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ABSTRACT. The closed range and Fredholm properties of the upper-triangular
operator matrix M = (’8 S) € B(H1 ® H2) are studied, where H; and Hs are
Hilbert spaces. It is shown that the range R(M) of M is closed if and only if
the following statements hold:

(i) R(Pr(ayr Clar(m)y) is closed,

(i) R(A) + R(PrrayCln (P ) Claisy) = R(A),

(iii) R(B) + R(Px ()~ C*IR(Pp 41 Clavis) ) = R(BY),
where Pg denotes the orthogonal projection onto G along G-. Moreover, the
analogues for the Fredholmness of M are further presented.

1. INTRODUCTION AND PRELIMINARIES

The closedness of the range of a linear operator is one of the most basic problems
in operator theory, and was shown to be very useful in various areas of mathemat-
ics and its applications. For example, many practical problems can be described
as the equation T'x = y with T" being a linear operator between normed linear
spaces; while the stability of the underlying systems is closely connected with the
closedness of the range of T' (see, e.g., [10]).

Let H, and Hs be separable infinite dimensional complex Hilbert spaces. We
use B(Hi, Hz) to denote the set of all bounded linear operators from H; into H,,
and abbreviate B(H 1, Hs) by B(H1) when H; = H,. For A € B(H1), B € B(H>)
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and C' € B(Hs, H,), the upper-triangular operator matrix

M= (61 g) (1.1)

has been extensively studied. The spectrum and related problems of M were
considered, for example, in [2, 3,5, 6, 7,8, 9, 10, 11, 12, 13, 17] and the references
therein. In [10], the authors discussed the closedness of the partial operator
matrix Mo = (4§) € B(H1 ® Ha), when the diagonal elements A € B(H;) and
B € B(Hs) are given. The similar results

CGB(QW) Om(Me)={A€m(A): n(B — \) <00} U{N€am(B): d(A — \)<oo},

ety Om(Mc) = om(A) Uam(B)U{A € C: n(B —\) =00 = d(A - ))}

are independently and almost simultaneously considered in [11]. In [7], the per-
turbations of left and right essential spectra of M are given by

01e(Mc) = 01(A) U{A € 0,,(B) : d(A—\) < o0}

U{A € p(B) : d(A— X) < oo,n(B—\) =00},
centthu Tre(Mc) = re(A) U{X € 0, (A) : n(B — A) < o0}
U{A € pm(B) : n(B —\) < 00,d(A — \) = oo}

N
CGB(HQ,Hl)

The purpose of this paper is to characterize the closed range and Fredholm
properties of the upper-triangular operator matrix M defined as in (1.1). We
describe these properties using the particular block structure of M and the prop-
erties of its operator entries. It should be mentioned that every bounded linear
operator between two Hilbert spaces can be rewritten as an operator matrix form
based on the orthogonal decomposition of Hilbert spaces, and one way to study
an operator is to see it as an operator matrix with simpler operator entries.

Finally, we introduce some notations and terminologies. Let T' € B(H1, Ha),
and let G be a linear subspace of a Hilbert space. Then, the closure and orthog-
onal complement of G are denoted by G and G+, respectively. Write Py for the
orthogonal projection onto G along G+ (when G is closed) and T'|g for the restric-
tion of T to G. Also, we use N(T') and R(T) to denote the null space and range
of T', respectively. The symbol n(T) represents the nullity of 7" which is equal to
dim NV(T), and d(T) stands for the deficiency of T" which is equal to dim R(T)*.

