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A basic result of large deviations theory is Sanov’s theorem, which states that the sequence of empirical
measures of independent and identically distributed samples satisfies the large deviation principle with rate
function given by relative entropy with respect to the common distribution. Large deviation principles for
the empirical measures are also known to hold for broad classes of weakly interacting systems. When the
interaction through the empirical measure corresponds to an absolutely continuous change of measure, the
rate function can be expressed as relative entropy of a distribution with respect to the law of the McKean—
Vlasov limit with measure-variable frozen at that distribution. We discuss situations, beyond that of tilted
distributions, in which a large deviation principle holds with rate function in relative entropy form.
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1. Introduction

Weakly interacting systems are families of particle systems whose components, for each fixed
number N of particles, are statistically indistinguishable and interact only through the empir-
ical measure of the N-particle system. The study of weakly interacting systems originates in
statistical mechanics and kinetic theory; in this context, they are often referred to as mean field
systems.

The joint law of the random variables describing the states of the N-particle system of a
weakly interacting system is invariant under permutations of components, hence determined by
the distribution of the associated empirical measure. For large classes of weakly interacting sys-
tems, the law of large numbers is known to hold, that is, the sequence of N-particle empirical
measures converges to a deterministic probability measure as N tends to infinity. The limit mea-
sure can often be characterized in terms of a limit equation, which, by extrapolation from the
important case of Markovian systems, is called McKean—Vlasov equation (cf. McKean [26]). As
with the classical law of large numbers, different kinds of deviations of the prelimit quantities
(the N-particle empirical measures) from the limit quantity (the McKean—Vlasov distribution)
can be studied. Here we are interested in large deviations.

Large deviations for the empirical measures of weakly interacting systems, especially Marko-
vian systems, have been the object of a number of works. The large deviation principle is usu-
ally obtained by transferring Sanov’s theorem, which gives the large deviation principle for the
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empirical measures of independent and identically distributed samples, through an absolutely
continuous change of measure. This approach works when the effect of the interaction through
the empirical measure corresponds to a change of measure which is absolutely continuous with
respect to some fixed reference distribution of product form. Sanov’s theorem can then be trans-
ferred using Varadhan’s lemma. In the case of Markovian dynamics, such a change-of-measure
argument yields the large deviation principle on path space; see Léonard [24] for non-degenerate
jump diffusions, Dai Pra and den Hollander [5] for a model of Brownian particles in a poten-
tial field and random environment, and Del Moral and Guionnet [7] for a class of discrete-time
Markov processes. An extension of Varadhan’s lemma tailored to the change of measure needed
for empirical measures is given in Del Moral and Zajic [8] and applied to a variety of non-
degenerate weakly interacting systems. The large deviation rate function in all those cases can
be written in relative entropy form, that is, expressed as relative entropy of a distribution with
respect to the law of the McKean—Vlasov limit with measure-variable frozen at that distribution;
cf. Remark 3.2 below.

In the case of Markovian dynamics, the large deviation principle on path space can be taken
as the first step in deriving the large deviation principle for the empirical processes; cf. Léonard
[24] or Feng [14,15]. In Dawson and Girtner [6], the large deviation principle for the empirical
processes of weakly interacting It6 diffusions with non-degenerate and measure-independent dif-
fusion matrix is established in Freidlin—Wentzell form starting from a process level representation
of the rate function for non-interacting It6 diffusions. The large deviation principle for interact-
ing diffusions is then derived by time discretization, local freezing of the measure variable and
an absolutely continuous change of measure with respect to the resulting product distributions.
A similar strategy is applied in Djehiche and Kaj [10] to a class of pure jump processes.

A different approach is taken in the early work of Tanaka [28], where the contraction princi-
ple is employed to derive the large deviation principle on path space for the special case of Itd
diffusions with identity diffusion matrix. The contraction mapping in this case is actually a bi-
jection. Using the invariance of relative entropy under bi-measurable bijections, the rate function
is shown to be of relative entropy form. In Léonard [25], the large deviation upper bound, not
the full principle, is derived by variational methods using Laplace functionals for certain pure
jump Markov processes that do not allow for an absolutely continuous change of measure. In
Budhiraja, Dupuis and Fischer [4], the path space Laplace principle for weakly interacting Itd
processes with measure-dependent and possibly degenerate diffusion matrix is established based
on a variational representation of Laplace functionals, weak convergence methods and ideas from
stochastic optimal control. The rate function is given in variational form.

The aim of this paper is to show that the large deviation principle holds with rate function
in relative entropy form also for weakly interacting systems that do not allow for an absolutely
continuous change of measure with respect to product distributions. The large deviation prin-
ciple in that form is a natural generalization of Sanov’s theorem. Two classes of systems will
be discussed: noise-based systems to which the contraction principle is applicable, and systems
described by weakly interacting Itd processes.

Remark 1.1. The random variables representing the states of the particles will be assumed to
take values in a Polish space. The space of probability measures over a Polish space will be
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equipped, for simplicity, with the standard topology of weak convergence. Continuity of a func-
tional with respect to the topology of weak convergence might be a rather restrictive condition.
This restriction can be alleviated by considering the space of probability measures that satisfy
an integrability condition (e.g., finite moments of a certain order), equipped with the topology
of weak(-star) convergence with respect to the corresponding class of continuous functions (for
instance, Section 2b) in Léonard [24]). The results presented below can be adapted to this more
general situation.

The rest of this paper is organized as follows. In Section 2, we collect basic definitions and
results of the theory of large deviations in the context of Polish spaces that will be used in the
sequel; standard references for our purposes are Dembo and Zeitouni [9] and Dupuis and El-
lis [12]. In Section 3, we introduce a toy model of discrete-time weakly interacting systems to
illustrate the use of Varadhan’s lemma, which in turn yields, at least formally, a representation of
the rate function in relative entropy form. In Section 4, a class of weakly interacting systems is
presented to which the contraction principle is applicable but not necessarily the usual change-
of-measure technique. The large deviation rate function is shown to be of the desired form thanks
to a contraction property of relative entropy. In Section 5, we discuss the case of weakly interact-
ing Itd diffusions with measure-dependent and possibly degenerate diffusion matrix studied in
Budhiraja, Dupuis and Fischer [4]. The variational form of the Laplace principle rate function es-
tablished there is shown to be expressible in relative entropy form. As a by-product, one obtains
a variational representation of relative entropy with respect to Wiener measure. The Appendix
contains two results regarding relative entropy: the contraction property mentioned above, which
extends a well-known invariance property (Appendix A), and a direct proof of the variational
representation of relative entropy with respect to Wiener measure (Appendix B). In Appendix C,
easily verifiable conditions entailing the hypotheses of the Laplace principle of Section 5 are
given.

2. Basic definitions and results

Let S be a Polish space (i.e., a separable topological space metrizable with a complete metric).
Denote by B(S) the o -algebra of Borel subsets of S and by P(S) the space of probability mea-
sures on B(S) equipped with the topology of weak convergence. For u, v € P(S), let R(v| )
denote the relative entropy of v with respect to u, that is,

d
R(v|lpm) = /5 log (i(@)v(dx), if v absolutely continuous w.r.t. i,

00, else.

Relative entropy is well defined as a [0, oo]-valued function, it is lower semicontinuous as a
function of both variables, and R(v||i) = 0 if and only if v = p.

Let (§"),en be a sequence of S-valued random variables. A rate function on S is a lower
semicontinuous function S — [0, oo]. Let I be a rate function on S. By lower semicontinuity,
the sublevel sets of I, that is, the sets 171 ([0, ¢]) for ¢ € [0, 00), are closed. A rate function is
said to be good if its sublevel sets are compact.
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Definition 2.1. The sequence (§™),cN satisfies the large deviation principle with rate function 1
if for all B € B(S),

1
— inf I(x) <liminf — logP{é;‘" € B}
xeB° n—oo n

1
§limsup—logP{$”eB}§— inf I(x),

n—oo N XEC](B)

where cl(B) denotes the closure and B° the interior of B.

Definition 2.2. The sequence (§") satisfies the Laplace principle with rate function I if for all
G € Cyp(S5),

lim —llogE[exp(—n -G(&")] = igg{l(x) +G)},

n—oo n

where Cp(S) denotes the space of all bounded continuous functions S — R.

Clearly, the large deviation principle (or Laplace principle) is a distributional property. The
rate function of a large deviation principle is unique; see, for instance, Lemma 4.1.4 in Dembo
and Zeitouni [9], page 117. The large deviation principle holds with a good rate function if and
only if the Laplace principle holds with a good rate function, and the rate function is the same;
see, for instance, Theorem 4.4.13 in Dembo and Zeitouni [9], page 146.

The fact that, for good rate functions, the large deviation principle implies the Laplace princi-
ple is a consequence of Varadhan’s integral lemma; see Theorem 3.4 in Varadhan [30]. Another
consequence of Varadhan’s lemma is the first of the following two basic transfer results, given
here as Theorem 2.1; cf. Theorem I1.7.2 in Ellis [13], page 52.

Theorem 2.1 (Change of measure, Varadhan). Let (§") be a sequence of S-valued random
variables such that (§™) satisfies the large deviation principle with good rate function I. Let
(EM)nen be a second sequence of S-valued random variables. Suppose that, for every n € N,
Law(£") is absolutely continuous with respect to Law(£") with density

dLaw(E")

m(x):exp(wF(x)), x eS8,

where F : S — R is continuous and such that

lim Timsup— log E[11.oc) (F(£")) - exp(n - F(£"))] = —oo.

L—-0co psoo N
Then (™) ,en satisfies the large deviation principle with good rate function I — F.

The second basic transfer result is the contraction principle, given here as Theorem 2.2; see,
for instance, Theorem 4.2.1 and Remark (c) in Dembo and Zeitouni [9], pages 126 and 127.
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Theorem 2.2 (Contraction principle). Let (§") be a sequence of S-valued random variables
such that (§") satisfies the large deviation principle with good rate function I. Let W :S — )
be a measurable function, Y a Polish space. If ¥ is continuous on 171 ([0, 00)), then (Y ("))
satisfies the large deviation principle with good rate function

J(y)= inf [I(x), yely,
xey~l(y)

where inf & = oo by convention.

