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ABSTRACT. This work creates two categories of “array-weighted sets” for the
purposes of constructing universal matrix-normed spaces and algebras. These
universal objects have the analogous universal property to the free vector space,
lifting maps completely bounded on a generation set to a completely bounded
linear map of the matrix-normed space.

Moreover, the universal matrix-normed algebra is used to prove the existence
of a free product for matrix-normed algebras using algebraic methods.

1. INTRODUCTION

In [13], universal Banach spaces and algebras were constructed as left adjoints
to forgetful functors to categories of weighted sets. This paper considers a similar
construction to build universal matricial Banach spaces and algebras from “array-
weighted” sets.

Much like a weighted set is a Banach space stripped of its vector space structure,
an “array-weighted set” will be a matricial Banach space stripped of its vector
space structure, leaving a set with a net of nonnegative-valued functions. Thus,
the categories of array-weighted sets are a proposed replacement to the category
of sets for construction of matrix-normed objects. As such, one can then consider
adapting algebraic constructions to matricial Banach algebras, such as generators
and relations from [3, 9, 10, 17, 18, 22, 23].

Section 2 establishes notation and existing results, which will be used through-
out the paper for weighted sets and matrix-normed spaces. Section 3 develops
the categories of array-weighted sets. Section 4 then builds the matrix-normed
space for a given array-weighted set, showing several key examples to highlight
the resulting structure. Finally, Section 5 describes a theory of matricial Banach
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algebras generalizing the theory of operator algebras. In particular, Section 5.3
uses the universal matricial Banach algebra to show the existence of the free
product of matricial Banach algebras using an algebraic proof.

The author would like to thank the referees of this paper for their comments
and patience in its revision. The author would also like to extend his thanks
to Dr. Nathan Smith from the University of Texas at Tyler for the conversation
which developed Example 3.5.10.

2. PRELIMINARIES

This section covers some previous results which are either motivating for the
current work or needed for the current work’s constructions. In particular, the
primary results regarding weighted sets and their constructions are reviewed from
[13] in Section 2.1. Likewise, some foundational results into matrix-normed spaces
are revisited from [5, 8, 20, 24] in Section 2.2 and 2.3. However, be aware that
while [13] considered Banach spaces for both real and complex fields, all vector
spaces and algebras for the current work will be over C to be consistent with the
literature of matrix-normed spaces. Moreover, this section sets the notation that
will be used throughout the current work.

2.1. Weighted sets and their constructions. In [13], universal Banach spaces
and algebras were constructed as left adjoints of forgetful functors to categories
of “weighted sets”. The object “weighted set” has gone by different names in
previous works: “bewertete Menge” in [9, Definition 1.1.7], “crutched set” in [14,
p. 14], and “normed set” in [11, p. 7], where oo is allowed as a weight value. This
paper will use the following terminology, conventions, and categories.

Definition 2.1.1 (Weighted set conventions, [13]). A weighted set is a set S
equipped with a weight function wg : S — [0,00). Given two weighted sets S
and T, a function ¢ : S — T is bounded if there is L > 0 such that for all s € S,
wr (6(s)) < L-wg(s). Let

bnd(¢) :=inf {L € [0,00) : wr (¢(s)) < L-wg(s)Vs € S},
the bound constant of ¢. If bnd(¢) < 1, ¢ is contractive. Let WSet; denote

the category of weighted sets with contractive maps, and WSet., denote the
category of weighted sets with bounded maps.

A Banach space stripped of its vector space structure is a weighted set, and
that relationship can be encapsulated in a forgetful functor. The main content of
[13, Theorem 3.1.1] is that this forgetful functor has a left adjoint, constructing
a Banach space from a weighted set.

Definition 2.1.2 (Scaled-free Banach space, [13, p. 281]). For a weighted set S,
let S := S\ wg'(0), all elements with nonzero weight. Define the discrete measure

fs : P (S) — [0, 00] by ps(T) := ng(s). The scaled-free Banach space of S

seT

BanSp(S) := ¢! (S us) ,

18



218 W. GRILLIETTE

a weighted ¢'-space over C. Define (g5 : S — BanSp(S) by

[0, s¢s,
Cs(s) '_{ 5, s€S,

where 0, is the point mass at s € S,

Theorem 2.1.3 (Universal property of the scaled-free Banach space, [13, The-
orem 3.1.1]). Let Ban, be the category of Banach spaces with bounded linear
maps, and F];;Zi‘::“ : Ban,, — WSet,, the forgetful functor stripping all lin-
ear structure. For a weighted set S and a Banach space W, consider a bounded

function ¢ : S — FXE::“(W) Then, there is a unique bounded linear map

¢ : BanSp(S) — W such that ngrslf:w ((ﬁ) o (s = ¢. Moreover,

it = |4

B(BanSp(S),W)

Likewise, one would like to construct a Banach algebra from a weighted set
in a similar fashion. While the functor BanSp creates a linear structure, a mul-
tiplicative structure can be created using the construction of the Banach tensor
algebra.

Definition 2.1.4 (Banach tensor algebra, [16, p. 165]). Let Ban; be the category
of Banach spaces with contractive linear maps. For Banach space V', inductively
define the projective tensor powers of V' in the following way:

VL=V, VA (V) GV vn e N,

where ® denotes the projective tensor product. The Banach tensor algebra of V

is
Tv) =TT "ver,
neN
the ¢'-direct sum of these projective tensor powers, equipped with the usual tensor
multiplication determined by the canonical isomorphism VeOmQyen _y yomin),

Define ¢ty : V- — T(V) to be the inclusion map into the first tensor power of V'
in 7(V)

Theorem 2.1.5 (Universal property of the Banach tensor algebra, [16, Satz 1]).
Let BanAlg, be the category of Banach algebras with contractive algebra homo-
morphims, and F]?z?;ilgl : BanAlg, — Ban, the forgetful functor stripping mul-
tiplicative structure. For a Banach space V and a Banach algebra B, consider a

contractive linear map ¢ : V — Fg::}ugl(g)- Then, there is a unique contractive

algebra homomorphism ¢ : T(V) — B such that Fg::ilgl (é) oLy = ¢.

Composing the left adjoints BanSp and 7 creates a new left adjoint, BanAlg :=
T o BanSp, with the following universal property.

Theorem 2.1.6 (Universal property of the scaled-free Banach algebra, [13, The-
orem 3.2.4]). Let F];ZﬁeAtllgl : BanAlg, — WSet; be the forgetful functor stripping



SCALED-FREE OBJECTS II 219

all algebraic structure. For a weighted set S and a Banach algebra B, consider a

contractive map ¢ : S — F,;’Zﬁ‘:;gl(zs). Then, there is a unique contractive algebra

homomorphism ¢ : BanAlg(S) — B such that FggieAtfgl <g§> O LBanSp(s) © Cs = .

2.2. Matricial Banach spaces and important examples. The central goal
of this paper is to adapt the constructions of the previous section to “matricial
Banach spaces”. The core idea of this structure is a Banach space equipped with
norms on the matrices over the space that have a boundedness condition with
the action of the scalar matrices.

However, since this idea is to be abstracted in Section 3, the presentation here
will be categorical and functorial to keep notation consistent between general sets
and vector spaces. Fundamentally, an m X n-matrix of elements is a function from
a cartesian product into the appropriate target set, which is described below.

Definition 2.2.1 (The functor M,,,). For n € N, let [n] := {1,...,n}, the set
of the first n natural numbers. Letting Set denote the category of sets, define

Mn(—) == Set([m] x [n], —)

for m,n € N, a covariant hom-functor from Set to itself. For a set S, M, ,,(S5) is
the set of all functions from [m] x [n] to S. An element A of M,, ,(S) is an array,
or matriz, with entries from S. For 1 < j < m and 1 < k < n, the 5, k-entry of
A will be denoted with function notation as A(7j, k).

Moreover,given sets S and 71", the action of M,, ,, on a function ¢ : S — T gives
a function My, (@) : Myn(S) = My, 0 (T) defined entrywise by

My (9)(A) (4, k) := d(A(4, k)
for 1 <j <m and 1 <k < n, simply applying ¢ to all entries of A. This action
is precisely the ampliation of maps found in [5, 8, 20, 24].

If S already has existing algebraic structure, said structure can be extended to
M., (S). Below are the conventions taken for this paper for vector spaces.

Definition 2.2.2 (Matrix conventions, vector spaces). For a vector space V' and
m,n € N, M, (V) is equipped with the usual pointwise addition and scalar mul-
tiplication. The set of scalar matrices will be distinguished by M,,, ,, := M,, ,(C).
For k,l € N, the actions My, ,,, X My, (V) — My ,(V) and My, (V) x M,,; —
M,,,(V) will be by matrix multiplication.

At last, the definition of a matrix-normed space can be given.

Definition 2.2.3 (Matrix-normed spaces, [, p. 264]). For n € N, equip C" with
the Euclidean norm. For m,n € N, let M,, ,, be equipped with the operator norm
from C" to C™. For a vector space V', a matriz-norm on V' is anet (|| - ||v.m.n)
such that

(1) || - [[v.m,n is & norm on M,, ,,(V),

(2) [ABCllvka < [ Allway oo | Bllvin,n |C I,
for all k,m,n,l € N, A € My,,, B € M,,,(V), C € M, ;. A vector space V

equipped with such a matrix-norm is a matriz-normed space.

m,neN
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Be aware that [8, p. 246] and [24, p. 1] use an alternate set of axioms only
involving square matrices. However, by [20, Exercises 13.1-2], the two are inter-
changeable.

For maps between matrix-normed spaces, the linear maps between each level
of matrices are required to be bounded by a uniform constant. The standard
definition given in [5, 8, 20, 24] uses square matrices. Since this paper will be
handling specifically nonsquare matrices in Section 3, an equivalent formulation
will be used, which was referenced in [8, p. 246].

Definition 2.2.4 (Completely bounded maps). Given matrix-normed spaces V'
and W, a linear map ¢ : V. — W is completely bounded if

(1) M, () is bounded for all m,n € N,
(2) l[@llesvwy := sup {||Mm7n(¢>”B(Mm,n(v),Mm,n(W)) $m, T € N} < oo
The map ¢ is completely contractive if ||d||cpevwy < 1.

Notably, a matrix-normed space V' is a normed space when stripped of all its
matrix-norms, except for the norm on M; (V) = V. To compare matrix-normed
spaces with Banach spaces, the current work will require that this underlying
normed space be complete. As noted in [8, p. 246}, the underlying normed space
is complete if and only if all the matrix levels above it are as well. Hence, the
following definitions are made unambiguously.

Definition 2.2.5 (Matricial Banach space). A complete matrix-normed space
is a matricial Banach space. Let MBan,, be the category of matricial Banach
spaces with completely bounded linear maps, and MBan; be the category of
matricial Banach spaces with completely contractive linear maps.

For a Banach space, one would like to extend its existing norm to a matrix
norm. However, such an extension is not unique, as shown in the following
standard constructions.

Definition 2.2.6 (Minimal operator space structure, [8, Theorem 2.1]). Given a
Banach space V', let MIN(V') be V' equipped with the matrix-norm given by

Il 1= 50D { M () (A, 6 € V7, ll6llv- < 1},

the injective tensor norm on V ® M, ,,.