As usual, we say T is left (resp. right) invertible if there exists an operator
S € B(Hz,H1) such that ST = I, (resp. T'S = I5,), and its left (resp. right)
inverse is denoted by 7, (resp. T.'). If T is both left invertible and right
invertible, then T is invertible, and in this case its inverse T—! clearly satisfies the
relation 7, ' = T—! = T1. Tt is well known that 7T is left invertible if and only if
T is bounded below, and if and only if N'(T') = {0} and R(T) is closed; T is right
invertible if and only if T" is surjective, i.e., R(T) = Hz (see [14]). In particular,
if T" is left (resp. right) invertible, then the operator Pr(r)T : H1 — R(T) (resp.
Tlneryr - N(T)*" — H,) is invertible. Also, T is left invertible if and only if its
adjoint T™ is right invertible.
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Recall that we say the operator T is a Moore-Penrose inverse of T'in B(Hz,H1),
if it solves the following system of operator equations

TT+T =T, T+*TT+ =T+,
(TT+)* =TT+, (T+T) =T+T.

Note that T' is Moore-Penrose invertible if and only if its range R(7') is closed,
and its Moore-Penrose inverse Tt can be determined uniquely (see [1]). For
T € B(H1), the Moore-Penrose spectrum o,,(7") of T" is then defined by

om(T) ={A € C:R(T — \) is not closed}.

The set p,,(T) consists of the complex numbers A such that R(T — A) is closed.
Clearly, p(T) = C\ 0,,(T). By the Banach closed range theorem (see [11]), we
know that \ € 0,,,(T) if and only if A € 7,,,(T™).

Let R(T) be closed. Then, the operator T is said to be left Fredholm (or upper
semi-Fredholm), if n(7") < oo; while if d(T") < oo, we say T is a right Fredholm (or
lower semi-Fredholm) operator. If T is both left Fredholm and right Fredholm,
then it is Fredholm. For T' € B(H,), the sets

0(T) ={A€ C:T — X is not left Fredholm},
0re(T) ={X € C: T — X is not right Fredholm},
0(T)={A € C:T — Xis not Fredholm}

are called the left essential spectrum, right essential spectrum and essential spec-

trum, respectively. In view of the Fredholm alternative theorem, we have that
A € 0,.(T) if and only if A € 0;.(T%) (see [L5]).

2. CLOSEDNESS OF RANGE

In this section, we consider the closedness of the range of upper-triangular
operator matrices. We first review some basic results.

Lemma 2.1. (see [15]) For A € B(H1,Hs), the following statements hold.

(i) Let T' € B(Hi, Hs) be of finite rank. Then, R(A+T) is closed if and only
if R(A) is closed.

(i) Let S € B(Hs, Ha) with n(S) < oo and let T € B(Ha, Hs) be invertible,
where Hs and Hy are Hilbert spaces. If R(STA) is closed, then R(A) is also
closed.

Lemma 2.2. (see [1]) Let A € B(H1), B € B(Ha) and C € B(Ha, H1) with
R(A) = Hy. If the range R(M) of the upper-triangular operator matriz M is
closed, then R(B) is closed.

Theorem 2.3. Let A € B(H1), B € B(Hs) and C € B(Ha,H1). Then, the
range R(M) of the upper-triangular operator matrix M is closed if and only if
the following statements are fulfilled:

(i) R(PrayLCla()) is closed;

(i) R(A) + R(PryClarp )1 Clais))

(iii) R(B*) + R(Pn(p): C*|ry

=R(4);

PR(A)LCL/\/(B))L)
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Proof. For notational convenience, we write

Cy = Pra:Clym), (2.1)
Car = PrepyClvicn), Cs2 = Pric+Clam)+ |

Under the orthogonal decompositions
NA TN (A) =H, = R(ADR(A), N(B)*®N(B) = Hy = R(B)BR(B)™,

the upper-triangular operator matrix M € B(H; & Hz) admits the following block
representation:

A0 C G N(A)* R(A)

vo |l oo ) [N | | R
- 0 0 B, O | NMN(B)* R(B) ’

00 0 0 N (B) R(B)*

where
Ol - PWO|/\/(B)J-7 OQ - PWCL/\/'(B), 03 - PR(A)J-O|/\/(B)J-'

Evidently, R(M) is closed if and only if R(M) is closed, where

A Cp Oy N(A)* R(A)
M1: 0 03 04 . ./\[(B)l — R(A)J‘ .
(b ae) (0 )-(20)

