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ON RAMANUJAN’S CUBIC CONTINUED FRACTION
AS A MODULAR FUNCTION
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Abstract. We first extend the results of Chan ([4]) and Baruah ([2]) on the modular
equations of Ramanujan’s cubic continued fraction C(7) to all primes p by finding the affine
models of modular curves and then derive Kronecker’s congruence relations for these modular
equations. We further show that by its singular values we can generate ray class fields modulo
6 over imaginary quadratic fields and find their class polynomials after proving that 1/C () is
an algebraic integer.

1. Introduction. Let $ be the complex upper half plane and v € §). We define the
Rogers-Ramanujan continued fraction by
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where ¢ = ¢2™7 and (n/5) is the Legendre symbol.
In Ramanujan’s first letter to Hardy, he showed that

5-V5 J5-1
2 2

r@) =

5445 V541 5+4i
_ -
2 2 2

Since r(7) is a modular function, the existence of radical expressions is clear by class field
theory. Strictly speaking r(7) is a modular function for I"(5) ([10, Lemma 2.2]) so that any
singular value of r(t) at imaginary quadratic argument is contained in some ray class field.
Thus the splitting field of its minimal polynomial is abelian. In other words its Galois group is
solvable and hence any singular value of r(7) can be written by radicals. But finding the rad-
ical expressions explicitly is another problem which was settled down by Gee and Honsbeek
who used, to this end, the Shimura reciprocity law ([10]).
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Besides, one of other important subjects is the one about modular equations. Since the
modular function field of level 5 has genus 0, there should be certain polynomials giving rela-
tions between r(t) and r(nt) for all positive integers n. These are what we call the modular
equations. Most of the followings were originally stated by Ramanujan and later on proved
by several people.

n mathematician (year)

2 Rogers (1920)

3 Rogers (1920)

4 | Andrews, Berndt, Jacobsen, Lamphere (1992)
5 Rogers, Watson, Ramanathan (1984)

7 Yi (2001)
11 Rogers (1920)

These modular equations for  (7) satisfy certain Kronecker’s congruences in prime level.
Moreover, for an element t of an imaginary quadratic field the singular value r(7) is a unit
that can be expressed in terms of radicals over Q. For more details, the reader should refer
to [8]. On the other hand, Cais and Conrad succeeded in generalizing the above results on
modular equations to all primes p by means of geometric method, namely using the theory of
arithmetic models of modular curves ([3, Theorem 6.8]).

In [8], Duke mentioned that Ramanujan’s cubic continued fraction C(t) defined as

oy = q1/3 _ q1/3 1°_°[ a- q6n—1)(1 _ q6n—5)
q +q2 ol (1 _ q6n—3)2
e
q°+q
1+ 3 + 6
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has modularity for I"(6). Like the case of Rogers-Ramanujan continued fraction there are
some known results on modular equations with v := C(t) and u := C(nt) on a case-by-case
basis.

n | mathematician (year) equation

2 Chan (1995) V2420 —u =0

3 Chan (1995) W 2%+ —u+ut -t =0
5 Baruah(2002) V8 — vu + Svu (v + w31 — vu) + ub

—v2u2(16v3u3 — 200%2u% 4+ 20vu — 5) =0
7 Baruah(2002) v8 — vu — 56V (V2 + u?) + Tou @3 + )1 — 8v3ud)
+28v2u2(v* + u* 4+ ud + v*ut (21 — 64v3u3) =0

Chan’s results can be found in [4, Theorem 1] and Baruah’s results in [2, Theorem 3.1 and
3.2], in which they used the theory of combinatorics. And the latter further presented the
modular equation for the case n = 11 in the same paper which is too long to write it down
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so that we omit here. In general their existence was known to Klein long ago, but in our case
there does not seem to have been a systematic construction given before for all primes p.

Unlike the arguments of Chan-Baruah and Cais-Conrad we first find in Section 3 the
affine models of some modular curves from the theory of algebraic functions and then ex-
tend the above results to all primes p (Theorem 9), from which we rediscover Chan’s re-
sults when n = 2,3 (Theorem 8). And, we also provide a table of modular equations for
n =15,7,11, 13, 17 by means of our algorithm and the Maple program. We then further give
an analytic proof of the Kronecker congruence relations for these modular equations (Theo-
rem 10).

By Hauptmodul t we mean the normalized generator of a genus zero function field and
we writer = ¢~ +0+ Yore, crq” for its g-series. Obviously it is unique for it function field.

Since C(7) is a generator for the function field of I7(6) N I'°(3) (Theorem 4), we show
in Section 4 that the singular value of C(7) generates the ray class field K () modulo 6 over
an imaginary quadratic field K(Theorem 13) by means of certain new method of Cho and
Koo ([6]). Here we also use the fact that 1/C(37) is the Hauptmodul of I1(6) N Ip(18).
Although singular values of the Rogers-Ramanujan and Ramanujan-G6llnitz-Gordon con-
tinued fractions at imaginary quadratic arguments are known to be units ([8, Theorem 2]
or [7, Theorem 12]), we can hardly say that in our case the Ramanujan’s cubic contin-
ued fraction C(t) is a unit or even an algebraic integer. For a counterexample, we have
C((B++/=3)/6) = —1/v4([1]) (or C((1 +i)/2) = (1 —+/3)/2 ([4])). Hence, in the matter
of estimating class polynomials we first prove that 1/C(7) instead becomes an algebraic in-
teger (Theorem 16) and then by using this fact and the idea of Gee ([9]) we establish relevant
class polynomials of K ) whose coefficients seem to be relatively small when compared with
others’ works ([5], [13] and [16]).

In Section 2 we provide necessary preliminaries about modular functions and Klein
forms, and give some lemmas illustrating the cusps of congruence subgroups which will be
used in Section 3.

2. Preliminaries. Before discussing the main results we would like to state some nec-
essary definitions and properties from the theory of modular functions. Let I" (1) = SL»(Z) be
the full modular group. For any integer N > 1, we have congruent subgroups I"(N), I'1(N),
IH(N) and I'(N) of I'(1) consisting of matrices (¢ 4 ) congruent modulo N to (}9), (3 %),
(6%) and (% 9) respectively. And, let §§ = {t € C ; Im T > 0} be the complex upper half
plane and $H* = H U Q U {oo}.

Then a congruence subgroup I” acts on $* by linear fractional transformations as y (t) =
(at + b)/(ct +d) fory = (¢4) € I' and the quotient space I"\$H* becomes a compact
Riemann surface with an appropriate complex structure. We identify y with its action on H*.
By definition an element s of Q U {oo} is called a cusp, and two cusps s1, 52 are equivalent
under " if there exists y € I" such that y (s1) = s2. The equivalence class of such s is called
a cusp. We also call s itself a cusp by abuse of terminology. Indeed, there exist at most finitely

many inequivalent cusps of I". Let s be any cusp of I", and let p be an element of SL,(Z)
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such that p(s) = oco. We define the width of the cusp s in I'\$* by the smallest positive
integer h satisfying p~! ((1) }1' ) p € {£1} - I'. Then the width depends only on the equivalence

class of the cusp s under I" and is independent of the choice of p.

By a modular function with respect to a congruence subgroup I" we mean a C-valued
function f(7) of §) satisfying the following three conditions.

(1)  f(z) is meromorphic on ).

(2) f(r)isinvariantunder I',i.e., foy = fforally e I'.

(3) f(z) is meromorphic at all cusps of I".

The precise meaning of the last condition is as follows. For a cusp s for I', let & be the
width for s and p be an element of SL;(Z) such that p(s) = co. Since

1 h
(Ffop D+h = (fOpl (O 1) p)<p1r) =(fop N1,

f o p~! has a Laurent series expansion in g, = ¢>™'™/" namely for some integer ng, (f o

o D) = anno anq, with a,, # 0. This integer ny is called the order of f(z) at the cusp
s and denoted by ord, f (7). If ords f(7) is positive (resp. negative), then we say that f(t)
has a zero (resp. a pole) at s. If a modular function f(t) is holomorphic on §) and ord; f ()
is non-negative for all cusps s, then we say that f(z) is holomorphic on $*. Since we may
identify a modular function with respect to I" with a meromorphic function on the compact
Riemann surface 1"\ $*, any holomorphic modular function with respect to I" is a constant.

Let Ao(I") be the field of all modular functions with respect to I", and Ao(I") g be the
subfield of Ag(I") which consists of all modular functions f(t) whose Fourier coefficients
belong to Q. We may identify Ag(I") with the field C(I"\$*) of all meromorphic functions
on the compact Riemann surface I"'\$*, and if f(t) € Ao(I") is non-constant, then the field
extension degree [Ao(I") : C(f(7))] is finite and is equal to the total degree of poles of f (7).
Since we will consider the modular functions with neither zeros nor poles on §), the total
degree of poles of f(t)is — ) ord, f () where the summation runs over all the inequivalent
cusps s at which f(t) has poles.

