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Abstract. We prove that a ‘small’ extension of a minimal AF equivalence
relation on a Cantor set is orbit equivalent to the AF relation. By a ‘small’ extension
we mean an equivalence relation generated by the minimal AF equivalence relation
and another AF equivalence relation which is defined on a closed thin subset. The
result we obtain is a generalization of the main theorem in [GMPS2]. It is needed
for the study of orbit equivalence of minimal Z%systems for d > 2 [GMPS3], in a
similar way as the result in [GMPS2] was needed (and sufficient) for the study of
minimal Z2-systems [GMPS1].

1. Introduction.

In the present paper we study equivalence relations on Cantor sets. By a
Cantor set, we mean a compact, metrizable and totally disconnected space without
isolated points. The topological orbit structure of countable group actions as
homeomorphisms on Cantor sets has been studied by several authors [GPS1],
[GMPS1]. More precisely, minimal Z-actions and ZZ2-actions on Cantor sets
have been classified up to orbit equivalence. The strategy is to prove that the
equivalence relation associated with the given minimal action is orbit equivalent
to an AF relation (see Definition 1.1). To prove this, we need a delicate ‘glueing’
procedure, an essential part of which is done by the absorption theorem ([GPSZ2,
Theorem 4.18], [GMPS2, Theorem 4.6]). Indeed, the result in [GMPS2] was
sufficient for the study of orbit equivalence of minimal Z2-actions [GMPS1]. The
aim of this paper is to prove a stronger version of the absorption theorem, which
is needed for the study of minimal Z%actions for d > 2 [GMPS3]. We refer to
[GPS2] and [GMPS2] as both background and reference for specific results that
we shall need in the sequel.

We will give a brief description of how a strengthening of the absorption
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theorem is needed in order to generalize the results for minimal ZZ2-actions to
minimal Z%actions. Let ¢ be a minimal free Z%action on a Cantor set. For
the associated equivalence relation R, we will construct an increasing sequence
of subrelations Rg C Ry C -+ C Rq = R, so that Ry is a minimal AF equivalence
relation with the relative topology from R, and each R; is a ‘small’ extension
of R;_1. Then, we apply inductively the absorption theorem to R;_1 C R; and
show that each R; is orbit equivalent to an AF relation for i = 1,2,...,d. In
such a way, after d-times use of the absorption theorem, we can conclude that
R4 = R, is orbit equivalent to an AF relation and thus complete the classification
up to orbit equivalence. One of the problems in this argument is to describe the
difference between R;_ 1 and R;. In the case of d = 2, we could find another
compact relation K; which is (locally) transverse to R;_; so that R; is generated
by R;—1 and K; (see [GMPS1]). For d > 2, however, we cannot find such a nice
transverse relation, and so it is necessary to generalize the absorption theorem in
[GMPS2]. The new absorption theorem (Theorem 3.2) in this paper does not
need transverse relations and that is what is needed for the study of Z%actions.

We collect notation and terminology relevant to this paper. Let X be a
compact, metrizable and totally disconnected space and let R C X x X be an
equivalence relation (we may call an equivalence relation just a relation). For a
subset A C X, we set

R[A] = {z € X | there exists y € A such that (z,y) € R}.

The set R[A] is called the R-saturation of A. For z € X, we denote R[{z}] by
R[z] and call it the R-orbit of z. We deal with only an equivalence relation with
countable orbits (i.e. R[z] is at most countable for each x € X). When R[z] is
dense in X for each x € X, we say that R is minimal. For a subset A C X, we
denote RN (A x A) by R|A and call it the restriction. When R and S are relations
on X, we let RV S denote the equivalence relation on X generated by R and S.

Suppose that R is equipped with a topology in which R is étale ([GPS2,
Definition 2.1]). A closed subset Y C X is called R-étale, if the restriction R|Y =
RN (Y xY) with the relative topology from R is étale. A subset Y C X is called
R-thin, if p(Y) is zero for any R-invariant probability measure p on X.