Let X, X5, ... be S-valued independent and identically distributed random variables with
common distribution u € P(S) defined on some probability space (2, F,P). For n € N, let u”"
be the empirical measure of X1, ..., X,, thatis,

RN
,U«n(w)=;z;5x,-(w), w € Q,
=

where §, denotes the Dirac measure concentrated in x € S. Sanov’s theorem gives the large devi-
ation principle for (1), en in terms of relative entropy. For a proof, see, for instance, Section 6.2
in Dembo and Zeitouni [9], pages 260-266, or Chapter 2 in Dupuis and Ellis [12], pages 39-52.
Recall that P(S) is equipped with the topology of weak convergence of measures.

Theorem 2.3 (Sanov). The sequence (W")en of P(S)-valued random variables satisfies the
large deviation principle with good rate function

1(0) = RO ), 0 € P(S).

We are interested in analogous results for the empirical measures of weakly interacting sys-
tems. For N e N, let X {V e X % be S-valued random variables defined on some probability

space (2, Fn, Py). Denote by /LN the empirical measure of XN, ..., X?]’.

Definition 2.3. The triangular array (X,-N)NeN,ie{l
the following hold:

Ny is called a weakly interacting system if

,,,,,

(i) for each N € N, XN ..., X% is a finite exchangeable sequence;
(i) the family (MY nen of P(S)-valued random variables is tight.

Recall that a finite sequence Y7, ..., Yy of random variables with values in a common mea-
surable space is called exchangeable if its joint distribution is invariant under permutations of
the components, that is, Law (Y1, ..., Yy) = Law(Y5 (1), ..., Yo (n)) for every permutation o of
{1,..., N}. A weakly interacting system (X lN ) is said to satisfy the law of large numbers if there
exists u € P(S) such that (,uN ) converges to w in distribution or, equivalently, (Py o (,uN )y~ 1
converges weakly to §,,. Weakly interacting systems are sometimes called mean field systems. In
the situation of Theorem 2.3, setting XlN =X;,NeN,ie{l,..., N}, defines a weakly interact-
ing system that satisfies the law of large numbers, the limit measure being the common sample
distribution.



1770 M. Fischer

3. A toy model and the desired form of the rate function

For N € N, let (YiN (t))ie(1,...,N},ref0,1) be an independent family of standard normal real ran-
dom variables on some probability space (2, F,P). Let b:R — R be measurable; below we
will assume b to be bounded and continuous. Define real random variables X f/ ),....X x (1),
t €{0, 1}, by

N
. ) 1
XFO =y, X O=xT0)+5 > b(X) )+ YD), 3.1
Jj=1
We may interpret the variables X IN () as the states of the components of an N-particle system at
times ¢ € {0, 1}. This toy model can be obtained as the first two steps in a discrete time version

of a system of weakly interacting It6 diffusions; cf. the discussion following Example 4.3 below.
Let 1 be the empirical measure of the N-particle system on “path space,” that is,

1 1
= > SV = N D M omxtiawy @€
i=1 i=1

Notice that the components of XV are identically distributed and interact only through " since

N

Z b(x¥(0)) /zb(x)d,uN(x,)Z)

and the variables Y. iN (1) are independent and identically distributed. The sequence X%, ..., X %
of R?-valued random variables is exchangeable.
Let AV denote the empirical measure of Y’ N oY 1(}' . By Sanov’s theorem, (AN)yen satisfies

the large deviation principle with good rate function R(-||yp), where yp is the bivariate standard
normal distribution. Following the usual way of deriving the large deviation principle, we observe
that, for every N € N, the law of " is absolutely continuous with respect to the law of A". To
see this, set, fory, y € RV, 6 € P(R?),

(y = Z 1,30 mb(G)ﬁ/b(X)dG(x,i),

1 . N N T
= NZayi, my(y) = (fb(x)vy (dx),...,fb(x)vy (dx)) )
i=1

Define functions f:P(R?) x R — R and F: P(R?) — [—o0, o0) according to

1
£0,0.9) = (v +mp®) -5 = 5

o) - {/sz(e,(y,y))de(y,y), if £(0, ) is O-integrable,

—00, otherwise.
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Then the law of X" is absolutely continuous with respect to the law of YV with density given
by

dLaw(X™)

< - 1
m(y, y) zexp<(Y+mb(Y),Y)— §|y+mb(y)|2) (3.2)

=exp(N - F(Mé\;,y)))~

Since uVN = V&N(O)’XNU)) and AN = V(I\}]’N(O),YN(I))’ it follows from (3.2) that
ALawGe™) ) o (N-F@®), 0eP(R?) (3.3)
dLaw(AN) P ’ ' '

The densities given by (3.3) are of the form required by Theorem 2.1, the change of measure
version of Varadhan’s lemma. Assume from now on that b is bounded and continuous. Then
F' is upper semicontinuous and the tail condition in Theorem 2.1 is satisfied. However, F is
discontinuous at any 6 € P(R?) such that F () > —ooc. Indeed, let 1 be the univariate standard
Cauchy distribution and set 6, = (1 — 1)8 + 18y®n, n € N. Then 6, — 6 weakly, while F(6,) =
—oo for all n.

Although Theorem 2.1 cannot be applied directly, an approximation argument based on Varad-
han’s lemma could be used to show (cf. Remark 3.1 below) that the sequence of empirical mea-
sures (1) yen satisfies the large deviation principle with good rate function

16) = R@y) — F©), 6eP(R?). (3.4)

The function / in (3.4) can be rewritten in terms of relative entropy as follows. Define a mapping
R:P(R?) x R? - R? by

For 6 € P(R?), let W, (0) be the image measure of yy under (0, -). Then W, (0) is equivalent
to yp with density given by

dw,,(6)

v ()”i):eXP(f(Q,(y’y)))

If 6 is not absolutely continuous with respect to W, (9), then R(6(|¥,,(8)) =00 = RO | yo). If
6 is absolutely continuous with respect to Wy, (9), then

do
R(9||\IJV0(9))=/10g<d\p (9)>d9
Yo

- /1og<d—9) d —/1og<—d\py°(y0)>d9
Y0 dyo

= R(@lyo) — F(0).
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Consequently, for all 6 € P(Rz),
1(0) = R(0]1%,,(9)). (3.6)

Notice that W, () is the law of a one-particle system with measure variable frozen at 6; W, (0)
can also be interpreted as the solution of the McKean—Vlasov equation for the toy model with
measure variable frozen at 6.

Remark 3.1. A version of Varadhan’s lemma (or Theorem 2.1) that allows to rigorously derive
the large deviation principle for (u") with rate function in relative entropy form is provided by
Lemma 1.1 in Del Moral and Zajic [8]. Observe that the density of Law(X ") may be computed
with respect to product measures different from Law(Y") = ®" . A natural alternative is the
product N W, (14+), where 4 is the (unique) solution of the fixed point equation p = W, (10);
s can be seen as the McKean—Vlasov distribution of the toy model. We do not give the details
here. The results of Section 4, based on different arguments, will imply that (V) yen satisfies
the large deviation principle with good rate function / as given by (3.6); see Example 4.1 below.

Remark 3.2. Equation (3.6) gives the desired form of the rate function in terms of relative en-
tropy. More generally, suppose that W : P(S) — P(S) is continuous, where S is a Polish space.
Then the function

JO)=R(OI¥©®), 6ePS),

is lower semicontinuous with values in [0, oo], hence a rate function, and it is in relative entropy
form. The lower semicontinuity of J follows from the lower semicontinuity of relative entropy
jointly in both its arguments and the continuity of W. If, in addition, range(V) = {W¥(0): 0 €
P(S)} is compact in P(S), then the sublevel sets of J are compact and J is a good rate function.
Indeed, compactness of range(W) implies tightness, and the compactness of the sublevel sets
of J, which are closed by lower semicontinuity, follows as in the proof of Lemma 1.4.3(c) in
Dupuis and Ellis [12], pages 29-31.

4. Noise-based systems

Let X, Y be Polish spaces. For N € N, let X {V s X % be X'-valued random variables de-
fined on some probability space (Qu, Fy,Py). Denote by u” the empirical measure of
X {V s X % We suppose that there are a probability measure yg € P()) and a Borel measur-
able mapping ¢ : P(X) x Y — X such that the following representation for the triangular array
(XiN)ie{l ,,,,, N}, Nen holds: for each N € N, there is a sequence YN, .., Y/{,V of independent and
identically distributed )’-valued random variables on (2, Fn, Py) with common distribution
yo such that for alli € {1, ..., N},

XN () =y (uh, v (o)), Py-almost all w € Q. 4.1
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The above representation entails by symmetry that, for N fixed, the sequence XV, ..., X % is
exchangeable. Representation (4.1) also implies that V satisfies the equation

N
1
MN — v Z(SI/I(MN’Y}N), Py -almost surely. “4.2)
i=1
In order to describe the limit behavior of the sequence of empirical measures (1) yen, define
amapping ¥ : P()) x P(X) — P(X) by

(Vo) > W, () =y oy (i, ). 4.3)

Thus W, (u) is the image measure of y under the mapping )V 5 y = ¥ (u, y). Equivalently,
W, (u) =Law (v (1, Y)) with ¥ any Y-valued random variable with distribution y . Limit points
of (u™) yen will be described in terms of solutions to the fixed point equation

=V, . “4.4)

Assume that there is a Borel measurable set D C P())) such that the following properties
hold:

(A1) Equation (4.4) has a unique fixed point u.(y) for every y € D, and the mapping D >
y > us(y) € P(X) is Borel measurable.
(A2) Forall N e N,

N
1
®Nyo{(y1,...,yN)eyN: NZS” eD}=1.
i=1

(A3) If y € P(Y) is such that R(y [|yp) < oo, then y € D and pyp is continuous at y.

Assumption (A2) implies that (4.4) possesses a unique solution for almost all (with respect to
products of yg) probability measures of empirical measure form. Such probability measures are
therefore in the domain of definition of the mapping w,p. According to assumption (A3), also
all probability measures y with finite yy-relative entropy are in the domain of definition of iy p,
which is continuous at any such y in the topology of weak convergence.