Next, we illustrate some facts about the Klein forms which will be used in the expression
of C (7). For a complete treatment, the reader may consult [15].

Lett € Hand y = (¢%) € SLa(Z). And let a = (a1, az) € R* — Z°. Then the Klein
form €, (7) satisfies the followings:

(KO) t_a(7) = —ta(2).

(K1) Ea(y (1) = (cT +d) oy (7).

(K2) Foranyb = (b1,by) € Z? we have taip(7) = e(a, b)ta(r), where e(a,b) =
(=1)b1b2tbitbs eTi(brai—biaz)

(K3) Fora= (r/N,s/N) € (1/N)Z>—Z* andany y € I'(N) with an integer N > 1,
ta(y (1) = a(y) - (cT +d)" - &a(r) where

£a(y) = _(_1)((afl)r+cs+N)(br+(d71)s+N)/N2 . eTi(brir(d—ayrs—cs)) /N>
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(K4) Lett € $,z = a1t +a; witha = (a1, a2) € Q% — Z?, and further let g = >,
q: = eZm’z — eZﬂiazeZﬂialr. Then
[ o (1—¢"g:)(1—¢"q; ")
E __ ﬂlaz(al—l) . al(al—l)/z . 1 _ . < Z
a(t) = —5—e q (1—q2) ]j[1 0=
and ordy€a(7) = (a1)({a1) — 1)/2 where {a;) denotes the number such that 0 < (a;) <1
anda; — (a1) € Z.

(K5) Let f(r) =11, E;”(a)(t) be a finite product of Klein forms witha = (r/N,s/N)
€ (1/N)Z2 — Z? for an integer N > 1, and let k = — )", m(a). Then f(r) is a modular
function with respect to I"(N) if and only if k = 0 and

{Zam(a)r2 =Y, m@)s*=Y,m(@rs=0 mod N if N isodd

Yam@rr=3,m()s’>=0 mod 2N, Y  m(@rs=0 mod N if N iseven.

I

Furthermore, we need the following three lemmas for later use which can be proved by
using the standard theory of modular functions.

Let N, m be positive integers and I" = I'1(N) N I'h(mN). Note that if we let I'\I"(1)/
I'Moo ={I'iI’' (Do, ..., I'ygI' ()0}, then {y1(00), . .., y4(c0)} is a set of all non-equiv-
alent cusps of I" which satisfies that y;(00) and y;(c0) are not equivalent under I” for any
i #j.Let

M={¢ d) e Z/mNZxZ/mNZ; (¢,d) =1,ie., (c,d,mN)=1}.
and A be a subgroup of (Z/mNZ)* defined as
A={x(1+Nk) e (Z/mNZ)* ; k=0,...,m—1}.

For example, if N =5 andm = 3, then A = {E, +(1+5-2)}because (15,1 +5-1) # 1.
For (c1, E), (c2, d_z), we define a relation ~ on M by (c7, d_l) ~ (c3, d_z) if there exist s € A
and n € Z/mNZ such that c; = 5 - ¢1 and & =5-d +a-cq ltis easy to see that
~ is an equivalence relation. We further define a map ¢ : I'\I"'(1)/I"'(1) oo — M/ ~ by
o ((f Z)) I'(1)s) = [(c, c?)]. Here we see without difficulty that the map ¢ is well-defined
and bijective. Thus we get the following lemma.

LEMMA 1. Suppose that a,c,a’,c’ € Z and (a,c) = (a’,c’) = 1. We understand
that £1/0 = oo. Then, with the notation A as above, a/c and a’/c’ are equivalent under
I'(N) N I'y(mN) if and only if there exists € A C (Z/mNZ)* andn € Z such that (i,/) =
(571?:”“’) mod mN.

PROOF. Let I' = I'[(N) N I(mN). We take b, d, b, d’ € Z such that (¢5), (% %)) €
I"(1). Note that the followings are equivalent:

(1) a/canda’/c are equivalent under I".

@ T((EE)T Moo =T (& ) Dee.

3 [@d)] = d)inM/~. B o

(4) Thereexists € Aandn € Z/mNZ such that ¢/ = sc and d’ = 5d + nc.

Since ad — bc = a’d’ — b'c’ = 1, we rewrite (4) as follows:
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(4') Thereexist 5 € Aand i € Z/mNZ such that ¢/ = 5¢ and (ad — be) - d' =
5-(a'd —bc)-d+nc.
And we get the following statements equivalent to (4'):
(5) Thereexists € Aandii € Z/mNZ such that ¢’ = 5¢ and add’ = 5a’ dd’ + ic.
(6) Thereexists € Aandii € Z/mNZ such that ¢’ = 5¢ and a@ = 5a’ + i¢
by observing (dd’, ¢) = 1. This completes the proof. O

For a positive divisor x of mN, let &y : (Z/mNZ)* — (Z/xZ)* be the natural homo-
morphism. Observe that 7, is surjective. For a positive divisor ¢ of mN, let sé, oo sé.’nt

€ (Z/(mN/c)Z)™ be all the distinct coset representatives of m,n/c(A) in (Z/(mN/c)Z)*
where n, = o(mN/c)/|mun/c(A)|. Here, ¢ is the Euler’s ¢-function. Then for any Sé,i

withi = 1,...,n. we take 5c; € (Z/mNZ)> such that 7,,n/:(5c;) = E We further let
Se ={se1,.--sSen, € (Z/mNZ)*}. L
For a positive divisor ¢ of mN, let aé 1rees aé.’mt € (Z/cZ)* be all the distinct coset

representatives of w.(AN ker(w,,n/c)) in (Z/cZ)*, where

_ () _ p(c)
(AN ker(nmN/c))l |7TmN/(c,mN/c) (DN/1wmn e (A)] .

me
Then for any aé’j with j =1, ..., m. we take ac ; € (Z/mNZ)* such that 7.(ac,;) = aé’j.
We choose representatives a j of ac j so that 0 < ac1,...,acm, < mN, (ac,j,mN) = 1
and put Ae = {ac,1, ..., dc,m.}-

LEMMA 2. With the notations as above, let S ={(¢-5¢;,ac,j) € Z/mNZxZ/mNZ;
0 < clmN, 5c; € Se, ac,j € Ac}. For given (¢ - 5¢cj, ac,j) € S, we can take x,y € Z such
that (x,y)=1,Xx =c-5c; and y = acj because (c - s¢;, ac,j, mN) = 1. Then the set of y/x
for such x, y is a set of all the inequivalent cusps of I't (N) N I'y(m N) and the number of such
cusps is

@(c)p(mN /c)
S| = c Me = .
151 Z e Z |7Tm N/ (c,mN ey (D)

c>0 c>0
clmN clmN

PROOF. Let M’ be the set
((,a) € Z/mNZ x Z/mNZ ; & a) = 1,ie. (c,a,mN) = 1}

and define a relation (c1,ay) ~ (c2,a) if there exist s € A andn € Z/mNZ such that
co=5-c1€ Z/mNZanda; = sTlay + ey € Z/mNZ. Since ~ is an equivalence relation
on M’ and there is a bijection between I'\I"(1)/I"(1)o and M’/ ~, it is enough to prove that
the natural map f : S — M’/ ~ is a bijection.

We first prove the injectivity. Suppose that [(¢ - 5¢;, ac ;)] = [(c - Sei7s ae )], Then
there exist s € A andn € Z/mNZ such that?~W =5-C-5,; € Z/mNZanday ;7 =
E’lf,j—i-ft -C-5¢; € Z/mNZ. Since §,5¢;, 5+ € (Z/mNZ)* and c, ¢’ |mN, we obtain

¢ = c’. Hence ;e (Sc.i’) = MmN /e (5) - Tmn /e (5¢.;) which implies that s, € nmN/c(A)E
and by the choice of s.;, i’ = i. Therefore TN /e (§) = i, ie,s € ANker(wyny). Thus



ON RAMANUJAN’S CUBIC CONTINUED FRACTION 585

[ (E‘l)ﬁ € (Z/cZ)*, which implies ac,j’ € we(ANKker(wmn/c))ac, j, from which
we getac jo = da,j-

Now we prove the surjectivity. Let [(¢/,a’)] € M’/ ~. We take ¢ = (¢/, mN). Then
c'/c € (Z/(mN/c)Z)* implies ¢’ /c € nmN/C(A)E = 7tmn/e(D)Tmn e (5e7) for some i.
Since (c/,a’) =1€ Z/mNZ,we get 1 = (c’,a’,mN) = (c,a’), namely a’ € (Z/cZ)*, and
hence a’ € 7.(A Nker(Tun /C))E for some j. We further claim that there exist s € A and

i€ Z/mNZsuchthatc' =5-¢-5.;anda’ = E’lac,j +n-c-sc,;. Itis enough to prove that

there exists 5§ € A such that 7y c(5) = ¢'/c-Ttmn e (o) ™! € Tmnye(A) C(Z/(mN [c)Z)>

and 7.(5) = ;_1aéj € m.(A Nker(mwyunye)) C (Z/cZ)* which is equivalent to prove the

following isomorphisms
TTmN/(c,mN/c) (A)/T[mN/(c,mN/c) an ker(ﬂmN/c)) = TTmN/c (4) and

TTmN/(c,mN/c) an ker(nmN/c)) =n.(AN ker(nmN/c))
under the natural maps. Now note that the kernel of the natural map 7w /(c,mn/c)(A) —
TmN/e(A) is obviously equal t0 7N (c,mn/e)(A N ker(mwmnc)). Suppose that s € A N
ker(mmn/c) and o (5) = 1 €(Z/cZ)*. Thens =1 mod mN/cand s = 1 mod ¢, which
implies s = 1 mod mN/(c, mN /c). This completes the proof. a

Here we observe that Lemma 2 gives us a set of all the inequivalent cusps of I'1(N) N
I'o(mN). And we can figure out the width of each cusp by the following lemma. We under-
stand £1/0 as oo.