Definition 2.2.7 (Maximal operator space structure, [5, Example 2.4]). For a
Hilbert space H and n € N, let H™ denote the ¢*-direct sum of H with itself n
times. Given a Banach space V', let MAX(V') be V' equipped with the matrix-
norm given by

H is a Hilbert space,
| AllMax(v)mn = sup ||Mm,n(¢)(A)||B(H(n)’H(m)) : ¢:V — B(H) linear,
Pl Bovsa) <1

Definition 2.2.8 (Absolute maximum matrix-norm structure, [8, Theorem 2.1]).
Recall that M, ,, can be identified as ML, ,, equipped with the trace norm. Given
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a Banach space V', let AMAX(V') be V equipped with the matrix-norm given by

p
LN
=1

P
1Al aneax () m,n = inf {Z llly NGl
=1

the projective tensor norm on V' & M,
Please note that each of these constructions is distinct from the others.

Ezample 2.2.9 (Distinction between MIN, MAX, and AMAX). Observe that

o s =10 =721

so AMAX(C) ZmBan, MAX(C) and AMAX(C) mBan, MIN(C). By [21, Propo-
sition 2.7], MAX (€*([3])) %mBan, MIN (¢*([3])).

Y

AMAX(C),2,2

Of all of the ways a norm can be extended to a matrix-norm, the two most
important for the purposes of this paper are MIN and AMAX as they are the
least and greatest matrix-norm, respectively, which extend the original Banach
space norm. The minimality of MIN is well-known as stated in [5, Example 2.3]
and yields the following universal property.

Theorem 2.2.10 (Universal property of MIN). Let Fﬁ%naﬁoo : MBan,, — Ban,,
be the forgetful functor stripping all matriz-norm structure except the underly-
ing norm. For a Banach space V' and a matricial Banach space W, consider a
bounded linear map ¢ : Fﬁ%’;ﬁ (W) — V. Then, there is a unique completely

bounded linear map ¢ : W — MIN(V) such that Fyymes (@) = ¢. Moreover,

||¢||CB(W,M1N(V)) = ||90HB(F§*;3";§OO(W),V)'

The proof of the above theorem arises from the same logic as [20, Exercise 14.1],
except using a general matricial Banach space instead of an operator space. On
the other hand, the maximality of AMAX will be proven as the author has no
knowledge of its proof in the literature.

Lemma 2.2.11 (Maximality of AMAX). Let W be a matricial Banach space.
Form,n € N and A € My, ,(W),

[ Al wmn < HAHAMAX(FI{?I?*B“;: (W)),m.n

Proof. For some w € W and C € M,,,, let P := (0*0)1/2 and U € M,,,
satisfy C = UP as in the polar decomposition. By the spectral theorem, write

P = Zsj (h;h}) for some orthonormal basis (hj)j_; € C" =2 M, and positive
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scalars (s;)7_,. Then,

lw @ Cllwmn = U (w® P)llymn

U <i (s;w) ® (hjhi))

Jj=1

Wm,mn

< Ul D N s5w0) @ (5h3) ||y
j=1

n
< Nl D 55 Wil el 155,
j=1
n
= Jwllppame ) D si
j=1
= ||w||FI\BAaB“;gw(W) 1C] M, -
p
If A=) w ®Cj, then
=1
p p
Al wmn <D Nlwr @ Cilly < lwill gBamee vy Gl -

1=1 =1
Taking the infimum over all ways of representing A gives the result.
O

Likewise, AMAX gains a universal property from its extremal nature as well.

Theorem 2.2.12 (Universal property of AMAX). For a Banach space V' and a
matricial Banach space W, consider a bounded linear map ¢ : V. — Fﬁ%r;ﬁoo (W).

Then, there is a unique completely bounded linear map gg : AMAX(V) — W such
that Fﬁ%na";oo (gzg) = ¢. Moreover,

~

CBAMAX(V)W) ”QS”B(V’Fﬁ?a"&O(W))'

Again, the proof of the above theorem is nearly identical to [20, Exercise 14.1],
except using a general matricial Banach space instead of an operator space. It
is of note that MAX has a universal property almost identical to AMAX, except
that the target space for MAX must be an abstract operator space as defined in
20, p. 184].

2.3. Constructions for matricial Banach spaces. For Sections 4 and 5.2,
some important constructions for matricial Banach spaces will be presented.
First, if a matrix-normed space is not complete, the matrix-norms may be ex-
tended naturally to the metric completion.

For abstract operator spaces as defined in [20, p. 184], completions are trivial
since by [24, Theorem 3.1|, an abstract operator space is completely isometrically
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isomorphic to a subspace of operators on a Hilbert space. Thus, the completion
can be done in the space of operators. However, this result does not apply to
more general matrix-normed spaces. As such, this result will be done in detail.

Definition 2.3.1 (Notation for the completion). Given a normed space V', let
C(V) be the completion of V' and ky : V' — C(V) the canonical embedding of V/
into C(V).

Lemma 2.3.2 (Limits of matrix-norms). Let V' be a matriz-normed space, m,n €

N, and A € My, (C(Fagae (V). Consider sequences (Bp)pen + (Cp)pen
M, (V) such that

lim Ky (B,(j, k) = lim ky (Cp(J, k)) = A(4, k)

p—00 p—00
forall1 < j < mand 1 < k < n. Then, the limits lim ||B,||,. . and
p—0o0 e

plggo 1Collym,n converge and are equal.

Proof. Let ¢ > 0. For 1 < 57 < m and 1 < k < n, there is N;; € N such
. , . €

that if p > Njy, then ||ky (B,(J, k)) _A(j’k>||C(Fﬁ?3“;§ V) < g Choose

N = max{N,;:1<j<m,1<k<n}. Forpqg> N, [24, Proposition 2.1]

gives

1Bl = 1Bally| < 1B, = Bl

S ZZ ||Bp<j7 k) - Bq(ja k)||V7171

j=1 k=1
= Z Z kv (Bp(4,k)) — kv (By(7, k))”c(Fﬁ;“a"joo(V))
j=1 k=1

M
i

(By(3: k) = AG D)oz

MBanso
7j=1 k=1
+ 2D NAGK) = wv (BolG k) llogrmms_w))
j=1 k=1 e
€ €

<

Z 2mn + Z 2mn

7=1 k=1 j=1 j=1
= €

oo
The sequence <||Bp||an> is Cauchy and, therefore, convergent. A similar
R ) pi

o
argument shows <|\C’,,||an> is also convergent. Then,
bl k) pzl

5 Byl = 100 [1Colly | < T (1B, = ol
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< ZZ lg& ||Bp(j, k) — Op(j7 k)||v,1,1
=1 j=1"

< D> Jim kv (By( k) = sv (Col kD lo(rgamss )
j=1 j=1

= 0.

O

Definition 2.3.3 (Matricial completion). Given a matrix-normed space V', let

MC(V) = C (Fupan.. (V)
equipped with the functions defined by

| Allcvymn = plggo 1 Bolly: -

where (By) ey © Mimn(V) is any sequence satisfying

lim wy (By(j, k) = A(j, k).

p—0o0
foralll < j <mand1 <k <n. By Lemma 2.3.2, this definition is unambiguous.

Lemma 2.3.4. Equipped with the above functions, MC(V') is matricial Banach
space such that

[ My () (A)HMC(V),m,n = [l Allvmn
for allm,n € N and A € M,, ,(V).
Proof. Let m,n,j,k € N, A, B € M,,,,(MC(V)), C € Mj,,,, and D € M,, ;. For
a sequence (4,) y € My, (V) that point-wise converges to A, note that C'A,D
point-wise converges to C'AD also. Thus,

ICAD ey = lim [CA,Dy;,

< I [Clle,, 14y, 1)

Mn,k
= NClls,,, I Alew)mam 1P, . -

For a sequence (By) cy © Mpn(V) that point-wise converges to B, note that
A, + B, point-wise converges to A + B. Thus,

||A + BHMC(V),m,n = pll)Iglo HAP + BPHV,m,n
< . .
— pli)rélo HAPHVJnm + pli{& ||BpHV,m,n
= [ Alwew)mn + 1Bllvcw)mmn -

If A e M,,(V), then the constant sequence A, := A converges point-wise
to M (kv) (A), 50 [[Myn (kv) (A)llyewymn = I[Allvimn- As the underlying
normed space of MC(V) is C (FﬁaB’;"goo (V)), MC(V) is a matricial Banach space.

O
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As a result, the canonical embedding ky is completely isometric. Moreover,
MC(V) has the following universal property, analogous to the universal property
of the metric completion in [I, Example 1.4.17C(8)].

Theorem 2.3.5 (Universal property of the matricial completion). Given a ma-
tricial Banach space W and a completely bounded linear map ¢ : V. — W, there
15 a unique completely bounded linear map ng MC(V) — W such that gboliv = ¢.
Moreover,

H HCB(MC(V),W) = ||¢||CB(V,W)

The proof of the theorem proceeds identically to the normed space case. The
second construction is the extension of the ¢!-direct sum of Banach spaces.

Definition 2.3.6 (Matricial ¢'-direct sum). Given an index set A, let (V3),., be
matricial Banach spaces. Define

Ban;
V=] A, (W),
AEA

the ¢*-direct sum of the underlying Banach spaces. For A € A, let wy : V) = V
be the canonical inclusion, and ) : V' — V) the canonical projection. Define
norm functions
1Al = S 1M (73) (D5
AEA
each an ¢'-sum norm. One can check that these norms constitute a matrix-norm
on V. Equipped with this matrix-norm, V' is the matricial ¢*-direct sum of the

Vi.

Much like the ¢'-direct sum of Banach spaces, the matricial ¢!-direct sum
of matricial Banach spaces has a weakened version of the coproduct universal

property.

Theorem 2.3.7 (Universal property of the coproduct, MBan,,). For a matricial
Banach space W, let ¢y : Vi — W be completely bounded linear maps satisfying

sup {HQbAHCB(V)\,W) tA€ A} =

There is a unique completely bounded linear map ¢ : V. — W such that pow) = ¢,
for all A € A. Moreover,

I llesziy = sup { 6 llemyam) : A € A}

The proof of the above theorem mirrors its Banach space counterpart in [7,
Example 2.2.4.h]. Moreover, this theorem guarantees that MBan; has all co-
products. As such, the notation

MBan;
I

A€A

will be used to denote the matricial £'-direct sum of the family (V}),.,. Also,
be aware that this coproduct is not the coproduct of operator spaces from [19,
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p. 269], even when the summands are operator spaces as shown in the example
below.

Ezample 2.3.8 (Distinction between coproducts). Letting
MBan;
V=MIN)]] MIN(C),
observe that
(1,0) (0,0)
(0,0) (0,1)
Hence, V' is not an abstract operator space in the sense of [20, p. 184]. Conse-

quently, V' is not the operator space coproduct of MIN(C) with itself. Moreover,
this means that

=21 =max{[[(L,0)|lv,.1, 10, D|lvi1},
V2,2

ni

Ban MBa
MIN (C]_[ 1@) FMBan, MIN(O)] | MIN(C).
However, AMAX will preserve coproducts.

Corollary 2.3.9 (AMAX and direct sums). Given an index set A, let (Vy),ca
be Banach spaces. Then,

Ban MBan
AMAX (]_[ 1%) “Mpan || AMAX (V3).