Theorem 4.1. Grant (A1)—(A3). Then the sequence (1) yen satisfies the large deviation prin-
ciple with good rate function I : P(X) — [0, oo] given by

I(n) = inf R(ylv0),
y€D: s (y)=n i

where inf & = 0o by convention.
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Proof. The assertion follows from Sanov’s theorem and the contraction principle. To see this,
let AN denote the empirical measure of Y N oY 1{}’ . Then for Py-almost all w € Qp,

N
1 .
Moy =37 28w oy = 2o 0¥ () = Wiy (a)- (4.5)
i=1

Thus, u™ = W, v (V) with probability one. For Py-almost all w € Qy, AY € D by assumption
(A2) and, by uniqueness according to (A1), 1« (AY) = uN. By Theorem 2.3 (Sanov), (AV) yen
satisfies the large deviation principle with good rate function R(-|yp). By assumption (A3),
W« (+) is defined and continuous on {y € P()): R(y|yo) < co}. Theorem 2.2 (contraction prin-
ciple) therefore applies, and it follows that (M*(AN ))NeN, hence ([,LN )NeN, satisfies the large
deviation principle with good rate function

PX)on+— inf R(yllyo)-
1 y €D (y)=1 vin U

The rate function of Theorem 4.1 can be expressed in relative entropy form as in Remark 3.2.
The key observation is the contraction property of relative entropy established in Lemma A.1 in
the Appendix.

Corollary 4.2. Let I be the rate function of Theorem 4.1. Then for all n € P(X),
1(m) = R(n[¥y, ().

Proof. Let n € P(X). The mapping P()) 3 y — W, () € P(X) is Borel measurable. Since
{y e P(X): R(y|lyo) <00} CD and inf & = oo,

inf R(yllyo) = inf R(yllyo) = inf R(y llyo).
y€D s (y)=n yeD:¥), (n)=n yeP):¥, (n)=n

By Lemma A.1, it follows that

inf R(yllvo) = R(nllYy, ().
yePYV):Wy (n=n (7119, ) 0

Example 4.1. Consider the toy model of Section 3. Suppose that b € C,(R). Then 6 — mj(0) =
f b(x)dO(x, x) is bounded and continuous as a mapping P(R?) — R. Observe that mp(6) de-
pends only on the first marginal of . Set X’ = R2, Y =R2, let o be the bivariate standard normal
distribution, and define ¥ : P(R?) x R? — R? according to (3.5). Recalling (3.1), one sees that
the toy model satisfies representation (4.1). Based on 1, define W according to (4.3). Given any
y € P(R?), the mapping u — W, (u) possesses a unique fixed point . (y). To see this, sup-
pose that § € P(R?) is a fixed point, that is, 6 = W, (0)=yoy(0, 971 Let X = (X(0), X (1)),
Y = (Y(0), Y(1)) be two R2-valued random variables on some probability space (2, F, P) with
distribution 6 and y, respectively. By the fixed point property, Law(X) = Law(y (6, Y)). By def-
inition of i, Law(X (0)) = Law(Y (0)). Since m(6) depends on 6 = Law(X) only through its
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first marginal, which is equal to Law(X (0)) = Law(Y (0)), we have m;(8) = my(y). It follows
that, for all By, B1 € B(R),

P(X (1) € B1|1X(0) € Bo) =P(Y(0) + mp(y) + Y (1) € B1|Y(0) € By).

This determines the conditional distribution of X (1) given X (0) and, since Law(X(0)) =
Law(Y (0)), also the joint law of X (0) and X (1). In fact, Law(X) = ¥, (y). Consequently,
x(y) = ¥y, (y) is the unique solution of (4.4). By the extended mapping theorem for weak
convergence (Theorem 5.5 in Billingsley [1], page 34) and since my(-) € Cp,(P(R?)), the map-
ping (¥, ) = W, (y) is continuous as a function PR?) x P(R?) — P(R?). It follows that
the mapping y — w+«(y) = ¥, (y) is continuous. Assumptions (A1)—(A3) are therefore satisfied
with the choice D = P(RR?). By Corollary 4.2, the sequence of empirical measures (1) for the
toy model satisfies the large deviation principle with good rate function I given by (3.6). Ob-
serve that the distribution ) need not be the bivariate standard normal distribution for the large
deviation principle to hold; it can be any probability measure on B(R?).

Example 4.2. Consider the following variation on the toy model of Section 3 and Example 4.1.
For N € N, let (YiN (t))ie(1,...,N},tef0,1} be independent standard normal real random variables
as above. Denote by y the bivariate standard normal distribution and let B € B(R) be a yp-
continuity set, that is, y0(9(B x R)) =0, where d(B x R) is the boundary of B x R. Define real
random variables X} (¢), ..., XN (1), t € {0, 1}, by

1 N
o=y, X O=x'0+5 (Zl 1B(X§V(0))) YN ).
Jj=

For this new toy model, define v : P(R?) x R? — R? by

¥ (i, (v, ) = (. y + u(B xR) - ).

With this choice of ¥, representation (4.1) holds and v is measurable as composition of measur-
able maps since u — (B x R) is measurable with respect to the Borel o -algebra induced by the
topology of weak convergence. Based on v, define W according to (4.3). As in Example 4.1, one
checks that the fixed point equation (4.4) possesses a unique solution w4 (y) = W,, (y) for every
y € P(R?). However, if 3(B x R) # @, then () is not continuous on P(R?). On the other
hand, if y € P(R?) is such that R(y ||y9) < oo, then y is absolutely continuous with respect to
Y0, so that B x R is also a y-continuity set. By the extended mapping theorem, it follows that
W«(+) is continuous at any such y. Assumptions (A1)—(A3) are therefore satisfied, again with
the choice D = P(RR?), and Corollary 4.2 yields the large deviation principle. In this example, if
y0(B x R) < 1, then the distribution of ,uN , the empirical measure of X N X %, is not abso-
lutely continuous with respect to AN the empirical measure of YN, ..., Y/\,V . Indeed, in this case,
the event {v(l\y’)y) :y € RV} ¢ P(R?), where vf\y”y) is defined as in Section 3, has strictly positive
N)fl

probability with respect to P o ( , while it has probability zero with respect to P o (AN)~!.
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Example 4.3 (Discrete time systems). Let T € N. Let Xy, ) be Polish spaces, and let X', ) be
the Polish product spaces X = (Xp)T+! and ) = (V)T !, respectively. Let

o : Yo — Xo, o:{l,..., T} x X x P(Xp) x Yo — X

be measurable maps. Let yg € P()) and, for N € N, let YN .Y ]{,V be independent and iden-
tically distributed )-valued random variables defined on some probability space (Q2y, Fn, Py)
with common distribution . Write Yl.N = (YiN (t)tefo,...,7y and define X'-valued random vari-
ables Xf’, e, lex\; with XZN = (XiN(t))te{o T) recursively by

XN (0) = go (YN (0)), (4.6)
XN+ =p(t+1,XN0), 10, YN+ 1), te{0,...,T —1},

where puN (1) = % ZIN=1 1) XV is the empirical measure of X Noo.X 11\\,’ at marginal (or time) ¢.
In analogy with (4.6), define ¥ : P(X) x Y — X according to (i, y) = (u, (o, ..., yr)) >
Y(w,y) =x with x = (xg, ..., x7) given by

x0 = ¢o0(y0), @7

xt+1i(p(t+17x[9l’l/(t)’yl+1)’ te{oa"'3T_1}’

where () is the marginal of p € P(X) at time ¢. Then ¢ is measurable as a composition of
measurable maps, and representation (4.1) holds. Based on ¥/, define W according to (4.3). Using
the recursive structure of (4.6) and the components of ¥ according to (4.7), one checks that the
fixed point equation (4.4) has a unique solution w.(y) given any y € D = P()). To be more
precise, define functions ¢; : P(Xp)! x Y — Xy, t € {0, ..., T}, recursively by

©o(y) = wo(yo),
(4.8)

@ (0. ... 1), y) = @(t. @1 ((@0. . ... —2), ¥), €r—1. Y1)

Notice that ¢; depends on y = (yg, ..., yr) € YV only through (yo, ..., y;). Given y € P(}),
recursively define probability measures o;(y) € P(Xy), t € {0, ..., T}, according to

() =yog
» 4.9)
Olt()’)i)’Oﬁl_’t((ao()/),---,at—l()/))a') s tG{l,...,T}.

The mapping P()) 2 y — a,(y) € P(&p) is measurable for every t € {0,..., T}. Define
O:PX)T x Y — X by

®((@0, ..., ar-1),y) = (Po(y), @1 (0, ¥), .-, o1 ((@0, - .., ¥7—1), Y)).- (4.10)

Then the mapping y — y o @ (oo (y), ..., a7—1(¥)), ~)’1 is measurable and provides the unique
fixed point of (4.4) with noise distribution y € P(})). In fact,

1) =y 0 ®((ao(), ..., ar1(1), ). (4.11)
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Writing w4 (¢, ) for the r-marginal of 1. (y), we also notice that
ps(t, y) =a;(y) =y o @ ((@o(¥), ..., cr—1(»)),-) .
If ¢o, ¢ are continuous maps, then it follows by (4.11) and the extended mapping theorem that

W«(+) is continuous on D = P(}), and Corollary 4.2 yields the large deviation principle for the
sequence of “path space” empirical measures (1) yen.

Example 4.3 comprises a large class of discrete time weakly interacting systems. The se-
quence of (Xp)" -valued random variables XV (0), ..., XV (T') given by (4.6) enjoys the Markov
property if the ())p)"-valued random variables YV (0),..., YN (T) are independent (since
YlN yeees YI{,V are assumed to be independent and identically distributed with common distribu-
tion yp, this amounts to requiring that yo be of product form, that is, yp = ®IT=0 v; for some
V0, ..., V7 € P(Q))). In particular, discrete time versions of weakly interacting Itd processes as
considered in Section 5 are covered by Example 4.3. More precisely, assuming coefficients of
diffusion type and using a standard Euler—Maruyana scheme for the system of stochastic differ-
ential equations (5.1) and the corresponding limit equation (5.2), one would choose T € N and
h > 0 sothat & - T corresponds to the continuous time horizon, set Xy = R4, Yo = R4, define
o {l,...., T} x R x P(Xy) x Yo — Xy according to

ot x,v, ) =x +b((t — Dh,x,v)h + R -6 ((t = Dh,x,v)y,

and set yp = QT+ for some v € P(R) with mean zero and identity covariance matrix (in
particular, v = N(0, Idg, ) the d;-variate standard normal distribution). In Section 5 we assume
for simplicity that all component processes have the same deterministic initial condition; this
corresponds to setting ¢y = xq for some xo € RY. If the drift coefficient b and the dispersion
coefficient o are continuous, then so is ¢, and Corollary 4.2 applies.