We collect several basic facts about étale equivalence relations. The reader
should see [GPS2| and [GMPS2]. Let R be an étale relation on a Cantor set
X. If O C X is open, then its R-saturation R[O] is also open. If R is compact,
then the topology on R coincides with the topology from the product topology
of X x X. If R is compact and O C X is clopen, then the R-saturation R[O] is
also clopen (and hence compact). One can easily show that a subrelation S of R
is étale with respect to the relative topology from R if and only if S is an open
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subset of R. If 41(Y) = 0 for a Borel subset Y of X and an R-invariant probability
measure u, then p(R[Y]) is also zero.

The following is the definition of AF equivalence relations.

DEFINITION 1.1 ([GPS2, Definition 3.7, 4.1]).  An étale equivalence relation
R is called an AF relation, if there exists an increasing sequence Ry C Ry C ... of
compact open subrelations of R such that R = (J,,c n Rn- An equivalence relation
R is said to be affable, if R is orbit equivalent to an AF relation.

We have to recall the notion of Bratteli diagrams. A Bratteli diagram (V, E)
consists of a vertex set V' and an edge set F/, where V' and E can be written as a
countable disjoint union of non-empty finite sets:

V:VOUV1UV2U andE:EluEQUEgLJ...

with the following property: An edge e in F,, goes from a vertex in V,,_; to one in

Vi, which we denote by s(e) and r(e), respectively. We require that there are no

sinks, i.e. s71(v) # 0 for all v € V. If (V, E) has only one source vg € V —which

necessarily entails Vo = {vg}— we will call (V, E) a standard Bratteli diagram.
For a standard Bratteli diagram (V| E),

X(V,E) = {(61,62,...) S H E,

neN

r(en) = s(eps1) for all n € N}

is called the infinite path space. Equipped with the relative topology from
HnG ~N En, X(v,p) is compact, metrizable and totally disconnected. For every
n € N, let

R, = {(e,f) S X(V,E) X X(V,E) | e = fk for all £ > n},

where e and fj, denote the k-th edge of e and f, respectively. Give R, the relative
topology from X(v,g) X X(v,g). Then R, is a compact étale equivalence relation.
Let

AF(V,E) = Rn

n

and give AF(V, E) the inductive limit topology, so that AF(V, E) is an AF equiv-
alence relation.
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It is known that AF(V, E) is the prototype of an AF relation. More precisely,
for any AF equivalence relation R on a compact, metrizable totally disconnected
space X, there exists a standard Bratteli diagram (V, E) such that R is isomorphic
to AF(V, E) (|[GPS2, Theorem 3.9]).

We need the following lemma in the next section. We have been unable to find
a suitable reference in the literature, and so we include a proof for completeness.

LEMMA 1.2.  Let X be a compact metrizable totally disconnected space. Sup-
pose R and S are compact étale equivalence relations on X. If S is contained in
R, then there exists a finite set K and a continuous map p: X — K such that

S = {(&,2') € R| u(x) = p(a')}.

PROOF. First, we note that S is automatically open in R (see the comment
following Definition 3.7 in [GPS2] for example).

Let Y be the quotient space of X by the relation S. From Proposition 3.2
of [GPS2] and its proof, we can see that Y is compact, metrizable and totally
disconnected. Let us denote the quotient map by .

For f € C(Y, Z), we define

Ry ={(x,2) € R| f(w(x)) = f(n("))}.

It is easy to see that Ry is a closed subset of R and that S is contained in Rj. If
(z,2") does not belong to S, then there exists f € C(Y, Z) such that f(n(z)) #
f(m(2")). Hence we have

S= () R

frec(y,z)

Since S is open in R and R is compact, there exists a finite subset A C C(Y, Z)
such that

S= () Ry.

feA

Put K = {(f(y))fea € Z* | y € Y} and define p : X — K by u(zr) =
(f(m(z)))sea. It is easy to see that K and p have the desired properties. O
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2. A splitting theorem.

Let R be a minimal AF equivalence relation on a Cantor set X andlet Y C X
be a closed, R-étale and R-thin subset. By Theorem 3.11 of [GPS2], R|Y =
RN(Y xY') with the relative topology is an AF equivalence relation on Y. Suppose
that we are given an equivalence relation S on Y and that S is an open subset
of R|Y. Note that S in the relative topology from R is also an AF equivalence
relation on Y by [GPS2, Proposition 3.12 (ii)].

We would like to prove the following theorem in this section.

