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Abstract. The shadowing lemma of Shantao Liao asserts that a “recurrent” quasi-
hyperbolic string of a C Lclass diffeomorphism of a closed manifold might be closed up by
a periodic orbit. In this note, we further show that the string can be closed exponentially up
by the periodic orbit. Moreover, this statement also holds for a C Lclass map which is only
locally diffeomorphic.

Introduction. Consider a discrete-time dynamical system f: Z x M — M on a com-
pact metric space (M, d). We say a motion f (¢, w) can be e-closed up if to any & > 0 there
exists some § > 0 such that, when d(w, f"w) < § for an integer n > 1, one can find z € M
satisfying f"z = z and d(f'z, f'w) < & for 0 < ¢ < n. For the modern differentiable
dynamical systems, it is an important problem that whether or not a recurrent orbit of f can
be closed up by a periodic motion of f. For example, in [8, 9], this kind of closing property
plays an essential role.

However, in smooth ergodic theory, frequently the e-closing property is not enough for us
to obtain a “good" periodic orbit near a recurrent motion. We often need a stronger shadowing
property, named (g, p)-exponential closing property in [3, 4], first established in the context
of non-uniformly hyperbolic dynamical systems by A. Katok in [6], where he uses it to prove
the existence of hyperbolic periodic orbits near a Pesin set of a C!*t%-class diffeomorphism,
where 0 < o < 1.

Precisely speaking, the motion f (¢, w) is said to obey the (e, p)-exponential closing
property, provided that, for any ¢ > 0 and small p > O, there exists 6, > O such that, if
d(w, f"w) < &, for an integer n > 2, then there can be found a periodic point z of period n
satisfying

PR ge P! for 1 <t <[n/2],
d(f'z frw) < {sep("’) for [n/2] <t <n.

We notice that the (e, 0)-exponential closing property is the classical e-closing property.
If f(z, w) is hyperbolic, the (e, p)-exponential shadowing just means that the periodic motion
f(t, z) moves more close to the stable foliation of f (¢, w) during the period [0, n/2], and
more close to the unstable foliation during [n/2 + 1, n].
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In the classical Pesin theory, the (¢, p)-exponential shadowing just panders to the Holder
condition via the so-called Lyapunov neighborhoods. In [6], Katok proves that almost ev-
ery recurrent motions of a non-uniformly hyperbolic C!*%-class diffeomorphism f can be
closed (g, p)-exponentially up. Using the (e, p)-exponential closing property, in [12], Wang
and Sun further show that every Lyapunov exponents of a hyperbolic ergodic measure of a
C'*2_class diffeomorphism f can be approximated by ones of periodic measures. In [3], it is
proved that every Lyapunov exponents of an ergodic measure, not necessarily hyperbolic, of
a Holder-continuous linear cocycle, can also be approximated arbitrarily by that of periodic
measures, whenever the driving dynamical system obeys the (¢, p)-exponential closing prop-
erty. Moreover, [3] shows that every hyperbolic C!-class diffeomorphism f, not necessarily
C'*“, has also the (e, p)-exponential closing property. Thus, to study the Lyapunov char-
acteristic spectra of a Holder-continuous linear cocycle driven by a hyperbolic differentiable
dynamical system, we need to consider only the Lyapunov spectra of the periodic points.

In [7], Liao presents an important shadowing lemma, which asserts that every “recurrent”
quasi-hyperbolic orbit string of a C'-class diffeomorphism can be e-closed up by a periodic
motion. The aim of the present paper is to generalize and improve Liao’s lemma by the
(e, p)-exponential closing property that is important for the study of Lyapunov exponents in
the smooth ergodic theory (for example, see [4]).

By M, in the sequel, we denote a closed manifold of finite dimension d. Let Difflloc(M )
be the set of all C'-class local diffeomorphisms of M. Assume that we have chosen a smooth
Riemannian structure (-, -) on M, and then it induces a norm || - ||, in every tangent space T, M
tox € M. Let dist(x, y) be the local geodetic distance connecting the points x and y in M
induced naturally by (-, -). By SM we denote the unit tangent sphere bundle of M endowed
with the natural topological metric dist. For any K C SM and § > 0, Bg; (K, §) denotes the
8-neighborhood of K in SM with respect to dist.

Next, we introduce the basic concept of quasi-hyperbolic orbit string and state our main
result (Theorem 2 below).

For any f € Difflloc(M), any x € M and any integer n > 0, we denote by (x, f"(x)) the
f-forward orbit string {x, f!(x),..., f"(x)}.

