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Abstract. The aim of this article is to present a simplified proof of a global
existence result for systems of nonlinear wave equations in an exterior domain. The
novelty of our proof is to avoid completely the scaling operator which would make
the argument complicated in the mixed problem, by using new weighted pointwise
estimates of a tangential derivative to the light cone.

1. Introduction.

Let © be an unbounded domain in R? with compact and smooth boundary
0Q. We put 0 := R?\ Q, which is called an obstacle. ¢ is supposed to be non-
empty. In this paper, we consider the mixed problem for a system of nonlinear
wave equations in 2, with small initial data:

(07 — ZA)u; = Fi(u, 0u, V, Ou), (t,x) € (0,00) x Q, (1.1)
u(t,z) =0, (t,x) € (0,00) x 09, (1.2)
U(O,J)) = ¢($), (8,5U)(0,-T) = 7//(33)a HARS Q, (13)
for i = 1,..., N, where ¢; (1 < i < N) are given positive constants, and u =

(u1,...,un). Here we have set 0y := 0y = 0/0t, 9; = 0/0x; (j = 1,2,3), Ay =
22:1 6]2-, Veu = (O1u,O2u, O3u) and du = (Opu, Vy u). For a while, we assume
é, ¥ € C°(2; RY), namely they are smooth functions on € vanishing outside
some ball. In the following, we always suppose that ¢ and ¥ are small in some
suitable norm. We assume that each nonlinearity F; is a smooth function vanishing
of second order at the origin (u,du, V,0u) = (0,0,0). We suppose that (1.1) is
quasi-linear, namely each F; has the form
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N
F;(u,0u, V,0u) = Z cre(u, 0u)Ok0quj + f',-(u, ou),

j
Jj=1

fj“’s are smooth functions vanishing of first order at the origin, and Ey's
are smooth functions vanishing of second order at the origin. In the following we
always assume that

where ¢

cfj“(u,@u) = c;‘-”'f(u, Ou) and cff(u,au) = cf]’-“(u,au) (1.4)
hold for 1 <4, < N, 1 <k, /<3 and 0 <a <3, so that the hyperbolicity of the
system is assured.

We also suppose that (¢, 1, F') satisfies the compatibility condition to infinite
order (see Definition 1.1 below).

Let us recall the known results. In what follows, when we just say the Cauchy
problem, we mean the Cauchy problem on [0, 00) x R3.

First we consider the single speed case (i.e., ¢ = ¢y =--- =cy = 1). If each
nonlinearity F; vanishes of third order at the origin, then it was shown in Shibata
— Tsutsumi [31] that the mixed problem (1.1)—(1.3) admits a unique global small
amplitude solution. If the quadratic terms are present in the nonlinearity, in or-
der to get a global existence result, we need a certain algebraic condition on the
quadratic terms (due to the blow-up result for the corresponding Cauchy prob-
lem obtained by John [10], which also shows the blow-up for the mixed problem
in view of the finite speed of propagation). One of such conditions is the null
condition introduced by Klainerman [16]. Under the null condition, Klainerman
[16] and Christodoulou [2] independently proved global solvability for the Cauchy
problem with small initial data by different methods. This result was extended
to the mixed problem by Godin [4] when the obstacle & is a ball (assuming the
rotational symmetricity of the solution), by Keel — Smith — Sogge [14] when it is
star-shaped, and by Metcalfe [23] when it is non-trapping (for the case of other
space dimensions, we refer to [31], [5]).

Next we consider the multiple speeds case where the propagation speeds ¢;
(1 €4 < N) do not necessarily coincide with each other. Metcalfe — Sogge [26]
and Metcalfe — Nakamura — Sogge [24], [25] extended the global existence result
for the mixed problem with the single speed to the multiple speeds case (see [17],
[34], [32], [33], [6], [19], [11], and [13] for the Cauchy problem in three space
dimensions; see also [7] for the two space dimensional case). In addition, they
treated more general obstacles as we shall describe in Definition 1.2 below.

The aim of this article is to present an alternative approach to these works.
Our approach consists of the following two ingredients. One is the usage of
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weighted L>°—L> decay estimates for the mixed problem of the linear wave equa-
tion given in Theorem 4.2 below, whose counterparts for the Cauchy problem have
been widely studied (see Lemmas 3.2, 3.3 and 3.4 below). Equipped with these
estimates, we do not need the space-time L? estimates which have been adopted in
the works [14], [23], [24], [25], [26]. Moreover, these weighted L>°—L> estimates
directly give us rather detailed decay estimates

(1.5)

i (t,2)] < C(1+t + [2])~ log (1 N +C+|ﬁc|>

1+ feit — [af |
|Oui(t, )] < O+ [a) 71+ [est — |2]) 7 (1.6)

for (t,r) € [0,00) x 2, which are refinement of time decay estimates obtained in
the previous works for the mixed problems.

The other is making use of stronger decay property of a tangential derivative
to the light cone given in Theorem 4.3 below. This idea is recently introduced
by the authors [12], where the Cauchy problem is studied, and it enables us to
deal with the null forms using neither the scaling operator t9; + x - V,, nor Lorentz
boost fields t0; + x;0; (j = 1,2,3). In this paper, we will adopt this approach to
the mixed problem, and treat the problem without using these vector fields. In
contrast, the scaling operator has been used in the previous works, and it makes the
argument rather complicated because it does not preserve the Dirichlet boundary
condition (1.2) and has the unbounded coefficient near the boundary. Recently
Metcalfe — Sogge [27] introduced a simplified approach which allows us to use
the scaling operator without special care, but their approach is applicable only to
star-shaped obstacles, and they assumed that the nonlinearity depends only on
derivatives of u.

We will also avoid the argument of a reduction to zero initial data, used in
[14], [23], [24], [25], [26].

In order to state our result precisely, we need some notation, as well as a
couple of notions about the initial data, the obstacle and the nonlinearity.

Consider the mixed problem for a single wave equation

(07 — A )v =T, (t,xz) € (0,T) x Q, (1.7)
v(t,z) =0, (t,x) € (0,T) x 09, (1.8)
v(0,2) = vo(z), (Ow)(0,2) = v1(x), x € (1.9)

for a given data = = (vg, v1, f), with some propagation speed ¢ > 0. We sometimes
write ¥ = (vg,v1) in what follows.
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DEFINITION 1.1.  Let @ = (vg,v1) € C*°(Q; R?) and f € C*([0,T) x Q; R)
with some 7' > 0. We say that (vg,v1, f) satisfies the compatibility condition
to infinite order for (1.7)—(1.9), if agv(o,sc), determined formally from (1.7) and
(1.9), vanishes on 99 for any non-negative integer j. More precisely, we say so if
vj(x) = 0 for any & € 0f) and any non-negative integer j, where v; for j > 2 is
determined successively by

v;(7) = AAvj_a(z) + (8g_2f)(0,x) for x € Q. (1.10)

Similarly, we say that (¢,, F') satisfies the compatibility condition to infinite
order for the mixed problem (1.1)~(1.3) if (8/u)(0, z), formally determined by (1.1)
and (1.3), vanishes on 9f2 for any non-negative integer j (notice that the values
(87u)(0, ) are determined by (¢,1, F) successively as in (1.10); for example we
have 07u;(0) = 2 A ¢; + Fi(¢, (¥, Vi), Vi (b, V8)), and so on).

Throughout this paper, Br stands for
Br={z € R |x| <R} for R>0.
We remark that we may assume, without loss of generality, that & C B; by the
scaling. Hence we always make this assumption in the following. For R > 1, we
set
Qr = QN Bg.
We denote by X.(T') the set of all
= = (00,01, f) = (5. f) € G (% B?) x O ([0,00) x T R)

satisfying the compatibility condition to infinite order for (1.7)—(1.9) with the
propagation speed ¢, where f € C%([0,00) x ; R) means that f € C°°([0, 00) x
Q; R) and f(t,-) € C§°(Q) for any fixed ¢ € [0,00). In addition, for a > 1, X, .(T)
denotes the set of all E = (vg,v1, f) € X.(T) satisfying

vo(z) = v1(x) = f(t,z) =0 for |x| > a and ¢t € [0,T).