Example 4.3 also applies to finite state discrete time weakly interacting Markov chains, which
arise as discrete time versions of the mean field systems found, for instance, in the analy-
sis of large communication networks, especially WLANs (cf. Duffy [11], for an overview).
In this situation, the functions ¢g, ¢ are in general discontinuous in y € )j; yet the hy-
potheses of Corollary 4.2 are still satisfied. To be more precise, let S = {sq,..., sy} be a fi-
nite set, and let ¢:S — {1,..., M} be the natural bijection between elements of S and their
indices (thus i(s;) =i for every i € {1,..., M}). The space of probability measures P(S)
can be identified with {p € [0, 1M 212/1:1 pr = 1} endowed with the standard metric. For
t € No, let a;; (t, ) :P(S) — [0,1], 4, j € {1, ..., M}, be measurable maps such that, for every
p € P(S), A(t, p) = (a;j(t, p))i,je(1,...m) is a transition probability matrix on S = {1, ..., M}.
Letg € P(S). Using the notation of Example 4.3, fix T € N,set Xy =S, Yo = [0, 1], X = XOT“,
and Y = Y ; define g1 {1,..., T} x Xy x P(Xp) x Vo — Xp by

M
¢t x, p.y) = _X;S-/ ’ 1(2',5;} at(x)k(t_lvp)’z'lizl %(x)k(t—l,p)](y)’
]=
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and let ¢g : Vo — Ap be given by

M
wo(y) = Zsj ’ 1(2,{;qu,2£:1 qk](y)'

J=1

Set yp = ®T+1)L[0,1] with Ajo,1] Lebesgue measure on B([0, 1]) = B()b). For N € N, let
Y IN R 4 IZVV be independent and identically distributed )-valued random variables with common

.....

recursively by (4.6). Observe that X {v ©0),....X % (0) are independent and identically distributed
with common distribution g. Moreover, forallt € {0,..., T — 1},allze S N ,

Py (XN + 1) =2xV0),..., x" 1)

N
= 1_[ 4 xN )uz) (1, 1 ) (4.12)

i=l1
:exp(N : [Slog(a[(x)L(Zi)(t, ,uN(t)))uN(t,dx)>,

where log(0) = —o0, e~ = 0. It follows that (XN(t))le{o,wT} is a Markov chain with state
space SN. Equation (4.12) also implies that (,U,N (t))zef0,..., 7} is @ Markov chain with transition
probabilities given by

N
1
N —
PN(u (t+1)—ﬁ_leaz,-
1=

- Z exp(N-/Slog(at(xﬂ(zi)(t,uN(t)))uN(t,dx)>,

zep(z)

xNo,..., XN(t))

where p(z) indicates the set of elements of SV that arise by permuting the components of z € SV.
Fori € {1,..., N}, again by (4.12), the process couple ((XiN(t), MN(I)))ze{o,,..,T} is a Markov
chain with state space S x P(S), and its law does not depend on the component i. Define the
function i according to (4.7), and define W according to (4.3). As in the more general situation
of Example 4.3, equation (4.4) (i.e., the fixed point equation ¥, (1) = 1) has a unique solution
U« (y) given any y € D = P()), representation (4.11) holds for . (y), and the mapping P(}) >
¥ = wy(y) € P(X) is measurable. Let us assume that the maps p > a;; (¢, p) are continuous for
alli,je{l,..., M}, t € Ny. In order to verify the hypotheses of Corollary 4.2, it then remains
to check that . (-) is continuous at any y € P())) such that R(y|yy) < oo. To do this, take
y € P()) absolutely continuous with respect to yy, and let (y,,) C P()) be such that y, — y
as n — oo. Recall (4.8), the definition of the functions ¢;, and (4.9), the definition of the maps
y > o (y).Fort €{0,..., T} set

D, ={ye): E!(y”)neN C Y such that, as n — oo, y" — y but

@i ((@o@n)s - ovtim1 (). ¥") » @ ((0(P), ... a1 (7)), ¥) }-
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By definition of ¢y and ¢, we have

j
Do € {yey: Yo € {qu: je{O,...,M}”.

k=1

It follows that y9(Dg) = 0 and, since y is absolutely continuous with respect to yy, ¥ (Do) = 0.
The extended mapping theorem implies that «o(y,) — «o(y) as n — oo. Using this conver-
gence, the definition of ¢; in terms of ¢, the continuity of p + a;;(¢, p), and the fact that ¢ is
continuous on ) \ Dy, we find that

J
D1 € DyU [y eY:y e Zal(@(y))k((),ao(?))I Jj €10, .--,M}} }
k=1

Since ¢o(y) depends on y only through yg (in fact, ¢o(y) = ¢o(y0)), it follows that yo(D1) =0,
hence y(D;) = 0. The extended mapping theorem in the version of Theorem 5.5 in Billings-
ley [1], page 34, implies that o1 (y,) — «1(y) as n — oo. Proceeding by induction over ¢, one
checks that

D; € DU ---UD;_

j
U {y €Yy e {Zaz@,_.«aom ..... a okt = La1(P)): j € {07---7M}”

k=1

and, since ¢;—1((@o(y), ..., :—1(¥)), y) depends on y only through the components (yy, ...,
vi—1), Yo(D;) =0 = y(Dy), which implies that o, (y,) — o;(y) as n — oco. Set D = Uszo D;
and recall (4.10), the definition of ®. Let y € ), (y")nen C Y be such that y" — y as n — oo.
Then

O((@o (), - ar—1 (7)), ") = @((@o(P), .., ar—1(7),¥)  ify¢D.
Since (D) = 0=y (D), the extended mapping theorem yields

—1n—oo ~

7n 0 ®((00Fn)s - ar— 1)), ) = 7 0 (o), - ar—1 (7)), )

Recalling representation (4.11) we conclude that

s () = e (),

which establishes continuity of u,(-) at any y with R(y|yp) < oo since any such y is abso-
lutely continuous with respect to yp. Under the assumption that the maps p — a;;(t, p) are
continuous, we have thus derived the large deviation principle for (,uN )NeN With rate func-
tion n = R(n||¥y,(1)); here W, (17) coincides with the law of a time-inhomogeneous S-valued
Markov chain with initial distribution ¢ and transition matrices A(t, n(¢)),t € {0, ..., T —1}. The
same arguments and a completely analogous construction work for weakly interacting Markov
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chains with countably infinite state space S. Notice that we need not require the transition prob-
abilities a;; (¢, p) to be bounded away from zero; in particular, whether a;; (¢, p) is equal to zero
or strictly positive may depend on the measure variable p.

5. Weakly interacting Ito processes

In this section, we consider weakly interacting systems described by Itd processes as studied in
Budhiraja, Dupuis and Fischer [4]. We show that the Laplace principle rate function derived there
in variational form can be expressed in non-variational form in terms of relative entropy. We do
not give the most general conditions under which the results hold; in particular, we assume here
that all particles obey the same deterministic initial condition.

Let T > 0 be a finite time horizon, let d,d; € N, and let xg € R?. Set X = C([0, T],RY),
Y = C([0, T], R%), equipped with the maximum norm topology. Let b, o be predictable func-
tionals defined on [0, T] x X x P(Rd ) with values in R4 and R9>41, respectively. For N € N,
let (Qy, FN,Py), (]-"tN )) be a stochastic basis satisfying the usual hypotheses and carrying N
independent d;-dimensional (.7-'tN ))-Wiener processes WiV, ..., W,[\\,I . The N-particle system is
described by the solution to the system of stochastic differential equations

dxN @)y =b(r, XN, uN @) dt + o (r, XN, 1N (0) dWN 1) (5.1
with initial condition X [N (0) = xq, i € {1,..., N}, where u™(¢) is the empirical measure of
X{V, ,X% at time ¢ € [0, T], that is,

N
1
MN(t’w)ZﬁzaxiN(t,w)’ w € QN.
i=1

The coefficients b, o in (5.1) may depend on the entire history of the solution trajectory, not
only its current value as in the diffusion case. In the diffusion case, in fact, one has b(¢, ¢, v) =
b(t, o(t),v),0(t,¢,v)=0(t, (), v) for some functions b, & defined on [0, T] x R x P(RY),
and the solution process X is a Markov process with state space RV*¢.

Denote by /,LN the empirical measure of (X {V yeers X ,1\\5 ) over the time interval [0, T], that is,
w! is the P(X)-valued random variable defined by

N

1

N -

Ly = NZSX,N("‘U)’ weQy.
i=1

The asymptotic behavior of 4" as N tends to infinity can be characterized in terms of solutions
to the “non-linear” stochastic differential equation
dX @) = b(t, X, Law(X (t))) dt+o (t, X, Law(X (t))) dw (1) (5.2)

with Law(X (0)) = 8,,, where W is a standard d;-dimensional Wiener process defined on some
stochastic basis. Notice that the law of the solution itself appears in the coefficients of (5.2).
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In the diffusion case, the corresponding Kolmogorov forward equation is therefore a non-linear
parabolic partial differential equation, and it corresponds to the McKean—Vlasov equation of the
weakly interacting system defined by (5.1).

For the statement of the Laplace principle, we need to consider controlled versions of (5.1)
and (5.2), respectively. For N € N, let Uy be the space of all (FV)-progressively measurable
functions u : [0, T] x Qy — RN>d1 guch that

N .1
Ey [Z/ |u,~(;)|2dt] < o0,
i=1 70

where u = (u1,...,uy) and Ey denotes expectation with respect to Py. Given u € Uy, the
counterpart of (5.1) is the system of controlled stochastic differential equations

dxN @) =b(t, XN, iV @) dt + o (¢, XN, @V (0))ui (1) de

5.3)
+o (e, XY, 2N @) dw @)
with initial condition X IN (0) = xo, where ,aN (t) denotes the empirical measure of XN, ... X x

at time 7.