DEFINITION 1 ([7]). Let A be a forwardly invariant set of f, and TAM = E® F a
forwardly Df-invariant splitting. Let A > 0 be arbitrarily given. A string (x, f"(x)) in A
is said to be A-quasi-hyperbolic of index i respecting E @ F, provided that dim E(x) = i,
1 <i <d — 1 and there hold the following three conditions:

(D) T5Z0 1Dy Pl il < exp(—ak) fork =1,....n;
(2 1_[1;:1 I(Dpn—ix P p(po-ixylleo = exp(rk) fork =1,...,n;
(3) logI(Drix Hr(rixyllco =108 I1(Dypjx HEpixyll = 24 for j=0,...,n—1.

Here and in the future || - ||co means the minimum norm (also called co-norm) defined as

—1n=1 .
[Allco = AT |7 = minjy =1 | Ax]| .
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Notice here that, although condition (3) is just a domination inequality, we need not have
a uniform dominated splitting on A.
In this paper, we mainly generalize and improve Liao’s shadowing lemma [7] as follows:

THEOREM 2. Givenany f € Difflloc(M), let A be a forwardly invariant set of f with
a forwardly Df -invariant splitting TA\M = E @& F and A > 0. Then, to any ¢ > 0 and
0 < p < A/2, there exist 5, > 0 and Ny > 1 such that, for any A-quasi-hyperbolic string

(x, f™"(x)) respecting E ® F, where 1 < dim E(x) < d, in A with
() n> Ny, and E(f"x)NSpmcM C Bgg(E(x)NSM, 38,

there can be found a forward periodic point b of period n, which closes (e, p)-exponentially
up (x, f"(x)), Le.,

el g ge P for 0<i<[n/2],
dist(f"x, f'b) < {ge—Mn—i) for [n)2] <i<n.

Moreover, if A is a closed neighborhood of the motion f (t, x) and E(w)® F (w) is continuous
with respect to w on it, then we can further require b to be hyperbolic of index dim E (x) and
each of the Lyapunov exponents of b to lie off the interval [—)\./2, A /2].

We note here that condition (x) is the so-called “recurrence” of a quasi-hyperbolic string
(x, f™(x)) mentioned before.

REMARK 3. Compared to the original shadowing lemma of Liao, in the statement of
which b only e-shadows (x, f"(x)) in the sense of dist(fix, fib) < egfor0) <i < n,
the (e, p)-exponential closing property and the hyperbolicity of b in our statement are right
the new ingredients of the improved version above. In addition, we do not impose here the
assumption that Ty M = E @ F is a continuous and uniformly dominated splitting as supposed
in [5].

REMARK 4. Let there be given a forwardly invariant set A of a C!-class local diffeo-
morphism f. Recall that f is said to be hyperbolic on A, provided that there exists A > 0 and
a forwardly Df -invariant splitting TAM = E¥ & E" such that

I(Df)v|| < e *v|| forall ve E* and |[(Df)ull > e*|lul| forall u € E*.

Obviously, from Theorem 2 above, the following theorem, which generalizes [3, Theorem
1.2], could be obtained as a corollary.

THEOREM 5. Iff € DiffllOC (M) is hyperbolic on a forwardly invariant subset A C M,
then f obeys the (&, p)-exponential closing property on A.

According to [3], the above Theorem 5 is possibly useful for the approximation of Lya-
punov exponents of Holder-continuous linear cocycles by that of periodic orbits.

This paper is simply organized as follows. In Section 1, we introduce the notion of Liao
standard systems of difference equations for a C'-class local diffeomorphism. It is very ex-
pedient for the author himself. In Section 2, we consider an abstract hyperbolic difference
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equations. There is proved Theorem 2.4, which is an organic combination of Katok’s (g, p)-
exponential shadowing idea, Newhouse’s semi-invariant disc technique, and Liao’s standard
system theory of differential systems. Finally, in Section 3, we complete the proof of Theo-
rem 2 in the framework of Liao theory by applying Theorem 2.4 to a Liao standard difference
system associated with a forwardly recurrent quasi-hyperbolic orbit string.

1. Standard systems of local diffeomorphisms. We will prove our generalized and
improved version of Liao’s shadowing lemma in the framework of Liao theory, so we need to
introduce the notion of Liao standard systems of difference equations for a local diffeomor-
phism from [1, 2]. In this section, we consider a C 1_class local diffeomorphism

fiM—> M,
and by
Df: TM — TM

we denote its tangent map on the tangent bundle TM. Since M is compact, there exist two
universal constants €1 < & such that, for any x € M, the restriction of f to the g-ball
Buist(x, &2) around x is diffeomorphic into M and Bgise(f (x), £1) C f(Baist(x, €2)).