We introduce function spaces. For non-negative integers m and s, we define
H™(Q) = {¢; |[¢: H™*(Q)|| < oo}, where
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s @ = 32 [ @) 105 e(w)Pda

loe|<m

for ¢ = ¢(z). Here (z) = \/1+|z|2 for z € R? and 9% = 9 95205° for a
multi-index o = (a1, a9, @3). Throughout this paper, we also use the notations
(a) = \/1+]al]? for a € R, and 9% = 9;°07"05205° for a multi-index o =
(ap, a1, a2, a3). We set H™(Q) = H™Y(Q) and L?(Q) = HY(), which are the
standard Sobolev and Lebesgue spaces, and we denote their norms of a function ¢
by ||¢ : H™(Q)|| and || ¢ : L?(2)||, respectively. Besides, HJ*(f2) is the completion
of C§°(Q2) with respect to the H™(£2) norm. We also put ™ (Q) = H™1(Q) x
H™(Q).

DEFINITION 1.2.  We say that the obstacle & is admissible if there exist a
non-negative integer ¢ and a real constant 7y > 1 having the following property:
Suppose that 2 = (¥, f) € X¢o(T) for some ¢ > 0 and a > 1. Then for any
b > 1, any integer m > 1 and any v € (0,0], there exists a positive constant
C =C(v,a,b,¢c,m,Q) such that for ¢t € [0,T),

ST 9% 0(t): L)

lal<m

<c<||170:%’"“‘1(9)!|+ sup (s)” D Haaf(s,-):ﬁ(ﬂ)”), (1.11)

O=sxt |a|<m+4£—1

where v is the solution to (1.7)—(1.9) with the propagation speed c.

We often refer to (1.11) as decay of local energy (or local energy decay).
For F; = F;(u,0u, V,0u), we denote the quadratic part of F; by Fi(Z). More
precisely, writing ¢ = ((1,...,C7n) = (u, Ou, V,0u), we define

F - Y, O (112)

|a|=2

where « is a multi-index with the standard notation.

DEFINITION 1.3.  We say that the nonlinearity F' = (F1, Fy, ..., Fiy) satisfies
the null condition associated with the propagation speeds (c1,ca,...,cn) if each
Fi(z) (1 <4< N), given by (1.12), depends only on du and V,0u (namely Fi(z) =
F}Q)(au, V. 0u)), and satisfies
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FP((Xapg). (Xi Xary)) =0 (1.13)
for any pu, v € A; and X = (Xo, X1, X2, X3) € R* satisfying X2 = ¢2(X? + X3 +
X32), where

Ai={(\, A, An) € RN\ = 0if ¢ # ¢}

Here the left-hand side of (1.13) means that X,u; (¢ = 0,1,2,3; j =1,...,N)
and XpX.v; (k=1,2,3; a =0,1,2,3; j =1,...,N) are substituted in place of
Oquj and 0y0,uj, respectively.

We remark that under the null condition, each Fi(2) (Ou, Vz0u) is expressed
as a sum of two groups of terms. The one is a linear combination of Qo (u;, ux; ¢;),
Qab(uj, ux), where Qo and Qqp are the null forms defined by

Qo(&,m5¢) = (8:6)(9m) — A(Va &) - (Vi ), (1.14)
Qab(§,m) = (0a€)(0sn) — (06€)(0an) (0 <a < b<3) (1.15)

for a positive constant ¢, and real valued-functions £ = £(¢,2) and n = n(t, x).
The other is a linear combination of such terms (9,u;)(Opus) that at least one of
¢i, ¢j and ¢y, is different from the others. More precise expression is given by (5.1)
below.

Now we are in a position to state our main result.

THEOREM 1.4. Let (1.4) be fulfilled, and ¢, ¢ € C>®(Q2; RN). Suppose
that (9,1, F) satisfies the compatibility condition to infinite order for the problem
(1.1)~(1.3), & is admissible, and F satisfies the null condition associated with
(c1,¢2,...,¢cn). Then there exist a positive constant €9 and an integer s such that
the mized problem (1.1)~(1.3) admits a unique solution u € C*(]0,00) x Q; RN),
satisfying (1.5) and (1.6), for any (¢,) with

|¢: H 25 (Q)|| + ||oo: H*TH5(Q)|| < eo.

Theorem 1.4 was already presented in [25] with a different assumption on the
obstacles; they assumed exponential decay of local energy, with possible loss of
derivatives as in (1.11), for solutions to the mixed problem of homogeneous wave
equations on [0,00) x © (see (B.8) below). The same assumption is made also in
[24], [26]. The known examples satisfying their assumption, given in [24], [25],
[26], are non-trapping obstacles, and trapping obstacles which were treated in
Tkawa [8], [9]. All the obstacles satisfying their assumption are also admissible in
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our sense (see Appendix B below for the proof). Thus our assumption is possibly
weaker than theirs. More precisely, exponential decay of local energy is not actually
needed in [24], [25], [26], but one needs (1.11) for v up to some 79 > 1 to apply
their method. On the other hand, only (1.11) for v < 1 is required in our method.
However we have unfortunately no concrete example of admissible obstacle (in
our sense) other than those satisfying also their assumption. Hence, at the present
time, we may say that there is no essential difference between the practical claims
in Theorem 1.4 and [25].

Here we emphasize that our main aim in this paper is to obtain a simplified
proof of the global existence result in [25], and not to weaken the assumption on
the obstacles.

This paper is organized as follows. In the next section we collect notation.
In Section 3 we give some preliminaries needed later on. Section 4 is devoted to
establish pointwise decay estimates. Making use of the estimates from Section
4, we give a proof of Theorem 1.4 in Section 5. The appendices are devoted to
discussion on admissible obstacles, as well as the proof of Lemmas 3.1 and 3.5
below.

2. Notation.

Let ¢ > 0. For = = (vg,v1, f) € HL(Q) x L*(Q) x L=((0,T); L*(Q)), we
denote by S[=;¢|(¢,z) the solution of the mixed problem (1.7)—(1.9). Besides we
set K[th;c] = S[(00,0);¢] and L[f;c] = S[(0,0, f); ], where 0y = (vg,v1), as
before.

Similarly, for (wg,w1,g) € HY(R3) x L2(R3?) x L>=((0,T); L?>(R?)), we denote
by So[(wo, w1, 9); c](t, z) the solution of the following Cauchy problem:

(0} — A )w =g, (t,x) € (0,T) x R?, (2.1)
w(0,z) = wo(x), (Qw)(0,z) = wi(x), r € RP. (2.2)
Besides we put Ky[wo; ¢] = So[(wWo,0); ¢] and Lo[g; ] = So[(0, 0, g); c], where @y =

('lUO, wl ) *
Next we introduce vector fields: We denote

0y = O, 8j (j=1,2,3), Qij:xﬁj—xjai (1§i<j§3),
by Z; (j =0,1,...,6), respectively. Notice that

(Z;,0} — A ] =0 (j=0,1,...,6), (2.3)
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where we put [A, B] := AB — BA. Denoting Z* = Z{°Z" - -+ Zg® with a multi—
index a = (ap, a1, ...,q5), we set

@(tvx”m = Z |Za<p(t,$)|, ||<,0( ”m = || |90 |m LQ(Q)H (2'4)

laj<m

for a real or RY-valued smooth function (¢, ) and a non-negative integer m.
Forv, k€ R,c¢>0and ¢; >0 (1 <j <N), we define

{t+ |a])” if v <0,
-1
D, (t,x) = {log (2 + gj :ﬂi)} if v =0, (2.5)
(t — |a])” if v >0,
K
Wyn(t,z) = (t + |z]) ( et - |x\>) (2.6)
(€) % _ "
WLt @) = (¢ + [a]) (0< min (et —al) ) (2.7)

where ¢g = 0. We set

P ifp>0, K >1,
vi(p, k) = ) (2.8)
p+1—k ifp>0, 0<Kk<1.