LEMMA 3. Leta/cbeacuspof I’ = I (N)NITy(mN)witha,c € Z and (a,c) = 1.
Then the width h of a cusp a/c in I'\H* is given by
b m
(c2/4, m)
ifN=4, (m,2) =1and (c,4) =2,
h— mN
(¢, N) - (m, ¢%/(c, N))

otherwise.

PROOF. First, we consider the case where N does not divide 4. We take b, d € Z such
that (¢ 5) € SLy(Z). Observe that the width of the cusp a/c in I"\$* is the smallest positive
integer h such that

-1
1= ach B\ (1 K\ (a b
(—cglj 1+*ach):<i d) (0 1) (Z d) € EL- (W) N To(mA)) .

If (1:5122}' ijh) € {1} - (I''(N) N Iy(mN)), then by taking the trace we have 2 = —2

mod N, which is a contradiction. So (1__6“22}' 1+>Zch> e IN(N)NIy(mN). Thush € (N/(ac,

NNZN(mN/(c?, mN)Z = (mN/cp)Z if ¢, = (¢, N) - (m, c?/(c, N)). We can verify our
statement for the cases N = 1, 2, 4. d
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Now, we remark that an arbitrary intersection
I = o(Ny N TO(N2) N T (N3) N TH(Ng) N T (Ns)
is in fact conjugate to the above form I'1(N) N I'h(mN). More precisely,
o 'Ir'a = M(N) N Th(mN)

where o = (lcm(N26N4’N5) (1)), N = lem(N3, N4, N5) and m = lcm(Ny, N3, Ns) - lem(N3,
N4, N5)/N. Note that if we let {s1, ..., sq} be a set of all the inequivalent cusps of some
congruence subgroup I"” and set I’ = o~ ! ' for some «, then {a(sy), .. ., a(sg)} givesus a
set of all the inequivalent cusps of I".

3. Ramanujan’s cubic continued fraction C(r). Hereafter we use ¢, as exp(2wi/
n). In this section, by using the lemmas in Section 2 we establish certain properties of Ra-
manujan’s cubic continued fraction C(t). Since C(t) has an infinite product expression, we
can show by routine calculations that it has the following finite product of Klein forms

/6 j/6)
C =
() =t ]"[ L 1/6)( 7)

THEOREM 4. Let C(t) be the Ramanu]an s cubic continued fraction as before. Then
C(7) is a generator for the function field of I'1(6) N roga).

PROOF. Using (K5) we can check that the level of C(t) is 6. Write y,, as the matrix
(4%) € SLa(Z). By the definition of C(t) in Section 1, it is readily verified that C(y17) =
C(t +1) = 53C(7). Hence C(7)? is invariant under y;. Since I'1(6) = (I"(6), y1), we obtain
that C(7)? € Ao(11(6)).

We first show that C(C(1)3) = A¢(I"1(6)). Lemmas 2 and 3 imply that cusps are of the
form 6/c where |6 and the width is c. Applying (K1) and (K4), C((! 9) 7)? is of the form

(some root of unity) - g¢ Je T (higher terms) ,

where r = 9/c Zizo(((l +¢j)/6)({(1+¢j)/6) — 1) — (B +¢j)/6)({(3+¢j)/6) — 1)). An
easy calculation shows that r = 0,0, —1, 1 according as ¢ = 1, 2, 3, 6. Therefore c3 (7) has
only a simple pole at 1/3 and only a simple zero at oo, which proves the claim.

Let I'” be a subgroup of I'(1) such that C(C(t)) = Ao(I"’), which is possible by the
above claim. Then [Ao(I") : Ag(I'1(6))] = [C(C (7)) : C(C(v)>)] =3, ie., [I1(6): ] =
3. Note that C(t) is invariant under the action of y3 because C(y1t) = C(t + 1) = £3C(7).
So I'" D (I'(6), y3) = I (6) N I'(3). Observing that [I"(6) : I(6) N I'%(3)] = 3 we can
conclude that I = I';(6) N I"'°(3). O

Since C(t) has rational Fourier coefficients, the above theorem implies that Q(C (7)) =

Ao(I(6)NT0(3)) ¢- Thus the following proposition indicates the existence of modular equa-
tion.
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PROPOSITION 5. Let n be a positive integer. Then

Q(C (1), C(nt)) = Ag(I'(6) N I'°(3) N Iy(6n)) g -

PROOF. Since Q(C (1)) = Ao(I1(6) N F0(3))Q, we see that for any o € GLj(Q),
C(at) = C(r) impliesa € Q% - (I'1(6) N I'°(3)). Let I' = I1(6) N '(3) and g = (29).
Note that

I'NIy6n) =6 NreGynry6n =rnp-'ra.

Hence it is clear that C(t), C(nt) € Ag(I" N ,B_IF,B)Q. Thus it is enough to show that
Q(C(r),C(nt)) D Ao(Fﬂ,B_lf,B)Q. Let I"’ be the subgroup of SL,(Z) such that Q(C(7),
C(nt)) = AO(F’)Q and let y be an element of I"". Since Q(C(7)) = Ag(I1(6) N FO(3))Q
and C(7) is invariant under y,y € I'. Moreover, C(nt) is invariant under y and C(7) is
invariant under By ™!, from which we have y € I"' N g~ I'B. Therefore, I’ ¢ ' NB~'I'B,
namely Ao(I"") g D Ao(I' N ,B_lf,B)Q. This completes the proof. ]

In general, if we let C(f1(t), f2(7)) be the field of all modular functions with respect
to some congruence subgroup for which fi(r) and f>(r) are nonconstant, then [C(fi(7),
f2(7)) = C(fi(r))] is equal to the total degree d; of poles of f;(tr) fori = 1,2. So there
exists a polynomial @ (X, Y) € C[X, Y] such that @(fi(z), Y) is a minimal polynomial of
f2(r) over C(f1(r)) with degree d1, and similarly so is @ (X, f2(t)) with degree d». Then for
every positive integer n, Proposition 5 guarantees the existence of a polynomial @,(X,Y) €
0[X, Y] such that @,(C(t), C(nt)) = 0 and @, (X, Y) is irreducible both as a polynomial
in X over C(Y) and as a polynomial in ¥ over C(X), because if an element of C[X, Y] is
irreducible, then it is irreducible as an element of C(X)[Y] or C(Y)[X].

Let I'" = I'1(6) N I'y(18n). Then I" is conjugate to I (6) N I"'°(3) N Iy(6n) as follows:

-1
30\ ., (3 0\ _ 0
<0 1>r(0 1) = [ 6) N TO3) N [H6n) .

So Q(C(37),C(3nt)) = Ao(I'') g. Since it is much easier to handle with I’ than with the
group I (6) N I” 0(3) N Iy(6n), we will concentrate on the modular equation for C(37) and
C(3nt), which gives rise to in return the modular equation of C(tr) and C(nt). Now that it is
also easier to handle with a Hauptmodul having a simple pole at co, we hereafter let

f(z) = cao and I' = I (6) N TH(18)

and consider the modular equation F,(X,Y) € Q[X, Y] for f(r) and f(nt). Actually
((1) %) € I'and f(1) = ¢~ ' + ¢*> + O(g>). It means that f(r) is the Hauptmodul for I".
Since Q(C (1)) = Ap(I71(6) N F0(3))Q, we see from the proof of Theorem 4 that C(t) has
a simple pole only at 1/3 and a simple zero only at co. Thus for inequivalent cusps under I,
f(7) has its only simple pole at co and a simple zero only at 1/9.

LEMMA 6. Leta,c,a’,c’ € Z and f(r) = 1/C(31). Then we obtain the following
assertions.
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(1) f(z) hasapoleata/c € QU {oo} with (a,c) = 1 ifandonlyif(a,c) =1,c=0
mod 18.

(2) f(nt) has a pole ata’/c’ € Q U {00} if and only if there exist a, ¢ € Z such that
aj/c=na'/c,(a,c)=1,c=0 mod 18.