1.1. A natural triangularization of Df. Let d = dim M. For any orthonormal d-
frame y = {iy,...,iq} of T, M, by the Gram-Schmidt orthonormalization procedure, for
any t € Z, there exists a unique orthonormal d-frame y, of Ty, M at the base point f’x,
defined from the collection of the tangent vectors {(Dy f')iiy, ..., (D f")iiq}. See Figure 1
below for an illustration for the case d = 2.

Associated to (x, y), define a non-autonomous orthogonal coordinate transformation

{Tidtez,: R > Ty My > y,y == yicoliy, + -+ + yacolgy, ,
where for any ¢ > 0,
coli: y, = (u1(t), ..., uq(1) = u;j(t) € Tp M (1 <i<d).
Then, we obtain a linear difference system

Yit1 = Rey Oy, teZi, yoeR?

(Dy f5)iin
IZZ r ﬁQ(l‘) (Dxfr)ﬁl
L (1)
i
(x.y) (flx. )

FIGURE 1. Skew-product semi-dynamical system on the d-frame bundle %t.
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with the commutative diagrams

R RO
Trl le forall te Z .
Dy, f

TpxM —— Ty M

According to the Liao theory [1, 2], Ry, (¢) is upper triangular and both || R, , (¢)| and
|Rx,, ()llco are uniformly bounded away from O and +oo for ¢ and (x, y), since f is of
class C! and M is compact.

Therefore, we obtain the following lemma.

LEMMA 1.1. There exists a constant j4 > 0 such that

exp(—u4) < inf ||Ry y(D)llco < sup [[Rx,, (D] < exp(u4),
t,(X,}’) t,(x,y)

where t € Z and (x, y) runs over the orthonormal d-frame bundle %ﬁ of M. Hence

1 - 1 R
—log (DfYill < sup  —log [(Df")iill < 4.
t tEN,ﬁESMt

—pg <
teN

nf
,ueSM

Particularly, if A is a forwardly f-invariant compact set and if yM = E @ F is a con-
tinuous forwardly Df -invariant splitting, then we could define an adapted Lyapunov metric
(-,+) on TyM which is equivalent to (-, -), such that (E(x), F(x)), = 0 for all x € A.
So, if in such case we choose an orthonormal d-frame y at the base point x € A with
{coliy,...,coliy} C E(x) and {coliy1y,...,colgy} C F(x) where i = dim E(x), then
R, (t) has the blockwise diagonal form

O

O@—iyxi Ry (1)
under the adapted metric (-, -)’.

1.2. Standard systems. From here on, we fix a constant 6 > 0 such that for any
x € M, the exponential projection

exp,: Bo, (0) > M, where By (0) :={veM; |v| <6},

is smoothly diffeomorphic from By, (@) into M, where 0, denotes the zero tangent vector to
x. For any x € M, define

foi M — T M
locally in the following way:
fe (@) = (exp;xl of oexp,)U forall ¥ € By (6).
Let
Sy y(): BO) > M; y>expu (v,y),
where B(9) = {y € R?; ||y|| < 6).
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DEFINITION 1.2 ([1,2]). For any given orthonormal d-frame (x, y) of TM, we lo-
cally define

feyt. ) =6+ 1) o fo®, 1)y forall (t,y)€Zy x B(®).
The difference system
Yot = Jay(t.y0) . (6, y) € Zy x B(0),
equivalently written as
(fx,y): Vi1 = Ry y Oy + frem(x,y)(tv ), (t,y) € Zy x B(9),
is called the standard system of f under the d-frame (x, y).

Thus, frem(x,y)(#,0) = 0 for all t € Z, where 0 is the origin of R?, and there the
commutativity

Rd L) pa
Trl th+1
.fftx

Tf’XM —_— T‘f[+l.xM

expftxl leXPfrHX

M — M
holds locally for every t € Z and
Sy ()y = exppi(v,y) = Spixy, (0)y forall 1€ Z,.
The following result asserts a uniform Lipschitz property of the remainder frem(x,,)(Z, ¥)

for y € B(9).

LEMMA 1.3 ([1]). The standard systems (fx ) satisfy that to any |1 > 0, there exists
a constant v > 0 such that uniformly for t € Z and for d-frame (x, y)

Il freme, ) (t5 ¥) = fremee, ) YOI < pelly = ¥l
forany y,y’ € B(v).

Notice here that the constant v is independent of the choice of the d-frame (x, y). This
point is very important for us to prove Theorem 2 later.