AEA AEA

The proof follows immediately as AMAX is a left adjoint functor. The final
construction is the analogue of the projective tensor product.

Definition 2.3.10 (Haagerup tensor product, [5, §3]). Given matricial Banach
spaces V and W, let m,n,p € N, A € M,,,(V), and B € M,,(W). Define the
tensor matriz product A® B € M,,,,(V ® W) of A and B entrywise by

(A® B)(i,k) ==Y _A(i,j) ® B(j. k).

j=1
Define the Haagerup matriz-norm on V ® W by

p p
ICvenwmn = inf {Z 1Al g 1Bl : € =D A4 ® Bl} :

=1 =1
Let V ®;, W denote V ® W equipped with this matrix-norm and completed into
a matricial Banach space, the Haagerup tensor product of V and W.

Similar to the projective tensor product, the Haagerup tensor product has a
universal property when dealing with a class of bilinear maps.

Definition 2.3.11 (Completely bounded bilinear maps, [20, p. 250]). Given ma-
tricial Banach spaces V and W, let m,n,p € N, A € M,,, ,(V'), and B € M, ,,(W).
For a bilinear map ¢ : VxW — Z, define the ¢p-matriz product A®4B € My, ,(Z)
of A and B entrywise by

(AGy B)(i, k) = Z ¢ (A(i, 5), B(j, k) -
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The map ¢ is completely bounded if there is L > 0 such that
1A ©g Bl 50 < L [|Allvnpll Bllwip.n
for all m,n,p e N, A € M,,,(V), and B € M, ,(W). Let

I9llesvwz) = inf {L €[0,00): VYm,n,pe N, A ¢ Mmp(V) BeM,, (W) [

Theorem 2.3.12 (Universal property of ®j, [20, Exercise 17.3]). Given matricial
Banach spaces V., W, and Z, consider a completely bounded bilinear map ¢ :
V xW — Z. There is a unique completely bounded linear map quS VoW =2
such that ¢(v @ w) = ¢(v,w) for allv € V and w € W. Moreover,

o]

CBVELW.Z) H¢HCB(V,W;Z) :

By [5, Proposition 3.1], ®, is associative. Moreover, ®; interacts well with
MIN((C), AMAX, and the projective tensor product of Banach spaces. The first
result shows that MIN(C) acts as an identity for ®y,.

Proposition 2.3.13 (Unit object of ®;). For a matricial Banach space V,

V @5, MIN(C) ZpmBan, MIN(C) ®;, V ZmBan, V-

The proof of the above proposition is showing the canonical maps A @ v >
Av and v ® A — Av are completely isometric, which follow readily from direct
computation. Tedious calculations can show that ®;, is a monoidal product on
the categories MBan,, and MBan,.

Lastly, AMAX actually converts the projective tensor into the Haagerup tensor.
This will be proven as the author has no knowledge of its proof in the literature.

Theorem 2.3.14 (AMAX, ®, ®;,). Given Banach spaces V and W,
AMAX (VOW) ypan, AMAX(V) @, AMAX(W).

Proof. Define ¢ : AMAX(V) x AMAX(W) — AMAX (V@W) by ¢(v,w) =
v®w. This map is quickly seen to be bilinear, so it remains to show it completely
bounded For m,n P e N, let Ae M,,(V)and B € M,,(W). Write A =

th®0tandB Zws®D for v; € V, wy, € W, Cy € My, and D, € M.

Observe that

q T

A0y B=> > (ny®w,) & (CD,)

t=1 s=1



228 W. GRILLIETTE

by the bilinearity of ¢. Thus,

q r
HA®¢BHAMAx<V®W),m,n < ZZHW@)wSHV@W”Ct
t=1 s=1
q 57'
= > > vy lwslly IC:Dslls
t=1 s=1
q r

> lutlly ey 1€

t=1 s=1

_ (inwuvnq )(Z!\wsllwl

IN

-
Mpym n,p

)

By Theorem 2.3.12, there is a unique completely contractive linear map (13 :
AMAX(V) @, AMAX(W) — AMAX (V&®W) such that ¢(v ® w) = ¢(v,w) =
v w.

Define ¢ : V x W — Fyaee  (AMAX(V) @, AMAX(W)) by (v, w) == v®@w.
This map is quickly seen to be bilinear, so it remains to show it bounded. For
veVand weW,

Taking infima yields

1A g Bllanax(vew)ma = IAllasiax@)mpll Bllanvaxw),pn

lo(v, w) || amaxvyouamax@yin = [|v @ W||aMAx(V)@r AMAX(W),1,1
= HUHAMAX(V HwHAMAX(W)
= |ollv - [lwllw.

By the universal property of the projective tensor product, there is a unique
contractive linear map ¢ : VoW — Fﬁ%‘;ﬁ (AMAX(V) ®, AMAX(W)) such
that p(v@w) = p(v,w) = v@w. By Theorem 2.2.12, there is a unique completely

contractive linear map ¢ : AMAX (V&@W) — AMAX(V)®, AMAX(W) such that

g, (9) = .
Immedlate calculations show that

(@oé) (v@w)=v®w and (q@o@) (v@w)=v®w,
for all v € V and w € W. By the universal properties of ®, AMAX, and ®p,,

o (/3 = idAMAX(V)Q@hAMAx(W) and 950 Q= idAMAX(V@W)'

3. ARRAY-WEIGHTED SETS

This section introduces a new category of objects for the construction of a
scaled-free matrix-normed space. The content of this section is based heavily on
the results in [13, §2] and can be considered an extension of both [9, §1.1] and
[11, §2.2].
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As with Banach spaces, the forgetful functor from MBan,, to Set stripping
all structure will not have a left adjoint, meaning there is no free matricial Ba-
nach space. Instead, one could consider the forgetful functor from MBan,, to
WSet,,, where all structure is dropped except for the norm and the underlying
set. However, due to [13, Theorem 3.1.1] and Theorem 2.2.12, closure of left
adjoints states that the left adjoint must be AMAX o BanSp. Consequently, the
absolute maximum matrix-norm is imposed, which does not allow tighter bounds
on the matrix-norm beyond the underlying normed space.

The objects defined in Section 3.1 will remedy this issue through an “array-
weight”, which will allow finer control for the object built in Section 4. Section
3.2 produces two extremal ways of extending a weight function on a set to an
array-weight, much like extending a norm to a matrix-norm. Section 3.3 describes
a minimal way of appending an element with weight value 0 to an existing array-
weighted set, which is useful in building an array-weight on the disjoint union in
Section 3.4. Section 3.5 discusses maps of these array-weighted sets into MIN(C),
which will have an effect on linear independence of generators in Section 4.

3.1. Definitions and Basic Results. To motivate the main definition of this
section, consider the following two properties of a matrix-normed space. The
norm of a matrix is bounded below by any compression or rearrangement of rows
and columns. Likewise, the norm of a matrix is bounded above by the sum of
the norms of its blocks. The following example illustrates these two properties
explicitly.

FExample 3.1.1. Let V be a matrix-normed space. For integers 1 < 7 < m and
a one-to-one function a : [j] — [m], define the isometry U, : C/ — C™ on the
standard basis by Uy (€4) := €a(a)-

For integers 1 < j < mand 1 <k < n, let a: [j] = [m] and S : [k] — [n]
be one-to-one, and a x 8 : [j] X [k] — [m] X [n] be the cartesian product map.
From Definition 2.2.1, recall that A € M,, (V) is fundamentally a function from
[m] x [n] to V, so the composition A o (o x ) € M; (V) would be defined
entrywise by

(Ao (axpf))(a,b) = Ala(a), 3(b))

forall 1 <a <jand 1 <b<k. A quick calculation shows that Ao (a x ) =
U, AU3z, so

Ao (ax B)HVJ‘,k = HU;AUﬁ”V,j,k < ”U;”Mjm [ Allv,m,n HUﬁHMnk = [|Allvmn-

In the case j < m, let v : [m — j| — [m] be one-to-one such that ran(a) N
ran(y) = (. Then, the identity I, of M,,,, can be written as U,U; + U U7,
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Thus,
[Alvinn = [HmAlly

= [[(Uals + U Ally,,.,
= [Vl A+ U USA,,,,,

< NUall,,,, 10aAlvn + 105, [U5A

HV,m—j,n

m,m—j

= ||U;A||V,j,n + HU;AHmejn

= ||Ao (axidy)l]y., +[|Ae (v x idy)

HV,jn HVm —jn’

In the case k < n, an identical calculation shows that
1Al < [|A e (idim)  B) ||y + [[A 0 (idim X )]y,
for 0 : [n — k] — [n] one-to-one satisfying ran(g3) Nran(d) = 0.

This interplay between the norms is the core notion for the main definition.
However, since an arbitrary set need not have an action of C upon it, matrix
multiplication will be replaced with function composition.

Definition 3.1.2. For a set X, an array-weight on X is a net (wWx mn),, ey SUCh
that

(1) wxmm : Mpmn(X) = [0,00) for all m,n € N,

(2) wxjk(Ao(axfP) < wxmn(A) foralll < j<m, 1 <k<n Ac
M, n(X), and one-to-one functions « : [j] — [m] and 3 : [k] — [n]

(3) wxmn(A) < wx jn (Ao (a X z‘d[n)) + Wx m—jn (Ao (’y X zd[n])) for all
1 < j < m and one-to-one functions « : [j] = [m] and v : [m — j| — [m]

satisfying ran(a) Nran(y) = 0,
(4) wxmn(A) < Wxmk (A o (id[m] X B)) + WX mn—k (A o (id[m} X 5)) for all
1 < k < n and one-to-one functions 8 : [k] — [n] and § : [n — k] — [n]
satisfying ran(f) Nran(d) = 0.
A set equipped with such an array-weight is an array-weighted set.

By Example 3.1.1, every matrix-normed space is an array-weighted set when
stripped of its linear structure. Similarly, maps between array-weighted sets are
motivated by those between matrix-normed spaces.

Definition 3.1.3. Given two array-weighted sets X and Y, a function ¢ : X — Y
is completely bounded if there is L > 0 such that for all m,n € N and A €
Moyn(X), Wy (Mpyn(0)(A)) < L-wxmn(A). Let

the complete bound constant of ¢. If cbnd(¢) < 1, ¢ is completely contractive.

Adaptions of the usual functional analysis proofs yield the following founda-
tional results.
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Proposition 3.1.4 (Complete-boundedness criteria). Given array-weighted sets
X and Y, consider a function ¢ : X — Y. The following are equivalent:

(1) the function ¢ is completely bounded;
(2) the ampliated function M, ,(¢) : Mpn(X) = My (Y) is bounded for all
m,n € N and

sup {bnd (M, n(¢)) : m,n € N} < o0;
(3) Wyman (Myn(@)(A)) = 0 for all m,n € N and A € M,,,,(X) satisfying
Wxmn(A) =0, and
Wy (Mpn(0)(A (X)),
oo ({2 e s T L £ o) <o
In this case, cbnd(¢) agrees with both suprema and
Wymn (M (9)(A)) < cbnd(@)wx,mn(A)
for allm,n € N and A € M,, ,(X)

Corollary 3.1.5 (Composition). Let X, Y, and Z be array-weighted sets and
¢: X =Y andy:Y — Z be completely bounded functions. Then, po¢p: X — Z

1s completely bounded and
cbnd(¢ o ¢) < cbnd(¢)) cbnd(¢).
If ¢ and ¢ are completely contractive, so is 1 o ¢.

