fixed. For the sake of clarity, let us assume that there is no repe-
tition among the wy, ..., w; and the x{, ..., x,/. We are thus left to prove that T is uniformly
distributed over P,. Since there are no repetitions every p € P, corresponds to a single T € G,
by

l n
== B, (4.5)
n P @)

Let us consider a fixed realization (I, r]')1<j<x of (L, R!")1<i<n. We denote by " the corre-
sponding value of 7". Due to Lemma 2.1 in [16] for every p € P, (i.e., every T € &,, according
to (4.5)), there exists a o € &, such that

. 1
W (", p) = min { = ZX((lln’rln)’ (w/’(lor(i)’xfr(l(i)))

= X((lzn’ rzn) (wgor(i)’x(rrl(i)))

n

1
- Zé‘ aor(t) ,_l Z)‘( ln’ g(,))

i=1

Hence, for this realization (I, r/')1<j<n of (L}, R!')1<i<n, the associated 7" is found by com-
puting 71, n2 € &, such that

25 Wy, ) = min Zf W) } (4.6)

and

n n

n .n _ : n .n

Zk(ri , xnz(i)) = ¢n€1g1n Zk(ri , x¢(i)) } 4.7)
i=1 i=1

and taklng > (wmu) X ) A the corresponding value of 7" In case several n1 and/or 12

realize the minima in the displays above, those defining the corresponding value of T" are picked
among them uniformly at random. To every possible realization (I, r")1<;j<n of (L}, R!)1<i<n
we associate 2, ((I', 1) 1<i<n) C &, x &, the set of couples of permutations (51, 12) associated
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to (I',r{")1<i<n by (4.6) and (4.7). This set may not be reduced to a single element due the
possible multiplicity of minimizers. Conversely, for every (11, n2) € &, x &, consider

Q[;l(r“, 772):{(1 ')l<t<n (771 UZ)EQ( ((l’ ln)lfifn)}'

Let (y1, v2) and (¢1, ¢2) be two different elements of S, x G,,: there exists (¢1, ¢2) € &, X &,
such that y; o 91 = ¢1 and y» o 92 = ¢2. Now, for every (I',r")1<i<n € an_l(yl, V) we
have (0. 1sizn € By (@1,92) and for every (s isisn € ;@1 o) we have

(;’,](1) oy ))1<l<,, e A, (yl, y2). Since for every (ll VT rM)1<i<n and every ki, k2 € S, ob-
1

serving (ll’q(l), K2(l))1<,-<,1 as a realization of (LY, R')|<;<, has the same probability as observ-
ing (I* i r")1<i<n We conclude that all the (k1, k2) € &, x &, have the same probablhty to be
observed as minimizers in the problem (4.6)—(4.7) above. Hence, every possible value of T" has
the same probability to be observed whence T is uniformly distributed over P,. This proof
extends easily to the case when there are repetitions among the wq’, ..., W) or x{’, X O

We start the proof of the LD bounds in the weak convergence topology by proving the follow-
ing lemma.

Lemma 4.4. We have:

1. I(-;v) is a good rate function.
2. The sequence (T"),>1 is exponentially tight.

Proof. (1) Let « > 0. We have
Ny ={pe MRy x E):1(p:v) <a}
={peM (Rt xE):H(plv®u) <a}n{pe MRy x E):py =vand pp = pu}.

Thus, for every « > 0, N, is the intersection of a compact and a closed subset of M| (R4 x E),
therefore it is compact.
(2) For every measurable A C M{(R;+ x E), we have

n—oo N n—oo N

lim sup — logIE”(T" € A°) =limsup — 10gIP’<7'” € A%~

n 1 n
ZSL? =V =) bk = “")
i=1 i=l1

< limsup 1 logP(T" € A°)

n—oo N

_lkrg})%ntOgP< ZSLn =v )
1 1 ¢
—1}1}2&f;10g]?<; ;(SR? :,u”).