2. Hyperbolic difference equations. In this section, we shall prove an abstract
(&, p)-exponential shadowing property and a certain “semi-invariant disc" property for hyper-
bolic difference equations. The isomorphism of homology groups in Theorem 2.4 (iii) below
is a key manner for us to finally get a good periodic motion which exponentially shadows a
recurrent quasi-hyperbolic orbit string. This idea is inspired by Liao [7].

We first consider a linear system of difference equations

(A): x41=A@M)x;, te€Z x €R?,
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where A(7) = (A;;(¢)) is a real upper triangular d-by-d matrix such that

(@ Aji(t) #0forallt e Zand 1 <i < d;

(®) A% = sup,eAIADI], | A@) 1} < 7 for some constant 7 > 0.
It is very helpful for us to keep in mind that A(¢) = Ry, (¢) forallt € Z,..

DEFINITION 2.1. Leti, 1 <i < d, be an integer and n > 0. The system (A) is said
to be (n,, 1)-hyperbolic, if there is a decomposition of R? into subspaces

RI=ES®E", dimE*'=i

such that, foralli € Zandt € N,
(1) llxal@+ 2, v)ll < llxa(, vs) |l exp(—n,1) for any vs € E¥;
2) NxaG +t,v)ll = lxa(, vy)llexp(n,t) for any v, € E".
Here {x (¢, v)};cz denotes the solution of (A) satisfying x4 (0, v) = v forv € R,

As (A) is uniformly hyperbolic, it follows from [1, Lemma 2.3] that the angle between
xa(t, EY) and x4 (¢, EY) is uniformly bounded away from O for r € Z. So, without loss of
generality, we might further assume

(c) forallt e Z

A%(t)  Oix@—i
O@—iyxi  A"()
where A®(r) and A“(¢) are i-by-i and (d — 1)-by-(d — 1) upper-triangular subblocks of A(z),
respectively.

In light of condition (c), we define an equivalent box-norm | - | on R? by

A(t):[ } and E°=R'x {0}, E“={0}x R,

[v] = max{||vs]l, llv.|l} forall v=vs+v, € E*® E".
Write
OG1)={G €eGL{, R); GGT = Idgs, G(E®) = E°},

where the linear isomorphism G: RY — R? is regarded as a d-by-d matrix and GT denotes
the transpose operator of G.
Next, we consider a perturbation of (A)

(A, )t 241 =Gi(z) = Az +g(t.z), te€Z, zeRY,
where g(¢, z) is Lipschitz continuous with respect to z such that g(z, 0) = 0 and
lg(t,2) — g(t, Il < Lgliz — 2| forall z,7' € RY
uniformly for ¢ € Z for some constant Ly > 0. Write

gl = sup;ez,.erellg(t, D

and we denote by z4 4(z, v) the solution of (A, g) with z4, 4(0,v) = vforallv € R4,
Since we always keep in mind that (A, g) is equal to ( fy,, ), there is no loss of generality
in assuming that G, : R? — R? is invertible.
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DEFINITION 2.2. Givenany 0 < p < 7, let pp = exp(—pk) for k € Z. For any
e > 0, the Lyapunov neighborhood Llepy] around 0 with size gpi is defined as the closed
rectangle B*[epx] @ B“[epr] in RY, where

B'lepr] = {vs € E*; |lvsll < epr} and  B"[epr] = {vu € E"; |lvull < epx}.

E 5

FIGURE 2. Neighborhood L[epg] of 0 in RA.

As in the classical Pesin theory, we need to use the hyperbolicity of (A) to describe how
L[epx] transforms under (Gy);ez.

LEMMA 2.3. Let0 < p < n,. Ifthe Lipschitz constant Lq of g(t, -) satisfies
Ly<e”—e™M and Ly<eh —e’,

then, for any ¢ > 0 and any integer k > 0, the image G;(L[epy]) meets L[epk+1] transversely
fort € N in the sense that their configuration is homeomorphic to the diagram in Figure 3.

Llegel g “«— Llepe_1]
: < Llepr1]
0 G 0 G (L[epr])
S— 47 Llepr]

FIGURE 3. A transverse intersection of rectangles.

Moreover, the result remains true if we replace L{epx+1] by either L[epy] or Llepx—1] for all
k> 1.

PROOF. Itis easy to see that, for any v = vy + v, € E® @ E",
|G ()] < llvslle™ if Jv] = [lvgl
and
1G] = llvulle” if v = [Jvull .

For the rest discussion, its similar idea has been used in the proof of [3, Lemma 2.2], and so
we omit the details here. O
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In the following theorem, the topological ball plays the role of “semi-invariant disc” as
in Newhouse [10].