3.2. Maximum and Minimum Array-Weight Structures. Given an array-
weighted set X, X is a weighted set when stripped of all its weight functions,
except for the underlying weight function on M;;(X) = X. Given a weighted
set, the weight function can be extended to an array-weight in two extremal ways,
just as with matrix-normed spaces in Examples 2.2.6 and 2.2.8.

Definition 3.2.1 (Minimum array-weight structure). Given a weighted set S,
let mA(S) be S equipped with the weight functions

wmA(S’)7m7n<A> ‘= max {wS (A(.77 k)) 1 S .] S m, 1 S k S TL},
the maximum weight of an entry in A.

Definition 3.2.2 (Maximum array-weight structure). Given a weighted set S,
let MA(S) be S equipped with the weight functions

wMA(S),m,n(A) = Z Z Ws (A(]a k)) )

=1 k=1

the sum of the weights of the entries in A.

Routine calculations show that each of these nets of weight functions constitute
array-weights on S and wma(s),1,1(5) = wmas)1,1(s) = wg(s) for all s € S.
Moreover, mA and MA are, respectively, the least and greatest array-weight that
agree with the original weight function. The proofs of these two facts follow
from inductive use of the definition of an array-weight and reflect the proof of
[24, Proposition 2.1]. As a direct result of this optimality, mA and MA have
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the following universal properties, reflecting the universal properties of MIN and

AMAX.

Theorem 3.2.3 (Universal property of mA). Let AWSet, be the category of
array-weighted sets with completely bounded maps, and FX%?SZ‘Z‘;O : AWSet, —
WSet,, the forgetful functor stripping all weight functions except the underlying
weight function. For a weighted set S and an array-weighted set Y, consider

a bounded function ¢ : Fﬁngoo(Y) — S. Then, there is a unique completely

bounded map ¢ : Y — mA(S) such that Favwese <$> = ¢. Moreover,

cbnd (é) = bnd(¢).

Theorem 3.2.4 (Universal property of MA). For a weighted set S and an array-

weighted set'Y , consider a bounded function ¢ : S — FESE?W(Y). Then, there is

a unique completely bounded map ¢ MA(S) — Y such that vavsg';fm <q3> = ¢.

Moreover,
cbnd <<2>) — bnd(s).

The proof of both theorems is nearly identical to the proof in [20, Exercise
14.1].

3.3. Appending a Zero-Weight Element. As with weighted sets, an array-
weighted set need not have an element of weight 0. In the weighted set case,
one need only append a new element and extend the weight function for the new
element to have weight 0 as in [11, p. 7]. However, an array-weighted set has a net
of weights that must be extended while preserving the existing relations between
them. Since this construction is the prototype for the array-weight structure of
a disjoint union, appending a zero-weight element will be shown in detail.

Definition 3.3.1 (Minimally appending a zero-weight element). Given an array-
weighted set X, let Z(X) := X W {0}, the disjoint union of X with a distin-
guished singleton ©, which will be the zero-weight element. For m,n € N, define
Wz(x)mm - Mmn(Z(X)) = [—00, 00] by the supremum below.

( . o )

Wz(x)mn(A) == sup wx k(Ao (o xT)): k] —— [n] U {0}

one-to-one,
L Ao(oxT1)e M;r(X)

7

Lemma 3.3.2. Equipped with the above functions, Z(X) is an array-weighted set
such that wyz(x)mn(A) = Wxmn(A) for allm,n € N and A € M, ,(X).

Proof. Fix m,n € N and A € M,,,(Z(X)). From definition, wz(x)mn(A) > 0,
so next, the weight of A is shown to be finite. Given integers 1 < j < m



SCALED-FREE OBJECTS II 233

and 1 < k < mn,let o : [j] — [m] and 7 : [k] — [n] be one-to-one such that
Ao (o x 7)€ M,;r(X). Using the maximality of MA,

wx k(Ao (o xT1)) < WA (PSSt (X)) (Ao (o x 7))

AWSet

7 k

- 3 g i (Alela)70)
a=1 b=1 oo

<3 g o (A,
Aa,b)eX

so a supremum yields
wzeomalA) € D, wpsm (o (A D) < oo

A(a byeX

Next, the weight of A is shown to bound the weights of its subarrays. For
integers 1 < j < mand 1 <k <n,let «: [j] = [m] and g : [k] — [n] be
one-to-one. For integers 1 < a < j and 1 < b < k, consider one-to-one functions
o :la] — [j] and 7 : [b] — [k] such that Ao (a x ) o (0 x T) € M,,(X). Note
that (a x f)o (0 x 7) = (o) x (B oT) is one-to-one as well, so

Wx,ap (Ao (ax B)o(oxT)) < wzx)mn(A).

A supremum then shows that

wz(x) .k (Ao (ax B)) < wzx)mn(A).

Finally, the weight of A is shown to be bounded by the sum of its blocks. For
an integer 1 < j < m, let a : [j] = [m] and 7 : [m — j] — [m] be one-to-one such
that ran(a) Nran(y) = 0. For integers 1 < a < m and 1 < b < n, consider one-
to-one functions o : [a] — [m] and 7 : [b] — [n] such that Ao (o x T7) € M, 4(X).
The range of ¢ could easily intersect with the ranges of both o and ~, so this
entanglement will be handled by Constructing two auxiliary functions.

In the case that o~ (ran(a)) and o '(ran(y)) are both nonempty, enumerate
ecach as (s;);_, and (¢ )p 1» respectively. Define & : [¢] = [a] by &(l) := s; and 7 :
[a—c] — [a] by A(p) := t,. Likewise, define oy : [c] — [j] by o1(I) := ™' (¢ (a&(1)))
and o9 : [a — ] — [m - j] by oa2(p) := 7 (¢ (7(p))). By design, the following
two squares commute in Set.
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Notice also that ran (&) Nran (§) = (). Then,
Wxap (Ao (0 xT)) < wxep(Ao(ox 7)o (axidy))
Fwxa-ep (Ao (0% 7)o (§ x idp))
= wxep (Ao ((00d) x (7oidy)))
twxaep (Ao ((004) x (Toidy)))

= wxep (Ao ((aoor) x (idyo7)))
twx e (Ao ((y002) x (idy 07)))
= Wx.ep (A o (v X idpp)) o (o7 X 7'))

+Wx a—ch (A o (v X idp,) o (o9 X 7‘))

IA

wz(x) g (Ao (o X idpy))
+Wz(X)m—jn (A o (y x id[n})) .

In the case ran(o) C ran(a), then a < j. Define ¢ : [a] — [j] by &(I) =
a (o (1)), which is one-to-one. By design avo & = o. Then,

WX, ab (A ° ((04 0G) X (id[n] ° T)))
= wxap (Ao (@ xidy)o (5 xT))

Wxap (Ao (o xT))

IN

wZ(X),j,n (A e} (Oé X Zd[n]))
Wz(X),jn (A o (a X Zd[ﬂ]))
FWz(x)m—jn (A © (7 X id[n])) .

IN

A similar calculation occurs in the case ran(o) C ran(7y).
Taking all three cases into account, a supremum then gives

wz(x)ma (A) < Wzx) 50 (Ao (@ X idp)) +wzx)m—jn (Ao (7 X id]))
as desired. A similar argument shows the same result in the second coordinate.
In the case A € M,, ,(X),
wX,j,k(A o (O’ X T)) < wX,m,n(A) = WX mn (A o (id[m] X id[n]))

for all integers 1 < j <m, 1<k <n, A€ M,,(X), and one-to-one functions
o:[j] = [m] and 7 : [k] = [n]. Thus, wz(x)mn(A4) = Wxma(A).
O

Note that wy X)71,1(@) = 0, and moreover, this is the least such array-weight.

Theorem 3.3.3 (Minimality of Z(X)). Let (Vn,n),, nen b€ another array-weight
on Z(X) such that vy, ,(A) = wxmn(A) for all myn € N and A € M, ,(X).
Then, V. pn(A) > wzx)mn(A) for allm,n € N and A € My, ,(Z(X)).
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Proof. For integers 1 < j < m and 1 < k < n, consider one-to-one functions
o :[j] = [m] and 7 : [k] — [n] such that Ao (0 x 7) € M, »(X). Then,

WX 5.k (A o (O' X T)) = VK (A ¢} (O’ X 7')) < Um,n(A)~

A supremum gives the result.
O

3.4. The Disjoint Union of Array-Weighted Sets. As done with WSet; in
[11, p. 7] and MBan,, in [8, p. 247], subsets and quotients of array-weighted
sets inherit a natural array-weight structure and characterize the equalizer and
coequalizer, respectively, in AWSet.,. Products are formed by a restricted carte-
sian product equipped with an £*°-type structure on each matrix level, much like
Ban, in [7, Example 2.1.7.d] and MBan, by extension.

The coproduct, however, is more difficult to describe. Like WSet; in [11,
p. 7], the underlying set is a disjoint union, but extending the array-weights is
nontrivial as shown in Section 3.3. Since this construction will be useful in the
examples of Sections 4 and 5, the array-weight structure on the disjoint union
will be shown in detail.

Definition 3.4.1 (Array-weight on a disjoint union). Given an index set A, let
(X1),ep be array-weighted sets. Let

D:=[J({A} x X))

AEA

be the disjoint union of the underlying sets with canonical inclusions py : X — D
by pa(z) := (A, x). For m,n € N, define wp ., : My n(D) — [—00, 00] by

Y an array-weighted set,

é ¢ .
Wp mn(A) = sup § Wymn (Mmnn(9)(A)) : D——=Y a unction,
¢ o p) completely contractive

YAeA

Lemma 3.4.2. Equipped with the above functions, D is an array-weighted set.

Proof. Fix m,n € N and A € M,,, (D). First, the supremum is shown to be of
a nonempty set. Let cg : D — C be the constant map to 0. Trivially, ¢y o p) is
completely contractive to MIN(C) for all A € A, so

Wpmn(A) > W) mmn (M (co) (A)) = 0.

Next, the supremum is shown to be finite. Foreach 1 < j<mand 1 <k <mn,
there is \jr € A and =z, € Xy, such that A(j,k) = px,, (¥x). Let Y be any
array-weighted set and ¢ : D — Y a function such that ¢ o p, is completely
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contractive for all A € A. Using the maximality of MA,
wY,m,n (Mm,n(¢) (A))

so a supremum yields

Now, the weight of A is shown to bound the weights of its subarrays.

a:[j] = [m] and B : [k] —
M;i(¢) (Ao (ax B)) = (Mnn(¢)(A)) o (o x f),

SO

AWSetoo
D3 i o (604G, K)
7=1 k=1

Z Z Wy 1,1 (‘b (ij,k (33']71{)))

jlkl

YD) I

7j=1 k=1

< 'lUMA(FWSetOQ (Y)),m,n (Mm,n(gb)(A))

IN

[n] be one-to-one. A quick check shows that

wy ik (Mjk(0) (Ao (ax B))) = wyjr (Mnn($)(A)) o (o x F))

A supremum then shows that

wp k(Ao (ax B)) <wpmn(A).
Finally, the weight of A is shown to be bounded by the sum of its blocks. Let

a:[j] = [m]and v : [m—j] —

Then,

Wy, mn (M (6)(A))

A supremum then gives

Wpmn (A) <wpjn (A o(a X id[n])) + WD m—jmn (A o (v x id[n]))

as desired. A similar argument shows same result in the second coordinate.