4.8)
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Since (7"),>1 satisfies a LDP on M (R x E) with a good rate function it is exponentially tight

(see [9], Remark a), p. 8). Thus for every o > 0, we can chose a compact set A, C M1 (R4 x E)
that makes the first term in the last display smaller than —« — 2. Below we prove that

1 1 <
—liminf—log]P’(—ZSLn :v”) <1, 4.9)
n—-oo n n i !

which combined with (4.8) completes the proof since the same LD inequality holds for
]P’(% AT RN = ©"). Indeed, for every fixed integer n > 1 let us denote by M (n) the number of

different values taken by the w{‘, ..., wy’s, for example, M (n) = n when there are no ties among
the wﬁ‘, ..., wy’sand M (n) = 1 when they are all equals. Let us further denote by A1, ..., Ay
the number of elements of wi’, ..., wy’s of each type, for example, A =--- = Ay ) = 1 when
there are no ties among the wy, ..., w;’s while A,y =n when they are all equals. Notice that

we always have A| + - -- + Ay ) =n. We obtain

1 n n A Ar AM(n) Al A AM(n) AM(,,)
P(;Z&y:v ) =G Gl Gl v —) =
i=1

_ont (A (e )M
A1!~-~AM(”)! n n

A A

ot A Ak

T pArttAnm Apl AM(n)!’
hence

1< 1
P(; Y o= ) =
i=1

since for every integer m > 1 we have m"” > m!. Display (4.9) immediately follows. |

Proof of the lower bound. 1t is sufficient in order to prove the lower bound of the LDP to prove
that
1
—I(p;v) <liminf —logP(T" € B(p, ¢))
n—-oo n

holds forevery p € M1 (R4 x E) and every € > 0, where B(p, €) stands for the open ball centered
at p € M (R4 x E) of radius ¢ > 0O for the WIX metric. So let ¢ > 0 and p € M| (R4 x E) be
such that I (p; v) < +o0. In particular p; = v and p» = . According to Lemma 4.2 there exists
a sequence (p"),>1 of elements of M;(R+ x E) such that for every n > 1 we have p" € P, and

o" el p. According to Lemma 4.3

IP’(T” € B(p, s))
=P(T" € B(p,e))
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zIP(Wf((T",T") <L WHT ) < S W () < 2)

> ]P’(WIX (0", T") < %, Wi (p", p) < %)

since it follows from the definition of 7" that for every p" € P, we have
WE(T T < WE (o, T").

On the other hand since p" — p we get that for n large enough {WIX (", p) < g} = Q. Thus, for
those n’s

P(WIX(,O",'T") < g, W (p", p) < %) > IP’(WIX(,O,T") < % W (p", p) < %)

> IP’(WIX (7'" ,0) < %)
Finally, it follows from Lemma 4.1 that
o] n o] X o€
hmmf—logP(T € B(,o,s)) > liminf —log P W/ (,0, T ) < -
n—o00 n n—o0o n 6
>—H(plveou) =—1(p;v).

Proof of the upper bound. In order to prove the upper bound of the LDP, it is sufficient to prove
that it holds for compact subsets of M (R4 x E). Indeed, since (T"),>1 is an exponentially tight
sequence (see Lemma 4.4) the full upper bound will follow from Lemma 1.2.18 in [9]. Let A be
a compact subset of M| (R4 x E) and let us denote by

Ayp={p€A:pr=vand p = u},

which is a compact subset of M (R x E) as well. Since the weak convergence topology on
M (R4 x E) is compatible with the WIX metric, it makes M (R4 x E) a regular topological
space: For every p € A such that p € Af)"M there exists €, > 0 such that B(p,2¢,) N A, , =
@. In particular, B(p, gp) NAy ,, = & where B(p, €) denotes the closed ball centered on p €
M| (R4 x E) of radius ¢ > 0 for the WIX metric. On the other hand, since p — H(p|v ® w) is
lower semi-continuous, for every p € A, , and every § > O there exists a ¢(p, §) > 0 such that

i 1
_inf  H@ylvew = (H(plveuw —38)A~.