THEOREM 2.4. Let (A, g) be (n,,1)-hyperbolic and 0 < p < ni. Then, there exist
constants

he =il p) > 1, Ne=Na(i,p) 22, and & =§G,n) =1
which satisfy the following. For any constant ¢ > 0 and any integer n > N, if
1
Ly < min {e_p —e M, el —¢P, ﬁ} and |g|| £ —————,
(1 +27&)4 driE (14 275)¢
then there can be found a d-dimensional topological closed ball Bn, €] in R¢, containing 0

as an interior point, with the following properties (i), (ii) and (iii).
(i) Forallv € Bn, €]

gl < [0, Jor0sislnal,
Agth ee P for [n)2l<i<n.

(i) Forallv € 0B[n, ¢] and for all G € O(i),

&
G(za,g(n,v)) —v| = —.

(iii) For any given G € O(i), the map
h: B[, e] > R\ {0}; vi> G(zag(n.v) —v
induces an isomorphism
h: Hy—1(9BIn, 61, ) —> Hy—1(R* \ {0}, 2)
of the homology groups Hy_1(8B[n, €1, Z) onto Hy_1 (R \ {0}, Z).
PROOF. From the Ly condition and Lemma 2.3, we see that, for any ¢ > 0 and any
n > 2, there is a narrow “rectangle” B[n, ] C L[gpo] such that for all v € Bln, €]

| o) < ge Pl for 0 <i <l
A ge P=D for | <i<n

for I = [n/2]. In fact, from the sequence of morphisms

Liepol 25 Lisor] 2> - 22 Liep—11 25 Lispi] =5 Lispn—qi1)] -3
Git2 Gu—2 Gy
Llepn—q+2)] —> -+ —> Llep1] —> Llepo] s
we obtain B[n, &] = Llepol N (i~ Gy (LLepiD) N (Mieyiy G (LIgpn—i1)).-
Next, we are going to choose the desired constants A, and N,. For that, we need to solve
the inequality equation
1

Ag > ——
1 — exp(—pNy)
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It is easily seen that as N, tends to 0, (1 — exp(—,oN*))_1 goes to +o0o and as N, tends to
400, (1 — exp(—,oN*))*1 goes to 1, so we can choose two constants A, = Ax(p) > 1 and
N = Ni(p) > 2 such that

1
e > @(n) ;= —— forall n > N,
1 — exp(—pn)
from Figure 4.
Hence, for any n > N, and ¢ > 0, from Lemma 2.3 it follows that, for any v € dB][n, ¢]
and all G € O(),
£

|G(za,g(n,v)) —v| > & —ge " > —
*

as desired.
This proves the assertions (i) and (ii) of the theorem.
We now proceed to the proof of the assertion (iii) of the theorem.
According to the Liao theory [1], there is a constant

E=E@M,n) > 1

such that if the Lipschitz constant Ly < 1 /é;‘(l + 2ﬁ§)d , then there is a homeomorphism

A: R? — R? which satisfies that A(0) = 0 and, for anyve R andt € Z,
lza,g(t, v) = xa(, AQ)I < glE(1 +276)7

where x4 (t, A(v)) is the solution of (A) with the initial value A(v).
Next, let B = A(B][n, ¢]), which is also a topological closed ball containing 0 as an
interior point in R since A is homeomorphic. Therefore, if

gl < ————.
43 (14 206)

then

lza,g(t, u) —xa(t, A)|| < 4i forall u e R andt € Z,

*

Ax @(n)

® (N, Ax)

Ny

FIGURE 4. Choices of Ay and Ny.
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and hence from (ii) we get

IG(xa(n,v)) —v| > % forall v € @B and G € O(i).
*

Given any G € O(i), the above inequality implies that L: v — G(x4(n, v)) — v for v € R?
is an isomorphism from RY onto itself. Thus,

(Lo A)s: Hy_1(0Bln, €], Z) —> Hy_1(R\ {0}, Z) .
Leth: v~ G(za,g(n,v)) —vforall v € dB[n, ¢]. To show that
hs: Hy—1(B[n, €], Z) — Hy_1(R9\ {0}, Z)

is isomorphic, it is sufficient to show that 4 is homotopic to L o A from dB[n, ] into R? \ {0}.
Indeed, since for all v € dB[n, €]

[h() — Lo AW =11G(za,¢(n, v) —xa(n, Av))) — (v — A(V))]
< £
=%
we could easily obtain 4 ~ L o A: dB[n, €] — R? \ {0} by property (ii).
This proves the statement (iii) and then the proof of Theorem 2.4 is complete. a

REMARK 2.5. The choices of the constants Ay, Ny and é rely only on the numbers
1, p, 1y, and do not depend upon the explicit form of A(r), where |A%|| < 7 as in condition
(b) before.