THEOREM 2.1.  In the setting above, there exists an equivalence relation R’
on X which satisfies the following.

(1) R’ is an open subset of R.

(2) R’ is minimal.

(3) R'|Y is equal to S.

(4) R'[Y] is equal to R[Y].

(5) If x € X does not belong to R[Y], then R'[x] = Rz].

(6) Any R’-invariant probability measure on X is R-invariant.

The property (3) of the above theorem means that, for every y € Y, its R-
orbit R[y] splits into several R’-orbits and R'[y]NY equals S[y]. But, the property
(5) means that if R[z] does not meet Y, then R[z] does not split. Note that (4)
and (5) imply R = R’V (R|Y).

At first, we need to represent the AF equivalence relation R on X by a Bratteli
diagram. By Theorem 3.11 of [GPS2], there exists a standard Bratteli diagram
(V,E), a subdiagram (W, F) (i.e. W C V, F C E) satistying r(F) U {vg} = W
and a homeomorphism 7 : X — Xy g) such that the following are satisfied.

e 7 x 7 induces an isomorphism from R to AF(V, E).
o 1(Y) is equal to {(en)n € X(v,p) | en € F for all n € N}.

Note that 7]Y x #|Y induces an isomorphism between R|Y and AF(W,F). To
simplify notation, we identify Xy, gy with X and omit 7. We remark that (V, E)
is a simple Bratteli diagram, because R is minimal. Moreover, (W, F') is a thin
subdiagram of (V, E), because Y is R-thin in X.

Let Ry be the trivial relation on X, that is, Ry = {(z,z) | « € X}. For
n € N, we define

R, ={(z,2') € X x X | m}, = ), for all k > n},

where zj, and zj, denote the k-th edge of infinite paths x and z’, respectively.
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Notice that Ry C Ry C Ro C ... and R=J,, Rn.

Since S is an AF relation, there exists an increasing sequence of compact
open subrelations S; C S C S3 C ... in S such that S = {J,, Sm. For any
m € N, Sy, is contained in R|Y and R|Y is a union of open subsets R,|Y.
It follows from the compactness of S, that there exists an increasing sequence
ny < ng < ... such that S, C R, |Y for all m € N. By telescoping (V, E) to
levels 0 < ny < ng < ..., we may assume that S,, C R,|Y = R, N (Y xY) for all
n e N.

Let vy be the unique vertex in V. For v € V,, and w € V,,, with 0 < n < m,
we denote the set of paths in (V, E) from v to w by E(v,w). Let F(v,w) be the set
of paths (e1,e2,...,€m—_pn) in E(v,w) such that e; € F for all i =1,2,...,m — n.

LEMMA 2.2. There exists an increasing sequence of non-negative integers
{n(k)}p2, with n(0) =0 such that

[Flogw)| < Y |[E(w,w)\ Fv,w)|

VEV(k—1)

Jor allw € Wy and k € N.

PrOOF. By Lemma 4.12 of [GPS2], we can find n(l) > 1 such that
2|F(vo,w)| < |E(vo, w)| for all w € W, 1y, which means

|[F'(vo, w)| < [E(vo, w) \ F(vo, w)]

for all w € Wy, (1)-
Put

L, = max |F(vo,v)|.
veW,,

Let us find n(2),n(3),n(4), ... inductively. Suppose that n(k—1) has been chosen.
Since Y is R-thin, by Lemma 4.12 of [GPS2], there exists n(k) > n(k — 1) such
that

(Lnk—1y + 1| F(v,w)| < [E(v, w)]

for all v € Wy, 1) and w € Wy, (). It follows that
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[Fog,w)l < Y Loy Fv,w)]
UEWn(k—l)

< > |BE@w)\ Fo,w)

veEWp (k-1)

< Y [Eww)\Fu,w)

’L)Gvn(k,l)

for any w € Wiy, y). O

From the lemma above, by telescoping (V, E) to levels 0 = n(0) < n(1l) <
n(2) < ..., we may assume that

|F (vg, w)| < Z |E(v,w) \ F(v,w)| for all w € W, and n € N.
veVy 1

Therefore, for w € W, we can find a surjective map p,, from {e € E\ F | r(e) = w}
to F(Uo, w)

LEMMA 2.3.  There exist finite sets Ky, continuous maps A, : X — K,, and
clopen subsets U, C X which satisfy the following.