y€B(p.9(p,8)) 8
For every é > 0, we consider the coverage

re( Y )oY (7))

pEAﬂA\C,’# PEAL
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from which we extract a finite coverage

Ac (U B(,o,ep)> U <U B(,o, ‘p(’;’ 8)>>,

pel pel;

where I} C AN Aﬁ,u and I, C A, are finite sets. According to Lemma 1.2.15 in [9]

n—oo N n—oo N

1 1 _
limsup —logP(T" € A) < max{lim sup — log]P’(T” € U B(p,gp) N A>,

pel;
1 ,6
1imsup—10g]P’<T” € U B<,0, v (o )))}
n—oo N vely 8

For every p € I; there can not be an infinite number of integers n; such that
P(T™ € B(p,e,) N A) #0

for otherwise we would get B(p, &,) N A1 2 # @. The first term in the max is then equal to
—o00. We are left with the second term and according to Lemmas 4.1, 4.2 and 4.3, we have

1 1 s
lim sup —log P(7" € A) < limsup—logP<T" e B(v, g”(/;’ ))>

n—oo N n—oo N
pel;

! > 5
< max limsup_log]p<Tn c B<p, %))}

peEh | n—oo N

! = 5

peh | n—soo N

! 5
< max 1imsup—10g[P><WlX(p’Tn)< e(p, ))}

pelL | n—oo N 2
gmax[— _inf H(V|V®M)}
pelp y€B(p,9(p,d))

1
srglezyﬁ{—(H(plv@bu) —38) A 5}

§max{—(1(p; V) —8) A l}

pelr 8
< —inf{ (I (p; v) S)Al

— in i) — — 1.
T peA p 1)

By letting § — 0, we obtain the announced upper bound, see Remark 1.2.10 in [9].
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4.1.2. Conclusion of the proof of Theorem 4.1

First, notice that
Nll(R+xE):{peM1(R+xE):/ xpl(dx)gl} (4.10)
Ry

is a closed subset of M| (R4 x E) when the latter is endowed with the weak convergence topol-
ogy. Since for every n > 1 we have P(T,, € ./\f]] (R4+ x E)) =1, Lemma 4.1.5 in [9] implies that
(Ty)n>1 obeys a LDP on 11 (R4 x E) endowed with the weak convergence topology, with good
rate function /.

Next, we prove that the same remains true when 11 (R4 x E) is endowed with the distance A.
Indeed, since (T"),> satisfies a LDP on the Polish space (M| (Rt x E), W]X) with a good rate
function it is exponentially tight: For every L > O there exists a A C M (R4 x E), compact for
the weak-convergence topology, such that

1
limsup — logP(T" € A°) < —L.

n—oo N

Let us show that the set A N K with

o0
K= pEMl(R+xE):p1:v0rp1GU{V”}}

n=1

is a compact subset of NV, 11 (R4 x E) endowed with A.

AN K is closed. Let (y"),>1 be a converging sequence of elements of A N K which
limit we denote y. Since A(y",y) = Wlﬂ()/l", v1) + Wlx(y”, y) — 0 necessarily y; = v or
71 € Un—{v"} due to the particular form of K and y € A since A is closed for the weak-
convergence topology, hence y e AN K.

A N K is sequentially compact. We prove that any sequence (y"),>1 of elements of A N K
necessarily admits a A-converging sub-sequence. Due to the definition of K, (y{'),>1 admits a
Wlﬁ -converging sub-sequence. Along this sub-sequence (y"),>1 also admits a weakly converg-
ing (sub-)sub-sequence since A is compact for the weak convergence topology. The sub-sequence
obtained by this double extraction is A-convergent. Moreover,

1 . 1 .
limsup — log P(T" € (AN K)°) < limsup — logP(T" € A°)

n—oo N n—oo N
s 1 n c
+11msup—logIF’(T eK)
n—oo N

<-L.