3. The generalized and improved shadowing lemma. This section is devoted to the
proof of Theorem 2 stated in the Introduction using Theorem 2.4 and Lemma 1.3. There let
f e DiffllOC(M ), A be a forwardly invariant set of f, and let TAM = E @ F be a forwardly
Df -invariant splitting. From now on, let ¢ > 0 and 0 < p < A/2, be arbitrarily given
constants as in the statement of Theorem 2.

3.1. One technical lemma. The following technical lemma is a discrete form of Liao

[7, Lemma 3.6]. For it, there can be read two different and simple proofs in [5, 13].

LEMMA 3.1. Letn > 1 be aninteger and 0 < 8 < b two constants. Let
h_,hy:{0,1,...,n} - R

be two sequences such that fork =1, ...,n,
(1) h—(k) —h_(0) < —Rk;
(2) hy() —hytk—=1)=Rn—k+1);
(3) [hy(k) —hytk— D] —[h-(k) —h_(k — 1)] = 28;
4) max{lh_(k) —h_(k — 1|, |h4(k) —hy(k — DI} <b.
Then, there exists a sequence h: {0, 1,...,n+ 1} — R such that:
@ 0=h0)=h(n)=hn+1)>h()fort=1,...,n—1,
(b)  supg<, <, (1K) — h(t + DI} < b —¥;
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() forO<i<i+t<n,
[ho(i+1) —h_(D)]—=[h( +1) —h()] < —1R/2
(ha(Gi4+1) —hy()]—[hG +1) — h(i)] > 1R/2.

3.2. Proof of Theorem 2. Now, we are ready to prove our main result Theorem 2. We
will divide our arguments into subsections.

3.2.1. At first, for some x € A, assume that with respect to TTM = E(x) ® F(x),
1 <i=dim E(x) < d, the forward orbit string (x, f"(x)) is A-quasi-hyperbolic of index i;
that is to say,

k
> logIDf[gpi-1ll < —Ak
j=1

n
> 10g1Df | p( i1 lleo = A0 —k + 1)
j=k

log [ Df | (=13 llco = 10g I Df g pr-1x)ll = 24

foreachk =1,...,n.
3.2.2. Put
0 if k=0,
h_(k) = Jﬁ:llog”DﬂE(fjlx)” ifk=1,...,n;
0 if k=0,
hy (k) = i1]0g||Df|F(fj1x)||co ifk=1,...,n.
j=

By Lemma 1.1 we can choose a constant 4 > A such that
max{lh_(k) —h_(k — 1|, |hy(k) —hi(k— DI} < pa

fork =1,...,n. Then by Lemma 3.1 instead of X and b by A and w4, respectively, we could
obtain the sequence

3.1) h:{0,1,...,n+1} = R

such that

(3.2a) 0=h00)=h(n)=h(n+1)>h@) forallt=1,...,n—1,
(3.2b) SUPo<y <ph(8) = h(t + D] < pa — i,

and, forall0 <i <i+1t <n,

(3.2¢) [ho( +1) —hG + 0] — [h—G) — h()] < —tA)2,
B2d)  [hali+1) —hG + D] = U (D) — h()] = 13./2.
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3.2.3. Now, under any given orthonormal d-frame y at the base point x with colyy €
E(x) forevery 1 < k < i, we consider the natural difference systems

(3.3) Vi1 = Rey@ye . (t.y) € Zy x R

and

(3.3b) Yit1 = Rey Oy + fremx, ), y0), (6, y1) € Zy % B(0)
defined as in Section 1. After the change of variables

(3.4) zr = yrexp(—h(t)) forallr € {0,1,...,n+ 1},

we could obtain two corresponding systems of difference equations

(3.52) 41 =Avy Dz, t€(0,1,...,n},z € R?

and

(3.5b) Zi41 = Ax Dz + goy(t20), 1 €{0,1,...,n},z € e "DB@),
where, fort € {0, 1, ..., n},

(3.5¢) Agy (1) = PO R (1)

and

(B5d) gyt z) = e D froneon (1, 20" D)

It is obvious that if {y(¢, v)};cz is a solution of (3.3a), then z(r, v) = e "®y(z, v) for all
0 <t <n+1isalocal solution of (3.5a).
3.2.4. Put

(3.6) il = exp(2ua) .
Evidently, from Lemma 1.1 and Lemma 3.1(b), it follows that
+1 ~ ~
Jmax. [Axy @7 =70 and  |lge,y (@, 2l < DLy Izl

3.2.5. By the subadditivity and the definition of 4#_ and A, we easily see that, for any
i€ Ex)\{0,}and0 <i <i+t <n,onehas
log [|(Df )i ]| — log [|(DfHill < h-(i +1) — h-@0),
and, forany iz € F(x)\ {0} and0 <i < i+t < n, one has
log [[(Df il —log II(Dfidll = by (i + 1) — hy ().
Thus, by (3.2¢) and (3.2d), we have
(3.7a) log [[(Df* )|l —log (Df il < k(i + 1) — k(i) — 11/2
foru € E(x)\ {0,}and0 <i <i+1t <n,and

(3.7b) log (Df i) — log [(Dfidll > h(i + 1) — k(i) + tA/2



522 X. DAI

foranyu € F(x)\ {0y} andany 0 <i <i +1¢ < n.