Let U be the set of quadruples ((2, F,P), (F;),u, W) such that the pair ((2, F,P), (F;))
forms a stochastic basis satisfying the usual hypotheses, W is a d;-dimensional (F;)-Wiener
process, and u is an R%!-valued (F;)-progressively measurable process such that

T 2
E[/ |u()| dt}<oo.
0

For simplicity, we may write u € U instead of ((2, F,P), (F;),u, W) € U. Given u € U, the
counterpart of (5.2) is the controlled “non-linear” stochastic differential equation

dX (1) =b(t, X, Law(X (1)) dt + o (t, X, Law(X (1)) )u(t) dt
B B 5.4
+o(r, X, Law(X (1)) dW (1)

with initial condition Law(X (0)) = 8y, A solution of (5.4) under u € U is a continuous R4-
valued process X defined on the given stochastic basis and adapted to the given filtration such
that the integral version of (5.4) holds with probability one. Denote by R the space of determin-
istic relaxed controls with finite first moments, that is, R is the set of all positive measures on
B@®RM x [0, T1) such that (R x [0, 1]) =1 forall # € [0, T] and [pa, (o YIr(dy x dr) < co.
Equip R with the topology of weak convergence of measures plus convergence of first mo-
ments. Let u € Y. The joint distribution of (1, W) can be identified with a probability measure
on B(R; x V). If X is a solution of (5.4) under u, then the joint distribution of (X,u, W) can be
identified with a probability measure on B(Z), where Z =X x Ry x ).

Definition 5.1. Weak uniqueness of solutions is said to hold for (5.4) if, whenever u, u € U and
X, X are two solutions of (5. 4) under u and u, respectively, such that P o X! =PoX )1,
then P o (X, u, W)= = Po (X, u, W) 1 as probability measures on B(X x Ry x )).
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Notice that here we give a process version of what can be equivalently formulated in terms of
probability measures on 5(Z). Indeed, any integrable control process u corresponds to an R |-
valued random variable. On the other hand, since the control appears linearly in (5.3) and (5.4),
given any adapted R-valued random variable, one can find an integrable control process that
produces the same solution process X (cf. Sections 2 and 6 in Budhiraja, Dupuis and Fischer [4]).

Remark 5.1. In Budhiraja, Dupuis and Fischer [4], weak uniqueness for (5.4) is required to hold
over the class of all ® € P(Z) that correspond to a weak solution of (5.4). This requirement is
stronger than necessary. As can be seen from the definition of the rate function and the proof
of Theorem 3.1 (and Theorem 7.1) there,! it suffices to have weak uniqueness for (5.4) over the
class of all ® € P(Z) that correspond to a weak solution of (5.4) and are such that

/ / Iy|?r(dy x d)®(dg x dr x dw) < oo.
Z JRA x[0,T]

This is equivalent to requiring weak uniqueness of solutions for (5.4) with respect to U/ as in
Definition 5.1 above.

The Laplace principle given in Theorem 5.1 below is a version of Theorem 7.1 in Budhiraja,
Dupuis and Fischer [4]; also cf. Theorem 3.1 and Remark 3.2 there. The following assumptions
are sufficient for the Laplace principle to hold:

(H1) The functions b(t, -, -), o (¢, -, ) are uniformly continuous and bounded on sets B x P
whenever B C X is bounded and P C P(RY) is compact, uniformly in ¢ € [0, T'].

(H2) For all N € N, existence and uniqueness of solutions holds in the strong sense for the
system of N equations given by (5.1).

(H3) Weak uniqueness of solutions holds for (5.4).

(H4) If u™ eUyn, N €N, are such that

)
sup E[NZ/O |u§V(z)|2dt] <00,
i=1

NeN

then {2": N e N} is tight as a family of P(X)-valued random variables, where 1" is the em-
pirical measure of the solution to the system of equations (5.3) under u™.

Theorem 5.1 (Budhiraja, Dupuis and Fischer [4]). Grant (H1)-(H4). Then the sequence
(UMY Nen of P(X)-valued random variables satisfies the Laplace principle with rate function

In the notation of Budhiraja, Dupuis and Fischer [4], it follows from the proof of Lemma 5.1 there and a version
of Fatou’s lemma, that if Q is a limit point in the sense of convergence in distribution of the sequence of P(Z)-
valued random variables QN, then fz f]Rdl X[0.T] |y\2r(dy x df)Q(dg x dr x dw) < oo with probability one. As to
the rate function and the Laplace upper bound, notice that the class P only contains measures ® € P(Z) such that
Iz fedi 0.7 [y[2r(dy x d))®(dg x dr x dw) < co.
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1:P(X)— [0, o] given by

1 T
10)=  inf E[—/ |u(t)|2dt],
ueld:Law(X")=60 2 0

where X" is a solution of (5.4) over the time interval [0, T with Law (X (0)) = 8xo> and inf & =
oo by convention.

Remark 5.2. The function I of Theorem 5.1 is indeed a rate function, that is, / is lower semi-
continuous with values in [0, oo]. The following hypothesis, which is analogous to the stability
condition (H4), is sufficient to guarantee goodness of the rate function.

(H') If (un)neny CU is such that sup, .y En[fOT lun ()| dt] < oo, then {Law(X""): n € N} is
tight in P(X).

Under this additional assumption, / is a good rate function and the Laplace principle implies the
large deviation principle.

Consider the special case in which d = dp, xo =0, b =0, and o0 = Id,. In this case, X =)
and " is the empirical measure of N independent Wiener processes W, ..., W]{}’ . Let yp be
Wiener measure on 5())). Since Law(Wl.N ) = yp, Sanov’s theorem implies that the sequence
(u™N)yen satisfies the large deviation / Laplace principle with good rate function R(-||y). On
the other hand, by Theorem 5.1, (1V) yen satisfies the Laplace principle with rate function

T
J(y) = inf E[%/ \u(t)|2dt], y e P()),
0

ueld:Law(Y)=y

where Y is the process given by
t
Y (1) ﬁ/ u(s)ds+ W),  te€l0,T]. (5.5)
0

One checks that J:P()) — [0, oo] has compact sublevel sets, hence is a good rate function. It
follows that J coincides with the rate function obtained from Sanov’s theorem. Consequently,
forall y € P(}),

1 T
Ryly) = inf E[E [ |u(t)|2dt] (5:6)

ueld:Law(Y*)=y

Remark 5.3. Equation (5.6) provides a “weak” variational representation of relative entropy
with respect to Wiener measure. In Appendix B, we give a direct proof of (5.6). The variational
representation is weak in the sense that the underlying stochastic basis may vary. In particular, the
control process # may be adapted to a filtration that is strictly bigger than the natural filtration
of the Wiener process. Notice that expectation in (5.6) is taken with respect to the probability
measure of the stochastic basis that comes with the control process u.
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Remark 5.4. Representation (5.6) may be compared to the following result obtained by
Ustiinel [29]. Take as stochastic basis the canonical set-up; in our notation, (()V, B(}), v0), (B)),
where (B;) is the canonical filtration. Let W be the coordinate process. Thus, W is a d;-
dimensional Wiener process under yo with respect to (3;). Let u be an R% -valued (B;)-

progressively measurable process such that E,, [ fOT lu(1)|?dr] < 0o. Consider Y* = fo u(s)ds +
W (). Since Y“(-, w) = fo u(s, w)ds + w(-) for all w € Y, Y* induces a Borel measurable map-
ping Y — V. Set y = yg o (Y*)~!. By Theorem 8 in Ustiinel [29],

1 T
R(ylvo) SE)/O|:§/O !u(t)|2dt:|. (5.7

Assume in addition that u is such that

T 1 T 2
E[exp(—/ u(t)~dW(t)——/ 1G] dt>:|=1,
0 2Jo

and that, for some R%! -valued (B;)-progressively measurable process v,

T T
d_y = exp(—/ v(t) - dW (@) — l/ |v(t)|2dt>, Yo-a.S.
dyo 0 2 Jo

Theorem 7 in Ustiinel [29] then states that equality holds in (5.7) if and only if Y* is yp-almost
surely invertible as a mapping ) — ) with inverse YV = fo v(s)ds + W(-). For similar results
on abstract Wiener spaces see Lassalle [23]; Corollary 8 and Remark 4 in Section 7 therein might
be compared to Lemma B.1 in Appendix B here.

Let us return to the general case. Given 6 € P(X), denote by 6(¢) the marginal distribution of
6 at time ¢ and consider the stochastic differential equation

dX(t):b(t,X,Q(t)) dt—i—a(t,X,@(t)) dwW (). (5.8)

Equation (5.8) results from freezing the measure variable in (5.2) at 6. We will assume existence
and pathwise uniqueness for (5.8).

(HS5) Given any 0 € P(X), weak existence and pathwise uniqueness hold for (5.8).

Based on representation (5.6) and the contraction property of relative entropy, the rate function
of Theorem 5.1 can be shown to be of relative entropy form.
Theorem 5.2. Grant (H1)—(H5). Then the rate function 1 of Theorem 5.1 can be expressed in
relative entropy form as

16)=R(60]1¥(©)), 0 € P(X),

where V(0) is the law of the unique solution of (5.8) under 6 over the time interval [0, T] with
initial condition X (0) = x.
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Remark 5.5. The hypotheses of Theorem 5.2 are satisfied if b, o are locally Lipschitz continuous
with o uniformly bounded and b of sub-linear growth in the trajectory variable; see Appendix C.
These sufficient conditions are at the same time more restrictive and more general than the as-
sumptions made in Dawson and Giértner [6], where the large deviation principle is derived for
weakly interacting Itd diffusions. There the coefficients are only required to be continuous, where
continuity in the measure variable is with respect to an inductive topology that is stronger than
the topology of weak convergence (but cf. Remark 1.1 above), and to satisfy a coercivity con-
dition that allows for sub-linear growth of the dispersion coefficient and for super-linear growth
of the drift vector in “stabilizing” directions. On the other hand, in Dawson and Gértner [6] the
diffusion matrix has to be non-degenerate and independent of the measure variable, while here
we can have degeneracy of o' as well as measure dependence. Lastly, since here both b and
o are functions of the entire trajectory history, one can capture systems with delay in the state
dynamics.