We define

IF@):Ne() = sup — (z) #(s,2)[f(s,2)[k (2.9)

(s,2)€[0,t]xQ

for ¢ € [0,T), a non-negative integer k and any non-negative function # (s, x).
Similarly we put

lgt): Mx(#)l = sup  (x) #(s,2)|g(s, )] (2.10)
(s,z)€[0,t] x R3

Let p > 0, and k be a non-negative integer. We define

Duk[vo, 1] = sup (@)’ (lvo(@)lk + [Vavo (@) + [v1(2) k) (2.11)
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for a smooth function (vg, v1) on £, while

By klwo, wr] = Sup, (@) (lwo (@)l + [Vowo () |k + [wi () k) (2.12)

for a smooth function (wq,w;) on R3.
For a > 1, let 9, be a smooth radially symmetric function on R? satisfying

Ya(z) =0 (|2 <a), Yalz) =1 (J2[Za+1). (2.13)

3. Preliminaries.

First we introduce the well-known elliptic estimate, whose proof will be given
in Appendix A for the completeness.

LEMMA 3.1.  Let ¢ € H™(Q) N HE () for some integer m(> 2). Then we
have

S 020 LAQ)|| < C(IAup: H™ (@)l + Vo Q). (3.1)

la|=m

Next we introduce a couple of known estimates for the Cauchy problem. The
first one is the decay estimate of solutions to the homogeneous wave equation, due
to Asakura [1, Proposition 1.1] (observe that the general case can be reduced to
the case k = 0, thanks to (2.3)). Recall that ®,(¢,z) is the function defined by
(2.5).

LEMMA 3.2. Let ¢ > 0. For @y = (wo,w1) € C(R* R?), p > 0 and a
non-negative integer k, there exists a positive constant C = C(p, k, c) such that

(t + [2]) By (et )| Kole: (1, 2) i < OB wluft] (3:2)

for (t,z) € [0,00) x R3.
The second one is the decay estimate for the inhomogeneous wave equation.

LEMMA 3.3. Letc>0, p>0, k>0 with k # 1, and k be a non-negative
integer. Then there exists a positive constant C = C(p, k, k, ¢) such that

{t+]z]) @poi(ct, )| Lolgs | (t, 2) | < Cllg(t): M (Wo, o), (3:3)
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for (t,x) € [0,T) x R?, where v,(p, k) is given by (2.8).

PrROOF. The desired estimate for k = 0 was shown in Theorem 3.4 of Kubota
— Yokoyama [19] (see also Lemmas 3.2 and 8.1 in Katayama — Yokoyama [13], and
Lemma 3.2 in the authors [12]).

Let |a| < k. Then it follows from (2.3) that

Z%Lolg; c] = Lo[Z%g; c] + Ko[(fa, Va); cl, (3.4)

where we put ¢n(z) = (Z%Lo[g; ])(0,z), Yao(z) = (0:Z2%Lo[g; ]
term on the right-hand side of (3.4) can be easily estimated by
On the other hand, as for the second term, from the equation (2.

)(0,z). The first
(3.3) for k = 0.
1) we get

dalz) = Z Cﬁ(Zﬁg)(Oam)v Ya(z) = Z C/B(Zﬁg)(ovx)

1BI<|al-2 1BI<]al-1

with suitable constants Cz and C} (cf. (1.10)). Therefore, by virtue of Lemma
3.2, we obtain

(t + |z]) @p1(ct, 2)[Ko[pa, a; cl(t, x)| < C sup W) g(0,9) k-1
yeER?

Since we have v, (p, k) + k > p+ 1, it follows that

sup (1) g(0,y)|r—1 < sup @) [g(0, )]
yeR3 yeR3

< Olg(t): My(Wo_ (), |- (3-5)

This completes the proof. O

The third one is the decay estimate for derivatives of solutions to the inho-
mogeneous wave equation.

LEMMA 3.4. Let ¢ > 0, and k be a non-negative integer.
If p > 1 and k > 1, or alternatively if 0 < p <1 and 0 < k < p, then there
exists a positive constant C' = C(c, p, k, k) such that

() (et = [2)?|0Lo[g; ](t, 2) e < Clg(t): M1 (Wo, (p),0) | (3.6)

for (t,z) € [0,T) x R3.
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On the other hand, if p > 0 and k > 1, then we have
() {ct = [2])?|0Lo[g; ] (t, )| < C||g(t): Myyr (W) (3.7)

for (t,z) € [0,T) x R3.

PrROOF. Let 0 < a < 3. In view of Lemma 3.2 in [19], Lemma 8.2 and the
proof of Lemma 3.2 in [13], we find that

(@) (ct — |z])? |Lo[0ags ] (t,2)] < C||g(t): Mi(Wo, (p,1.6) | (3.8)
forp>landk>1,orfor0<p<1land0 <k < p, as well as
(@) (et — |2])" | Lo[dag; A(t,x)| < C|lg(t): Mu(W D), (3.9)

for p> 0 and k > 1 (see also [12]).

Since 0,Lolg;c] = Lo[0ag; c] + 0a0K0[(0,9(0,-));¢] for 0 < a < 3 with the
Kronecker delta 644, (3.6) and (3.7) follow from (3.4), (3.8), (3.9), and Lemma 3.2,
with the help of (3.5) and its variant obtained by replacing W,_, x),« by W,gf).
This completes the proof. O

In order to associate decay estimates with the energy estimate, we use the
following variant of the Sobolev type inequality, whose counterpart for the Cauchy
problem is due to Klainerman [15]:

LEMMA 3.5. Let ¢ € C3(Q). Then we have

sup (2) [p(2)] < C Y [ 2%: L2(Q)], (3.10)

zeQ lal<2

where Z = {81, 527 83, ng, Qgg, ng}.
The proof of Lemma 3.5 will be given in Appendix C.
Finally, we recall the estimates of the null forms from [12].

LEMMA 3.6. Let ¢ be a positive constant and u = (uq,...,uy). Suppose that
Q is one of the null forms defined by (1.14) and (1.15). Then, for a non-negative
integer k, there exists a positive constant C = C(c, k) such that



1146 S. KaTtavyaMA and H. KuBO

Qg e < C{oulusa 3 D2zl o Y 1Dz

|| <k | <[k/2]

1
+ ~ (10l /2l + u|[k/2]+1|au|k)},

where we put Dy . = 0y + ¢O, with r = |x| and 0, = (x/r) - V.

4. Basic estimates.

The aim of this section is to establish pointwise decay estimates for the mixed
problem, which are deduced from corresponding estimates for the Cauchy problem
in combination with the local energy decay (1.11). To prove such estimates we use
the following lemma. Remember that we have assumed & C B;.

LEMMA 4.1.  Let € be admissible, and £ and 7y be the constants in Definition
1.2. Letb>1,¢>0, p >0, and k > 0 with k # 1, while m is a non-negative
integer.
(i) Suppose that x is a smooth radially symmetric function on R® satisfying
suppx C By. If p < 7, and E = (vg, f) € Xco(T) for some a(> 1), then
there exists a positive constant C' = C(p,a,b,c, m,Q) such that

()7 IxS[E; dJ(t, ) |m

< Cprimienlio] +C Y sup  (5)°|07f (s, )| (4.1)
18| <m+e+1 (s,2)€[0,t]xQq

for (t,z) € [0,T) x 2.
(ii) Let W and g are smooth functions on R> and on [0,T) x R®, respectively.
If supp Wy Usuppg(t, ) C B, \ By for any t € [0,T) with some a > 1, then
there exists a positive constant C' = C(p,a,c, m) such that
{t + |z) @p-1(ct, )|So[(wo, 9); ] (t, ) |m

< Cpraml@o] +C Y sup  (s)710%g(s,2)] (4.2)
18|<m (s,2)€[0,t] X Qg

and



Global existence for nonlinear wave equations 1147

(z) {ct — |z[)*|0S0[ (o, 9); €] (¢, ) |m
< Cpromi[@o] +C Y sup  (s)710%g(s, 2] (4.3)

18| <m+1 (5:2)E[0:t]x €2

for (t,z) € 0,T) x Q.
On the other hand, if wo(x) = g(t,z) =0 for any x € By and any t € [0,T),
then there exists a positive constant C = C(p, a,b,c,m) such that

() > 10”Sol(wio, g); € (t, )|

[BI<m
< Ctpyrmliio] +C Y [0%9(): No(Wo. (p.r).) | (4.4)
[B]<m
for (t,x) € [0,T) x Q.
ProoF. First we note that we have

h(t,2)[m < C Y [07h(t,2)] (4.5)

[BI<m

for any smooth function h on [0,7) x Q (or on [0,7T) x R?) with supp h(t,-) C Br
for some R(> 1).