3.2.6. Put
(3.8) E'={zeR% yze E(x)} and E"={zeR%; yze F(x)},
and

(3.9) n=xr2>0.

Obviously, R? = ES ® E" and R' x {0} = E° where 0 is the origin of R, By (3.7), we
can easily check that (3.5a) has the following property:

(3.100) lza,, G + 1,02 < llza,,, G, vo) | exp(—n, 1)

foranyv_ € E¥, 0<i <i+t <n,and

(3.10b) lza,, G+t )0 = llza,, (G, vy)ll exp(n; 1)

foranyvy € E*, 0<i<i+1t <n.
3.2.7. For the constants 7 and 1, defined by (3.6) and (3.9), respectively, from Theo-
rem 2.4 we could choose constants

(3.11) A=A p) > 1, No=Nu(,0) =2, E=E@,n)=>1.

We note here that these constants A, N, and § all are independent of the explicit form of
(A, g) in Section 2, but depend only upon the numbers 7, p and 1, with |A%| < 7 in Theo-
rem 2.4 (see Remark 2.5).

3.2.8. Now, define

Ay (1) if 1€{0,1,....n},
A(l‘) = i d—i
diagle™, ..., e7™, e, ..., eN) if t £{0,1,...,n}.
Then
(3.12) 21 =AMz, (t,z1) € Zx R?,

is (,, i)-hyperbolic, as in Definition 2.1.
3.2.9. Next, take a C* bump function ¢ : R — [0, 1] such that

Moo, 1/41 =1, Pllij2,000 =0 and 4 < my 1= sup,cg [dP () /dt| < c0.
Take

1 1 1
(3.13) M:min{f, el — eP, ep—e"l}min{ , },
(1 4 278)d 16A, 2(1 4+ my)

then from Lemma 1.3, there exists a constant v > 0 with v < 6, which is independent of the
choice of (x, y) but relies only on the value u, such that

(3.149 SUP;ez., fiyl<vll fremee, ) (& W < v,
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and, uniformly fort € Z,

(3.15) ”frem(x,y)(ta y) — frem(x,y)(ta y/)” <uly - y/”
forall y, y’ € B(v).
3.2.10. Put
F(Ize" O /v) fremz ) (1, 2" D) if [|ze" D] < v and 1 >0,
g(t,2) . 1)

0 if ||ze""|| > v ort <O0.
It is easily seen from (3.13), (3.14) and (3.15) that
(3.16) lgll < v < ! .

. gl =mwy £ ————5——,
4r8(1+205)1 4
and
. 1 _ _
(3.17) Lgfmln{ﬁ, el —eP e —e ’71}.
£(1+42n€)?

Next, we will consider the difference system
(3.18) 21 = A0z + 9@ z). (t.z) € Zx R

Forany v € R, let Zx,y (t, v) be the solution of (3.18) with zy ,, (0, v) = v.
Applying Theorem 2.4 to (3.18), for the A-quasi-hyperbolic orbit string (x, f"(x)) we
could obtain the following assertion.

ASSERTION 3.2. Ifn > N, and0 < ¢ < v/8, then for any orthonormal d-frame y at
the base point x with colyy € E(x) for 1 < k < i, there exists a d-dimensional topological
closed ball Dy, in R? such that, for any v € Dy, (3.18) has a solution z, (¢, v) satisfying
the following conditions.

(*) Ifl = [n/2] then

vy < ¢ for 0=t =1,
Loy “lee "D forl<t<n.

(ii*) Forallv € 9D,y and all G € O(i),

&
|G(Zx,y(na V) —v| > —.
Ax

(iii*) Forany G € O(i), the map
h: 8Dy, — RIN{0}; v G(zxy(n,v) —v,
induces an isomorphism

hy: Hi—1(Dx.,, Z) —> Hy_1 (R \ {0}, Z).