To complete the proof, it suffices to show that R(M) is closed if and only if the
conditions (i), (ii) and (iii) hold.
Assume that R(M;) is closed. By Lemma 2.2, we know that R(M,) is closed,

where
(5 5) (48~ (36)

From the factorization

M, — IR(A)J- 0 I’R(A)J- 03 04 0
? 0 B 0 Inpy 0 In(p

and Lemma 2.1, it follows that the range of <%4 IN((;)L

that R(Cy) is closed, i.e., (i) is proven. In view of
N(Cy) @ N(Cy)™ = N (B), R(A)* =R(Cy) ® R(C)*,

we may further write M; (i = 1,2) as the following new block forms:

(2.2)

) is closed. This implies

Al Cl C’21 022 %(A)i R(A)
. 0 031 041 0 . (B) R(C4)
M=o e o o |7 wer |7 Ryt |0 Y

0 N(Cy) R(B)
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where
Con = Ca|n(cyyr, Cs1= Prcy)Cs, Car = Pricy)Calarcyt- (2.5)
Clearly, Cy; is invertible. Applying Lemma 2.2 to (2.4), we see that R((C”))

is closed, which together with the injectiveness of B; shows that the column
operator (%ﬁf) is left invertible. Thus, the following factorization

EFM, = Ms (2.6)
holds, where
A 0 0 Cyp
o 0 cn o0
Ms=1 9 ¢, 0 o |
0 B 0 0
_ 1
Trtay —Cn Cyy' 0 eawy 0 _01(032) 1
E=| 0  Igcy 0 =10 Ireny —Cn(%),
0 0 I emm 0 0 Ipcyror®

Since £ and F are both invertible on R(A) @ R(Cy) ® R(Cy)* & R(B), the
closedness of R(M;) is equivalent to that of R(Ms). The fact that

R(Ms) = R((A1 Cp)) & R(Car) @ R((F2)) (2.7)

is closed indicates that R((A; Ca2)), R(Cy1) and R((%?)) are all closed. Since
R((A; C)) = R(A)+R(Cy) and R(A) is dense in R(A), we immediately have
R(A) + R(Ch) = R(A), i.e., (ii) is valid. By the Banach closed range theorem,
R((%2)) is closed if and only if R((C3, Bj)) is closed. Since B* = (% 0)" =

(%* 0) we have R(Bj) = R(B*). This together with

R((Cs, By)) = R(C3,) + R(BY) = R(B1) + R(Pym)r Clwep

(Pr(a)L C‘N(B))L)

implies the desired relation (iii).

Conversely, assume that (i), (i) and (iii) are valid. By (i), the operator matrix
M, possesses the block expression (2.3). The condition (iii) and the relation
R(B;) = R(B*) imply that R((Cj, Bj)) is closed, which shows that R((%?))
is also closed. While the condition (ii) ensure that the row operator (A; Cao)
is surjective, and its range R((A; Ca2)) is naturally closed. Note that Cy; is
invertible and the column operator (%ﬁf) is left invertible. Thus, we still have
the factorization (2.6). Therefore, we need only prove the closedness of R(M3)
to accomplish the proof, which is trivial by the relation (2.7). O

In what follows, we adopt the notations defined as in the proof of Theorem 2.3,
n (2.1), (2.2) and (2.5). We now give an example illustrating Theorem 2.3.