Let 2 € X.o(T), and p < 7. For (t,z) € [0,T) x Q, by (4.5), the Sobolev
inequality and (1.11), we obtain

()7 IXS[E; et @) |m

<oty Y [0°SE @)L ()]
[B] <m+2

< Cldo: Q)|+ C sup ()P > [0 f(s): L(Q)]],
s€[0,t] 18| <m+E+1

which yields (4.1), since supp f(t,-) C Q, implies |87 f(s): L*(Q)| < C||0° f(s):
L>=(Q,)])-

Let ¢ and 7 be functions on A(C R x R?). We write £(¢,z) ~ n(t,z) for
(t,x) € A, if there exists a positive constant C such that

C™l¢(t,x) < n(t,x) < CE(L,x) for any (t,z) € A.
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Observing that we have W, . (t,z) < Wéiz(t,x) < C(t + |z|)P{|z])* for (t,z) €
[0,00) x R?, we obtain

{t)° ~ (@) W(t,z) ~ (2) W, @)
~ (A |2 Ppor(et, ) ~ () (et — |z])" (4.6)

for (¢t,x) € [0,00) x Bg, where R >0, p >0, ¢> 0, and x > 0.

By (3.2) and (3.3) with k > 1, we find that the left-hand side on (4.2) is
estimated by C %41, [Wo] + C||g(t) : My (W,,.)||, and we obtain (4.2) in view of
(4.6), since supp wWoUsupp g(t,-) C B, \ B1 C Q,. Similarly, if we use (3.7) instead
of (3.3), then we get (4.3).

On the other hand, replacing Z¢ by 9% in the proof of (3.3), and using (4.6),
we find

() > 10°Sol(do, 9); e)(t, 2)| < CBprrmlol+C Y [[079(): Mo(Wy. (p,00,5)

|Bl<m |B|<m

for (t,z) € [0,T) x Qp, which leads to (4.4), because of the assumption on )y and
g. This completes the proof. O

THEOREM 4.2.  Let O be admissible, £ and o be the constants in Definition
1.2, and ¢ > 0. Suppose that = = (g, f) € X(T) and f = f1 + fo.
(i) Let p € (0,7], ks > 0 and k; # 1 (i = 1,2). Then there exists a constant
C = C(p, K1, kK2,¢) > 0 such that

{t + [x]) @1 (ct, 2)[S[Z; ¢](t, )

2
< CApii kret3lvo] +C Z Z 10° i (£) : Nie(Wo, (i) )
|B|<t+3 i=1

| (4.7)

for (t,z) € [0,T) x Q.
(ii) Let ko > 1. If 0 > 1, p € (1,70) and k1 > 1, or alternatively if 0 < p <1 and
0 < K1 < p, then we have

(x) (ct — |x])P|0S[Z; c|(t, =) |k
< Cpia hre4altd] + C|| f1(8) : Nt o aWo (o)) ||

+ C[|f2(8): Nt ea (W) (4.8)
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for (t,x) € [0,T) x Q.

PrROOF. First we remark that, under the same assumption on (p, k1, ko) for
(4.7) (vesp. (4.8)), 22 |51<m SUP(s,2)€[0,6] x 2 (s)7 0P f(s,7)| with m = k+ £+ 3
(resp. m = k + £ + 4) is bounded by the right-hand side of (4.7) (resp. (4.8)),
because we have (4.6) and v.(p,k;) > p (i = 1,2). Hence we only have to prove
(4.7) and (4.8) with these terms added on their right-hand sides.

Here we recall the following representation formula based on the cut—off
method developed by Shibata [29], and also by Shibata — Tsutsumi [31] where
LP—L1 time decay estimates for the mixed problem were obtained (see also [18]):

4
S[E:€l(t x) = 1 (2) SolnZ: cl(t.2) + Y SilE] (1) (4.9)

i=1

for (t,z) € [0,T) x Q, where 1), is defined by (2.13) and we have set

S1[E](t,2) = (1 — ¢2(2)) L[ [, —c*As]So 2= el ] (¢, @), (4.10)
Sa[E)(t, ) = —Lo[ [t2, — A L[ [1, —*Ag)So[taF; i c]s ] (t,2),  (4.11)
S3[E](t, 2) = (1 — 3(2))S[(1 = 1h2)Z; (¢, ), (4.12)
SalE](t, x) = —Lo[ [¢3, —*AS[(1 = ¥2)F; s ¢] (1, 7) (4.13)

Writing (o = Sp[1)2Z; ], we get

(@) (et — |2])” [0a (v1.60(t, )|,
< (@) {ct = |2}’ (J1(2)(8aCo) (¢, )|k + [(Datir) (x)Co(t, 2)|1)

< O (x) (et — [2])* [0aCo(t, )|k + Clathr (2)] (8)" D [07Co(t, )],
|81<k

where the last inequality is obtained by (4.5) and (4.6), because we have
supp9,¥1 C Bs. Now, it follows from Lemmas 3.2, 3.3, and 3.4, together
with (4.4), that ¥1.50[¢2Z; ¢] has the desired bound, since we can write E =
(%0,0) + 322_,(0,0, f;).

We assume 0 < p < g and k; > 0 with x; # 1 in the following. It is easy to
check that

[ta, —Az]h(t,x) = h(t, 2)Azthe(z) + 2V, h(t, x) - Vi e (x)
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for (t,x) € [0,T) x Q, a > 1 and any smooth function h. Note that this identity
implies (0,0, [¢0q, —c*Ay]h) € X, a41(T) for any smooth function h and a > 1,
because supp V¢, Usupp Aytpq C Bat1 \ Ba. Therefore, by (4.1) and (4.4), we
obtain

()710%S1[Z](t, ) |k

=¢ Z sup  (s)|0°So[1h2E](s, )|
|8 <k+£4+2+]al (5,2)€[0,t] XN

2
< C%+1,k+£+2+|a\ [v_(ﬂ +C Z Z ”aﬁfi(t):NO(WV*(p,m),m)
|B|<k+L0+2+]al i=1
(4.14)

for (t,z) € [0,T) x Q and |a| < 1. Similarly, since we have (1 — 12)= € X, 3(T)
for any & € X (T), (4.1) leads to

(t)°10%55[=](t, ) x

< Oppreriiall®+C D sup  (s)?|0° f(s,x)| (4.15)
|B|<k-+l+1+|al (552)E0H]x s

for (t,x) € [0,T) x Q and |a| < 1. Since supp S;[Z](¢,z) C By for i = 1,3, (4.14)
and (4.15), together with (4.6), imply the desired estimates for S;[E] and S3[E]
(note that we have W,_(, x,).rs < W,Sfiiz on [0,00) x R? for kg > 1).