3.2.11. By (3.4) and (3.2a), from Assertion 3.2 we can easily obtain the following
assertion.
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ASSERTION 3.3. Ifn > N, and0 < ¢ < v/8, then for any orthonormal d-frame y at
the base point x with colyy € E(x) forall 1 <k <1, there exists a d-dimensional topological
closed ball By ,, in R? such that, for any v € By, (3.3b) has a solution yy ,(t,v), 0 <t <
n + 1 with yx ,, (0, v) = v satisfying the following conditions.

T*) Ifl = [n/2] then

ge P! or 0<r<lI,
.y (1 0] = {sep("’) j‘cor l <_t S_n

(IT*) Forallv € 9By, and all G € O(i),

&
1GT (yx,y (1, 0)) —v] > —.
*

{r*)  Forany G € O(i), the map
H:0Bx, — RI\{0};  vi> G (yry(n,v) — v,
induces an isomorphism
He: Hy-1(9Bx.y. Z) — Hi-1(R\ (0}, 2).
(IV*) Forany (t,v) € {0, 1,...,n} X By,

Gryyxy(t,v) = f’(Gx,y(O)v) or expftx(ytyx,y(t, v)) = exp.(yv).

3.2.12. Since M is compact and exp: TM — M is smooth, there holds the following
assertion.

ASSERTION 3.4. For the given x, there is a constant 8, with 0 < &, < v/8 which sat-
isfies the following. If E(f"x) N Sgny M C Bgg (E(x) NS M, 8,) then, for any orthonormal
d-frame B at f"x with coly € E(f"x) for 1 < k < dim E(f"x), there can be found an
orthonormal d-frame o at the base point x with colya € E(x) for 1 < k < dim E(x), such
that ||lvi — v2|| < &/(2X\s) whenever vy, v2 € B(0), exp,(av)) = expyn, (Bv2).

In what follows, assume that (x, f*(x)) in A, n > N, is A-quasi-hyperbolic respecting
the splitting M = E(x) @ F(x) and let E(f"x) N Spnx M C Bgg, (E(x) N S§M, 5y).

3.2.13. For the d-frame y at the base point x given as in Assertion 3.3, let y,, be defined
as in Figure 1 of Section 1, which is an orthonormal d-frame at f"x such that colyy, €
E(f"x) forall 1 <k <1i. Then from Assertion 3.4, we could take some orthonormal d-frame
y’ at x such that

3.19 — <
3.19 [n UZH_ZA*

Put G = ((coliy, coljy')x),, 4- Clearly, G € O(i), ¥’ = yG where we think of y’ and y as
row vectors, and exp, (y'v) = exp, (y Gv) forall v € B(6).

3.2.14. Now, we take a topological closed ball By ,, as in Assertion 3.3. It is clear by
(I*) that B, , C B(v/8) and yy ,(n,v) € B(v/8) for all v € By ,, since there we have
e <v/8.

Next, we shall verify another assertion.

whenever vy, v2 € B(9) and exp, (y'v) = expfnx(ynvz).



A NOTE ON THE SHADOWING LEMMA OF LIAO 525

ASSERTION 3.5. There exists a vector vy € By , such that

exp, (yvy) = expf"x(yn)’x,y(”s Uy)) .

PROOF. Indeed, for any given v € B, ,, we may exactly take one corresponding point
U € B(v/4) such that exp, (y0) = expsn,(¥,Yx,y (1, v)). Since the exponential projection
exp is smooth, ¥ is continuous with respect to v € By, such that

Gvy — o) <
I yx,y(n ) =< 2,

by Assertion 3.4. Thus,
(3.20) 1GT (v (1, ) — D < % forall ve By, .

*

Define H: By, — R? by v — 0 — v. By (IT*) of Assertion 3.3 and (3.20), we get
Hlop,, ~ H: 8By, — R\ {0}.
Then from (IIT*) of Assertion 3.3, it follows that
(Hlsp,.,),: Hi-1(8By,y, Z) —> Hy_1(R?\ {0}, Z),

which implies that there must exist a point vy € By ), such that ﬁ(vx) =0 € RY, the origin.
Otherwise, Hlan.y is homotopic to the constant map 0 by the fact that  is defined on B, ,, .
That is to say, Uy = vy. O

3.2.15. Letb = exp,(yvy). Then b = f"b from (IV*), and
dist(fix, f'b) = |lyx., (¢, v)ll

forall0 <i <n.

3.2.16. If A is a closed neighborhood of the motion f(#, x) and the splitting £ @& F
is continuous on it, then from the Alexseev theorem [3, Lemma 3.6], we can further require
b to be hyperbolic of index dim E(x) and each of the Lyapunov exponents of b to lie off the
interval [—A/2, A/2].

This proves Theorem 2.
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