Example 2.4. Let H; = Hy = (*. Define the operators A € B(¢?), B € B((?)
and C' € B(€*) by Az = (21,0,%,0, %.0,---), Bx = (v1,23,25,---), Cx =
(0, 29, 24,0, 26,0, 25,0, -+ ) for & = (21, 29,23, --) € 2. Consider M = (4 G) €

B((* & ¢%).
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Obviously, R(A) is not closed and R(B) is closed. A direct calculation shows
that

R(A> = {l’ = ($1,0,$3,0,$5,0, o ) : Z |x2k71‘2 < 00}7
k=1

R(A)L :N(B> - {l’ - (07‘%27071‘4707‘%67’ ' ) : i |I2k|2 < OO}
k=1

Then, we have that Cyz = (0,29,0,0,---) for z = (0,29,0,24,0,26,--+) €
N(B) and 02213 = (0, 0,[E4, O, Tg, O,Z'g, 0, s ) for z = (0, O, O,ZE4, 0, Tg, O,Zﬂg, ce ) €
N(Cy). Clearly, R(A) + R(Cy) = R(A), R(Cy) and R(B*) are closed. Thus, by
Theorem 2.3, the range R(M) of M is closed.

In [10], the authors considered the closedness of the range R(M) of the partial
operator matrix My. Using Theorem 2.3, we shall give two slightly different
statements.

Corollary 2.5. Let A € B(H1) and B € B(Hz). Then, there exists an operator
C € B(Ha, Hy) such that the range R(Mc) of the partial operator matriz Mc is
closed if and only if the following statements are fulfilled:

n(B) = oo, if R(A) is not closed and R(B) is closed;
d(A) = o0, if R(A) is closed and R(B) is not closed;
n(B) = oo =d(A), if none of R(A) and R(B) is closed.

Proof. Taking C' = 0 will immediately yield that the range of M is closed, if both
R(A) and R(B) are closed. Thus, to complete the proof, it suffices to consider
the other three incompatible cases. Without loss of generality, we only prove the
case when R(A) is not closed and R(B) is closed.

If there exists an operator C' € B(Hz,H1) such that R(M¢) is closed, then

R(A) + R(Cq) = R(A) by Theorem 2.3. This immediately implies that R(Css)
is an infinite dimensional subspace of R(A), since R(A) is not closed. Obviously,
n(B) = oo. Conversely, let n(B) = oco. In view of the closedness of R(B),
it suffices to show that R(A) + R(Cy) = R(A) and R(C,) is closed for some
C € B(Hs,H1). Clearly, there exists a closed subspace N of N(B) such that
N(B) = N & N+ with dimN = d (0 < d < d(4)) and dim N+ = co. Since
R(A) is not closed, dim R(A) = oo. Let {ex i, {fi}3Y, {gr )22, and {h}5,
be orthogonal bases of N, R(A)*, Nt and R(A), respectively. Thus, we may
define the isometric operators U; from A into R(A)* and U, from Nt onto R(A)

by

Ulei:fi, fori:1,2,--~ ,d,
Uggi:hi, fori:1,2,--- .

Take

Q
I
coco

0
U
0
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where R(A)* = R & R+ with dim R being a d-dimensional closed subspace of
R(A)L. In this case,

(50 () (8) oo

Hence, R(Cy) = R is closed and Cy,, as an isometric operator from N (Cy)(= Nt)
to R(A), is clearly surjective, i.e., R(Cy) = R(A). Obviously, we also have

R(A) + R(Cq2) = R(A). The proof is finished. O

Corollary 2.6. (see [10]) Let A € B(#H1) and B € B(H3). Then, the range
R(Mc) of the partial operator matriz M is closed for every C' € B(Hs, Hq) if
and only if R(A) and R(B) are both closed, and at least one of d(A) and n(B)

18 finite.

Proof. Assume that the range R(Mc¢) of Mc is closed for every C' € B(Hs, H1).
Taking C' = 0, we then have the range R((4 %)) is closed, which implies that the
ranges R(A) and R(B) are both closed. So, by Theorem 2.3, we further see that
the range R(Cy) is closed for every C' € B(Hz, H1). Thus, we claim that at least
one of d(A) and n(B) is finite. Otherwise, d(A) = oo = n(B), and then we can
conveniently find an operator C' € B(Hz, H1) such that R(C,) is not closed.
Conversely, assume that R(A) and R(B) are closed, and at least one of d(A)
and n(B) is finite. Note that C} is an operator from N(B) into R(A)* for every
C € B(Ha,H1). Therefore, Cy must be a finite rank operator, and its range is
obviously closed for every C' € B(Ha,Hi). By Theorem 2.3, the conclusion is
established. O