(3) f(r)hasazeroata/c € Q U {oo} with (a,c) = 1ifandonlyif(a,c)=1,c =9
mod 18.

4) f(nt) hasazeroata'/c' € Q U {oo} if and only if there exist a, ¢ € Z such that
a/c=na'/c,(a,c)=1,c=9 mod 18.

PROOF. Since f(t) is a Hauptmodul for I with a simple pole only at oo, f(t) has the
only simple pole at all a/c € @ U {oo} such that has a pole only atall a/c € Q U {oo} such
that a/c is equivalent to co under I". By Lemma 1 a/c is equivalent to co under I if and
only if there exists € A = {£1, %7, %13 € (Z/18Z)*} = (Z/18Z)* and n € Z such that
(f) = (56' ) mod 18. So the first assertion follows. Furthermore, f(7) has a zero at a/c if
and only if a/c is equivalent to 1/9 under I". Applying Lemma 1 we have (¢) = (* 719+9")
mod 18. Hence we get the statement (3). Statements (2) and (4) easily follow from (1) and
3). O

Let d; (resp. d,) be the total degree of poles of f(t) (resp. f(nt)). Let F,,(X,Y) bea
polynomial such that

Fo(X,Y) = Z Ci X'V e QIX, Y]

0<i=<dy
0<j=d,

and F, (f(t), f(nt)) = 0. Ishida and Ishii ([12, Lemmas 3 and 6]) showed the following the-
orem by means of the standard theory of algebraic functions, which will be useful in knowing
which coefficients C; ; are zero in F,, (X, Y).

THEOREM 7. Forany congruence subgroup I'', let f1(t), f2(t) be nonconstants such
that C(fi(z), f2(1)) = Ao(I"") with the total degree Dy of poles of fi(t) fork = 1,2, and
let

F(X,Y) = Z Ci;jX'Y/ e C[X,Y]

0<i<D,
0<j<Dy

be such that F(fi(t), f2(t)) = 0. Let S be a set of all the inequivalent cusps of I"', and for
k=1,2,

Sk.0=1{s € Spr; fi(z) has zeros at s}
and
Sk.0o = {s € Srr; fi(z) has poles at s} .
Further let

a=— Z ord fi(r) and b= Z ord f1(7) .

SES]VOOQSQV() SES]V()QSQV()
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Here we assume that a (resp. b) is 0 if S1,00 N S2,0 (resp. S1,0M $2,0) is empty. Then we obtain
the following assertions.

(1) Cp,,a #0. If further S1,00 C $2,00 U 82,0, then Cp, j = 0 for any j # a.

(2) Co,p #0. If further S10 C 82,00 U 82,0, then Co j = 0 for any j # b.

(3) Ci.p, =0foralli satisfying 0 <i < [S81,0 N S$2,00] 0r D2 — [S1,00 N 82,00 <@ <
Ds.

4) Cio=0foralli satisfying 0 <i < |S1,0 N S2,0l or D2 — |S1,00 N S2,0| <i < Dy.

If we interchange the roles of f1(t) and f>(t), then we may obtain further properties
similar to (1) through (4). Suppose further that there exist r € R and N,n1,ny € Z with
N > 0 such that fi(t +r) = é‘;\l,k Jx() fork = 1,2, where ¢y = 2™ /N Then we obtain the
following assertion.

(5) mii+nzj#nDy+n2a mod N = C;;j =0. Here note that nob = n1 Dy + naa
mod N.

We now give another proof of Chan’s result [4, Theorem 1] using Theorem 7.

THEOREM 8. Let C(t) be Ramanujan’s cubic continued fraction. Then
() {COPF +2C(@CQ2D))* - CQ2r)=0.
2) {C(F =B - CGT) +{CBNIH/(14+2C31) +4{CGBDP).

PROOF. To prove (1) (resp. (2)), we should find the modular equation F>(X, Y) (resp.
F3(X,Y)) for f(r) and f(27) (resp. f(37)), where f(t) =1/C(37).

(1) By Proposition 5 the congruence subgroup which we should consider is 7(6) N
I'v(36). Hence

where A is the subgroup in Section 2. We will first calculate d1. By Lemmas 2 and 6 we must
consider S1g, A1g, S36 and Azg. It is easy to see that Sig = Sz = {T} and A3 = Azg = {1},
because nig, mig, n3e¢ and msg are 1. So all the cusps of I1(6) N IH(36) at which f(7) has
poles are 1/18 and 1/36 by (1) of Lemma 6, where 1/36 is equivalent to co by Lemma 1. By
Lemma 3 the widths of both 1/18 and oo are 1. Since f () = ¢~ ' + O(1), ordeo f (7) = —1.
For convenience, we write o, as the matrix (| ) € SLy(Z). Since ajg € I (6)NIH(18),
(f oa18)(t) = f(r) = ¢~ ' + O(1) and we obtain ord /18 f(t) = —1. Thus the total degree
dy of poles of f(t) is 2. Next, we will estimate d>. Similarly, by Lemmas 2 and 6 we should
consider S3¢ and A3zg, which are already obtained in the above as S36 = {T} and Aszg = {1}.
All the cusps of I'1(6) N Ip(36) at which f(27) has poles is 1/36 by (2) of Lemma 6.
Since 1/36 is equivalent to oo, the width of oo is 1 and f(27) = g2 + O(1), we obtain
ordso f(27) = —2. So the total degree d» of poles of f(27) is 2. Hence, F>(X, Y) is of the

form 3 o_; 5 0<j<2 Ci,j X'Y7.

Now, using Theorem 7 we can determine which coefficients C; ; are zero. If we let
fi(r) = f(r) and fo(r) = f(27) in the theorem, we know that S o = {1/18,1/36},
S1.0 = {1/9}, $2.00 = {1/36} and S»,0 = {1/9, 1/18}. Since S1,00 N S2,0 = {1/18}, we have

a=1.
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Note that

(f o)1) =1/(Co(39)a0)(1) = 1/(Cow3)(3t) =q"*+ -

and the width of 1/9is 4 in (J'1(6) N IH(36))\H*. Then b = ordy 9 f1 () = 2.

It follows from Theorem 7 (1) that C2,1 # 0 and C2,0 = C22 = 0, and from (2) that
Co,2 # 0and Cp,1 = Co,0 = 0. In order to use (5) of the theorem we calculate the followings
in advance:

( 1 _ ( 1 _ 1 ) _ .2
fi T+§)_f r+§)—m—§3f(f)—§3fl(f)

1 2 1
f2(l’ + g) = f<277 + g) = m =8 fQ2t) = 83fa2(7).

So we may assume that N = 3, n; = 2, np = 1. Applying these to (5) of Theorem 7,
Cro =C12=C11 = Cp1 = Cao = Cpo = 0. Hence, we have simplified our modular
equation to the form F»(X,Y) = C2,1X2Y + Cr0X + Co,ng. Since Cop,2 # 0, we may
assume that Co o = 1.
Next, by replacing X (resp.Y) by the g-expansion of f(t) (resp. f(27)), we get that
Cy1 = —land C1o = 2. Thus, F2(X,Y) = —X?Y 4+ 2X + Y?. Multiplying F>(1/C(7),
1/C(27)) by C(7)2C(27)?* we obtain the first assertion.
In a similar way, by considering I'1(6) N I'p(54) and Az = (Z/54Z)* we can evaluate
the polynomial
B(X.Y)= Y C;X'vi
0<i<ds
0<j=d
such that F3(f(t), f(37)) = 0. In this case, since S;g = Ss4 = {1}, A1g = {1,5} and
As4 = {1}, f(7) has poles at 1/18, 5/18 and 1/54 all with width 1 by Lemma 3, where 1/54
is equivalent to oo under I"1(6) N 1(54).
We already know that f(7) = q_l +O)and (foag)(t) = f(T) = q_1 + O(1). By
the properties (K1) through (KS5)

(f o <158 :3) )(t) = (some root of unity) - f(r) = (some root of unity) - q—l +0(1).

Considering the widths of cusps we have ords f () = ordj/18f(r) = ords;18f(r) = —1.
Therefore, d; = 3. Likewise, f(37) has a pole only at 1/54 ~ oo and f(37) = ¢ > 4+ O(1).
Hence, ord f(37) is —3. Therefore, d3 = 3.

We let fi(r) = f(z) and f2(r) = f(37t) in Theorem 7. Then §j o = {1/18,5/18,
1/54}, S1.0 = {1/9,2/9, 1/27}, $2.00 = {1/54} and S»,0 = {1/27}. Since S1,00 N $2,0 = ¢,
the number a in Theorem 7 is 0. By (1) of Theorem 7, we have C390 # 0. Changing the
roles of fi(r) and f>(7) we get Co3 # O and C;3 = O for all j # 0. Then by the same
argument as above, substituting v + 1/3 for v in f(r) and f(3t) we obtain that C; o =
Cii1=Cip=C13=0C =Cy1 = Cyp = Cr3=0. So, we may write F3(X,Y) =



ON RAMANUJAN’S CUBIC CONTINUED FRACTION 591

Co.o0+Co1Y + C012Y2 + C0,3Y3 + C3,0X3 + C311X3Y + C3,2X3Y2. Since Cp 3 # 0, we let
it be 1.