Remark 5.6. Assumption (HS5) can be weakened by requiring weak existence and pathwise
uniqueness of solutions to (5.8) only for 6 € P(X) such that 7(6) < co. Those measures 6
are, by definition of /, distributions of Itd processes. The function W introduced in Theorem 5.2
would then be defined only on the effective domain of [; for 6 € P(&") with I(8) = oo, one can
then choose W (0) in such a way that 6 is not absolutely continuous with respect to W (0) (e.g.,
by choosing between two Dirac measures).

Proof of Theorem 5.2. Let 6 € P(X’). By hypothesis, weak existence and pathwise uniqueness
hold for (5.8). By aresult originally due to Yamada and Watanabe [31] (also cf. Kallenberg [20]),
there is a Borel measurable mapping v : R? x JJ — X such that

Yo (xg, W) =X, P-almost surely, 5.9

whenever X is a solution of (5.8) under 0 over time [0, 7'] with initial condition X (0) = x¢ on
some stochastic basis ((€2, F, P), (F;)) carrying a d;-dimensional Wiener process W. For such
a solution, W () = Law(X) by definition. Set ¥y (-) = ¥y (xg, -), and let y9 be Wiener measure
on B()). By (5.9), W(0) = v9(y0) = yo 0 w;l. By Lemma A.1, the contraction property of
relative entropy, and representation (5.6) it follows that

R(OI1¥(6)) = R(011¥6 (1))

= inf R(ylvo)
yePONI=0

1 T
= inf inf_ E[—/ |u(t)|2dt]
yePO) W ()= uell:Law(¥)=y L2 Jo

1 T
- inf E[—/ ]u(t)|2dt:|,
ueld:Law(yp (¥ )=0 |2 Jo
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where Y* is defined by (5.5). Let u € U, and set X" = Ve (Y"). Then, as a consequence of (5.9),
X" solves

dX (@) =b(r, X, 0))dt + o (¢, X,000))u()dt + o (1, X,0()) dW (1)

with initial distribution 8y,. If u is such that Law (g (Y")) = 6, then X" is a solution of (5.4)
under u with initial distribution §,,. By assumption (H3), weak uniqueness holds for (5.4), hence
Law(X") = Law(X") whenever X" is a solution of (5.4) under u with Law(X“(0)) = Oxp- It
follows that

T
R(611(6)) = inf EB/ |u(t)|2dti|
0

ueld:Law (g (Y*))=6

. 1T 2
= inf . E|= [ |u@®)| dt
ueld:Law(Xy=6 |2 Jo

=1(9),
where [ is the rate function of Theorem 5.1. O

Remark 5.7. Assuming in addition to (H1)-(H4) hypothesis (H') of Remark 5.2, Theorem 5.2
can be proved by applying both Sanov’s theorem and Theorem 5.1 to the weakly interacting
system given by equations (5.1) with measure variable frozen at 6 € P(X) and then evaluating
the resulting rate functions at 6.

Appendix A: Contraction property of relative entropy

Let X, Y be Polish spaces. Denote by Il x, ITy the collection of all finite and measurable parti-
tions of X and )/, respectively. Recall that relative entropy can be approximated in terms of finite
sums; for n, v € P(X),

A
R(nlv)= sup Y 1(A) m(ﬁ), (A1)

rerly = v(A)

see, for instance, Lemma 1.4.3(g) in Dupuis and Ellis [12], page 30. For ¢ : JJ — X measurable,
y € P()), denote by ¥/ (y) =y o ¢! the image measure of y under .

The following lemma extends the invariance property of relative entropy under bijective bi-
measurable mappings as given by Lemma E.2.1 in Dupuis and Ellis [12], page 366, to arbitrary
measurable transformations; also cf. Theorem 2.4.1 in Kullback [22], pages 19 and 20, where the
inequality that is implied by Lemma A.1 is established.

Lemma A.1. Let v :Y — X be a Borel measurable mapping. Let n € P(X), yo € P()). Then

R(nll¥ (r0)) = yeP()jggf(y):;; R(yllvo), (A.2)
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where inf & = 0o by convention.

Proof. Suppose y € P(}) is such that y(y) = 5. Then, by (A.1) and the definition of image
measure,

n(A) )
R = A
(v (v)) nset;[pxgn() g<¢(y0)(A)
-1
. I Gty
zrself'[prgr ( ) J/O(I/fil(A))

sup Y y(B )log<y((B))>

mwelly Bey—1(n)

y(B
sup Y y(B)l g( ((B))>

JTEHy Be#n
= Ry Iy,

I A

where 1! (;r) denotes the partition of )V induced by the inverse images of . More precisely,
v 1(w) = {1 (A): A e x}. Notice that y ~! () is indeed a finite and measurable partition of
Y since 7 is a finite and measurable partition of X', inverse images under 1 are Borel measurable
and ¥ 1 (A) Ny~ (A) = @ whenever AN A = &. Since inf @ = oo, it follows that

R(nllv (o)) < inf R(y llyo).
(77 vin ) yeP):y(y)=n i

If R(n|lv¥(yo)) = oo, then the above inequality is necessarily an equality, namely oo = oo.
Thus in order to show the opposite inequality, we may assume that R(n|v¥ (yp)) < co. Now
Ry (yo)) < o0 implies that 7 is absolutely continuous with respect to ¥ (), hence possesses
adensity f = dl/f()/o) Set

y(C) = /C F(yM)rdy),  CeBWY).

Then y is a probability measure having density f o ¢ with respect to yp. Using the integral
transformation formula and definition of f, we have for all A € B(X),

Y (y)(A) = /y L1 () - f(¥ (1) ro(dy)
_ /y L) - £(F0))y0(dy)

_ /X 14(x) - £ (o) (dx)

=n(A),
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dy

which means that ¥ (y) = 5. Recalling that f o ¢y = B0 f= %&)),

R(ylly) = /y F(w ) log(f (¥ ())ro(dy)

_ fX £ log(f00) ¥ (o) (dx)
= R(nll¥ ().

which proves inequality “>"" in (A.2). ]

The proof of Lemma A.l shows that the probability measure y defined by y(dy) =
% (¥ (y))yo(dy) attains the infimum in (A.2) whenever that infimum is finite.

Appendix B: Relative entropy with respect to Wiener measure

Let ) be the Polish space C([0, T'], R¢) equipped with the maximum norm topology. Let I/ be
defined as in Section 5 with d; = d. Thus, U is the set of quadruples ((2, F,P), (F;),u, W)
such that the pair ((2, F, P), (F;)) forms a stochastic basis satisfying the usual hypotheses, W
is a d-dimensional (F;)-Wiener process, and u is an R¢-valued (F;)-progressively measurable

process with E[fOT lu(r)|?dr] < 0o. Given u € U, define Y according to (5.5), that is,

t
I?”(t)ﬁW(t)+/ u(s)ds, tel0,T].
0

The following result provides a variational representation of relative entropy with respect to
Wiener measure.

Lemma B.1. Let yg be Wiener measure on B(Y). Then for all y € P())),

1 T
R(yllyo) = inf E[E/O }u(t)|2dt], (B.1)

ueld:Law(Y*)=y

where inf & = 0o by convention.
The proof of inequality “<” in (B.1) relies on the lower semicontinuity of relative entropy
and the Donsker—Varadhan variational formula; it may be confronted to the first part of the proof

of Theorem 3.1 in Boué and Dupuis [2]. The proof of inequality “>" exploits the variational
formulation and uses arguments contained in Follmer [17,18].

Proof of Lemma B.1. In order to prove inequality “<” in (B.1), it suffices to show that, for all
ueu,

- 1 /T
R(Law(Y”)Hyo)gE[E/O |u(t)|2dt]. (B.2)
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Let u €U, and set y = Law(Y*) =P o (Y*)~!. In accordance with Definition 3.2.3 in Karatzas
and Shreve [21], page 132, a process v defined on ((€2, F, P), (F;)) is called simple if there are
NeN,0=1 <--- <ty =T, and uniformly bounded R?-valued random variables &o,..., &N
such that &; is F;, -measurable and

N
v(t, ) = Eo(@) L0y (1) + Y & (@)L (5.11,,1(0).

i=0

By Proposition 3.2.6 in Karatzas and Shreve [21], page 134, there exists a sequence (v,)neN
of simple processes such that E[fOT lu(t) — vy (t)|2dt] — 0 as n — o00. Let (v,),en be such a
sequence. For n € N, set y, = Law(Y""). Then y, — y in P(}) since

> > 2 T 2 —
E[ sup |[Y*(1) — YV (1) ]5T.E[/ |u(t) = va (1) dt] 0.
t€[0,T] 0

Therefore, by the lower semicontinuity of R(-|yo),

R(Law(Y")llyo) = R(y | y0) < liminf R(yy[|y0)

= liminfR(Law(f”") ||y0).

n— oo

On the other hand, E[% fOT v, (£)|2 dt] — E[% fOT lu(t)|>dr] as n — oo. It is therefore enough to
show that (B.2) holds whenever u is a simple process. Thus, assume that u is simple. Let Z be
the Fr-measurable (0, 0o)-valued random variable given by

T 1 T 2
Ziexp(—/o u(s)~dW(s)—§/(; |u(s)] ds).

Notice that E[Z] = 1 since u is uniformly bounded. Define a probability measure P on (2, Fr)
by

dp
— =7
dpP
By Girsanov’s theorem (Theorem 3.5.1 in Karatzas and Shreve [21], page 191), Y* is an (F)-

Wiener process with respect to P. By the Donsker—Varadhan variational formula for relative
entropy (Lemma 1.4.3(a) in Dupuis and Ellis [12], page 29),

R(yllyo) = sup {/ g(y)y(dy)—log/ eg(”)/o(dy)}. (B.3)
2eC, V) LY Y

Recall that y =P o (l?‘f)_l and yo =P o W1, but also yp =~I~’ o (Y")~! since Y* is a Wiener
process under P. Let E denote expectation with respect to P. By the convexity of —log and
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Jensen’s inequality, for all g € Cy()),

/ gy (dy) — log f e yo(dy)
Y Yy

< ko(7)] B[ o(7) - [ ur- o~} [ oo

1 T
— E[E/O |u(t)|2dti|

since E[fOT u(t)-dW(t)] =0 as u is square integrable. In view of (B.3), inequality (B.2) follows.