Corollary 2.7. (see [11]) Let A € B(H1) and B € B(Hz). Then,
centmyay Om(Mc) = {\ € om(A): n(B=)) < 00}U{A € 0, (B): d(A=)) < o0},
Proof. Replacing A by A — X and B by B — A\, we see that the desired result
directly follows from Corollary 2.5. O
Corollary 2.8. (see [11]) Let A € B(H1) and B € B(Hz). Then,

CEB(%g,Hl)UW(MC) =0n(A)Uop(B)U{AeC:n(B—-X) =c0=d(A—\)}.

Proof. Replacing A by A — X and B by B — )\, we see that the desired result
follows from Corollary 2.6 immediately. 0

3. FREDHOLMNESS

This section is devoted to the Fredholmness of upper-triangular operator ma-
trices. Note that the notations are defined as in (2.1), (2.2) and (2.5).

Theorem 3.1. Let A € B(H:1), B € B(Hz) and C € B(Ha,H1). Then, the
upper-triangular operator matriz M is a left Fredholm operator if and only if the
following statements are fulfilled:

(i) R(Cy) is closed;
(iv) n(A) < oo, n(Cy) < 0o and dim R(A) N R(Cas) < co.
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Proof. By Theorem 2.3, the closeness of R(M) is equivalent to the first three
conditions. So, we may assume that they are always satisfied.

From the proof of Theorem 2.3, it follows that the operator matrix M has the
block representation

A 0 Cp Oy Oy N (AL R(A)

0 0 031 041 O N(A) R(C4)

0 0 Bp 0 0 N(Cy)*+ R(B)

0O 0 0 0 0 N(Cy) R(B)*

Then, we further have

1 -
A0 G GOm0 () R(A)
0 0 C'31 041 0 0 N(B)L R(C4)
M=| 0 00C, 0 0 0 L= | Rt
00 B 0 0 0 AN/E%)V R(B)
00 0 0 0 0 N(CZ) R(B)*

Here, Coy1 = Cop| N(Cao)Ls Car 18 invertible and (%ﬁf) is left invertible. Thus, the
null space N (M) of the upper-triangular operator matrix M is given by

N (M) = N(4) 8 N (A1 Ca))
= N(A) e N(Cr) @ {( 51)) + v € R(A) N R(Cn)},

from which the theorem follows right away. O

The following is the dual result of Theorem 3.1.
Theorem 3.2. Let A € B(H1), B € B(Hz) and C € B(Ha,H1). Then, the

upper-triangular operator matrix M is a right Fredholm operator if and only if
the following statements are fulfilled:

(i) R(Cy) is closed;

(ii) R(A) + R(Ca2) = R(A);

(iv) d(B) < 00, d(Cs2) < 00 and dim R(B*) NR(C3,) < oc.

As a direct consequence of Theorems 3.1 and 3.2, we have

Theorem 3.3. Let A € B(H1), B € B(Hz) and C € B(Ha,H1). Then, the
upper-triangular operator matriz M s a Fredholm operator if and only if the
following statements are fulfilled:
(i) R(Cy) is closed;
(i) R(A) + R(Ca) = R(A);
(iii) R(B*) + R(Cs2™) = R(B*);
(
(

iv) n(A) < oo, n(Cy) < 0o and dimR(A) NR(Cy) < oo,
v) d(B) < 00, d(Cs2) < 00 and dimR(B*) N R(C5,) < oo.
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Corollary 3.4. (see [7]) Let A € B(H1) and B € B(H2). Then, there exists
an operator C € B(Ha, Hi) such that the partial operator matriz Mc is a left
Fredholm operator if and only if A is a left Fredholm operator and the following
statements are fulfilled:

d(A) = oo, if R(B) is not closed,;
n(B) < oo or n(B) =00 =d(A), if R(B) is closed.