Now, by replacing X (resp.Y) by the g-expansion of f(z) (resp. f(37)), we conclude
that Cpp =0, Co1 =4, Cp2=2,C30=—1,C31 =1and C32 = —1. So, F3(X,Y) =
4Y 4272+ 73— X34+ X3y — X3Y2. If we multiply F3(1/C(z), 1/C(31)) by C(1)°C(31)>,
our second assertion is established. O

We shall find a relation between f(t) and f(pt) for a prime p > 3 since we have dealt
with the cases p = 2, 3 already.

THEOREM 9. Let p be a prime greater than 3. Then Fy(X,Y) = ZOSi,jSerl
CijX'Y) € QIX, Y] satisfies the following conditions.

(1) Cpt10#0and Cpi11 =Cpr12="+-=Cpt1,p+1 =0, Coo =0.

(2) Ifp=1 mod6andi+ j=0o0rl mod3,thenC;;=0.

(3) Ifp=-1 mod6andi — j=1or2 mod 3, then C; j = 0.

PROOF. The congruence subgroup under consideration is I’ = I'1(6) N I'p(18p), and
hence A = {£(14+6k) € (Z/18pZ)* ; k = 0,1,...,3p — 1} where A is the sub-
group as in Section 2. Since (Z/6Z)* = {1, =1}, we have to consider S  and A; only
for j € {9,18,9p,18p} by Lemmas 2 and 6. Since n; = 1 forall j = 9,18,9p and
18p, §; = {1}. Thus all the inequivalent cusps under consideration are 1/9, 1/18, 1/9p and
1/18p with widths 2p, p, 2 and 1, respectively by Lemma 3. It follows from Lemma 1
that 1/18p is equivalent to co. If we let fi(r) = f(r) and f2(r) = f(pr) in Theorem
7, then by Lemma 6, S, = {1/18,1/18p} and S10 = {1/9, 1/9p}. Further we obtain
that S2 00 = {1/18,1/18p} and S2 0 = {1/9, 1/9p}. Let o, be an matrix (}l (1)) in SLy(Z).
Since a13 € I, (f oag)(r) = f(r) = q_1 + O(1) and we obtain ord f(7) = —1
and ordy/18 f(t) = —p. So the total degree d; of poles of f(7) is p + 1. Since f(p1) =
q P+ 0(1), we getorde f(pt) = —p. In order to find ord; /18 f (p7), we first take b, d € Z
such that (118 2) € SLy(Z). Since there exists x € Z such thatd — 6x =0 mod p,

3p O\(1 b\ _(p 3b—x 3 x p 3b—x
(0 1) (18 d)_(6 (d—6x)/p> <0 p> where <6 (d_éx)/p>eSL2(Z).

Thus the Fourier expansion of f(pt) at 1/18 can be derived from
p O 1 b _ 3p 0 1 b
(6 D 2))o=lee (@ 1) G o))
_ lo p 3b —x 3 x
—(c (6 (d—6x)/p> (0 p))(’)

by (K1) and (K2). We see by (K4) that the above expression is of the form

(some root of unity) - qf, + higher order term,

where k = 9((p/2)((p/2) — 1) — (p/6)({p/6) — 1)) with the notation as in (K4). Since
p = =1 mod 6 we have k = —1. Hence ordy,18f(pt) = —1 and the total degree of poles
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of f(pt)is p + 1. Therefore F,(X,Y) is of the form Fp(X,Y) = Y oo; j<pt1 Cij XY/,
Since S1,00 N 2,0 is empty, a = 0 in Theorem 7 and hence Cp11,0 # 0, Cp1+1,1 = Cpy12 =
-+ = Cpy1,p+1 = 0. Changing the role of f1(7) and f>(r) we have b = ordy,9 f2(1) +
ordij9p f2(t) = p + 1 and Co,o = 0. Then all the other assertions follows from Theorem 7
(5). Next, we observe that fi(t +1/3) = f(t+1/3)=1/C(B3t+1) = §32f(t) = §32f1 (7)
and that f>(x+1/3) = f(p(t+1/3)) = 1/C@pr+p) = &; " f(pr) implies fr(x+1/3) =
;_%fz(r) (resp. ¢3f2(r))if p = 1 mod 6 (resp. if p = —1 mod 6). Therefore, C; ; = 0
wheni + j = 0,1 mod3 (resp.i —j = 1,2 mod3)if p =1 mod6 (resp.p = —1
mod 6). This completes the proof. O

p the modular equation of v(:= C(tr)) and w(:= C(pr1))

V0 —vdwd —5° (3w5+2w2)+5v4(4w4+w) —20v3 w3 —51)2(211)5 —w2)—|—5vw4—vw—{—w6 =0

v — v’ — 71)7(9w7 + 8w4) +28v0w? — 56v5w3 — 71)4(8w7 — 3wt — w) — 5603w
+28v2w6 + Tow? — vw + wd =0

11| 12— oM — 11011 93w 4 128w + 32w — 4w?) — 22010(128w !0 + 96w7 — 34wt + w)

—4409 32w2 +28w0 + w?) — 1108 (128wl + 128w8 + 28w — 17w?) — 2207 (96w 10

+124w7 — Tw* + w) — 15400 8w + w® — w3) — 2207 (16wl + 14w + 31wd — 3w?)

+1104 (68w 10 + 14w7 — 8w* + w) — 2203 2w — 73wl + w3) + 11v2(@dw!! + 17uw8

+6wd — w2) — 11v(2w10 +2w’ — w4) —vw+wl2=0

13 | o1 — B3 — 130133 15w!3 + 512w10 + 19207 — 8wt — 2w)

+130v12(1024w!! + 768w — 240w + 23w?)

+52011 (256w12 +48w? — 186w0 + 15w3) — 13v10(512w13 + 832w 10 +264w7 — 132w* +w)

+26v2 (96w!! — 36w8 — 194w5 + 15w?) + 39v8(256w!2 — 24w — 172w0 + 31w?)

—39v7 (64w!3 + 88w !0 + 100w’ — 11w* + w) — 39v0(248w!! + 172w — 3w’ — 4w?)

—13v° (240w12 + 388w — 9w® — 3w3) + 13v*Bw!3 + 132w10 4+ 33w7 — 13w + w)

+1303 (60w 4+ 93w + 3w — 2w?) + 1302 (23w!2 + 30w + 12w0 — 2w?)

—|—13v(2w13 —wl0— 37 + w4) —vw4w?=0

17 | '8 — 017w — 17017 (3855w!7 + 8192w'# + 5120w!! + 640w® — 144w> — 2w?)

+17016(16384w!6 + 36864w!3 + 12288w !0 — 7488w7 + 712wt — w)

—136v15 (3072w 15 — 1024w!? — 2952w° + 1059w° — 79w3)

—34v14(4096w17 + 37888w!* + 25280w!! — 7512w8 + 1001w> — 89w?)

+17v13(36864w!° + 33792w!3 — 13120010 — 9560w’ + 1001w?* + 9w)

+170v12(8192w!5 4+ 38016w!2 + 17496w° — 10177w® + 1059w3)

—34011(2560w!7 + 25280w!* + 19328w!! — 3016wd + 1195w — 117w?)

+17v10(12288w!0 — 13120w!3 — 26784w!0 — 3016w7 + 939w? + 5w)

+17v2(23616w!5 + 17496w!2 — 11536w° — 2187w + 369w?)

—34v8(320w!7 — 7512w1% — 3016w!! + 3348w8 — 205w — 24w?)

—17v7 (7488w !0 + 9560w!3 + 3016w!0 + 2416w7 — 395w + 5w)

—170° (8472w + 10177w!2 4 2187w — 594u° + 16w?)

+340° (72w!7 — 1001w!* — 1195w +205w8 + 132w° — 18w?)

+17v* (712010 + 1001 w3 + 939w!0 + 395w7 — 74w* + w)

+17(632w! +1059w1? + 369w° — 16w° — 6w?)

+17v2Qw!7 + 178w!4 + 234w!! + 48w8 — 18w + w?)

—17v(w16 —owl3 — 510 4 57 — w4) —vw+w!®=0
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Now we can determine the modular equation ®,(X,Y) = 0 by considering enough
terms of the Fourier expansion of F),(f(7), f(pt)) in Theorem 9 with the observation
@,(X,Y) = XPHyPHE,(1/X,1/Y).