Hence, (T,),>1 obeys a LDP on (]\/11 R4 x E), A) see Corollary 4.2.6 in [9]. To conclude
notice that M%(RJr x E) is a closed subset of (/\/11 (R4 x E), A) and that for every n > 1, we
have P(T,, € /\/li(]RJr x E)) =1 so, due to Lemma 4.1.5 in [9], the sequence (7},),>1 obeys a
LDP on M} (R4 x E) endowed with the distance A with good rate function /.
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4.2. From a conditional to an unconditional LDP

In this section, we give a precise meaning to (4.1). Theorem 2.1 follows from Theorem 4.1 by a
simple application of Theorem 2.3 in [18]. Nevertheless, let us give a hint of the ideas standing
behind the latter result. To this end, we need to introduce the sequence of sets

l n
M{"(Ry) =10 M (Ry): 3w, ..., wp) € (RO =— "5y, (.
ni=]

It follows from Theorem 4.1 that for every closed C C M} (R4 x E) and every v e M 11 R4)
satisfying 1 (C; v) :=inf,ec 1 (p; v) < oo there exists for each § > 0 a neighborhood U, of v in

MI(RY), Wlﬂ) such that

1
limsup — log sup P(T" e C;V') < —I(C;v) +36.
n—oo N VeU, M| "™ (Ry)

If 1(C;v) = oo, there exists for each L € R a neighborhood U, of v such that the l.h.s. of
the previous display is smaller than —L. Now, due to the goodness of IV we get for every
L > 0 and every ¢ > 0 a finite covering Uf-‘zl Uyiyof &y ={ve M]1 (Ry), IV (v) < L} by such
neighborhoods such that

k
P(V' € A) < / P(V" € A;v) Q" (dv) + )

P(V" € A;v) Q" (dv).
4 i=1

v/;]u(,')ﬁMll'n ®Ry)

This finite sum leads to the upper LD bound in a straightforward way. The proof of the lower LD
bound follows the same idea and is even simpler due to the local nature of such bounds.

4.2.1. A Large Deviations System

In order to conclude the proof of Theorem 2.1, it is sufficient to establish that the distribution of
V" on M{ (R4 x E) is a mixture of Large Deviation Systems (LDS) in the sense of [18]. For the
sake of clarity, we recover the notations of [18] when identifying the components of the LDS:

e Z= M} (R4 x E) is a Polish space when endowed with the distance A, see Section 4.2.2
below.
e X=M 11 (R4) is a Polish space when endowed with W{j since it is a closed subset of the

Polish space OW!(Ry), WF) (see, e.g., [5]).
e Foreveryn > 1,wenote X, =M 11 "(Ry) and for every v € X and every n > 1 there exists
B

w
av" € X, such that v" - v, see Lemma 4.5 in Section 4.2.3 below.
e The map 7 : Z — X defined by 7w (v) = v; is continuous and surjective.
e For every n > 1 and every v = %Z?:lswi € X, let P be the distribution of 7, =
1 i=1 8wy, y.xry under P. The family IT = {P]',v € Ay, n > 1} of finite measures
on the Borel o-field on Z is such that for every n > 1 and every v € A, we have

P~ ({v}9)) =0.



Large deviations for bootstrapped empirical measures 1869

e Let Q" be the distribution of %Zle (SWin. For every n > 1 and every measurable A C
MIRy x E)

P(V' e A) = / P'(A)Q" (dv).

n

All the requirements of Definition 2.1 in [18] are satisfied by our model thanks to Theorem 4.1.
It follows from Theorem 2.3 in [18] that the sequence (V"),>1 obeys a LDP on Mi R4 x E)
with distance A with good rate function

w : —
j(p)z{H(pm@mH (pn). i p=p,
+o00, otherwise.