IN

IN

IN

Wy, mn (M (6)(A))

S wD,m,n(A)'

Let

[m] be one-to-one such that ran(«) Nran(y) = 0.

Wy jm (Minn(8)(A)) 0 (o X id}y)))
Fwym—jn (M (0)(A)) 0 (v X idpy)))
Wy jin (Mjn(9) (Ao (o x idpy))))

Wy mjin (Min—jin(9) (Ao (v X idy)))
WD jm (A o (a X id[n]))

W mjn (Ao (7 X idp))
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O

Notice that the inclusion maps are completely isometric as shown by appending
a zero-weight element.

Lemma 3.4.3. For A\ € A, mn € N, and A € M,,, (X)), then
Wpman (Mmn (p2) (A)) = Wxymn(A)-
Proof. Define ¢ : D — Z (X)) by

s)i={ & 123

A quick calculation shows that ¢ o p, is completely contractive for all © € A.
Thus,

wXA,m,n(A) = wZ(XA),m,n(A)
= Wz(x,)mn (Mo (@) (Mo, (p2) (A)))
< WD, m,n (Mm,n (PA) (A)) :

For any array-weighted set Y and function ¢ : D — Y such that ¢ o p, is
completely contractive for all u € A,

Wy (Mpn(9) (Mmn (p2) (A)) = Wymn (M (60 py) (A))

wX/\,m,n<A)~

IA

A supremum then gives

wWpmn (M (p2) (A)) < w0, mn(A)-
OJ

So constructed, D has the following universal property, analogous to the ma-
tricial £'-direct sum of Theorem 2.3.7.

Theorem 3.4.4 (Universal property of the coproduct, AWSet.,). For an array-
weighted set Y, let ¢y : X\ — Y be completely bounded maps satisfying

sup {cbnd (¢)) : A € A} < 0.

There is a unique completely bounded map ¢ : D — 'Y such that ¢ o py = ¢, for
all X\ € A. Moreover,

cbnd(¢) = sup{cbnd (¢,) : A € A}.

Proof. Let L be the supremum above. Define ¢ : D — Y by ¢(\, z) := ¢a(z),
the coproduct map in Set. By design, ¢ o py = ¢, and uniqueness follows from
the universal property of the coproduct in Set. All that remains is to prove that
¢ is completely bounded and that cbnd(¢) = L.

To that end, if L = 0, then cbnd (¢,) = 0 for all A € A. Consequently,

wy,11 (p(N, 2)) = wy1 (Pa(z)) =0
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for all A € A and =z € X,. Using MA, wy,mn (Myn(¢)(A)) =0 for all m,n € N
and A € M, (D). Thus, ¢ is trivially completely bounded, and cbnd(¢) =0 =
L.

If L # 0, let Y7, be the underlying set of Y equipped with the scaled array-

weight wy, mn = sz,m,n- Observe that the identity map o : Y, — Y is an
1
isomorphism in AWSet., with cbnd(c) = L and cbnd (67") = I For all A € A,

cbnd (0_1 opo p)\) = cbnd (0_1 o gb,\) < cbnd (0_1) cbnd (¢,) < 1.
Consequently,

T (Mo (6 (A)) = 03, 0 (M n(6)(A)) < 0, (A),

or rather, Wy, n (M n(¢)(A)) < Lwpmn(A). Hence, ¢ is completely bounded
and cbnd(¢) < L. Equality can be shown using arrays from each X.
0

Letting AWSet; be the category of array-weighted sets with completely con-
tractive maps, this theorem guarantees that AWSet; has all coproducts. As

such, the notation
AWSet;
I x

AEA
will be used to denote the disjoint union of the family (X)),

Admittedly, the description of the array-weight for the disjoint union is not
ideal as it relies upon an abstract supremum. One would like to have a more
intrinsic or explicit description of the array-weight, but this structure remains
nebulous in general. Even when the constituent sets arise as subsets of a common
array-weighted set, the resultant array-weight on the disjoint union may not be
immediately obvious.

Example 3.4.5. Consider X := {1,—1} as an array-weighted subset of MIN(C),
and let X; := {1} and X, := {—1} be considered as array-weighted subsets of

X. Note that
1 1
([ )
while i )
1 1
WAMAX(C),2,2 ( 1 —1 > =2V2
and )
1 1
wMA((C),Q,Q 1 —1 = 4.

Notice that the map ¢ : D — AMAX(C) by ¢(z) := x satisfies ¢op,, is completely
contractive for n = 1,2. Hence,

o[t A]) pen(f 1)<
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The above inequality shows that X 2Zawset, D. Hence, even though X; and X5
inherited their array-weight structure from X and together constitute X, their
disjoint union structure is distinct from X.

The behavior shown in the example above demonstrates that AW Set; does not
behave quite the same as WSet;. In WSet;, every object can be decomposed
into a coproduct in a natural way. The following notation was a suggestion from
a referee of [13].

Definition 3.4.6 (The constantly weighted set). Given a set S and A € [0, 00),
let W (S) denote the set S equipped with the constant weight function wy, g :
S —[0,00) by wy,(s)(s) = A.

Proposition 3.4.7 (Decomposition of a weighted set). Given a weighted set S,

WSet;
S gWSet1 H st(s) ({S})a

seS

The proof of the proposition is immediate from direct calculation. However,
Example 3.4.5 shows that such a decomposition is not always possible for an
arbitrary array-weighted set. However, if an array-weighted set has the maximum
structure, such a decomposition is immediate.

Corollary 3.4.8 (Decomposition of a maximally array-weighted set). Given a
weighted set S,

MA(S) Zawset, HAWSet1 MA (st(S) ({S})) :

ses

The proof follows as MA is a left adjoint functor applied to a coproduct. More-
over, the disjoint union of array-weighted sets gives another method of appending
a zero-weight element, as illustrated in the following example.

Ezample 3.4.9. Consider X := {1,0} as an array-weighted subset of MIN(C), and
let X := {1} and X, := {0} be considered as array-weighted subsets of X. Note

that
1 1
Wz(Xx1),2,2 <{1 @}> = \/5
while
11 1 1
wX,Q,Q 1 0 = 5 + 5 d.
and

However, note also that

11
WAMAX(C),2,2 (L 0]) = \/5>
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and that the map ¢ : D — AMAX(C) by ¢(x) := x satisfies ¢ o p,, is completely
contractive for n = 1,2. Hence,

1 1 11 11
Wz(x1),2,2 (L @}> < Wx22 <L O]) < \/5 < wppa2 ({1 0]) < 3.

Notably, the inequality above shows that Z (X) Zawset; D, and both are dis-
tinct from X.

Recall that Theorem 3.3.3 describes the least way to append a zero-weight
element. The above example seems to imply that the disjoint union structure
would be the greatest way to append a zero-element, which is indeed the case.

Corollary 3.4.10. Let 3 := {©} be equipped with the trivial array-weight
w57m7n(B) =0
forallm,n € Nand B € My, ,(3). Given an array-weighted set X, let (Vmn),, nen

be another array-weight on Z(X) such that v11(©) = 0 and vy, ,(C) = Wx mn(C)
for allm,n € N and C € M,, ,(X). Then,

Umm(A) < 'LUXHAWSetlB’m’n(A)
for allm,n € N and A € M, ,(Z(X)).

Proof. Let Y denote Z(X) equipped with the array-weight v. Define ¢; : X — Y
by ¢1(x) := z and ¢9 : 3 — Y by ¢2(0) := O, the usual set inclusions. By
assumption, ¢; is completely isometric. For m,n € N and B € M,,, ,(3), observe
that

l/mm(B) S wMA(FWSetOO (Y)) mn(B)

AWSet
- S i o (BUK)
j=1 k=1 3
- Z Z Wewssteo (v(0)
7=1 k=1
=0
= w3ma(B),
meaning that ¢, is also completely isometric. By Theorem 3.4.4, there is a unique
AWSet
completely contractive map ¢ : X H 13 — Y such that ¢ o p; = ¢, for all

j=1,2. For m,n € Nand A € M,,,(Z(X)), a calculation shows

Vmn(A) = Vi (Mo (6)(A)) < wXHAWSet137m7n<A).
]

3.5. Array-Free Elements. In pure algebra, the basis of a vector space is tra-
ditionally shown to be linearly independent by using characteristic functions,
regarded as functions into the field. This relationship between characteristic
functions and linear independence motivates the following definition.
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Definition 3.5.1. For an array-weighted set X, an element z € X is array-free

in X if the characteristic function of x is completely bounded when regarded as
a map from X to MIN(C).

This first example illuminates the relationship between array-freeness and lin-
ear independence.

Example 3.5.2. Let V be a matrix-normed space and X C V a finite, linearly
independent subset equipped with the inherited array-weight from V. For z € X,
consider the characteristic function y : X — C of z. Letting W := span(X),
define a linear map ¢ : W — C on the basis X by ¢(y) := x(y) for all y € X.
As W is finite-dimensional, ¢ is bounded. Letting « : W — V be the inclusion
map, there is a bounded linear map ¢ : V — C such that p ot = ¢ by the
Hahn-Banach Theorem. By Theorem 2.2.10, ¢ is completely bounded from V' to
MIN(C). Letting € : X — W be the inclusion of generators, then poroe = x is
completely bounded. Thus, x is array-free in X.

The next proposition motivates the nomenclature.

Proposition 3.5.3 (Array-free and finite support functions). Given an array-
weighted set X, let Y be a subset of X. All functions from X to MIN(C) with
finite support contained in'Y are completely bounded if and only if x is array-free
in X forallz €Y.

Proof. (=) This direction is immediate as a characteristic function has finite
support.

P
(<) Let ¢ : X — C have finite support (@-)?Zl CY. Then, ¢ = Z o (x) X5,
j=1
where x; is the characteristic function of z;. For m,n € N and A € M,, ,(X), a
quick calculation shows that

Mpn(0)(A) = Z ¢ (x5) Minn (X5) (A),

SO

[ M0 () (A)HMIN((C),m,n < Z |0 ()] | M0 (X5) (A)HMIN((C),m,n
j=1

< (Z | (x;)| cbnd ()g)) Wx mn(A).

Thus, ¢ is completely bounded.
O

Consequently, array-free elements act like free elements in the sense that a
finite number of them can be mapped arbitrarily while the remainder of the set is
annihilated. The most important case for Sections 4 and 5 is when all elements of
an array-weighted set are array-free. To detect this quickly, the following metric
is introduced.
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Definition 3.5.4. Given an array-weighted set X, the bounded range number of
X is
wX,m,n<A)

Jmn

The value finds its name in the following theorem.

brn(X) := inf{ :m,nEN,AGMmm(X)}.

Theorem 3.5.5 (Bounded range maps and brn). Given an array-weighted set
X, the following are equivalent:

(1) all bounded range maps from X to MIN(C) are completely bounded;

(2) the constant map to 1 regarded as a map from X to MIN(C) is completely
bounded;

(3) brn(X) > 0.