The above table shows that the coefficients of the modular equations are congruent to
zero modulo p (p = 5,7,11, 13, 17) except for those of the terms Pt wPH yw and
vPw?, which indicates the existence of Kronecker’s congruences. For instance, when p = 5
the modular equation of v = C(r) and w = C(57) is

v6—v5w5—vw~|—w6

—507Gw’ + 2w?) + 5v* dw* + w) — 2007w — 502 Qw> — w?) + Svw*

=@ —w)(v—w’) mod5.

As before, let I' = I7(6) N Ip(18). For any integer a with (a,6) = 1, we choose

o, € I'(1) so thato, = (06' 2) mod 18. Then for every integer n prime to 6 one has

1 0 a b
(3.1 F(O n)r: U U o, (0 n/g) ,
a>0 0<b<n/a
aln
in which the right-hand side is a disjoint union. Indeed, first note that |[I'\I" (} %) I'| =
n ]_[p‘n(l + 1/p) and then use [17], Proposition 3.36.

Since o, depends only on a modulo 18, we fix o, as 041 = £ ((1) (1)), o45 = £ (?g 158)
and 047 = + (Ig Jgs)' Actually, since 0, € (£1) - I'" fora € {#1,+£5, £7}, we have
fooa=f.

For convenience, we let a5 be o4 ({ nl/’a) for a, b in (3.1). We now consider the fol-
lowing polynomial ¥, (X, t) with the indeterminate X

wX. o= [] &-(ewmnw).

a>0 0<b<n/a

aln (a,b,n/a)=1
Note that deg ¥, (X, t) = n ]_[p‘n(l + 1/p). Since all the coefficients of ¥, (X, t) are ele-
mentary symmetric functions of the f o o, , they are invariant under I, i.e., ¥,(X, 1) €
C(f(1r))[X]. Hence we may write ¥, (X, f(t)) instead of ¥, (X, 7).

When f(nt) = fi(r) and f(r) = f2(7), we define §; ~ to be the set of cusps which

are poles of f;(t). By §;0 we mean the set of cusps where f;(t) has zero. We recall from
Theorem 7 that a is a nonnegative integer defined by

0 if S1ooNS20=0¢,
a = )
- ZSESLOOQSLO ords fi(r) otherwise.

If we multiply a suitable power of f(7) to ¥, (X, f(t)), we have a polynomial F,, (X, f (7)) €
C[X, f(r)] such that F,,(f(nt), f(tr)) = 0. Note that S; oo = {1/18n} and $7 oc = {1/18,
..., 1/18n}. It means that S1 o N S2,0 = ¢ and so a = 0. Hence we are to work with just
Y, (X, f(r)) as a polynomial of X and f(7) to prove the following theorem.
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THEOREM 10. With the notation as above, for any positive integer n with (n, 6) = 1
let W, (X, Y) be a polynomial such that ¥,,(f (), f(nt)) = 0. Then we get the following
assertions.

(1) ¥.(X,Y)e Z[X,Y]and degy ¥, (X, Y) =degy ¥u(X,Y) =n ]_[p‘n(l +1/p).

(2) ¥, (X,7Y) isirreducible both as a polynomial in X over C(Y) and as a polynomial
in Y over C(X).

(3) (X, Y)=¥(Y, X).

(4) If nis not a square, then ¥, (X, X) is a polynomial of degree > 1 whose leading
coefficient is £1.

(5) (Kronecker’s congruence) Let p be an odd prime. Then

W,(X,Y)=(XP —Y)(X —YP) mod pZ[X,Y].

PROOF. Since
18792

f() =

—1 —4
C(3r) l_[ = 18n =3)(1 — g'8n=15)”

welet f(7) =g '+ Y0 | cuq™ with ¢,y € Z. We furtherletd = n [1,,(1+ 1/p) and Y
be an automorphism of Q(¢,) over Q defined by ¥ (¢,) = {,f if (k, n) = 1. Then v induces
an automorphism of the function field of formal power series Q) ((g'™) over Q&) by
the action on the coefficients. We denote the induced automorphism by the same notation .

Since
a b a b a*t +ab
(7= n/a>><f>=f<<o e)?) = (57)

ab —a /n+ZC é.abm am/n

we obtain that Y ((f o (§ n/a))(r)) = ¢abkg=a®/n | %0 o pabkmga’m/n 1 et ]y be the
unique integer such that 0 < b’ < n/a and b’ = bk mod n/a. Then Y (f o (§ n/a)) =
fo (‘6 nl}/a) because {;‘bk = {,ﬁ‘bl. Foralla € {£1, +5, £7} we have f oo, = f, from which
we get that Y (f o agqp) = f o gy and all the coefficients of ¥, (X, f (7)) are contained in
Q((g'™).

Note that ¥, (f(t/n), f(r)) = 0 yields [C(f(z/n), f(r)) : C(f(r))] < d. Let§
be the field of all meromorphic functions on $) which contains C(f(t/n), f(r)) as a sub-
field. We further observe that for any element y of I" the map h(r) — h(y(tr)) gives
an embedding of C(f(tr/n), f(r)) into §, which is trivial on C(f(r)). Also, note that
for any aqp = 0a(§ n’;a) in (3.1) there exists y,, € I such that ((1)2)3/“,1,0(;}7 er.
Since f(oq,p(7)) # f(aw p (7)) for e, # a4, there are at least d distinct embeddings
of C(f(tr/n), f(z)) into § over C(f(r)) defined by f(t/n) — (f o (On) o Vap)(T) =
f(aq (7). Hence [C(f(r/n), f(r)) : C(f(r))] = d. This implies that ¥, (X, f(7)) is
irreducible over C(f(7)).
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With the notations as in Theorem 7, if we let

a=- ZSESLOQQSZ,O OI'de('L') ’ b= ZSESL()QSZ,() OI'de('L') ’
a'=-— erszmmslyo ord f(nt), b= 28652,0051,0 ord f(n7) ,

then F (X, Y) in Theorem 7 is of the form

Capa XY + CopY’ + Cor g XU YU + CpoX? + Y CijX'yd,
O<i<dy,
O<j<d;
where dj(resp. dy) is the total degree of poles for fi(tr) (resp. fn(t)). Since F(X, f(r)) is a
minimal polynomial of f(t/n) over C(f(t)) and F(f(r/n),Y) is also aminimal polynomial
of f(t) over C(f(t/n)), we obtain that

F(X, f(z))

FOW(X, f(1) = Ca a

and F,(X,Y) is a polynomial in X and Y which is irreducible both as a polynomial in X
over C(Y) and as a polynomial in ¥ over C(X). Since f(7)¥,(X, f(v)) € Q[X, f(7)]
and all the Fourier coefficients of the coefficients of ¥, (X, f(t)) are algebraic integers, we
conclude that f (7)Y, (X, f(r)) € Z[X, f(7)], namely F,,(X, Y) € Z[X, Y]. But we already
saw before this theorem that a = 0 in our case. Hence we conclude that ¥, (X, Y) € Z[ X, Y].
It proves (1) and (2).

Now that (X —(foay,0)(7)) is a factor of ¥, (X, f(7)) and foa, o = foa,,o(g (1)) = fo
(’5 (1)), we get ¥, (f(nt), f(r)) = 0, namely ¥, (f (), f(r/n)) = 0. Hence, f(t/n) is aroot
of the equation ¥, (f (), X) = 0and ¥,,(f (1), X) € Z[X, f(r)]. Meanwhile, f(t/n) is also
aroot of ¥, (X, f(r)) = 0 and ¥, (X, f (1)) is irreducible over C(f(t/n)). So there exists
a polynomial g(X, f(t)) € Z[X, f(r)] such that ¥, (f (1), X) = g(X, f(1)¥ (X, f(1)).
However, the identity

Y (f(0), X) = g(X, (D) - g(f (D), X) - ¥ (f (1), X)

implies ¢(X, f (7)) = £1. If g(X, f (7)) = =1, ¥ (f (7), f(v)) = =¥ (f (7), f(7)). Thus,
f(7) is a root of the equation ¥, (X, f(r)) = 0, which contradicts to the irreducibility of
v, (X, f(r)) over C(f(t)). Therefore, (3) is proved.

As for the verification of (4), we assume that n is not a square. Then f(r) — (f o
g p)(T) = T ;n_“hq_“z/" + O(q'/™). The coefficient of the lowest degree in ¥, (f (1),
f(7)) is a unit. Since it is an integer and ¥, (X, X) is a polynomial of degree > 1, (4) is
proved.

In order to justify the last assertion, let p be a prime greater than 3. For ¢(7), h(7) €
Z[§p]((q1/”)) and o € Z[{p], we know that g(t) = h(r) mod « if g(t) — h(1r) € aZ[p]
((g'/7)). On the other hand, since f () = ¢~ ! + ano:l cmq™ with ¢, € Z, we deduce that

(o) o
Flers@®) =27 P+ ent)"q"" =q P+ Y cng™'? mod (1 - zp).
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Hence, f(a15(1)) = f(a1,0(r)) mod (1 —¢p) forany b =0,..., p — 1. Since ch =cp
mod p, we see that

fapo@) =q"+Y g™ =q7"+ Y chg" =(f(1))’ modp.