422, (/\/l} Ry x E), A) is a Polish space

(/\/l{ Ry x E), A) is complete. Let (p™),>1 be a Cauchy sequence of elements of (./\/l} (R4 x
E), A). In particular (p{),>1 is a Cauchy sequence of elements of (Ml1 RL), Wl’3 ) which
is a complete space as a closed subset of (WI(R+), W{g) (see, e.g., [5]). So there exists a

p1 € Ml1 (R4) such that Wlﬂ (o}, p1) — 0. Furthermore, (p"),>1 is a Cauchy sequence of ele-
ments of the Polish space (M| (R4 x E), WIX) hence there exists a y € Mj (R4 x E) such that
W{(p",y) — 0. Necessarily, y1 = p1 hence A(p",y) — 0.

(./\/l} Ry x E), A) is separable. Let R and S be dense countable subsets of R and E, respec-
tively. It is sufficient to prove that

1 n
U - ZS(L,?J?) forevery 1 <i <n,u} e Rand v} € §

n>1 i=1

is dense in /\/11 (R4 x E) defined in (4.10) endowed with the distance A (see (4.10)). Indeed,
since Mi(R+ x E) is a closed subset of N, 11 (R4 x E) the announced claim will follow. So let
p € N] (R4 x E). In particular, fR+ xp1(dx) < oo. Letsus denote by (Z1, T1), ..., (Z,, Tp), ... a
sequence of independent random variables with common distribution p. According to Varadara-
jan’s lemma,

1 n
= E 8z.Ty— p  almost surely @11
n

i=1

and according to the Strong Law of Large Numbers

1 n
- Z Zi — / xp1(dx) almost surely. (4.12)
n R+

i=1
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So there exists a family ((z;, #;)1<i<n)n>1 of elements of R x E such that

1 & 1 <
—25(z,-,r,~>—w>p and —ZZi—>/ xp1(dx),
i o R+

hence A(p, % Y1 8)) — 0, see Theorem 7.12 in [27]. Since R x S is dense in R4 x E
for every n > 1 and every 1 <i < n there exists (u},v}') € R x § such that max{&((u}
(zi, 1))} <27". Clearly,

l’l

( Z%" oy ZS(x" )

hence W1 ( Yo 18 vmy> ) = 0.

4.2.3. An approximation result in (Ml1 Ry), Wlﬂ)
Lemma 4.5. For every y € M, L(R,) there exists a sequence (y™),=1 of elements of M 11 R4)
s >

such that for everyn > 1 y" = IZl 18nandy —>y

Proof. By the same kind of argument as in the separability proof above, one can construct a
B

114

sequence (1 375, n)n=1 such that s, Sur — p. In particular 1 ™7 u" — 1. So we only
need to modify the u”’s in such a way that for every n > 1 their total sum equals n. For a fixed
n, we have three poss1bllities:

o Ify i ul =n, wetake v! =u forevery 1 <i <n.
o If Y, u? > n, we look at the u}'’s as the occupation masses of n cells by a mass u'
each. We pick uniformly at random the excess of mass until we get new occupation masses

v}, ..., v} suchthat )7 v =n.
o IfY u? < n again, we look at the u;’s as the occupation masses and add mass uniformly
at random into the n cells until they contain a total mass of n. We call vq’, ..., vy the final

occupation masses.
Due to Lemma 2.1 in [16], in all the cases considered above we have

n

1
(3 5 o00) = i 0l = S -

which conclude the proof. ]
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5. Proof of Theorem 2.2

In order to prove Theorem 2.2 it is sufficient to establish that the distribution of V" on M} R4 x
E) is a mixture of LDS. Again we recover the notations of [18] when identifying the components
of the LDS:

e Z= M{ (R4 x E) is a Polish space when endowed with the distance A.
e X = M/ (E) is a Polish space when endowed with the weak convergence topology.
e For every n > 1, we note

1 n
X, = veMll(E):EI(xl,...,xn)eE”,v:—Zaxi
ni:l

and according to Varadarajan’s lemma for every v € X" and every n > 1 there exists a V" €