In this case, x is array-free in X for all x € X.

Proof. (1 = 2) This is immediate as the constant map to 1 has bounded range.
(2 = 3) Let ¢; : X — C be the constant map to 1. For all m,n € N and
A€ My (X),

Vmn = WviNe),mmn (Mmn (€1) (A)) < cbnd (¢1) Wx mn(A).
Thus, cbnd (¢;) # 0 and

wX,m,n(A) > 1
vmn  ~ cbnd (¢;)’

1
brn(X) > ——— > 0.
so brn(X) > cbnd (o) >0

(3 = 1) Let ¢ : X — C have range bounded by M. For m,n € N and
A € My, (X), then

m n 1/2
1Mo (D) (A lyiinieymn = (ZZW(A(J',%))\Q)

=1 k=1

m n 1/2
< (Txar)
j=1 k=1
= M+ymn

M

m’u}x7m7n(z4> .

Thus, ¢ is completely bounded.
O

Combining the previous two results gives the following statement for finite
array-weighted sets.

Corollary 3.5.6 (Array-free and finite sets). Given a finite array-weighted set
X, the following are equivalent:

(1) all maps from X to MIN(C) are completely bounded;
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(2) the constant map to 1 regarded as a map from X to MIN(C) is completely
bounded;

(3) brn(X) > 0;

(4) = is array-free in X for all x € X.

While Criterion (3) is both necessary and sufficient for all elements of a finite
set to be array-free, it is not necessary for infinite sets.

Ezample 3.5.7. Let V be (> with any matrix-norm. Letting (€;);.y C V' be the
1

standard basis, define z; := —€; and X := {z; : j € N} C V with the inherited
J

array-weight from V. Then, brn(X) = 0.

For j € N, consider the characteristic function x : X — C of x;. Define a
bounded linear map ¢ : £ — C by ¢ (¥) := jZ(j), the scaled evaluation map
at j. By Theorem 2.2.10, ¢ is completely bounded from V' to MIN(C). Letting
€ : X — V be the inclusion map, then ¢ o e = x is completely bounded. Thus, z;
is array-free in X.

The maximal and minimal array-weight structures give stark extremes on
array-freeness. The maximal array-weight behaves exactly like a weighted set
in this regard.

Example 3.5.8. Let S be a weighted set. For s € S, let x : S — C be the charac-
teristic function of s. Then, y is bounded if and only if wg(s) # 0. Consequently,
X is completely bounded from MA(S) to MIN(C) if and only if wg(s) # 0 by
Theorem 3.2.4. Therefore, s is array-free in MA(S) if and only if wg(s) # 0.

On the other hand, no element from a set with the minimal array-weight is
array-free, regardless of the underlying weight function.

Example 3.5.9. Let S be a weighted set and ¢ : mA(S) — MIN(C) a completely
bounded function. For any s € S and n € N, let A, be the n x n-array with

only s as an entry. Likewise, let J, , be the n x n-matrix with only 1 as an entry.
Then, M, ,(¢) (An) = &(8)Jnn, SO

[6(8)|n = [[Mn.n(6) (An)llviin(ey i < CPNA(D)Wma($)nn (An) = cbnd(@)ws(s).

Hence, ¢(s) = 0, meaning that ¢ cannot be the characteristic function of s.
Therefore, s is not array-free in mA(S).

In the previous two examples, elements which were not array-free were auto-
matically mapped to 0. However, this need not be the case.

Ezample 3.5.10. Consider X := {1,—1} with the inherited array-weight from
MIN(C). Observe that the natural inclusion map ¢ : X — MIN(C) is completely
isometric, and neither element is mapped to 0. Unfortunately, neither element is
array-free. To show this fact, brn(X) will be shown to be 0.
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To that end, let .J,,, be the m X n-matrix with all entries 1. Inductively
construct the following sequence of matrices.

AO = [1],
Apyy = [‘];{72: _jljm} Vm € W,

where W := N U {0} is the whole numbers. From definition, Ay € M;,(X). For
induction, assume for some m € W that A,, € M,,419m(X). Then, A,,;; has
1+ (m+1) =m+2rows and 2 - 2™ = 2™ columns. Moreover, all entries in
A, 41 are either from A,,, Ji 9m, or —Jj om. Consequently, the entries of A,,;; are
either 1 or —1. Thus, A,,+1 € Myi29m+1(X) as desired.
Notice that ApA, = I and
. 2m+1 0

Am+1Am+1 = { 0 2AmA;J
for m € W, where I,,, is the identity of M, ,,. For induction, assume for some
m € W that A,,A;, =2™1,.1. Then,

. 2m+1 0
Am+1Am+1 - [ 0 2-2mfm+1:|

2m+1 0
e |: 0 2m+1[m+1:|

— 2m+1 |:1 0 :|

0 [m+1
= 2m+1]m+2
as desired.
Computing directly, wx m11,2m (4,) = 2m/2 and
Wx mt1,2m (Am) om/2 1

brn(X) <

(m+1D2m  2m2/m+1 Vm+1

for all m € W. Consequently, brn(X) = 0.

By Theorem 3.5.6, at least one of 1 or —1 is not array-free. Let y, denote the
characteristic function of x € X and observe that + = x; — x_1. Consequently,
X1 is completely bounded if and only if x_; is. Hence, 1 is array-free if and only
if —1 is, meaning neither can be.

4. SCALED-FREE MATRICIAL BANACH SPACE

This section concerns the construction of building matricial Banach spaces
from array-weighted sets. While the main idea is to build the appropriate free
algebraic object and construct a universal matrix-norm as in previous works [3, 9,
10, 13], the interplay between the levels of an array-weight necessitates a quotient
structure in general. This issue is illustrated in Example 4.11.
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By Example 3.1.1, there is a natural forgetful functor Fﬁ‘gfﬁ:f : MBan,, —

AWSet,, where all linear structure is removed, leaving the matrix-norm as an
array-weight structure. The goal is now to reverse this process.

Definition 4.1 (Matricial Banach space construction). Given an array-weighted
set X, let Vx be the free complex vector space on X and fx : X — Vx the
embedding of generators. Define

Ne —dvetn: ¢(v) = OV¢ : Vx — MIN(C) linear such that
X X ¢ o Ox is completely contractive '
One can check that the set Nx is a linear subspace of Vy. Let Qx := Vx/Nx
with quotient map gx : Vx — Qx. Define functions || - [y mn @ Mmn (@x) —
[_007 OO] by

W a matricial Banach space,

|AllQx mn = sup Han(gb)(A)HWmn : ¢ Qx — W linear,
¢ o qx o 0x completely contractive

for all m,n € N.

Lemma 4.2. Equipped with the above functions, Qx is a matriz-normed space
and

[ M0 (gx 0 0x) (A)
for allm,n € N and A € M, »,(X).

Proof. Notice that the supremum nonnegative since the zero map from @Qx to
MIN(C) is completely contractive on the generating set X. Now, the inequality
on matrices of generators will be shown. Consider a matricial Banach space W

and a linear map ¢ : Qx — W such that ¢ o gx o fx is completely contractive.
For m,n € N and A € M,,,(X), observe that

||Mm,n(¢) (Mm,n (QX © QX) (A))Hw,m,n = Han (¢ ogx © GX) (A)”W,m,n

S wX,m,n(A>‘

< wX,m,n(A)

HQXJmn —

A supremum then yields
[ M (qx © 0x) (A)

Next, the norm of individual vectors and matrices will be shown to be finite.
Consider a matricial Banach space W and a linear map ¢ : Qx — W such that
¢ o qx o fx is completely contractive. Let n € N, (z;)7_, € X, and ();)]_, C C.
Then,

H¢ (Z Aj (gx © 0x) (%‘))

J=1

< wX,m,n(A) .

||QX7m7n -

Z Aj (¢ oqx obx) (z;)

w,1,1 W,1,1

< > NI 0 ax 0 0x) ()l
j=1

n
< > Ilwxaa (),
j=1
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SO a supremum gives

> "\ (gx 0 0x) () <Y INlwx g (25) < oo.
i=1 Qx,1,1  I=1

For m,n € N, let B € M,,,, (Qx). Then,

”Mm,n(gb)(B)HW,m,n < wFAWSetOO(W)mn(Mm,n(¢>(B))

MBangg

_ ZZU)FAWS% 11 (6(B(, k)

MBango
_] 1 k 1

= ZZW k)i

=1 k=1
m

> D IBG, B)llgx .,

j=1 k=1

IN

and a supremum yields

n

m
1Bl gy mn <D F)ll @11 < oo

]:1 =1

Say v € Qx satisfies ||v]|gy.11 = 0. There is w € Vx such that ¢x(w) = v.
For a linear map ¢ : Vx — MIN(C) such that ¢ o y is completely contractive,
there is a unique linear map ngS : Qx — MIN(C) such that gEo gx = ¢. Then,
é o qx o f0x = ¢ o fx is completely contractive, meaning

0 < Jo(w)] = |($ax) ()] = [60)] < ollgx.1a = 0.

As ¢ was arbitrary, w € Nx, and v = gx(w) = 0.
For m,n € N and B,C € M,,, (Qx), consider a matricial Banach space W

and a linear map ¢ : Q@Qx — W such that ¢ o ¢x o 6x is completely contractive.
Then,

1M () B+ Ol < 1M (D) (Bl + 1Mo () (C) |1y,

< Bllgxmm + 1€ G5 mm

N

and a supremuin gives
HB + CHQX,m,n S HBHQX,m,n + HCHQX,m,n

Let 5,k € N, D € M;,,, and & € M,;. A quick calculation shows that
M;(¢)(DBE) = D - My, u(6)(B) - E, so

M (D) (DBE)yy; = 1D Mimy(@)(B) - Ellyy, ;4
< HDHMj,mHBHQX,m,nHEHMn,k~

IN

A
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A supremum shows that
IDBE|qx. ik < [ Dllva; | BllQx mn | Ell, .
O

With this matrix-norm constructed, the space is completed to ensure the cre-
ation of a matricial Banach space.

Definition 4.3 (Scaled-free matricial Banach space). Given an array-weighted
set X, the scaled-free matricial Banach space of X is MBanSp(X) := MC (Qx).
Define nx := kg, © gx o 0x, the association of generators. By Lemma 4.2, nx is
completely contractive.