So, f(ap,o(r)) = f(r)? mod (1 —¢p). Similarly,

Fo@)? =@ "7+ eng™ " =g+ D chg™ = f(x) mod (1 —¢p).
m=1

m=1

Thus
(X, f(x)= l—[ (X — fla1,5(7)) x (X — f(ap,o(7)))

0<b<p
=X = flano@N?(X = f()F)

=(X? = flaro(@)")(X = f(1)P)

=X — f(@)X = f(©)P) mod (1 —¢p).

Now, let ¥, (X, f (7)) = (XP = f(N(X = f(©)P)be 3, Y (f ()X € (1 =¢p) ZIX, f(T)],
where ¥, (f(t)) € Z[ f(r)]. Since all the Fourier coefficients of ¥, ( f (7)) are rational inte-
gers and divisible by 1 — ¢, we obtain that ¥, (f (7)) € pZ[ f(t)]. Therefore

Pp(X, f(1) = (XP = f(O)X = f(1)P) mod pZ[X, f()]. O

4. Constructions of ray class fields and class polynomials. Let K be an imaginary
quadratic field with discriminant dx and N be a positive integer. Let K(y) be the ray class
field modulo N over K and € K N $) be a root of the primitive equation ax? + bx +c¢ =0
such that 5> — 4ac = dg. In this section we show that C(t) generates K ), over K and then
determine the class polynomial of K ) by using the fact that 1/C(7) is an algebraic integer.

We first consider the principal congruence subgroup I"(N) of SLy(Z). If & is a mero-
morphic function on the modular curve X (N) = I'(N)\$*, its Laurent series expansion in
the parameter ¢'/V = ¢27%/N s called the Fourier expansion of 4. It is well known that
X(N) = I'(N)\9* is defined over Q(¢n)([9, §21, [11]). Let Fy be its function field over
0(n). Then F; = Q(j) for the j-invariant and define the automorphic function field § as
the union § = |Jy~; Fn. For any subfield §’' of § and z € K, let §'(z) be the field gener-
ated over Q by the set {i(z) ; h € § and h is defined and finite at z} and K - §(z) be the
compositum of K and §'(z).

For any lattice L in C, let g2(L) = 60Y_,c; (o) 1/@*, g3(L) = 140",/ (o) 1/,
A(L) = ¢p(L)> — 27¢3(L)? and g (u; L) the Weierstrass g-function for u € C. Further for
€9, L=2Zz+Zanda e Q> — Z?, let

Ca@sd) [ ().
fute) = B (a <1> , L) .
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THEOREM 11. Let K be an imaginary quadratic field and T € K N § be a root of
a primitive equation aX> + bX 4+ ¢ = 0 with a, b, c € Z such that its discriminant is the
field discriminant of K. Let x (resp.y) be the least positive integer such that x = (Nx, a)
(resp.y = (Ny, c)). We define

=00 j o 5 D fro ),
Sﬁl)n = the field of all automorphic functions for [Hy(Nx) N I'1(N)
with rational Fourier coefficients,
Sﬁl)n = the field of all automorphic functions for [H(Ny) N r''(v)
with rational Fourier coefficients,
Fom=00j.j o (§ 8)- foynyo (b))
Smax = the field of all automorphic functions for I'(Ne) N Iy(Na) N T (N)

whose Fourier coefficients with respect to eriz/Ne belong to Q(¢N) -

Then for any field §' among the above five fields, K - §'(z) is the ray class field modulo N
over K. Furthermore, if §" is any intermediate field such that %ggn C §" C Fmax for some i

(1<i<4)orFy CF" C Fmax then K - §"(z) is also the ray class field modulo N over K.
PROOF. Theorem 5.1 in [6]. O

LEMMA 12. Let K be an imaginary quadratic field with discriminant dx and © €
K N $ be a root of the primitive equation ax* + bx + ¢ = 0 such that b> — 4ac = dg, and
let I'" be any congruence subgroup containing I'(N) and contained in I'1(N). Suppose that
(N, a) = 1. Then the field generated over K by all the values h(t), where h € AO(F’)Q is
defined and finite at t, is the ray class field modulo N over K.

PROOF. With the notations as in Theorem 11, if (N, a) = 1 then x in the theorem is
equal to 1. Therefore the inclusions Sgl)n = Ao(I'(N))g C Ao(I')g C Ao(I'(N))g C
Fn C Tmax imply the lemma. O

THEOREM 13. Let K be an imaginary quadratic field with discriminant dg and t €
K 0§ be a root of the primitive equation ax* + bx + ¢ = 0 such that b*> — 4ac = dg. Then
K (C(v)) is the ray class field modulo 6 over K if (6, a) = 1. In particular, if Z[t] is the ring
of integers in K, then K (C(v)) is the ray class field modulo 6 over K.

PROOF. Since Q(C(r)) = Ap(L1(6) N F3(3))Q and I"(6) C I (6) N I'°(3) C I, (6),
we get the first assertion by Lemma 12. In particular, if Z[t] is the ring of integers in K, then
a = 1 and hence we readily conclude the last statement.

Next, we show that 1/C(7) is an algebraic integer for an imaginary quadratic argument

THEOREM 14. Let K be an imaginary quadratic field with discriminant dg and t =
N (j1.n) be the Hauptmodul of Ao(I'| (N)). Let s be a cusp of I't(N) whose width is hs and
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Sry(n) is the set of inequivalent cusps of 't (N)\H*. Ift € q—lz[[q]] and HSESI"I(N)_{OO}(t (2)
—1(s)) is a polynomial in Z[t), then t (v) is an algebraic integer for t € K N 9.

PROOF. See [14, Theorem 5]. O

LEMMA 15. The Hauptmodul of Ao(I1(6)) is 1/C3(1') —3.

PROOF. Let g(7) = 1/C3(t). It follows from Theorem 4 that C(C(t)) = Ao(I1(6) N
r°e@)). So, goy =gfory e I (6)NI°3). Furthermore, using C o ((1) %) (1) = 2™3C (1)
we have go () 1) = g. But, I (6) = (I1(6) N I'(3), (} 1)), and so C(g(x)) C Ao(I1(6)).
Since
[C(C(7)) : C(g(x))] [C(C(7)) : C(g(1))]
Ao(T1(6)) : Cg(x)] = - = : e —
[Ao(I1(6) N I"P(3)) = Ao(171(6))]  [11(6) : I (6) N I"°(3)]
g(7) is a generator of Ao(17(6)) with pole at co. And at co we can easily find a g-expansion
g(t) = ¢ '+ 34+ aiq+axg® + - - -. Therefore, the Hauptmodul of I'(6) is 1/C3(z) —

’

THEOREM 16. Let K be an imaginary quadratic field with discriminant dg and t €
K N$H. Then 1/C(7) is an algebraic integer.

PROOF. We see by Lemma 15 that the Hauptmodul 7 (t) of Ag(I1(6)) is 1/C3(t)-3 ¢
g ' Z[[q]1]. We recall that h is the width of the cusp s and ¢, = ¢>*!/™_ Since I(6) = I (6),
we have Sr, ) = {00, 0,1/2,1/3}.

1)
0 E(1/6.j/6) <0 ) 6 —1/6)
Co = =
(1 )(T) glzl—[ o 8376 j/6) = 5121—[ ot 3/6>( )
. . .
() () om
12/11 6 6 6 11—
1
==4+0(q).

2
So,
0
1

Thus we get £(0) = 1/C3(0) — 3 = 5.
(ii)

. -1 .1
C(0)=T1LH010C0( 0>(T)=3%§+0(q)=

10 E(142j)/6 j/6
Co(2 )(r)=clz 2D IO (2) = 1 4 O(g)
1 im0 L(G+2))/6 j/6)

Then, C(1/2) = limy—o(1 + 0(q)) = 1 yields 1(1/2) = —
(iif)
1
Co (3 )(T) —4“12]—[ bav3p/s ie) (.

o Ea+3))/6 j/6)
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We know by (K5) in Section 2 that ord,C o (% (1)) (r) = —1/6. In other words, C(7) has a
poleat 1/3 and 7(1/3) = 1/C3(r) — 3 = —3.

On the other hand, if follows from Lemma 3 that o = 6,h12 = 3 and hy/3 = 2.
Hence, the polynomial nseSrl (6100} (1 (z) — 1(5))"s becomes (t — 3)°(t + 2)3 (s + 3)% and so
it belongs to Z[¢]. Then by Theorem 14 that 1/C3(t) —3 is an algebraic integer for t € KNS$.
Therefore 1/C(7) is an algebraic integer, too. O

We see from Theorem 13 that if an imaginary quadratic number 6 generates the ring of
integers in K = Q(0), then K(C(6)) is the ray class field modulo 6 over K. In this case to
find its class polynomial we shall use the Shimura’s reciprocity law by adopting the idea of
Gee ([9)).