(1) For everyne N, Sp, ={(y,¥) € RN (Y xY) | M(y) = A(¥)}.

(2) For everyn € N,Y is contained in U,

(3) For everyn € N, (,,5, Bm[Un] = Ra[Y].

(4) For every n € N \ {1}, if (z,2') € Ry,—1 and Mp_1(z) = Ap—1(2), then
An(x) = Ap(2).

(5) For everyn € N, if z,2' ¢ R,[Uy], then Ay (x) = A\ (2).

(6) For everyn € N andy € Y, there exists x € Ry[y] such that if (z,2') €
Ry_1, then A, (2") = A (y).

(7) For everyn € N\ {1} and y € U,, we have

énvui |E(vo,v)| X |[{z € Ru[y] N Up | An(x) = A\ (1)}

< Hz € Rulyl [ An(z) = An(y)}-

(8) For everyn € N and x € R,[Y], there exists y € Y such that (z,y) € R,
and Ap(z) = A\ (y).

PROOF. Since S, is contained in R,|Y, by applying Lemma 1.2, we get a
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finite set K, and a continuous map pu, : ¥ — K, such that
Sn={W,y) € BulY | in(y) = pn (y)}- (2.1)
For k € N, we define
Yi={(zn)n € X |z, € Floralln=1,2,...,k}.

The clopen sets Y},’s form a decreasing sequence and (), Yy =Y. For w € W, let
pw be a surjective map from {e € E\ F' | r(e) = w} to F(vg,w) as above.

First of all, let us find Uy and A\; : X — K. Put U; = Y. Then (2) forn =1
is clear. Let ji; : Uy — K; be an arbitrary continuous extension of u; : Y — Kj.
For z € Uy, we define A\;(z) = fi1(x). This, together with (2.1), implies (1) for
n =1. On X \ R;1[U1], we fix an element of K; and let A\; be the constant map
to this element, so that (5) is satisfied. Suppose that x is in R [U1] \ Uz. Let xy,
denote the k-th edge of the infinite path z € X. It is easy to see 1 ¢ F and
r(z1) € W. Since x9 € F,

T = (Pr(e)(®1),T2,23,...) €X

belongs to U;. Hence we can define A1 (z) = A1(Z). One observes that A\; : X — K,
is continuous. To check (8), let z € R1[Y]\Y. From z1 ¢ F, r(z1) € W and x5 €
F, we can see that x belongs to Ry [U1]\U;. Obviously, & = (pr(z,)(%1), T2, 23,...)
isin Y, and so (8) for n =1 follows.

We would like to construct U, and A, : X — K, inductively. Let us assume
that U,—; and A,_; have been fixed. Let i, : Y,41 — K, be an arbitrary
continuous extension of u, : Y — K,,. We claim that there exists k > n such that
if z, 2" € Y}, satisfies (z,2') € Ry,—1 and A1 () = A\p—1(2'), then fi,(x) = fin(2').
Otherwise, for each k > n, we would have z(k),2'(k) € Y, with (z(k),z'(k)) €
Ru—1, An—1(z(k)) = Ap—1(2/ (k) and fi,, (x(k)) # fin(2'(k)). We may assume that
two sequences x(k), 2’ (k) converge to y,y’ € Y, respectively, because X is compact
and Yy =Y. By compactness of R,,_1, we also have (y,3’') € R,_1. Combining
this with A,_1(y) = An_1(%'), by (1) for n — 1, we get (y,3') € Sp_1. On the
other hand, by (2.1) and p,(y) # pn(y’), (y,y') does not belong to S,, which
contradicts S,—1 C S,,. Hence we can find k > n which has the desired property.
We put U,, = Yy, so that

(x,2") € Ry—1|Uy and Npy—1(x) = M1 (7)) = fin(x) = i (2). (2.2)
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Notice that Y is contained in U,, and U, is contained in Y, ;.