X, such that v" Xy,
e The map 7 : Z — X defined by m(v) = v; is continuous and surjective.
e For every n > 1 and every v = ,172?:1 Oy, € &y let P be the distribution of T, =

rll ZI"Z 1 8W,-”,x,- under P. The family IT = {P', v € &,;, n > 1} of finite measures on the Borel

o-field on Z is such that for every n > 1 and every v € A}, we have P (=1 ({v})) =0.
e Let Q" be the distribution of %Z?:l SX;:. For every n > 1 and every measurable A C

MIR4 x E)

P(V' e A) = /X P} (A)Q" (dv).

n

All the requirements of Definition 2.1 in [18] are satisfied by our model thanks to Theorem 2.1.
It follows from Theorem 2.3 in [18] that the sequence (V"),>1 obeys a LDP on M{ Ry x E)
with distance A with good rate function

J(p)=Hplp1 ® p2) + IV (1) + 1% (02).

6. Some more proofs

6.1. Proof of Corollary 2.3

In view of (2.4), a necessary condition on ((W}")1<j<n)n>1 for K = IX is that for every v, ¢ €
Ml (E) and every ((X7)1§i§i1)1121

) = 1) <K@, 0).

If we consider X7, ..., X}, resulting from sampling without replacement on an urn which compo-
sition x{, ..., x;; satisfies % Doimg S % ¢ we know that % > i1 8x» satisfies a LDP with good
rate function

0, if 6 =¢,

00, otherwise,

1X<9>={



1872 J. Trashorras and O. Wintenberger

so the announced condition is necessary. It is also clearly sufficient and the claimed result fol-
lows.

6.2. Proof of Proposition 2.1

Letp,y € M} (R4 x E)and A €]0, 1[ be such that A7 (p; 1) + (1 — L) J (v; i) < oo for other-
wise the inequality to be proved trivially holds. In particular, pp =2 = (Ao + (1 —X)y)2 = u.
Since H (+|-) is convex in its two arguments (see, e.g., Lemma 1.4.3 in [13]) we have

TJp+A=0y)=Hxo+ A =2yI(pr + A =py) @)+ 1Y (Mp+ 1 =)
SHMp+ =0y ®w) + 1 =200 @w)+1"(rp+ 1 —1y)
=rMHPplp1@w + 1V (D)) + A=V (Hy Iy @w + 1V ).

Proving that /C(-; n) is convex works the same way.

6.3. Proof of Proposition 2.2

We start the proof of Proposition 2.2 by proving (2.8). To this end, we first establish that for
every v, u € M (E)K(v; u) < oo implies v <« w. Indeed, if the former condition holds there
necessarily exists a p € M} (R4 x E) such that pp = pu and F(p) = v. For every such p the
latter reads

v(A) = / wpe (dw) e (dv)
RixA

for every measurable A C E, hence v < u and
dv
—(x)= woyx (dw) (6.1)
du Ry

w a.s. Thus, if v <« u does not hold we necessarily have KC(v; ) = oo.
Now let us assume that v < . First, we show that

HV’Mz{pEM{(R+XE)I,Oz:pl,andF()O):U}

is not empty. Consider p € /\/l{ (R4+ x E) defined by p» = o while the regular conditional distri-
bution of its first marginal given the second is

P d_v d if d_v 0
() — (de)( w. it >0,

So(dw), otherwise.
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Let us check that F(p) = v. Indeed, every measurable A C E can be decomposed into A =
A, U A where A, = A N Support(v) and

F(p)(A) = / wpe (dw)e(dv)

RixA

_ / (/ wP(j—v(x)>(dw)>M(dX)+ / (/ w5o(dw))u(dx)
4 \Ur, 1 A \Jr,

dv
=/ d—(X)M(dX)
A, AU

= v(Ay) = v(A).