Proof. Assume that there exists an operator C' € B(Hs, H1) such that the partial
operator matrix M is a left Fredholm operator. Evidently, A is a left fredholm
operator. By Corollary 2.5, we know that d(A) = oo if R(B) is not closed. If

R(B) is closed, then replacing R(A) by R(A) and R(B) by R(B), we still have
the relation (3.1). In this case, A; and B; are clearly invertible. Thus, we deduce

that
Cu 0\ [ N(Cy* _ ( R(Cy)
0 0 ) \ N(Cy) R(Cy)*

is a left Fredholm operator. Therefore, n(Cy) < oo, which immediately implies
n(B) < oo or n(B) = d(A) = oc.

Conversely, assume that A is a left Fredholm operator. If R(B) is not closed
and d(A) = oo, then there exist infinite dimensional closed subspaces © and Q-+
such that R(A)* = Q @ O+, and hence taking

0 0 IN(B) R(A)
C=1(0 T]: N(B) — Q
S 0 Ot
will establish the desired result, where S : N(B)t — Qf and T : N(B) — Q
are both invertible operators. Indeed, C5, = S and Cy = ('), which imply that

N(Cy) = {0}, R(Cy) = Q and (%312) . N(B)t — <%> is left invertible.

So, n(Chs) = 0 = dim R(A) NR(Cye), and (C5, Bj) is surjective, i.e., R(C3,) +

R(Bf) = R(B*). Thus, the assumptions of Theorem 3.1 are all satisfied. If R(B)
is closed and n(B) = co = d(A), we take C' = (§ 2) : (N(B)L> — ( =) ), where

N(B) R(A)*
S : N(B) = R(A)* is left invertible. One can verify the left Fredholmness of
M¢ similarly. The case when R(B) is closed and n(B) < oo is trivial. O

The following is the dual result of Corollary 3.4.

Corollary 3.5. (see [7]) Let A € B(H1) and B € B(H2). Then, there exists
an operator C € B(Ha, H1) such that the partial operator matriz Mc is a right
Fredholm operator if and only if B is a right Fredholm operator and the following
statements are fulfilled:

n(B) = oo, if R(A) is not closed,

d(A) < o0 or n(B) =00 =d(A), if R(A) is closed.

The two results below are obvious, and their proofs are omitted.

Corollary 3.6. (see [7]) Let A € B(H1) and B € B(Hz). Then, there exists an
operator C' € B(Hz, H1) such that the partial operator matriz Mo is a Fredholm
operator if and only if the following statements are fulfilled:
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(i) A is a left Fredholm operator;
(ii) B is a right Fredholm operator;
(iii) n(B) = co = d(A), orn(B) and d(A) are both finite.

Corollary 3.7. Let A € B(H1) and B € B(Hs). Then, the partial operator
matriz Mc is a (left or right) Fredholm operator for every C' € B(Ha, H1) if and
only if A and B are both (left or right) Fredholm operators.

Similar to the discussions in Section 2, we have

Corollary 3.8. (see [7]) Let A € B(H1) and B € B(Hz). Then,

Mc) = 0(A) U{A € 0,(B) : d(A—)\) < o0}
U{X € p(B) : d(A—X) < oo,n(B — \) = 0},

Me) = 0,(A)U{A € 0,(A) : n(B—)\) < oo}
U{A € pm(B) : n(B = \) < 00,d(A — \) = oo},

Mc) = 0.(A) U (B)U{A € C:n(B — \) < 00,d(A — \) = o0}
U{AeC: n(B—-A\) =00,d(A—)\) <oo}.

Corollary 3.9. Let A € B(H1) and B € B(Hz). Then,

N
CEB(Ha,H1) T1e(

N
CEB(Ha,H1) re(

N
CeB(Ha,H1) o

CGB(%%HI)J*(MC) = 0.(A)Uo.(B), where x € {le,re,e}.
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