Next, we would like to define a continuous map A, : X — K,,. Fix an element
ko € Ky. Let z € R,,_1[U,]. If there exists 2’ € U,, such that (x,2’) € R,_1 and
An—1(x) = Ap—1(2'), then we define A, (x) = fin(2’). This is well-defined because
of (2.2). If there does not exist such =’ € U, then we define A\, (z) = ko. Notice
that this definition implies (1) and (4) for z,2’ € R,_1[U,]. For x ¢ R,[U,], we
define A\, (z) = ko, so that (5) is satisfied. Suppose that x is in R, [U,]\ Rn—1[Ux].
Let 2 € E denote the k-th edge of . From x ¢ R,_1[U,], we can see that
x, € E\ F. Since z is in R,,[Uy,], we also get r(x,) € W. By definition of p,(,, ),
Pr(zn)(@n) is in F(vg,r(xy,)). It follows that

= (pr(:rn)(xn)a Tp41, Tn42y -« - )

belongs to U,. Therefore we can define A,(x) = A
definition, if z, 2" € R,[Uy,] \ Rn—1|Uy] and (z,2') €
hence py(z,)(¥n) = pr(ar)(;,). Therefore \,(z) = A
R, [U,] \ R, —1]U,] is satisfied.

Let us check (6). Take y € Y. By the surjectivity of p,(,,), there exists
e € E\ F such that r(e) = r(y,) and

n(Z). We remark that, by
R,_1, then z, = 2/, and

n(@). Thus (4) for z,2' €

pr(yn)(e) = (y17y27 e ayn)

Take an infinite path € X such that x,, = e and zp = y;, for all k > n. It is easy
to see that x has the desired property.

We next verify (7). Take y € U,,. Since U, is contained in Y;,;1, by the same
argument as above, we can choose e € E'\ F such that r(e) = r(y,) and

p?“(yn)(e) = (ylvaa o ayn)~
Put
Py={x€ X |z, =e, x =y for all k> n}.

Notice that |P,| equals |E(vo, s(e))|. It is clear that (x,y) belongs to R,, for every
x € P,. From the definition of X,, we have A, (z) = X\, (y) for every z € P,. It is
also clear that « ¢ U, for any « € P,, because e is in E \ F. Finally, if y,y € U,
are distinct, then P, does not meet P,,. This completes the proof of (7).

Let us consider (8). Take z € R,[Y]. If z isin R,_1[Y], then by the induction
hypothesis there exists y € Y such that (z,y) € R,—1 and A,—1(2) = A\p—1(y).
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It follows from (4) that A, (x) is equal to A, (y). Suppose z € R,[Y]\ R,-1[Y],
which means z,, € E\ F and z € F for all k > n. Thus, x € R,[U,] \ Rn-1[Ux].
As before, we put = (py(z,)(%n), Znt1, Tny2,...). Then, Z belongs to Y and
(2,Z) € Ry, Mp(x) = A (T).

In this way, we can find U,, and A, : X — K,, for every n € N. Finally,
let us check (3). Since U, contains Y, [ R, [Un] D Ry[Y] is clear. By the
construction of U,,, for every m € N,

m>n

RulUn) C{z € X | xpmy1 € F}.
As an immediate consequence, we have

() Bm[Unm] C{z € X | 2 € F for all m > n} = Ry [Y]. O

m>n

Now we are ready to prove Theorem 2.1.

PROOF OF THEOREM 2.1. Let K,, A\, : X — K, and U, be as in the
lemma above. Define

R;’L = {($7$/) € R, | /\n(x) = An(xl)}

for every n € N. It is clear that R), is an open subset of R,. Moreover, by
(4) of Lemma 2.3, R),_; is contained in R),. Put R’ = (JR],. Evidently R’ is
an equivalence relation and an open subset of R. By (1) of Lemma 2.3, we have
RI|Y =S.

Let us show R'[Y] = R[Y]. Take x € R[Y]. There exists n € IN such that
x € R,[Y]. By (8) of Lemma 2.3, there exists y € Y such that (z,y) € R, and
An(2) = An(y). Hence we get (x,y) € R],, which means that  is in R'[Y].