In order to prove inequality “>"in (B.1), it suffices to consider probability measures with finite
relative entropy with respect to Wiener measure. Let y € P())) be such that R(y ||yy) < oo. In
particular, y is absolutely continuous with respect to yp. We have to show that there exists u € U
such that Law(Y*) = y and R(y|/y0) > E[% fOT lu(t)|>dr]. Let Y be the coordinate process on
the canonical space (), B(Y)), and let (5;);<[0,7] be the canonical filtration (the natural filtration
of Y). Denote by (l§,) the yp-augmentation of (B;). Both yp and y extend naturally to BT D
B()). Clearly, Y is a (Z%'f)-Wiener process under yp. Since R(y|yp) < oo, there is a [0, 00)-
valued Z§T—measurable random variable & such that

dy
" =,
E,lE]=1,

E, [[log(®)[] =By [[log®)¢] < oo,

Set Z(t) =E,,[§ |l§,], t € [0, T]. By a version of Itd6’s martingale representation theorem (Theo-
rem I11.4.33 in Jacod and Shiryaev [19], page 189), there exists an R?-valued (l’;’,)-progressively
measurable process v such that yp( fOT |v(t)|2 dt <oo)=1and

t
Z(t):l—i—/ v(s)-dY(s)  forallte[0,T],  yo-as. (B.4)
0
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In particular, Z is a continuous process. By the continuity and martingale property of Z, and
since Z(T) =&,

inf Z(1 o)=1.
y(, dnt, 20>

Define an R?-valued (l’;’,)-progressively measurable process u by

1
u(r) = 70 “0(1) * Linfyego,) Z(5)>0} tel0,T] (B.5)
Thus u(t) = v(¢)/Z(t) y-almost surely. Applying 1t6’s formula to calculate log(Z(¢)) (more
precisely, 1td’s formula is applied to ¢, (Z(¢)) with ¢, € C2(R) such that ¢, (x) = log(x) for all
x > ¢ > 0), one checks that

t t
Z(t):exp(/ u(s)-dY(s)—%/ |u(s)|2dt) forallz € [0, T, y-as. (B.6)
0 0

Set ?(r) =Yk — fot u(s)ds, t € [0, T]. Then Yisa (B,)-Wiener process with respect to y.
Clearly, Y is continuous and (l?,)-adapted. Since y is absolutely continuous with respect to yy,
the quadratic covariation processes of Y are the same with respect to yp as with respect to y.
Since fo u(t)dr is a process of finite total variation with y-probability one, it follows that ¥ has
the same quadratic covariations under y as Y under yy. In view of Lévy’s characterization of
the Wiener process (Theorem 3.3.16 in Karatzas and Shreve [21], page 157), it suffices to check
that ¥ is a local martingale with respect to (B;) and y. But this follows from the version of
Girsanov’s theorem provided by Theorem III.3.11 in Jacod and Shiryaev [19], pages 168 and
169, and the fact that, thanks to (B.4), the quadratic covariations of the continuous processes Y;,
ief{l,...,d}, and Z are given by

t
[Y;, Z1(t) = (Y, Z)(¢t) =/ vi(s)ds forallt € [0, T], Yo-a.s.,
0
and v(¢) = u(t) - Z(t) y-almost surely. For n € N, define a (Bt)—stopping time 7, by

t
Ty ﬁinf{t >0: / ]u(s)|2ds >n} AT.
0

£, iexp(/r’l u(s) - dY (s) — 1/% |u(s)|2ds>.
0 2 Jo

Then &, is well defined with &, > 0 yp-almost surely (hence also y-almost surely). By Novikov’s
criterion (Corollary 3.5.13 in Karatzas and Shreve [21], page 199) and the version of Girsanov’s
theorem cited in the first part of the proof,

Set

an

O = &n
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defines a probability measure y, which is equivalent to yy. As a consequence, y is absolutely
continuous with respect to y,, with density given by &/&,. It follows that

R(y o) = E, [log(é)]

=E, [log(?)] +E, [log(&,)]

C [T 1 Tn
=R<y||yn>+Ey/O u(s)~dY(s>—5/0 }u<s>}2ds]

T 5 1 T
ZR(V||Vn)+Eyf u(s)'dY(s)]"‘Ey[E/O |u(S)|2dS}

1 n 2
=Ry lyn) +Ey 5/0 |u(s)|”ds

since Y isa y -Wiener process and fOT 110,7,1(s) - |u(s) |2 ds < n by construction of ;. Since rela-
tive entropy is non-negative and E,, [% Jo" lu(s))*ds] — E, [% fOT lu(s)|?ds]in [0, oo] as n — 00
by monotone convergence, we obtain

1 T
R(y lly0) zEy[E/O |u(s>|2ds}. (B.7)

Since R(y|lyo) < oo by assumption, also Ey[% fOT |u(s)|2ds] < 00, which together with (B.6)
actually implies equality in (B.7).
Now we are in a position to choose ((2, F, P), (F;), u, W) € U such that

. —1 T
P0<W+fu(s)ds) =y and R(y||y0)zEBf |u(s)|2ds].
0 0

Take 2 = ), let F be the y-completion of Br, and take P equal to y, extended to the additional
null sets. Let (F;) be the y-augmentation of (/3;). Notice that ét C F;, t €[0, T], and that (F;)
satisfies the usual hypotheses. Define the control process u according to (B.5), and set W = Y.
Then W is an (F;)-Wiener process under P and

. -1 . -1
Po(W+/u(s)ds> :yo(?+/u(s)ds) =on_1=y
0 0

since Y is the identity on ) = Q. Finally, by (B.7),

1 (T 5
R(VllVo)ZE[E/ |u(s)] ds],
0

where expectation is taken with respect to P=y. ]
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Remark B.1. Lemma B.1 allows to derive a version of Theorem 3.1 in Boué and Dupuis [2],
the representation theorem for Laplace functionals with respect to a Wiener process. The start-
ing point here as there is the following abstract representation formula for Laplace functionals
(Proposition 1.4.2 in Dupuis and Ellis [12], page 27). Let S be a Polish space, v € P(S). Then
for all f:S — R bounded and measurable,

—log/ e ydx) = inf {R(ullv) + / f(x)u(dx)}. (B.8)
S HEP(S) S
With § =), v = y Wiener measure as above, (B.8) and Lemma B.1 imply that

—log fy e/ Myp(dy)

1 T
- { inf E[—/ |u(t)|2dt]+/f(y)y(dy)}
y€PQ) lueld:Law(Y*)=y 2 Jo y

T
0

y€PQ) ueld:Law(Y*)=y

T
_ inf E[lf yu<z>\2dt+f(w)].
2 Jo

ueld

Let W be a standard d-dimensional Wiener process over time [0, 7] defined on some probability
space (€2, F, P). Since fy e fMy(dy) = Ef,[e’f(w)], it follows that for all f:S — R bounded
and measurable,

T
—logEp[e /™ = J&f{EE fo lu(r)|? dr + f(Y“)]. (B.9)
The difference with the formula as stated in Boué and Dupuis [2] lies in the fact that the control
processes there all live on the canonical space and are adapted to the canonical filtration, while
here the stochastic bases for the control processes may vary; also cf. the related representation
formula in Budhiraja and Dupuis [3], where the control processes are allowed to be adapted to
filtrations larger than that induced by the driving Wiener process.

Appendix C: Sufficient conditions for hypotheses (H1)-(HS)

As in Section 5, let b, o be predictable functionals on [0, T] x X x P(Rd) with values in R4
and R4 | respectively. Let d;. be the bounded Lipschitz metric on P(R?), that is,

dpL (v, V) iSUp{fRd J(x)v(dx) —/Rd FOvdx): [ fller = 1},
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where || - ||z, is defined for functions f:R? — R by

1l = sup|fo|+ sup SO IO

xeRd x,yeRd:x£y |x =yl
If X, Y are two R?-valued random variables defined on the same probability space, then
dpr (Law(X), Law(Y)) <E[|X — Y].

Consider the following local Lipschitz and growth conditions on b, o.

(L) For every M € N there exists Ly; > 0 such that forall 7 € [0, T], all p, ¢ € X, all v, b €
PRY),

b(t, 0, v) = b(t, @, 0)|+|ot, 0, v) —0(t, @, D)

< L sup [0(9) = $()| +dpr (v.9))
s€[0,1]

whenever supgcpo 1 19($)| V [@(s)] < M.
(G) There exist a constant K > 0 such thatforallr € [0, T],allp € X, allv € PRY),

Ib(t, . v)| < K(l + sup |o(s) ) o (1. ¢, v)| < K.
s€[0,7]

The boundedness condition on ¢ is used only in the verification of hypothesis (H4).

Proposition C.1. Grant condition (L). Let (2, F,P), (F),u, W) e U. Suppose that X, )~(~are
solutions of (5.4) over the time interval [0, T'] under control u with initial condition X (0) = X (0)
P-almost surely. Then X, X are indistinguishable, that is,

P(X(t) =X (1) forallt €[0,T]) = 1.

Proof. For M € N, define an (F;)-stopping time 757 by
t
tM(a))iinf{te[O, TI: |X(t,a))|v|X(t,w)|v/ |u(s,a))|2dsZM}
0

with inf @ = co. Observe that P(tyy < T) — 0 as M — oo since X, X are continuous processes
and E[fOT |u(s)|2 ds] < o0o. Set0(r) =Law(X (1)), é(t) = Law(f((t)), t € [0, T]. Using Holder’s
inequality, Doob’s maximal inequality, the It6 isometry, and condition (L), we obtain for M € N,
allr €[0,T],

E[ sup |X(s ANTy) — X'(s A ‘CM)|2]
s€[0,¢]

INTY ~ o~ 2
54TEU |b(r, X,6(r)) = b(r, X,6(r)] dr}
0
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INTY - . 2 AT 2
0 0
INTM
+16EU |o(r,X,9(r))—U(r,f(,é(r))‘zdr:|
0
INTM
0

INT
+(4M + 16>E[/ o (r.X.600) ~ o (. X, 5(””2‘1’}
0

INTM

§8L?M(T+M+4)E[/ ((sup [X(0) = X + e (00).00)?) dr]
0

s€[0,r]

t
516Lﬁ4(T+M+4)/ E[ sup |X(sAtM)—X(s/\rM)|2]dr
0 s€[0,r]

An application of Gronwall’s lemma yields that

E[ sup |X(s/\rM)—)~((s/\rM)|2]=0,
s€[0,T]

hence P(X (t) = X (¢) forall r < tj7) = 1 forall M € N. This implies the assertion since 13y /' 00
as M — oo P-almost surely. O

Proposition C.1 says that under condition (L) pathwise uniqueness holds for (5.4) with respect
to U. As in the classical case of uncontrolled Itd diffusions, pathwise uniqueness implies unique-
ness in law. The proof of Proposition C.2 below is in fact analogous to that of Proposition 1 in
Yamada and Watanabe [31]; also cf. Proposition 5.3.20 in Karatzas and Shreve [21], page 309.