So constructed, the scaled-free matricial Banach space has the following uni-
versal property, analogous to [13, Theorem 3.1.1]

Theorem 4.4 (Universal property of MBanSp). Given a matricial Banach space

W and a completely bounded map ¢ : X — Fﬁg:f:c""(W), there is a unique

completely bounded linear map ¢ : MBanSp(X) — W such that Fﬁ‘gfj’:f (q@) o
nx = ¢. Moreover,

bnd(g) > H H .
b (¢) || CB(MBanSp(X),W)

Proof. By the universal property of Vy, there is a unique linear ¢ : Vx — W such
that ¢ 0 0x = ¢. For v € Ny, there is ¢ € W™ such that [ (p(v))] = [[¢(v)|lwa1
and ||¢|lw+ = 1. By Theorem 2.2.10, 1 is completely contractive from W to

MIN(C). Then, ¥ o ¢ = 1) o p o fx is a completely contractive function from X
to MIN(C), so

le@)lwae = [¥(e(v))| = 0.
Thus, Nx C ker(p), so there is a unique linear w : Qx — W such that wogx = ¢
by the universal property of the quotient.
If cbnd(¢) = 0, then ¢(z) = 0 for all x € X, and consequently, ¢ is the zero
map, as is @. In this case, cbnd(¢) =0 = [|@||cp0, w)-

1
If cbnd(¢) # 0, let @ = mw be the scaled map. For m,n € N and
Ae M, ,(X),
. 1
M (20 05 0 05) (Dl = pmgrgy Mo (0430 03) (Dl
1
= Mpn(0)(A
S wX,m,n(A)-

Thus, @ o qx o Ox is completely contractive, so

1

Cbnd(¢) ” m,n(w>( )HW,m,n || ) (W)( )HI/V,m,n || ||QX,m,n
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for all B € M,,,, (Qx). Hence, w is completely bounded and

cbnd(¢) = |@|lepgyw) -

In either case, there is a unique completely bounded linear map
¢ : MBanSp(X) — W

such that ¢ o kgy = @ by Theorem 2.3.5 and

~

CB(MBanSp(X),W) 1 llenqy ) < cbnd(¢)

Notice that
bponx =dpokg,oqxolx =woqxoly =pobx=0¢

as desired. Uniqueness follows from universal properties of the free vector space,
the quotient vector space, and the completion.
O

Thus, MBanSp is a left adjoint functor, meaning it will behave well with co-
products and other left adjoints. Applying MBanSp to the disjoint union array-
weighted set from Theorem 3.4.4 gives the following result.

Corollary 4.5. For an index set A, let X, be an array-weighted set for each
A€ A. Then,

AWSet MBan
MBanSp (H IX)\> >~MBan, H ' MBanSp (X,) .
AEA AEA

Composing forgetful functors, observe that

‘WSetqo AWSeto, _ 17WSetoo Bango
FAWSetoo o FMBanoo = FBanoo © FMBanoo'

By the composition of left adjoints, both MBanSpoMA and AMAX o BanSp
qualify as a left adjoint to the forgetful functor composition. By uniqueness of
left adjoints, these two functors must be naturally isomorphic.

Corollary 4.6. Given a weighted set S, then
MBanSp(MA(S)) =mBan, AMAX(BanSp(S5))

“nian, AMAX (01 ({5 : ws(s) # 0})) .

On the other hand, the right adjoint mA trivializes MBanSp by Example 3.5.9.

Proposition 4.7 (Failure of mA). Given a weighted set S, then MBanSp(mA(S))
18 the zero space.

Proof. Let ¢ : Viua(s) — MIN(C) be a linear map such that ¢ o O,a(g) is com-
pletely contractive. By Example 3.5.9, (qb o QmA(S)) (s) =0 for all s € S. Hence,
QmA(S)(S) S NmA(S) for all s € S. Consequently, NmA(S) = VmA(S)-

O
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An immediate question that arises is whether or not the quotient is necessary
in the construction of MBanSp(X'). When all elements of X are array-free, it is
pleasantly not.

Proposition 4.8. If all x € X are array-free in X, then Nx = {0}.

C X and ()));_; C C such that v =

1

Proof. Let v € Nx. There are (:Ej);”: —1

Z)\jﬁx (xj). For 1 < j <n, let x; be the characteristic function of z;. Then,
j=1
there is a unique linear x; : Vx — C such that x; o x = x;. Define ¢; :=

1
Xj- For m,n € Nand A € M, ,(X),

cbnd (x;)
1 .
HMm,n (¢j 0 0x) (A)HMIN((C),m,n - W | M (X 0 0x) (A)HMIN((C),m,n
1

= W [ M0 (X;5) (A)HMIN((C),m,n

S wX,m,n(A)'

By definition of Ny,
0 = ¢;(v)

1 .
Tod (Xj)Xj (v)

- cbnd Xg Z)\k 0 0x) ()

= cbnd X] Z)\ng Ty
PV
cbnd (x;)

Hence, \; = 0. Since j was arbitrary, v = 0.
OJ

Combining this with Corollary 3.5.6 numerically characterizes when Ny is triv-
ial for finite array-weighted sets.

Theorem 4.9 (Array-free and finite sets, Part II). Given a finite array-weighted
set X, then Nx = {0} if and only if brn(X) > 0.

Proof. (<) By Corollary 3.5.6, all x € X are array-free in X. By Proposition
1.8, Nx = {0}.

(=) As X is finite, Vx, Qx, and MBanSp(X) are finite-dimensional, so kg, is
an isomorphism of matrix-normed spaces. Moreover, if Ny = {0}, then ¢x is a
vector space isomorphism as well.
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Given any function ¢ : X — C, there is a unique linear map ¢ : Vx — C
such that ¢ o 8x = ¢. There is also a unique linear map w : ) x — C such that
woqx = . Since Q) x is finite-dimensional, w is bounded and, by Theorem 2.2.10,
completely bounded from @x to MIN(C). Then, there is a unique completely

bounded linear map ¢ : MBanSp(X) — MIN(C) such that ¢ o ko, = @ by

Theorem 2.3.5. Notice that ¢ o nx = ¢ is completely bounded. Since ¢ was
arbitrary, Corollary 3.5.6 states that brn(X) > 0.
O

In fact, MBanSp of a singleton array-weighted set is readily computed.

Theorem 4.10 (Characterization of singletons, MBanSp). Let X = {z} be a
singleton array-weighted set. Then,

- AMAX(C), brn(X) >0,
MBanSp(X) ZmBan, { {0}7( ) meX% =0.

Proof. Let x : X — C be the constant map to 1, which is the characteristic
function of z. From Corollary 3.5.6, x is completely bounded to MIN(C) if and
only if brn(X) > 0. Notice that given any map ¢ : X — C, ¢ = ¢(x)x. Thus, if
brn(X) = 0, ¢ is completely bounded to MIN(C) if and only if ¢(x) = 0. Hence,
Ox(x) € Nx, meaning MBanSp(X) = {0}.

If brn(X) > 0, define ¢ : X — C by ¢(x) := brn(X). A quick check shows
that ¢ is completely contractive from X to AMAX(C). Thus, there is a unique
completely contractive linear ¢ : MBanSp(X) — AMAX(C) such that pony = ¢.
Consequently,

brn(X) < H77X(93)“M13ansp(X),1,1 :

On the other hand, consider a completely contractive map ¢ : X — W for
some arbitrary matricial Banach space W. For m,n € N and A € M,, ,(X),

M () (A) = ¥(2) @ T,

where J,, , is the matrix with all entries 1. Then,
v imn ||¢(x)||w,1,1 - ||¢($) ® Jm’nHMIN(FI\]i%n

alnl (W))’m’n
< ||¢(33) @ Jm,n”mm,n

< an
< lv(z) @ Jm,n”AMAX(FSI L 1(W)),m,n

Ban
= vmn ||¢($)||W11 )

forcing equality. Consequently,

M () Dl _ V@ lwaa _

wX,m,n(A) wX,m,n(A) -
80 [[¢()|lyy11 < brn(X). In particular, this states that

brn(X) = HnX(*T)HMBanSp(X),Ll'
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Define ¢ : C — MBanSp(X) by ¢()) : (x). This map is immediately

A

~ brn(X )nX
linear and contractive by the calculations above. By Theorem 2.2.12, ¢ is com-
pletely contractive from AMAX(C) to MBanSp(X). A routine calculation now

shows that ¢ o ¢ = idMBanSp(X) and ¢ o = idAMAX(C)~
[l

Unfortunately, the quotient structure is necessary in general. The following
example shows Nx to be nontrivial while not annihilating either generator. It
also yields MIN(C) rather than AMAX(C) or {0} like the previous examples.

Ezxample 4.11. Let X, ¢, and x, for x € X be as defined in 3.5.10. Define
v:=mnx(1) € MBanSp(X), and w, := Ox(x) € Vx for z € X.

First, MBanSp(X) is characterized as the span of v. Consider a linear map
¢ : Vx — MIN (C) such that ¢ o fx is completely contractive. Observe that

gobx =¢(wi)e+ (¢ (wr)+ ¢ (w-1)) x-1.

Since x_1 is not completely bounded, ¢ (w_;) = —¢ (wy), meaning that ¢ oy =
¢ (wq)e. For A\, p € C,

¢ (Awy + pw_1) = (A = p)¢r (w1),
which is guaranteed to be 0 when A\ = pu. Consequently,
Nx = span{w; + w_1},

and MBanSp(X) = span{v}.

Next, the norm of v®1,, is computed, where I,, is the identity of M, ,,,. By The-
orem 4.4, there is a unique completely contractive linear map ¢ : MBanSp(X) —
MIN(C) such that 7 onx =¢. For m € N,

1= HImHMmM = | My (0) (v Im)HMIN((C),m,m <[ve ImHMBanSp(X),m,m'
Letting A,, be defined as in Example 3.5.10, then
I, =2""MA, 1A |
and
Moy om=1 (x) (A1) =0 ® Ay
for all m € W. Therefore,
VR I, =v® (Q_mHAm_lAfn_l) =27 (@ A1) A
SO

HU ® ImHMBanSp(X),m,m = H27m+1 (U ® Am—l) A;knfl HMBanSp(X),m,m
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S 2_m+1 ||U ® Iqm—l||MBaLnSp(X),m,2m*1 HA:(nfl ||M2m71 .

= 27" | My pm1 (nx) (A1)

HMBanSp(X),QO*l HAm‘lan,gmfl

< 27m+1wX7m72m_1 (Am71) HAmleMm om—1

- 1 2
= 2 m+ ||Am_1||Mm’2m—1

_ 2—m+1 _2m—1
= 1.

Thus, [|v ® Ln|lygansp(x)mm = 1 for all m € N.

Lastly, ¢ is shown to be completely isometric and, thereby, an isomorphism
in MBan;. For all m,n € N and B € M,,,(MBanSp(X)), there is a unique
B € M,,,, such that B = v ® B. Thus,

1B e = 10 O Bl eymm < 1B sansosmm
and
||B||MBanSp(X),m,n < ||U ® ]mHMBanSp(X),m,m HBHMM,,L =1-1B MIN(C),m,n )
Consequently,
1Mo (0) (B) iy = 1B e men
as desired.

5. MATRICIAL BANACH ALGEBRAS

This section considers algebras equipped with a matrix-norm compatible with
matrix multiplication. As an algebra is a vector space with a multiplication of
vectors, the conventions for algebras used here will be analogous to the vector
space conventions used previously.

Definition 5.1 (Matrix conventions, algebras). For an algebra A and m,n €
N, M,,»(A) is equipped with the same operations from being a vector space:
pointwise addition, pointwise scalar multiplication, and actions of scalar matrices
on left and right. Moreover, the action M,,,(A) x M, ,(A) = M,,,(A) will be
by matrix multiplication for all p € N.

The notion of an L*-matrix-normed algebra was introduced in [6, Definition
1.4]. Here, the definition is generalized to consider rectangular matrices without
the L*>°-condition.