For every p € H, ., every 6 € DAs and p a.e. x € E, we have

d 0
H(pxlé)zH(px|$9)+/ 10gi(w)px(dw)
r, d§
= H(pxl€") +6 / wpy (dw) — log / e’'& (du) (6.2)
R: R,
%] dv Ou
= H(p:|§ )+9—(X)—10g/ e’ "&(du),
du R,
hence
_ d_‘} _ Ou _ 0
H(p.l§) a:%i{edﬂ(x) IOg/R+e $(du)} —OGI%IZEH(;)XIS )
whence

of dv _ . P
| Heedou - [ Ag(@m)u(dx)— [ int Helem@n. 63

EA§

Since J (p; ) = H(plp1 ® w) + H(p11§) = H(pl ® n) = [ H(px|§)u(dx) it follows from
(6.3) that if v < p then

Ko = [ Ag(g—;(x)>u(dx)+ it [ int Hipole") ).

PEMy,u fe A5

Next, we prove that (2.8) reduces to (2.9) if and only if (2.10) holds. In view of (6.2) it amounts
to show that (2.10) is a necessary and sufficient condition for the following to hold: for every
v, € M{(E) there exists a p € M} (R4 x E) such that

L pp=p,
2. for pae. x € E py = &% for some 6, € Dae,

3. for u a.e. x € E such that g—l‘i(x) > 0 we have fR+ wpy (dw) = g—l‘i(x).
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Let us recall that Ag is C* in DZE , that for every o € Dj\s

A’( ) f]R+ we*™E(dw) 1 / @0g (duw)
Q)=—F—"-———=— we w
§ Je, evEdw) — Z Jg,

and that Ag(a) > 0 for every o € Dj\s, see Section 2.2.1 in [9]. So finally it appears that

lim Ag(@)=0 and lim Aj(a)=+00
a—a

o—>—0Q0

is a necessary and sufficient condition to get for every v, u € M(E) and every x € E such
that g_;(x) > 0 a py of the form & with Jr, wox(dw) = g_;(x) and H(py|§) = Ag(g—;(x)).

If g—l‘i(x) = 0, then one takes p, = §p and still gets fR+ wpy (dw) = g_;‘i(x) and H(py|§) =

Ag(g—; x)) = Azf (0). Finally, by properly choosing v, u € M (E) one can see that (2.10) is also
necessary to ensure that (2.9) holds for every v, u € M| (E).

6.4. Proof of Corollary 3.2

Let v € M{(E) be such that inf,cz H(v|n) < oo. Necessarily for every n € Z such that
H(v|n) < oo we have v < 1. Now for every such n consider p € ./\/l}(RJr x E) defined by
p2 = n while the regular conditional distribution of its first marginal given the second is

f(x 2 ))(d) it 20 >0
P (dw) = Ay ) g

So(dw), otherwise.

Following the proof of Proposition 2.2, we get F'(p) = v. Moreover by taking £1 = EN{ g—; (x) >
0}and E;=EN {g—;(x) = 0}, we get

H(plpr @)+ H(p11Q()) + I* (1)
=H(p|Q() ®1)

- /E H(px ()1Q00) n(dx)
dv
=/ H(P(xd—(x)>\7>(x)>n(dx)+/ H (80P (1)) n(dx)
E; n Ep

dv dv dv
=/ A(l —— )+ —(x)log—(x)>n(dx)+/\n(E2)
E dn dn dn
=AH(v|n),

hence K (v) < Ainf,cz H(v[n).
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6.5. Proof of Corollary 3.3

Let v € M (E) be such that v < u for otherwise we already know that KC(v; ) = +00. We have

Koiw= it VHplpr @+ inf [H (116 (& m)]

= inf inf H H
n1120 Px:F(llgcl@M):v{ (/0|/01 © M) + (,01 |g(€’ m))}

= s HPITEm @)

= inf inf {fEH(,Oﬂg(S,m))IJ«(dX)},

m>0 py:F(px®u)=v

where, to establish the result, we proceed as in the proof of Proposition 2.2.