Set g;[=] = (02 — ¢*A,)S;[E] for j = 2,4. Observing that g, and g4 have the
almost same structures as Sy and Ss, respectively, by (4.1) and (4.4) we obtain

sup  (5)”10%ga[E](s, 7))
(s,2)€[0,1]x 02

|B]|<m
2
< Cpyimressi] +C D D 107i®): NoWo (o)l (416)
|B|<m+e+3 i=1
sup (5)719% g [E](5, )|
|8[<m (5:2)€[0:4] x4
< Cdprimienal®l +C 3 sup  (s)10° f(s, )| (4.17)

18] <m+e+2 (s,2)€[0,t]x Q3

for any m > 0. Thus, since g, and g4 are supported on By \ Ba, (4.2) and (4.3)
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with @y = (0,0) imply the desired estimates for So[Z] and S4[Z]. This completes
the proof. O

In order to handle the null forms, we also need the following estimate of a
tangential derivative to the light cone ¢t = || which is denoted by D . = 9, +¢0,.

THEOREM 4.3.  Let the assumptions in Theorem 4.2 be fulfilled, and let 1 <
p < min{2,v%}, k; > 0 and k; # 1 (¢ = 1,2). Then there exists a constant
C = C(p, K1, K2,¢) > 0 such that
~1
(x) t + |]) (ct — |z])”
log(2 +t+|z|)

Z |D+,cZaS[E; C](tvx)l

lo| <k

2
< Cdlpi1 otots[00] +C Z | £i () : Nisors Wo, (o) i)
=1

| (4.18)

for (t,x) € [0,T) x Q.

PROOF. When |z| < 1, (4.18) follows from (4.7) immediately. While, if || >
1, then we can proceed as in the proof of Theorem 1.2 in [12], because ¢ C Bj.
Here we only give an outline of the proof. Setting U, (¢, r,w) = rZ*S[Z; c|(t, rw)
for r > 1, w € S% and |a| < k, we have

2

D_ Dy Uy(t,r,w) =rZf(t,rw) + £ Z 05 Z°S[E; d(t,rw),  (4.19)
1<i<j<3

where D_ . = 8; — cO,.. Let to > 0, 19 > 1 and wp € S*. Then we have

2
rZef ()| S CY Wi ()] filto) : Ne (W, (ps) m,)

i=1

|

for t < to. Applying (4.7) to estimate the second term on the right-hand side of
(4.19), we find that |D_ D, ;U(t,r,w)| is bounded from above by the right-hand
side of (4.18) (with ¢ = ) multiplied by

W71

Vi (ki) ki
i=1

(t2) + (@) " (t+ |2)H @, (ct, x)
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for t < tg. Integrating the obtained inequality along the ray
{(t, (’I“o + C(to — t))wo); 0<t< to}

(note that this ray lies in §2), we obtain

(to +10)”
—————— 1D, Uy(to, 70, w
10g(2+t0+7“0>| =+, (0 0 0)|

2
< Cmpprtersld] + C Y || £i(to): Nongeas(Wo pos )

i=1

| (4.20)

Since rDy Z*S[=; c|(t,rw) = Dy Uy (t,7,w) — cZ*S[E; |(t, rw), (4.20) and (4.7)
imply (4.18) for |z| > 1. This completes the proof. O

5. Proof of Theorem 1.4.

In this section we prove Theorem 1.4. We assume & C B; as before. Let all
the assumptions of Theorem 1.4 be fulfilled.

Though there is no essential difficulty in treating the quasi-linear case', we
concentrate on the semilinear case to keep our exposition simple. Hence we assume
F = F(u,du) in what follows. We also suppose that (¢,v) € C§°(; RN x RY)
in the following. Observing that the argument below is independent of the size of
the support of (¢,), one can immediately obtain the result for the general data
by the standard approximation argument.

From the null condition associated with (c1,¢a,...,cn), we see that the

quadratic part Fi(2) of F; can be written as
F® (0u) = F™(0u) + Ry;(0u) + Rry.s(0u), (5.1)

where

1 ik kab
F(0u) = E (Af Qo(uj, uk; ;) + § B™* Qab(ujauk))a
1<j, k<N 0<a<b<3
cj=cr=c;

n fact, to treat the quasi-linear case, we have only to replace the energy inequality for the
wave equation in Subsections 5.1, 5.2 and 5.4 below with that for systems of perturbed wave
equations which is also standard (remember that the symmetry condition (1.4) is assumed). Such
replacement is not needed for pointwise decay estimates, because loss of derivatives is allowed
there.
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Rrg(u)y= Y Y C"0au;)(ur),

1<j,k<N 0<a,b<3
CiF#Ck

RU, 8u Z Z Djk ab 6 u])(abuk)
1<5,k<N 0<a,b<3
cj=cr#cq

with suitable constants A7%, BIFb cikab anq pIkab We put
H;(u,0u) = Fy(u,0u) — F? (0u)

for i =1,2,...,N, so that H;(u,d0u) = O(|ul® + |0u|®) near (u,du) = (0,0).
Let u = (u1,usg,...,ux) be a smooth solution to (1.1)-(1.3) on [0,7) x Q.
We set

er,ilui)(t, x) = (t + |z]) o(cit, o) [ui(t, ) [k+1 + (2) (it — |2]) [Oui(t, )|k

{z) {t + |=l)

oa(2-+ 1+ o) 2 17?7t

la|<k—1

for 1 <i < N. We also set e [u](t,z) = YN | exifuil(t, 2).
We fix k > 6¢ 4 28, and suppose that

||¢ . H2k+1’2k71 (Q)

|+ [ Q)] <e. (5.2)

Note that, by the Sobolev inequality, we have

Yoo @ roce@)|+ Y. [@ogy()| < ce

|| <2k—1 || <2k—2

for any x € Q. Especially we have e;[u](0) < Ce.

Since the local existence for the mixed problem (1.1)-(1.3) has been shown
by [31], what we need for the proof of Theorem 1.4 is a suitable a priori estimate.
Assume that

sup ||ex[u](t): L®(Q)|| < Me (5.3)
0<t<T

holds for some large M (> 1) and small (> 0), satisfying Me < 1. We will prove
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that (5.3) implies

sup ||ex[u](t):L®(Q)|| < Ce + CM>e?, (5.4)
0<t<T

where C is a constant independent of M, ¢ and T. From (5.4) we find that (5.3)
with M replaced by M/2 is true for M > 4C and ¢ < 1/(4CM). Then, for small
g, the standard continuity argument implies that ey [u](t) stays bounded as long
as the solution u exists (observe that ||ex[u](t):L>(Q2) H is continuous with respect
to t, because u is smooth and suppu(t,-) C Byyg for ¢t € [0,T) with some R > 0).
Theorem 1.4 follows immediately from this a priori bound.

To this end, the following energy estimate is crucial:

|0u(t) loh—r—7 < OMe(1 4 t)C-Metr for t € [0,T), (5.5)

where C, C, and p, are positive constants independent of M, € and T'. Moreover p.,
can be chosen arbitrarily small. Once we find (5.5), we can proceed as in the case
of the corresponding Cauchy problem (though we need careful evaluation of the
possible nonlinearity u?, because of loss of derivatives in (4.7), which is not present
n (3.3)). While, unlike the case of the Cauchy problem, it is not so simple to get
(5.5), because boundary terms coming from the integration—by—parts argument
may cause some loss of derivatives. For this reason, we estimate the space—time
gradient and generalized derivatives separately and improve the estimate of the
latter by using some decay estimate.
In the following, we set r = |z|. We define

- m 4 (0) — i 4
w_(t,r)—og;lgnN (cit—r), w(t,r) ogjénz\lrr;lcj¢c<cjt )

for ¢ > 0, with cg = 0. Note that, for 0 < j, k < N, ¢; # ¢, implies
(cjt =) ext — )P < C @+ ) min{(cjt — 1), (et — )}
Notice also that, for any p > 0 and ¢ > 0, we have
Oo(ct,z) P <Ot +r) (et —r)H,

where C' is a positive constant depending only on y and c.
In the arguments below, we always suppose that M is large enough, while
is small enough to satisfy Me < 1.
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Here we also remark that if (4,1, F) satisfies the compatibility condition
for (1.1)-(1.3), then (¢, ¢, fi) € X, (T) for 1 < ¢ < N, where fi(t,z) =
Fi(u(t, x), 0u(t, ), Vz0u(t, x)).