We first consider the finite Galois extension F; C Fy. Let ay € SL2o(Z/NZ) rep-
resent the I"(N)-equivalence class of a linear fractional transformation « € SL»(Z) on
$H*. For h € Fy, the action h*N = h o « is well defined and induces an isomorphism
SLo(Z/NZ)/{£1} = Gal(Fy/F1(¢n)) = Gal(C - Fy/C - F1). And ford € (Z/NZ)*, let
o4 denote the automorphism of Q(¢y) given by {y > {1‘\1/. Then the action of o gives rise to
a natural isomorphism Gal(F;({y)/F1) = Gal(Q(¢n)/ Q) = (Z/NZ)*, which we can lift
to Fy by changingh =}, cxg*'N € Fy to h% = Dk oa(cr)g®N. Thus h — h° defines
a group action of (Z/NZ)* on Fy whose invariant field Fy, ¢ is the subfield of Fy having
Fourier coefficients in Q. Here we have Fy g N F1(¢{n) = F1.

Now, define the subgroup Gy = {((1)2) ; d € (Z/NZ) ) of GL2(Z/NZ). Then the
map (Z/NZ)* 3 Gy gives an isomorphism Gy = Gal(Fy/Fy, g). From this fact we get
the following exact sequence

1 - {1} > GLy(Z/NZ) — Gal(Fny/F1) = 1.
Passing to the projective limit we then have an exact sequence
1 > {+1} > GLy(Z) - Gal(F/F1) — 1.

Let O = Z[0] be the ring of integers of K andlet K, = @, ®¢9 K and 0, = Z,®2 0.
By theory of complex multiplication j(€) generates the Hilbert class field over K and the
maximal abelian extension K% is equal to K (§(6)). Moreover, the sequence

1> 0" > [[0; - Gal(K“ /K (j©)) — 1
p

is exact. Here the map ]_[p (’);,< — Gal(K“h/K(j (6))) is the Artin map [~, K]. In addition,
the ray class field modulo N over K is K(Fy(f)) and the subgroup of [] » (’);j which acts
trivially on K (Fy (6)) with respect to the Artin map is generated by O* and [ ] » (A+NO,)N
(9;).

Let J IJ; be the finite idéles ]_[;, K of K. The restricted product is taken with respect to
the subgroup (9; CK ;;. For every prime p we consider the map (gs), defined by (gs), :
K} — GL2(Q)) as the injection satisfying (gg)p(xp) (9) = xp(9). Since Z[0] is the
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ring of integers of K, 6 has the minimal polynomial X*> + BX + C € Z[X] which satisfies
6% + BO + C = 0. Then for spand t, € Q) we explicitly have

tp —B-s, —C-sp).

(99)p :5p0 +1p = (
Sp Ip

Therefore on JI{ we get an injective map ggp = ]_[p (99)p : JIJ; — ]_[;, GL>(Qp). Here the
restricted product is taken with respect to the subgroups GL2(Z;) C GL2(Qp). Moreover,
ge_l (GLZ(’Z\)) = ]_[p (9;. So we get the row exact diagram

I — 0 — [0 58 Gake/k(jey) — 1
I 9
1 —— {1} —> GL(Z) — Gal(§/F) — 1.

And by the Shimura’s reciprocity law, h(@)¥ K] = p(9%®) (@) for h € § and x €
]_[p O, . For a positive integer N, ggl (Stabgy) = ]_[p((l +NO,)NO}) where Stabp, is the
inverse image of Gal(F/Fy) in GLZ(’Z\). Using the isomorphism g, ! (Stabr,)/ g, ! (Stabp, )
~ (O/NO)* we define the reduction map gg y of gop modulo N from (O/NO)* to GL,
(Z/NZ). Define Wy g = go.n((O/NO)*) C GL2(Z/NZ). Precisely speaking, Wy ¢ is a
finite subgroup {('=B¢ ~%) € GLy(Z/NZ); t,s € Z/NZ}.

THEOREM 17. Let K be an imaginary quadratic field of discriminant dx and 0 =
Jdi ]2 (resp. (3 + 4/dk)/2) if dg = 0 mod 4 (resp. dg = 1 mod 4), and let Q =
[a, b, c] be a primitive positive definite quadratic form of discriminant dg and to denote
(=b + Jdk)/2a € $. Defineu = (up), € [1, GL2(Z)) as follows. (p runs over all
rational primes.)

Casel : dg =0 mod 4

(g b{Z) if pta,
K (_?/2 _oc> if plaandpfc,
(—a I " _C:lb/z) if pla and plc.
Case2 : dg =1 mod 4
<g ; +1b)/2) if pta,
v <(3 _1b)/2 _OC) if plaandpfc,
<—a + (31 —b)/2 —c— (_31+ b)/z) i vl and ple.

Then h(0)!% =1 = h*(zp) for any h € F such that h(0) € K (j (6)).
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PROOF. See [9]. O

With the notations as above, if & € F), for a prime p, then h(@)l@—bel = pup (to)
because the action 4" depends only on the p-component. Here we observe that our continued
fraction C(7) is contained in Fg. Let f(t) = 1/C(t). Then f(§)l4=0¢l = flausus.)(zy)
= fMo(rp) where My € Ma2(Z) N GL3 (Q) satisfies Mg = u, mod 6 for all primes p.
Therefore, we may take Mo = 3uy —2u3z € GLy(Z/6Z).

Let H be the Hilbert class field of K. Then there is a surjective homomorphism of Wy g
onto Gal(K(y)/H) defined by o = (h(0) he! (0)). Let C be the kernel of this surjection.
In fact, C is the image of gg(@lx() in GL2(Z/NZ). Since Gal(K(y)/K)/Gal(K )/ H) is
isomorphic to Gal(H/K) = C(dk), where C(dk) is the form class group of discriminant d .
Thus, the image of the homomorphism

C(dk) — Gal(Kn)/K)
(017! > (h(0) = kM2 (0))
gives all the coset representatives of Gal(K(y)/H) in Gal(K(y)/K). Hence, we obtain that
{h*Me ; o € Wy 4/C and Q is any reduced primitive quadratic form of discriminant dg } is
the set of all the conjugates of 4(0) over K.
Let
FO= [] &—r¥e() e KIX]

aeWgg/C
QeC(dk)

be the minimal polynomial of f(0) over K. Then, F(X) is in Z[X]. Indeed, since f has
rational Fourier coefficients and e>7/%/3 ¢ R for 6 defined in Theorem 17, f(6) is always
real. Observing 0 = F(f(0)) = F(f(©)) = f(f(@)) = f(f(@)) we see that F(X) €
(KNR)[X] = Q[X]. Furthermore, f(0) is an algebraic integer by Theorem 16 so that F'(X)
is a polynomial with integral coefficients, that is, F(X) € Z[X].

Now before closing this section we present an example with K = Q(v/—3) as follows.

PROPOSITION 18. Let K = Q(+/—3) be an imaginary quadratic field and K ) be
the ray class field of K modulo 6. And let F(X) be the class polynomial of K. Then
F(X)=X346X>+4.

PROOF. If K = Q(J—_3), then we have 8 = (3 + J—_3)/2 and dx = —3. We may
assume that a positive definite quadratic form Q is[1, 1, 1]Jand 79 = (-1 +-3) /2. Then as
is well known it is the unique reduced primitive quadratic form of discriminant —3. It follows
from Theorem 17 that u, = u3z = ((1) %), Mg = 3uy —2u3 = ((1) %) € GLy(Z/6Z). And
B = —3,C = 3 because 62 — 30 + 3 = 0. Using these we get We ¢ and C as follows.

wo={ %o 1) =0 1)+ 1) =69
(5 )= 96 =0 ) =6 D
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1 0 1 -3 2 -3
e={=( V=0 2)=0 D)f
So, We. ¢/ C has 3 distinct cosets [((1) (1))], [(*12 *13)], [(}¥ (1))] Therefore

(10D (ZL2), PR (), 6D (o))

EDED )

is the set of all the conjugates of f(6) over K. Hence, through the approximation of these
three values by using the fact F(X) € Z[X] we get

Foo=(x - f(@))(’f (T - r(57)

=X +6X%+4.

a

By means of the same arguments we have the following class polynomials whose coef-
ficients seem to be relatively small when compared with others’ works, for examples, Morain
([16]), Kaltofen-Yui ([13]) and Chen-Yui ([5]).

dg the class polynomial of K,

-3 X34+6X2+4

—4 X*—-8X3-8X -8

-7 X* 4+ 16X3 —8X + 16

-8 X*—20X3 + 12X2 + 16X — 8

—11 X0 +30X° — 72X* +8X3 + 120X% + 16

-15 X0 4 60X5 + 132X* + 56X> +96X2 4+ 96X + 64

—19 | X2 4+ 96X 4+232X% — 1440X3 + 960X° + 4608X° + 256X> + 6144 X2 + 256
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