We would like to show condition (5) of Theorem 2.1. Suppose that z is not in
R[Y]. In order to prove R'[z] = R|x], take 2’ € R[z]. We can find n € N such that
(z,2') € R,. By (3) of Lemma 2.3, there exists m > n such that R,,[U,,] does
not contain x. Also, clearly ' ¢ R,,,[Up,]. It follows from (5) of Lemma 2.3 that
Am(2) is equal to A, (2’). By definition of R),, we get (z,2') € R,,. Therefore
R'[x] = R]x].

We now consider the minimality of R’. Take € X. We must show that R'[z]
is dense in X. If z is not in R[Y], as shown in the last paragraph, R'[z] is equal to
RJ[z]. Since R is minimal, R[x] is dense in X. Hence we may assume that z is in
R[Y]. As shown above, R[Y] = R'[Y]. It follows that we can find y € ¥ such that
(z,y) € R'. Take a non-empty open subset O C X arbitrarily. The minimality of
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R implies R[O] = X. Since X is compact and R[O] = |J R,,[0], we can find n € N
such that R,[O] = X. By (6) of Lemma 2.3, there exists z € Ry4+1[y] such that
R,[z] C R}, |[y]. From (z,y) € R, we have R,[z] C R'[z]. Combining this with
R,[0] = X, we can conclude that R'[x] meets O, which implies R'[z] is dense in
X.

It remains for us to show the last condition. To do that, we would like to
show that Y is R’-thin. From (7) of Lemma 2.3, for every y € U, we have

i |E(oo,0)] % |Ryly] U] < |Ry o]l

Notice that R}, is a compact relation. It follows that

—1
@) < (i Blun.0)])
for every R’-invariant probability measure pu. The right-hand side converges to
zero, because R is minimal. Since U,, contains Y, we get u(Y) = 0.

Let us show that any R’-invariant probability measure on X is R-invariant.
Let p be an R'-invariant probability measure and let v : O; — O be a homeo-
morphism between clopen subsets O1,02 C X such that (z,v(z)) € R for every
x € O, i.e. v is a graph in R. It suffices to show p(01) = u(Os). Since Y is R'-
thin and R'[Y] = R[Y], we have u(O1) = p(O1\ R[Y]) and p(O2) = u(O2 \ R[Y)).
Clearly v(O1\ R[Y]) = O2\ R[Y] and (z,v(x)) € R’ for any € O; \ R[Y]. Hence
we get 11(O1 \ R[Y]) = u(O2 \ R[Y]), and so u(01) is equal to p(O3). O

3. An absorption theorem.

In this section, by using Theorem 2.1, we would like to prove the main theo-
rem. We begin with a lemma.

LEMMA 3.1. Let R C X x X be a minimal AF equivalence relation on a
Cantor set X and let Y C X be a closed, R-étale and R-thin subset. Let Z be
a compact metrizable totally disconnected space and let Q C Z X Z be an AF
equivalence relation on Z. Then, there exists a continuous map 7 : Z — X such
that the following are satisfied.

(1) 7 is a homeomorphism from Z to n(Z).

(2) n(Z) is a closed, R-étale and R-thin subset.

(3) n(Z) does not meet R[Y].

(4) m x 7 gives a homeomorphism from Q to RN (w(Z) x w(Z)).
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(V. E)

PRrROOF. As in the last section, we may assume that there exist a simple
standard Bratteli diagram (V, E') and its thin subdiagram (Wjp, Fy) such that the
AF equivalence relation R on X is represented by (V, E) and R|Y corresponds to
(Wo, Ep). Similarly, by [GPS2, Theorem 3.9], we may assume that Q) C Z x Z is
represented by another standard Bratteli diagram (W7, Fy).

We now transform the Bratteli diagram (V, E') by a succession of telescopings
and microscopings so that the resulting diagram, which we again denote by (V, E),
can be described as follows (see also the figure). There are two disjoint thin
subdiagrams of (V, E). One is the subdiagram which is transformed from (W, Fp)
above, and we retain the notation for it. The other thin subdiagram is a replica
of (Wy, F1), and we denote it by (W], FY).

Let m denote the canonical homeomorphism from the infinite path space on
(W1, F1), which is identified with Z, to the infinite path space on (W, FY), which is
identified with a closed thin subset of X. Since (Wy, Fy) and (W7, F]) are disjoint,
m(Z) does not meet R[Y]. The other properties can be verified easily. O

We are now ready to give a proof of the main result. For étale equivalence
relations @ and R, we say that @) is an étale extension of R, if () contains R and
the inclusion map from R to @ is continuous.