5.1. Estimates of the energy.
In this subsection, we will prove

> Jlo%0u(t): L*(Q)|| < CMe(1 + t)“oMe, (5.6)

la| <2k
where C is a universal constant which is independent of M, ¢ and T
For 0 < m < 2k, we define z,,(t) = Z?:)m H@fau(t) : Hm(Q)H To prove
(5.6), it suffices to prove

Zm(t) < CMe(1+t)%Me for 0 < m < 2k. (5.7)

First we evaluate zo(t). For 0 < p < 2k, from (5.3) we get
2k
|07 F®) (0u)(t,2)| < CMe (6)~" ) |0fdu(t, x)),
q=0

and

k 2k
|07 H (u, 0u)(t,z)| < Clu(t,2)]> +C Y 3 |0fou(t,z)|* Y [0fou(t, )]

=0 |a|<1 q=0
< COM3 (t+ ) > w_(¢,r) 7

2k
+COM?E (t+ 1) w_ ()7 |ofoult, )|
q=0
with small g > 0. Since we have
[+ 1 D72 (eit = |- ) LR < € ()2

for u >0and 0 <j < N, we get

|08 F(u, 0u)(t): L*(Q)|| < CoMe(1+ ) zo(t) + CM3e3(1 4 )%/
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for 0 < p < 2k. Noting that the boundary condition (1.2) implies 87 u(t,z) = 0
for (t,z) € [0,T) x 9 and 0 < p < 2k + 1, we see from the energy inequality for

the wave equation that

dZ()

— (1) < CoMe(1+1) " a(t) + CMP (1 +1) %2,

which yields
20(t) < (20(0) + CM3e3)(1 + t)oMe < CMe(1 + t)“0Me, (5.8)

Next suppose m > 1. Then, from the definition of z,,, we have

Zn(t) <C > (|\afau(t);L2(Q)|\+ > ||oFoowu(t): L ()|

1<|al<m

> ||afa§vmu(t):L2(Q>ll)

1<|a|<m

2k—m
gc(zo(t)+zm_1(t)+ > Hafagu(t):LQ(Q)D,

p=0 2<|a|<m+1

where we have used

S rozo): 2@ < YT 08T o Vau(t): L ().

1<lal<m /| <m—1
For 2 <|a] <m+1, (3.1) yields
0702u(t): L*(Q)|| < C(/|Ax0Fu(t): H™ Q)| + |V OFu(t) : L*(Q)]]).

For 0 < p < 2k — m, we see that the second term on the right-hand side in the
above is bounded by zo(t). While, using (1.1), the first term is estimated by

C107 2 ult): H™ Q) + |07 F (u, du)(t): H™H(Q)]]),

whose first term is bounded by z,,—1(¢) for 0 < p < 2k — m. On the other hand,
we have
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|08 F(w, 0u)(t): H"H(Q)|| < CMe(L+ 1) 21 (t) + OM3e*(1 +t)7%/2
for 0 < p < 2k — m, as before. In conclusion, we get?
2 (t) < C(2m—1(t) + 20(t) + M33(1 +)7%/2) (5.9)

for m > 1. Using (5.8), we obtain (5.6) by the inductive argument in m(> 1).

5.2. Estimates of the generalized energy, part 1.
In this subsection we evaluate the generalized derivatives Z%u in L?(Q2) for
la| <2k — 1. It follows from (2.3) that

1d

- A 12 Zo 2
2dt/@qat wil? + Vo 2w %) dx

:/ZaFi(u,au)ﬁtZauiderc?/ (v Vi Z%;) (0:2%u;) dS, (5.10)
Q o

where v = v(x) is the unit outer normal vector at z € 012, and dS is the surface
measure on 0§

Let o and § be multi-indices with |a| + |3] < 2k — 1. Since |8% 2% u| <
Co,p (10u]|ar)118/ + |uljar)) for any multi-indices o’ and @', from (5.3) we get

|0° Z°F (u, 0u)(t, )| < CMe (t+ )" w_(t,r) " |Ou(t, )| 11

+OM2E2 (t+7) 2w (8, r) " ult,z)]je  (5.11)

for arbitrarily fixed p > 0.

Fix small p19 > 0. Observing that |Zn| < C (r) |0n| for any function 1, we get

[ulja) < C(lu] + (r)|0ulja)—1) for || > 1. Therefore, from (5.11) with |3] = 0 we
obtain

| Z%F (u, 0u)(t): L*(Q)]|
< OMe(1+ )7 H|0u(t)||ja) + CM?e* (1 + )72 Qu(t) ||| -1

+ CM33(1 41)73/2 (5.12)

2We note that, when we consider the quasi-linear case, (5.9) is replaced by
2m(t) < CMezm (t) + C(2m—1(t) + zo(t) + M3e3(1 +1)73/2),

but we can easily recover (5.9) from this inequality, because ¢ is small.
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for |a] <2k —1.

While, 9Q C By implies [0Z%u(t, )| < C3 5 <|a |0POu(t, x)| for (t,z) €
[0,T) x 0. Hence, by the trace theorem, we see that the second term on the
right-hand side of (5.10) is evaluated by

2

)

C Y 0°%0u(t): L7 ()|
|BI<lal+1

which is bounded from above by CM?2e%(1 + ¢)2¢0Me in view of (5.6).
Now, from (5.10), (5.12) and Young’s inequality, there exist positive constants
(1 and C such that

Loun|, < M=+ 1) fou(t) I,
+ CMB3 (14 )70 | gu(t) |2, + CM?e*(1 4 t)2CoMe
for m < 2k — 1, from which we inductively obtain
[Ou(t)||7, < CMZe(1 + t)?CoMetanolm=1)+1 (5.13)

for m < 2k — 1, provided that ¢ is small enough to satisfy CyMe < 1. Setting
v = 4(k — 1)po, we obtain

0u(t)|ap—1 < CMe(1 4 t)CoMetr+(1/2), (5.14)

5.3. Pointwise estimates, part 1.
By (3.10) and (5.14) we have

() |0u(t, ) |an_s < CllOu(t)|lap_1 < CMe(1 + t)CoMe+1+(1/2), (5.15)

Let o and 8 be multi-indices with |a| + |3] < 2k — 3. We put

N

Un(t) = sup Z (s + |33|>1_)‘ D (c;s,x)|ui(s, T)|m (5.16)
(s,2)€[0,t]xQ ;=7

for A > 0. Then (5.11) yields
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09 ZF (u, du) (t,2)| < CMe (t+7) " w_(t,r) " u(t, )| |13
+ OM2E2 (t+ ) PP (6, 1)U A1), (5.17)

Let x be a non-negative C°°(R)—function satisfying x(7) = 1 for 7 < 0, and
x(7) =0 for 7 > 1. We define

Xeitoao (7)) = x((ct + () — (cto + (0))) (5.18)

for ¢ > 0 and (to, zo) € [0,T) x Q. Observe that if t € [0, o] and ct+|z| < cto+|xo],
then e t,20 (t, ) = 1. We also have Z%Xc. 1y 2 (t,2) < Cyy.c for (¢,2) € [0,00) x R3
and |a| = m, where C,, . is a constant depending only on m and c. Then, taking
the domain of dependence for (tg,xg) into account, we get

Llg; c](to, z0) = LlXc.to,509: cl(to, zo)- (5.19)
We also have
(t+|z[) < C(to + [zol) (5.20)

for any (¢, ) € Supp Xe,ty,0, With ¢ > 0, and any (to,zo) € [0,T) x Q, where C is
a constant depending only on c.