6.6. Proof of Corollary 3.5

First, we consider « > 0. Let v € M1 (E) be such that w € M\(E). Then p € M| (R x
E) defined by p; = m while the regular conditional distribution of its second marginal given the
first is

p(dx) — (I — )v(dx)
o

P1/(1-a)(dx) =v(dx) and po(dx)=

is the only element of M} (R4 x E) that satisfies F'(p) =v, p; = and pp = u. Since for this
particular p we have

— 1_
Hplo1 ® p) = (1 — ) Hvlw) +aH(%|M)

we obtain an upper-bound on K as announced. To prove the reverse inequality let v € M (E)
be such that K(v; ) < oo for otherwise the announced result trivially holds. Necessarily there
exists a p € Mi(R+ x E) such that F(p) =v, p; = and pp = . These conditions are only

met by the probability measure p introduced above. In particular w must be a probability
and the reverse inequality holds.

If « =0, then m = §; so the only v € M (E) such that there exists p € M} (R4 x E) such that
F(p) =v and pp = is n and necessarily p = §; ® . The announced result follows.

6.7. Proof of Corollary 3.6
First, we consider a > 0. Let v € M (E) be such that inf, ¢, U (v, ) < o0 holds. Then for every
¢ €&, we have {_(lai_“)” e Mi(E)and p € ./\/l%(RJr x E) defined by p; = and

¢(dx) — (1 —a)v(dx)

o

P1/(1—a)(dx) =v(dx) and po(dx)=
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satisfies F(p) =v, p1 = and pp = ¢ and
— (1=
Hplpr ® p2) + 1V (p1) + 1% (p2) = (1 =) H(v[¢) +aH<§(057“)”|c) +1%(0)

hence K (v) < infycg, U(v, ). To prove the reverse inequality, let us assume that K(v) <
oo. Then there exists a p € M{(R+ x E) such that F(p) = v and p; = w. Necessarily
P1/(1—a)(dx) = v(dx) and p; is such that po(dx) = M € M| (E). Thus, &, is non-
empty and

2 — {1 —a)
o

H(plpr ® p2) + 1V (p1) + I (p2) = (1 — ) H(v| p2) +aH( 2 }p2> +1%(p2)

> inf U(v, p2).
102661)

If « =0, then m = §; and for every v € M| (E) there is only one p € M}(R+ x E) such that
F(p) =v which is p = §; ® v and the announced result immediately follows.

6.8. Proof of Theorem 3.4

According to Corollary 3.1, Theorem 3.1 and Proposition 2.2 the sequence (L" = Ly

n

> Wina(x{’,.‘.,x}; H))”Z | obeys a LDP on M/ (E*) endowed with the weak convergence topol-
ogy with good rate function Kw®: u(k)) = %H w® |u(k)). The announced result follows since
the map # defined on M{(EX) by H(p®) = % Zle pi(k) is continuous.

6.9. Proof of Corollary 3.7

Let v € M{(E). Since H(v®k) = v and in this particular case u(k) = ,u®k we get I%(v; n) <
LH@O®|u®) = H(v|u). On the other hand for every p® such that H(p®) = v we

k k . .
have H(v|u) = H(%Zlepi( )IM) < %Zle H(,oi( )|u) since H(-|u) is convex. To con-
clude the proof, just notice that H(p®|u®) = H(p®| ®f:1 pl.(k)) + H((gf-(:1 ,oi(k)m@k) >

ko (k k k
H(QI_, o0 1n®%) = Yi_, H(o{" |w).

Supplementary Material

Large deviations for bootstrapped empirical measures (DOI: 10.3150/13-BEJ544SUPP;
.pdf). In the supplemental article [26], we give the proofs of the sample weights LDPs stated
in Section 3: Theorems 3.1, 3.2 and 3.3.


http://dx.doi.org/10.3150/13-BEJ544SUPP
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