THEOREM 3.2. Let R C X X X be a minimal AF equivalence relation on a
Cantor set X and let Y C X be a closed, R-étale and R-thin subset. Suppose that
an AF equivalence relation Q CY XY is an étale extension of R|Y. Then we can
find a homeomorphism h : X — X such that the following are satisfied.
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(1) hx h(RV Q) = R, where RV @ is the equivalence relation generated by R
and Q.

(2) R(Y) is a closed, R-étale and R-thin subset.

(3) RY x h|Y gives a homeomorphism from Q to R|h(Y').

In particular, RV @Q is affable.

PROOF. The proofidea is the same as in the proof of the absorption theorem
[GMPS2, Theorem 4.6], namely constructing countable disjoint replicas of R|Y,
respectively @, inside a “big” equivalence relation, and use the extension result
[GPS2, Lemma 4.15].

Let Z = (Y x N)U{oo} be the one-point compactification of Y x N. Set

Q={(yn), (¥',n)) € Zx Z|(y,y) € @n € N}U{(00,00)}.

Since @ is an AF relation, there exists an increasing sequence of compact open
subrelations Q,, C Q such that @ = |J,,cn @n. For every n € N, we put

Qn ={((, k), (k) € ZX Z | (y,y) € Qu.k = 1,2,...,n} U{(2,2) | z € Z}.

It is not so hard to see that Qn is a compact étale relation on Z with the relative
topology from Z x Z. In addition, we have Qn C Qnﬂ and Q U, Qn It follows
that Q is an AF equivalence relation with the inductive limit topology. By Lemma
3.1, there exists a continuous map 7 : Z — X such that the following properties
are satisfied.

e 7 is a homeomorphism from Z to 7(Z).
e 1(Z) is a closed, R-étale and R-thin subset.
e 7(Z) does not meet R[Y].
e 7 X 7 is a homeomorphism from Q to R|x(Z) = RN (7(Z) x ©(Z)).
From the second and third conditions, it follows that Y Un(Z) is also R-étale and
R-thin.
We define an equivalence relation S on Z by

S ={((y:n).(v/,n)) € Q| (y:3/) € R} U{(00,00)}.

It is a routine matter to verify that S is an open subrelation of é Therefore
7 x 7(S) is an open subrelation of 7 x 7(Q) = R|x(Z). By Theorem 2.1, there
exists a minimal open subrelation R’ C R such that the following properties are
satisfied.
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R'|m(Z) =7 x w(S).

Rr(2)] = Rir(2)).

If  is not in R[n(Z)], then R'[z] = R[z]. In particular, R'|Y = R|Y.
Any R'-invariant probability measure on X is R-invariant.

Evidently Y Un(Z) is R’-étale and R’-thin, and we have
R=RV (Rx(2)) =RV (x x 7(Q))

and

RVQ=RVQV(rxm(Q)).
It is also easy to see

R|(YUn(Z))=(RY)U (R|r(Z))
= (R|Y) U (R'|n(2))
(RIY)US

S,

1%

1%

where the last homeomorphism is obtained by an obvious shift map sending n to
n 4+ 1, cf. definition of S. We define a homeomorphism h : Y Un(Z) — ©(Z) by
hy) = n(y,1) fory € Y, h(n(y,n)) = n(y,n+ 1) for (y,n) € Z and h(mw(c0)) =
m(c0). Then

hxh:R|(YUr(Z)) — R'rx(Z)

is a homeomorphism. Note also that h x h implements an isomorphism between
QV (7 x 7(Q)) (which is a relation on Y Ur(Z)) and 7 x 7(Q) (which is a relation
on 7(Z)). This is an immediate consequence of the definition of Q and 7. By
[GPS2, Lemma 4.15], h extends to a homeomorphism 7 : X — X such that
hxh(R') = R'. Tt is clear that h x h(RV Q) equals R. Besides, h(Y) = 7(Y x {1})
is R-étale and R-thin. We can also check that h x h induces a homeomorphism
from Q CY x Y to R|A(Y), which completes the proof. O
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