Proposition C.2. Assume that pathwise uniqueness holds for (5 4) given any deterministic
initial condition. Let ((Q F.P),(F),u, W) el, (L, F, P) (]-}) ,W) € U be such that
Po(u,W)"! = =Po (u, W) Uas probability measures on B(R1 x Y). Suppose that X, X are
solutions of (5.4) over the time interval [0, T] under control u and u, respectively, with initial
condition xg P/P-almost surely. ThenPo (X, u, W)_1 =Po (f(, u, W)_l as probability measures
on B(Z).

Proof (sketch). Set ZZX XX x RixYand G = B(ﬁ). Let Z = (z, 7, 0, W) be the canon-
ical process on Z, and let (G;);¢q0,77 be the canonical filtration (i.e., the natural filtration of Z).

Let R be the probability measure on B(RR| x ))) given by

R=Pou, W) '=Po@, W)™ ".
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Let Q: Ry x Y x B(X) be a regular conditional distribution of Law (X, u, W) given (1, W); thus
forall A e B(R; x )), all B € B(X),

P(X e B, (u,W)eA) =/ Q(r, w; B)R(d(r, w)).
A

Analogously, let Q R 1 X Y xB(X)bea regular conditional distribution of Law (X, i1, W) given
(@1, W). Define Pec P(Z) by setting, for B, BeB(X), AcB(R| x)),

P(B x B x A) ﬁf Q(r, w; B) - Q(r, w; BYR(d(r, w)).
A

Let g be the P-completlon of G, and denote by (gt) the right continuous filtration induced by
the P- augmentation of (G;). Then ((2,7 g P) (Q,) 0, W) € U, where (p, W) are the last two
components of the canonical process Z. One checks that

Po(Z,p. W) '=Po(X,u, W)™, Po(Z, p, W) '=Po(X,i, W)™

and that Z, Z are solutions of (5.4) over the time interval [0, T'] under control ((2 , Q , f’), (Q,),
0, W) € U with initial condition xg P-almost surely, where p is being identified with the control
process v(t) = fRdl yp (dy). By hypothesis, pathwise uniqueness holds for (5.4) with determin-
istic initial condition; it follows that

P(Z(1)=Z(t) forall 1 € [0, T)) =
which implies Po (X, u, W)~' =Po (X, i, W)~ L. ad
The following lemma is used in the verification of hypothesis (H4).

Lemma C.1. Let (2, F,P), (F;)) be a stochastic basis satisfying the usual hypotheses, and let
M be a continuous local martingale with respect to (F;) with quadratic variation (M). Suppose
there exists a finite constant C > 0 such that for P-almost all w € 2, all t,s € [0, T],

[(M)(1, ) — (M)(s, )| <C -]t —s].
Then for every 8y € (0, T],

E[ sup 714 sup |M(t)—M(s)|]5192-«/E~(e-T)1/4.
§€(0,380] t,s€l[0,T]:|t—s|<8

Proof. Since the assertion is about the behavior of M only up to time 7, we may assume that
lim; 5o (M)(t) = oo P-almost surely. For s > 0 set 7, = inf{r > 0: (M)(¢) > s}. Then 75 is
an (F;)-stopping time for every s > 0. By the Dambis—Dubins—Schwarz theorem (e.g., Theo-
rem 3.4.6 in Karatzas and Shreve [21], page 174), setting W (¢, w) = M (1;(w), w), t > 0, w € 2,
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defines a standard Wiener process with respect to the filtration (F7,) and for P-almost all w € Q,
allt >0,

M(t, o) =W((M)(t, »), ).

Using the Garsia—Rodemich-Rumsey inequality one can show (cf. Appendix in Fischer and
Nappo [16]) that for every p > 1, every T > 0, there exists a p-integrable random variable
&, 7 such that E[|§  7|7] < 1927 - pP/? and for P-almost all w € , all ¢, s € [0, T such that

|t —s| <T/e,

T

Clearly, x — xlog(T /x) is increasing on (0, T /e], lim,_, o1 x log(T/x) = 0, and (x log(T/
x)Y2 < (T - x)!/* for all x € (0, T/e]. Since (M) is non-decreasing with (M)(0) = 0 and,
by hypothesis, [(M)(t) — (M)(s)| < C - |t — s], it follows that for P-almost all w € 2, every
§€(0,T1,

sup M@t @) — M(s, )|
t,s€[0,T]:|t—s|<8

= sup (W ((M)(t, w), w) = W((M) (5, ®), )|
t,s€[0,T]:|t—s|<8

= sup Ep.ecT(w)
t,s€[0,T]:|t—s|<8

x [|(M)(t, @) — (M) (s, )| lo ( e T )
’ O\ M) (1, @) — (M) (5, )]

-T
= sup Ep.ecT(w) - Jc- 810g<€T>

T 1,5€[0,TT:|1—s|<8

<VC-&pecr(@) -(e-T -8V

The assertion follows by choosing p equal to one, inserting the term containing the supremum
over § € (0, §p], and taking expectations. O

Proposition C.3. Conditions (L) and (G) entail hypotheses (H1)-(HS5).
Proof. Hypothesis (H1) is an immediate consequence of conditions (L) and (G). To verify hy-

pothesis (H2), let N € N and define functions by : [0, T] x XN — RVN*4 g5 :[0,T] x XN —
RNxdxNxdi according to

bN(t9 ¢) i (b(t’ (pla :u*g(t))v MR b(t’ (PN, /"Lg([)))Ta

on(t, @) = diag(o (1, @1, M(I’Y(,)), co(ten, ,ug([))),
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where o) =N Zl 10¢:t)- Then by, oy are the coefficients for the system of N stochas-
tic differential equations given by (5.1). Thanks to conditions (L) and (G), by, oy are locally
Lipschitz continuous and of sub-linear growth. The It6 existence and uniqueness theorem (e.g.,
Theorem V.12.1 in Rogers and Williams [27], page 132) thus yields pathwise uniqueness and ex-
istence of strong solutions for the system of equations (5.1). By Proposition C.1 in conjunction
with condition (L), pathwise uniqueness holds for (5.4). By Proposition C.2, it follows that weak
uniqueness holds for (5.4); hence hypothesis (H3) is satisfied.
In order to verify hypothesis (H4), let ul Upn, N € N, be such that

1 Y T 5
—S'E Nt dt] )
|l of ar] <o

For N € N, let 2 be the empirical measure of the solution to the system of equations (5.3) under
N We have to show that {Py o (zV)~!: N € N} is tight in P(P(X)). Choose 8y € (0, 1 A T,
and define a function G : P(X) — [0, oo] by

GO) = f (le@[+ swp 577 swp o) —g(s)])ody).
8€(0,80] t,s€[0,T]:|t—s|<6

Then G is a tightness function, that is, G is measurable and the sublevel sets {6:G(0) < c},
¢ € [0, 00), are compact in P(X). This latter property is a consequence of the Ascoli—Arzela
characterization of relatively compact sets in P(X) (e.g., Theorem 2.4.9 in Karatzas and
Shreve [21], page 62), the Markov inequality and Fatou’s lemma. We are going to show that

supyen EN[G(2Y)] < 0o, which implies that {Py o (2¥)~': N € N} is tight. By construction,
for N e N,

L

=NZ(}X{V(O)‘+ sup 8714, sup ‘X{V(t)—XlN(s)D
i=1 3€(0,80] t,s€[0,T]:[t—s|<8
13
= |xo| + — Z sup 8§71/, sup / b(r, X{V,[LN(r))dr
— 5e(0.%0] 1.5€[0,T):|r—s|<8|Js

t
+ f a(r, )_(l.N, ,th(r))uf-V(r) dr
s
t -
+/ o(r, XN, iV ) dw) ().
S
Thanks to condition (G), for every i € {1, ..., N},

t
sup s—l4. sup / b(r, )_(Z.N, ﬁN(r)) dr

5€(0,801 1,5€[0,T:|t—s|<8

= K(1+[x"])
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and, by Holder’s inequality,

t
sup s—1/4. sup / a(r, XlN, ;ZN(r))ulN(r) dr
5€(0,801 t,5€[0,T]:|t—s|<81Js

T T
5«/?1(.‘// |ufv(t)|2dt§\/7K(%+%/ |u{V(t)|2dt).
0 0

The process fdo(r, )_({V , ﬁN r)) dWiN (r) is a vector of continuous local martingales which,
thanks to condition (G), satisfy the hypothesis of Lemma C.1 with C = K 2. It follows that there
exists a finite constant K7 > 0 depending only on K and T such that

Ex[G(2")]

1 1 T
E|x0|+KT<1+N;EN[”X;VHOQ]+N;EN|:/O |u,N(t)}2dtD.

Since sup % ZlN:l E[fOT |ulN(t)|2 dr] < oo by hypothesis, it remains to check that, for some
finite constant K7 > 0 depending only on K and 7,

1Y N R 1 T v 2
~ iEZI:EN[HXi ||OO]§KT(1+—N ?_1EN[/O ul (1)) dtD.
N -

But this follows by standard arguments involving localization along the stopping times t;; =
inf{r € [0, T]: maXx;e(1,... N} SUPs<; |X{V(s)| > M}, M € N, Holder’s inequality, Doob’s maximal
inequality, [t6’s isometry, condition (G), and Gronwall’s lemma.

Hypothesis (HS) is again a consequence of the It6 existence and uniqueness theorem since
under conditions (L) and (G), given any 6 € P(X), the mappings (¢, ¢) — b(t, ¢,0(1)), (t, ¢) —
o(t, @, 0(t)) are predictable, locally Lipschitz continuous, and of sub-linear growth. O
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