Now we set A = (CoMe + v+ (1/2)) +~. Using (5.15) and (5.17) for |a| <
2k —£—6, |0 <+ 3and p=(1—1)/3, we find

Z HaB(Xci,to,:voFi(uaau))(t(]):N2k7£76(W1+'y,17'y)H
|B]1<£+3
< OM?*(1+ Uzp—s—6,(t0)) (to + |70}

In view of (5.19), by using (4.7) with (p,x1) = (1,1 — ) and (fi, f2)
(Xei to,20Fi5 0), we obtain

Uzi—t—6,1(t) < Ce 4+ CM?e*(1 + Uzi—g—6,1 (1)),

which leads to

N
STt |2y VBTN B (it @) ui(t, @) ap—e—s < CMe (5.21)
1=1
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for (t,z) € [0,T) x Q, since we may assume CM?c? < 1/2.

5.4. Estimates of the generalized energy, part 2.
Since ®g(c;t, x) is bounded for (¢, z) € [0,00) x I, from (5.21) we get

025 u(t): L2(09) || < C|[|u(t)|ak—e—6: L= (09)]
< CMe (t)y" (/D +CoMet2y (5.22)

for |a] <2k —¢—7. Now (5.10), (5.12) and (5.22) yield

d

%HM(QH% < CoMe(1+6)Hout)|7, + CMe>(1 + )~ 4| du(t) |7,

+ CM2€2(1 + t)—1+QCQME+4’y
for m < 2k — £ — 7 with some positive constant C5, which inductively leads to
Hau(t)H?n < CM2€2(1 + t)(2C0+C2)M6+4'y+4(m71),u0

for m < 2k — ¢ — 7. Finally we obtain (5.5) if we take C, = Cy 4+ C3/2 and
px =37 (=12(k — 1)up) for example.
5.5. Pointwise estimates, part 2.
(3.10) and (5.5) imply
(z) |Ou(t, 2)|op—e—9 < CMe(1 +1t)° (5.23)

for 0 < & < p./(C M), where we have set 6 = 2p,. Note that we can take p,
arbitrarily small, hence we may assume that J is small enough in the following.

Using (5.23) and (5.17) with |o| < 2k — 20— 12, |3 < £+ 3, A\ = 26, and
p=(1-14)/3, we find

Z ||3ﬁ (Xci,to,zoFi (U, 3“))(750) : N2k72e712(W1+5,175) H
[8]<e+3

< OMPE2(1+ Un—ae—12.25(t0)) {fo + |0}
Similarly to (5.21), this estimate ends up with

(t+ |2])' 7 Do (cit, ) |ui(t, ) |op—20—12 < CMe (5.24)
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for 1 <i < N and (t,z) € [0,T) x Q.
From (5.17) (with g = (1 —10)/3), (5.23) and (5.24), we get

HXci,tg,oni(ua 5”)@0)1N2k722712(W1+5,175)|| < CM?e* (ty + |$0|>26

From (4.8) and (4.18) with p = 1, k1 = 1 — ¢ and (f1, f2) = (Xei,to,20F:0), We
thus obtain

(r) (t+7) "% (it — 7) [Ou;(t, ) |2k —30-16 < CMe, (5.25)

() (t+7r)'"% Z | Dy e, Z%ui(t, 2)| < CMe (5.26)
la|<2k—30—17

for 1 <i < N and (t,z) € [0,T) x Q, where we have used the fact that log(2 + ¢
+r) < C{t+7)°.

5.6. Pointwise estimates, part 3.
From now on, we take advantage of detailed structure of our nonlinearity, and
we shall show

(r) {eit =)' 7 |Oui(t, 2) |k —ae-21 < CMe. (5.27)

Note that r is equivalent to (¢ +7), when r > 1 and |¢;t — 7| < ¢;t/2. By
Lemma 3.6, with the help of (5.3), (5.24), (5.25), and (5.26), we obtain

| FPl () ( < OM2E (t+1) 33 (et — 1) F (5.28)

(t:2) |y _sp1r <
for (t,x) satisfying r > 1 and |¢;t — r| < ¢;t/2.

On the other hand, (¢;t — r) is equivalent to (¢t + r), when r < 1 or |¢;t — 7| >
(c;t/2). Hence, observing that FP! is quadratic with respect to du, from (5.3)
and (5.25) we get

| FPl (9u) ( < OMPE (t+7) 220 ()72 (5.29)

(t,x) |2k 30-17

for (t,x) satisfying r < 1 or |¢;t — r| > (¢;t/2).
Now we find

[P (Ou) (1) : Nog—ae—17(Wass1)|| < CM>e?. (5.30)
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While, (5.3) and (5.25) yield

|Rpi(0u)(t, 2)|2k—se-17 < CM3e? ()% (t + 1) Z (it — ) et —r) "

cjFck
< COM?2 ()t +r) T w_ () (5.31)
for (t,z) € [0,T) x €, and hence we obtain
| R1,i(8u)(t): Nag—30-17(Wa251)|| < CM?e. (5.32)

Similarly, we have
\Rpr.i(Ou)(t, ) |on—s0-17 < CM2e (r) ™" (¢ + )10 w(fi)(t, )2, (5.33)
which yields
[ Riz,i(0u)(t): Nap—sem17 (W5 )| < CM3E2. (5.34)
From (5.3), (5.24) and (5.25) we have
|H; (u, Ou)(t, 2)|ap—se—17 < CMPe (t 4 1) 33200, (¢, 9) =30 (5.35)
for arbitrarily fixed g > 0, which implies
| Hi(u, 0u)(t) : Nog—s0—17(Wiss1-35)|| < COM?e?, (5.36)
if we choose p = (1 —34)/3.
Finally, applying (4.8) with p =1—26, k1 =1 —30(< p) (so that v.(p, k1) =

1+96), ko =2, fi = FP(Ou) + Ry ;(0u) + H;(u,0u) and fo = Ry ;(0u), we find
(5.27), since we may assume 1+ 6 < 2 — 34.

5.7. Pointwise estimates, the final part.
By (5.3) and (5.27), we obtain

\R17.:(0u)(t, @) ak—a0—21 < CM2> (1) (t 4 r) " w' (1, r) =220, (5.37)

which leads to
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HR[[J(@U)(t)ZN2k74g,21(W1(762i)725)H S CMZEZ. (538)
By (5.3) and (5.27), we also obtain

> 10PHi(u, 0u)(t, @) |2k—50-24
18l<t+3

< OMP* (r) ™ (t ) T2 (¢, ) 72O

+ OM? (t+ ) T w_ (6, 7) " Ui —50—24.0(t) (5.39)

for fixed p > 0, where Uy, is given by (5.16). Choosing p = (1 — 4)/3, we have

Z |07 H(w, Ou) () : Nog—s50—24a(Wits,1-s)||
|BI<e43

< CM2€2(M8 + ng,5g,24’0(t)). (5.40)
In view of (5.30), (5.32), (5.38), and (5.40), the application of (4.7) for p =1,

k1 =1—-3(< 1) (so that vi(p,k1) =1+ 9), and Ky =2 — 26(> 1), with the same
choice of f; and fy as before, leads to

(t +7) Do (cit, x)|ui(t, 7))ok —s0-24 < Ce + CM?*e*(1 4 Ugp_s50-240(t))  (5.41)
(observe that we have W1 ,, < Wl(cmi for ko > 1). Now (5.41) yields
(t +7) Do(cit, o) |ui(t, ©)|ox 5024 < Ce + CM3e?, (5.42)
provided that ¢ is sufficiently small. From (5.40) and (5.42), we obtain
|| Hi(u, Ou) () : Nok—s0-20(Wigs1-s)| < CM>e®.

Now (4.8) and (4.18) with (p, k1, k2) = (1,1 —0,2 —20) and (f1, f2) as before
imply

(r) (cit — ) [Oui(t, @) |ar—60—28 < Ce + CM?e?, (5.43)
(r){t+r) . )
T RTIINY > AL < . .
log(2 1 ¢ +7) D+ e, 2%ui(t, )] < Ce + CM?e (5.44)

|| <2k—66—29
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Finally, since 2k — 60— 28 > k, from (5.42), (5.43) and (5.44), we obtain (5.4).
This completes the proof. O

Appendix A: Proof of Lemma 3.1

Suppose m > 2 and ¢ € H™(Q) N H} (). Let x be a C§°(R?) function such
that x = 1 in a neighborhood of &. Let supp x C Bpr for some R > 1. We set
w1 = xp and w2 = (1 — x)¢p, so that ¢ = 1 + @a.

First we estimate ¢1. The following elliptic estimate is well-known (see Chap-
ter 9 in [3] for instance):

lw: H Q)| < C(|Agw: H* Q)] + lw: L (28)]) (A1)

holds for w € H*T2(Qg) N HY(Qr) with a non-negative integer k. It is also well-
known that we have

|lw:L*(Qr)|| < CR?||Vw: L*(Q))| (A.2)
for w € H}(Q) and R > 1 (see [20] for the proof).

Since ¢ € H}(Q) and supp x C Bgr, we have ¢; € Hi(Qg). Therefore, the
application of (A.1) in combination with (A.2) gives

o1 : H™( Q)| < C([Asp: H"2(Q)|| + | Vaip: L2 (Q)]]).- (A.3)
Now our task is to show

Y 10202 Q) < C(I 2w H™ Q)] + | Vap: LA (D)), (A4)

|a]=m
because it implies (3.1) in view of (A.3).

Since [|0%w: L?(R?)|| < C||Ayw: L?(R?)|| for |a| = 2 and w € H?(R3), the
left-hand side of (A.4) with m = 2 is estimated by

CllAspa: L2(Q)Il < C([1Acp: L2 ()] + [Vasp: L) + llo: L (QR)])-

Hence, using (A.2), we obtain (A.4) for m = 2.
For k > 3, similar argument to the above gives
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Yo 0o P @) < O Asd: HY Q)| + [Vap: H*2(@))),  (A5)
|a|=k

and the second term on the right-hand side of (A.5) is bounded by C(||Ag¢ :
HE3(Q) ||+ || Vap: L2(2)]]), if we know (3.1) for m = k— 1. Hence we inductively
obtain (A.4) (and consequently (3.1)) for m > 2. O

Appendix B: Admissible Obstacles

First we assume that & is non-trapping, and we shall show that it is admissible
in our sense. For a, b > 1, it is known that there exist positive constants C' and o
depending on a, b and 2 such that

S 107 Ko, dricl(t, ) : L2 ()| < Ce™||go: £°(9)]| (B.1)

lal<1

for any ¢o = (¢, ¢1) € H}(Q) x L*(Q) satisfying ¢o(x) = ¢1(z) = 0 for || > a
(see for instance Melrose [22], Shibata — Tsutsumi [30]).

Now let (¥, f) = (vo,v1, f) € X¢o(T) with some a > 1. Then, by Duhamel’s
principle, it follows that

07 S[(@o, ); (¢, z)

= K[(vj, vj41); (¢, ) +/O K[(0, (9] £)(); |(t = 5,)ds (B.2)

for any non-negative integer j and any (t,x) € [0,T) x €, where v; are given by
(1.10). Apparently we have (87 f)(s,-) € L3(Q) for 0 < s < t. Thanks to the
compatibility condition, we also find v; € H}() for any j > 0. Therefore, by
(B.1), for |a] <1 we have

07K [7: €] (1) : L2 ()| < Ce~ |59

<o (@« X @002
lal<j—1

(B.3)

and
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t .
| oK1, £y szt = )« E2(50) s

< c/ 7(=5) (0] £)(s): L2()| s

< C(1+t)77 sup (1+8)7]|( Al f)(s): LA ()| (B.4)

0<s<t

for any ~ > 0, where we have put ¢; = (v;,v;41). Therefore for |a| <1 and any
non-negative integer j, we have

107 S[(3o, £); (1) : L* () |

<C(1+t)~ (HUO A7 ()] + Z su1<)t(1—l—s)“’“@“f(s):LQ(Q)H). (B.5)

laf<j o=5=

In order to evaluate 0%v for |a| < m, we have only to combine (B.5) with a
variant of (3.1):

lo: H™ ()]l < C([|App: H™72(Qy)

|+ HQO Qb’)

(B.6)

where 1 < b < V' and ¢ € H™(Q) N H}(Q) with m > 2. In this way, we obtain
(1.11) for any v > 0 with £ = 0. Hence we see that the non-trapping obstacle & is
admissible.

Now let the obstacle ¢ satisfy one of the assumptions from Ikawa [8], [9].
The assumption in [8] is:

(I-1) & is a union of disjoint compact sets &; and €5 whose Gaussian curvatures
are strictly positive at every point of their boundaries.

We do not describe the precise assumption in [9], to which we refer as (I-2). For
example, it is fulfilled when

(I-2’) € is a union of any numbers of disjoint balls &; of the same radius, the
distance between arbitrarily chosen two balls &; and &}, is sufficiently large,
and the convex hull of &; and 0}, has no intersection with any other balls.

Note that these obstacles are trapping.
Under (I-1) or (I-2), it was proved that

> |07 K go, i cl(t, ) : L2()]| < Cem||do: 2 (Q) (B.7)

lal<1
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holds for any (¢o, ¢1,0) € X o(T'), where ¢o = (¢o,¢1). Here £ = 5 for (I-1), and
¢ = 2 for (I-2) (see [8], [9]). But these numbers are not important, because we
may assume that £ is as small as we wish.

In fact, suppose that we have (B.7) for some ¢ = ¢35 > 1. For a while, we
identify a function on 2, with its natural extension on ) obtained by setting
its value being 0 on Q\ Q,. Since ¢y € (C’f;"(Qa))2 implies (¢o,0) € Xea(T),
we have (B.7) for such qgo. Then the standard approximation argument shows
that (B.7) is valid for ¢o € HOMH(Q,) x HE(Q,). Let 0 < m < 1/2. By taking
interpolation between (B.7) with £ = £y and the standard energy inequality (which,
in combination with (A.2), gives (B.7) with £ = 0 and o = 0 for ¢y € HY Q) x
L?(Q,)), we find that (B.7) with £ = m and o replaced by o, = (mao)/ly is
valid for ¢y € HYT™(Q,) x HJ'(Q4). Since we have HJ'(Q,) = H™(Q,) and
HyT™(Q,) = HY™(Q,) N HY(Q,) for 0 < m < 1/2 (see Lions-Magenes [21,
Chapter 1, Theorems 11.1 and 11.5] for example), finally it follows that there
exists a positive constant o such that

Z [0°K [0, ¢35 c](t, ) : L2 ()| < Ce™|go: 27 (Q)]| (B.8)

lo<1

for any ¢, € (H?(Q) N H}(Q)) x H(Q) with $o = 0 for || > a (note that we
have golo, € (H'F™(Q,) N HL(Q,)) x H™(Q,) for such ¢g). This is the exact
assumption for the obstacles in [26] (and its successors [24], [25]).

For (¥, f) = (vo,v1, f) € Xeo(T), we have v; € H*(Q) N H(Q) for any
j >0, and (8 f)(s,-) € H'(Q) for any s € [0,T) and any j > 0. The support
condition is also satisfied. Now, following similar lines to (B.2)—(B.6), we see that
(B.8) implies (1.11) for any v > 0 with ¢ = 1. Hence obstacles satisfying (B.8) are
admissible. Especially, trapping obstacles satisfying (I-1) or (I-2) are admissible.

Appendix C: Proof of Lemma 3.5.

It is well-known that for w € C3(R?) we have

sup |z||lw(z)| < C > || Z*w:L*(R?))|

3
e ol <2

(for the proof, see e.g. [15]). Rewriting ¢ as ¢ = ¥1¢ + (1 — 1) with ¢ in
(2.13), we see that the left-hand side on (3.10) is evaluated by
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C sup |21 (x)p(2)| + Csup (1 — ¥1(2))e(z)]
zER3 e

<C Y ||2%0Wa): (R +C > [|02((1 = v1)e): L2 (Q)

lal<2 lal<2

<C Y || Z7: LX), (C.1)

lor <2

where we have used the standard Sobolev inequality to estimate the second term
on the left-hand side. O
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