Definition 5.2. A matriz-normed algebra is a complex algebra A equipped with
a matrix-norm (|| - ||.4,mn),, ney Such that

IABI g < IAl amp 1Bl apn

for all m,p,n € N, A € M,,,(A), and B € M,,(A). A complete matrix-
normed algebra is a matricial Banach algebra. Let MBanAlg__ be the category
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of matricial Banach algebras with completely bounded algebra homomorphisms,
and MBanAlg, be the category of matricial Banach algebras with completely
contractive algebra homomorphisms.

The goal of this section will be to build examples of this structure from various
existing structures. Section 5.1 takes a Banach algebra and imbues it with an
extremal matrix-norm. Section 5.2 takes a matricial Banach space and creates a
matrix-norm on the tensor algebra. Section 5.3 concludes by proving the existence
of a free product of matricial Banach algebras using array-weighted sets.

5.1. The Absolute Maximum Matricial Banach Algebra. An algebra A
with a matrix-norm is a normed algebra when stripped of all its matrix-norms,
except for the norm on M;;(A) = A. For a Banach algebra, one would like
to extend its existing norm to a matrix norm. As with Banach spaces, many
such extensions exist, but AMAX happens to give a matricial Banach algebra
structure, as well as being the maximal such structure.

Lemma 5.1.1. Given a Banach algebra A, AMAX(A) is a matricial Banach
algebra.

Proof. By [8, Theorem 2.1], AMAX(A) is already a matricial Banach space

in addition to being a complex algebra. All that remains is to prove sub-
multiplicativity of the matrix-norm. To that end, let m,p,n € N, A € M,, ,(A),

J q
and B € M, (A). Write A = Za, ® Cyand B =Y by @ Dj. Then,

ZZ albk Csz)

=1 k=1
SO

Jj 4
||AB||AMAX(A),m,n < ZZIIazkaIAIICsz M

=1 k=1

J q
< Sl el 1ol

_ l(glalACl )(lekaAlle

s Dl

*
M"vP

Two infima then yield

IAB svax(aymn < Al anaxaymp 1Bl anaxay pn -
|

Thus, an adaptation of Theorem 2.2.12 shows that AMAX serves as left adjoint
to a second forgetful functor.

Theorem 5.1.2 (Universal property of AMAX, algebra version). Let BanAlg,
denote the category of Banach algebras with bounded algebra homomorphisms,
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and Fﬁ%‘;ﬁff; : MBanAlg, — BanAlg, be the forgetful functor stripping
all matriz-norm structure except the underlying norm. For a Banach algebra A
and a matricial Banach algebra B, consider a bounded algebra homomorphism
o A — Fl\]?[aBZiff;m (B). Then, there is a unique completely bounded algebra

homomorphism qAﬁ : AMAX(A) — B such that Fﬁ%naiff; (q@) = ¢. Moreover,

H HCB(AMAX(A),B) B H(b”BMFﬁEﬁf?é’w (B)’

Again, the proof of the above theorem is nearly identical to [20, Exercise 14.1].

5.2. Haagerup Tensor Algebra. A matrix-normed algebra is a matrix-normed
space when stripped of its multiplicative structure. For a matricial Banach space,
one would like to construct a multiplicative structure much like the Banach tensor
algebra. Indeed, this can be accomplished by merging the matricial £!-direct sum
and Haagerup tensor product.

Definition 5.2.1. Given a matricial Banach space V', inductively define the
Haagerup tensor powers of V' in the following way:

verl .=y, yventl) = (Vo) @, V. VneN.

The Haagerup tensor algebra of V is

MBan;
V)= vo

neN

the matricial ¢'-direct sum of these Haagerup tensor powers, equipped with the
multiplication is determined by the canonical isomorphisms (V™) @y, (VE") —
V@) - Define ey : V' — T(V) to be the inclusion map into the first tensor
power of V' in Tp,(V).

Lemma 5.2.2. Given a matricial Banach space V', Tn(V') is a matricial Banach
algebra.

Proof. By construction, 7,(V') is a matricial Banach space, and one can check
that the tensor multiplication makes 7,(V') into a complex algebra. All that
remains to show is that the matrix-norm is sub-multiplicative on matrices.

To that end, let m,p,n € N, A € M,,, (Ton(V)), and B € M,,, (T,(V)). Write
A(g,1) = Z%}l,q and B(l, k) = Zyl’kﬂ"’ where x4, Y1k € Vi foralll < j <

q=1 r=1
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m,1<[1<p 1<k<n,and g€ N. Then,

M=

(AB)(j, k) = ) AU DB(LF)

l

1

[e.e]

p
sz_},l,q ®ylkr

1 r=1 =1

Z mp (M) (A) © My, (7,) (B)) (4, k),

1 r=1

[
NE

Q
Il

[
NE

Q
Il

where 7, and 7, are the coordinate projections of the ¢*-sum. Then,

1ABll 7 vymn < DD Mg () (A) © My (7)) (B)lyenteen)

q=1 r=1

IN

Z Z | M p (704) (A)|’V®hq7m7p [ Mpn () <B>Hv®m,p,n
q=1 r=1

- (Z [ My () (A)ll 210 mp) (Z 1 )||V®h7"p’”>

- ||A||Th(V),m,p ||B||Th(V),p,n ’

O

So constructed, T,(V) enjoys the following universal property, analogous to
[16, Satz 1].

Theorem 5.2.3 (Universal property of the Haagerup tensor algebra). Let

FiipemAlg, : MBanAlg, — MBan,

be the forgetful functor stripping multiplicative structure. For a matricial Banach
space V' and a matricial Banach algebra B, consider a completely contractive

linear map ¢ : 'V — Fl\l\/f]?::}xlg (B). Then, there is a unique completely contractive

algebra homomorphism ¢ - T,(V) — B such that Fli\,l/[g:;‘j“g ((;3) o€y = Q.

Proof. First, completely contractive maps are inductively constructed on the
Haagerup tensor powers of V. Let ¢; := ¢ be regarded as a completely con-
tractive linear map from V®! to B. For induction, assume for some n € N that
there are completely contractive linear maps ¢; : V7 — B for all 1 < j < n.
Define ¢ : VO™ x V — B by ¢(w,v) := ¢,(w) - ¢(v), which is readily seen to be
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bilinear. Consider m,p,q € N, A € M,,,, (V®") and B € M, 4(V). Then,

(A®, B)(ik) = Y @(Ali,1), B(,k))

p

= 376 (AGD) - 6 (BULK))
= (M (80) (A) - My (9)(B)) (i, )

forall 1 <i<mand 1<k <gq. Hence,
[A®y Bllgmg = My (dn)(A) Myo(@)(B)lgmg

< Mo (D0) (Dl g Mg () (B,

< HAHV®h",m,p HB”V,p,q )

Thus, ¢ is completely contractive bilinear. By Theorem 2.3.12, there is a unique
completely contractive linear map ¢ny1 @ V™) — B such that ¢, 1 (w ® v) =
On(w) - ¢(v).

Next, the maps are combined using the matricial ¢'-direct sum. By Theorem
2.3.7, there is a unique completely contractive linear map qg : Th(V') — Bsuch that

pow, = ¢, for all n € N. In particular, notice that e, = wy, so poey = ¢; = ¢ as
~ MBan
desired. Uniqueness of ¢ arises from the universal properties of ®; and H '

All that remains is to show that gg is multiplicative. Given v,w € V, note that

~

Sv@w) = ha(v @ w) = P(v) - P(w) = G(v) - P(w)

by construction of ngﬁ and ¢o. For induction, assume that for some n € N,

S(1®- - @vy) = (v1)--- ¢ (vn).
for all (v;)7_, C V. For any w € V,

~

¢(U1®®Un®w) = ¢n+1(1}1®"'®vn®w>

= ¢n(vl®"'®vn)'¢(w)

by construction of ngS and ¢,1. Linearity and continuity of g% extend this multi-
plicativity from elementary tensors to all elements of 7, (V).

OJ

As a left adjoint functor, 75, behaves well with coproducts and other left ad-

joints. Let Fl\}iig;lm and Fﬁ%’;ﬁf}gl be the completely contractive variations of the
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forgetful functors stripping all norms, except the underlying norm. Composing
forgetful functors, observe that

Ban; MBan; _ rpBan; BanAlg,
Fyrgan, © 1 MBanAlg, — F BanAlg, ° B MBanAlg, *

By the composition of left adjoints, both T, o AMAX and AMAX o7 qualify as a
left adjoint to the forgetful functor composition. By uniqueness of left adjoints,
these two functors must be naturally isomorphic.

Corollary 5.2.4. Given a Banach space V,
Tn(AMAX(V)) 2mBanale, AMAX(T(V)).

Composing left adjoints MBanSp and 7}, creates a new left adjoint, MBanAlg :=
T, o MBanSp, with the following universal property.

Theorem 5.2.5 (Universal property of MBanAlg). Let
FaWSeti - MBanAlg, — AWSet;,

MBanAlg,
be the forgetful functor stripping all algebraic structure. For an array-weighted
set X and a matricial Banach algebra B, consider a completely contractive map
o: X — Fﬁ‘gfrillgl(lg). Then, there is a unique completely contractive algebra
homomorphism ¢ : MBanAlg(X) — B such that Fﬁgj}fmgl (gzﬁ) O EMBanSp(X) ©
nx = ¢.
Proof. Letting Fﬁ‘gfﬁfl be the completely contractive version of the forgetful

functor stripping all vector space structure, notice that

FAWSet1 o FMBan1 _ mAWSet;
MBan; MBanAlg; = ~ MBanAlg; "

Thus, ¢ : X — Fﬁ‘gfﬁfl <F1\1\/f]]§’::ilg1 (B)), so there is a unique completely con-

tractive linear map ¢ : MBanSp(X) — Fl\l‘fgjfglgl(z%) such that Fﬁ‘gfﬁfl ((ﬁ) o
nx = ¢ by Theorem 4.4. By Theorem 5.2.3, there is a unique completely contrac-
tive algebra homomorphism ¢ : 7;(MBanSp(X)) — B such that Fl\l\,;[]];:;‘ilgl (gz@) o
€MBanSp(X) = ¢ )

Consequently, ¢ : MBanAlg(X) — B and

Fl\j}lgasfz?lgl (¢> O €MBanSp(X) © Tlx = ponx = ¢.

Uniqueness follows from the universal properties of 7, and MBanSp.
O

Combining Theorem 4.10 with Corollary 5.2.4 gives the following characteri-
zation for singleton array-weighted sets.

Corollary 5.2.6 (Characterization of singletons, MBanAlg). Let X = {x} be a
singleton array-weighted set. Then,

- AMAX (¢}), brn(X) > 0,
MBanAlg(X) =yBanalg, { {0}( ) brnEXg =0.
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Proof. In the case brn(X) = 0, then direct calculation from Theorem 4.10 gives
MBanAlg(X) gMBanAlg1 771({0}) gMBanAlg1 {0}
When brn(X) > 0, then Theorem 4.10 and Corollary 5.2.4 give

MBanAlg(X) ZmpBanalg, Trn(AMAX(C))
“MBanalg, AMAX(T(C))
=MBanAlg, AMAX(("),

where ¢! has the convolution product.

OJ

Using Corollary 4.6, the matricial Banach algebra of an array-weighted set
with the maximum structure can be computed also. Note that the coproduct of
Banach algebras is the free product from [15, Definition 1.4]

Corollary 5.2.7. Given a weighted set S,

BanAl
MBanAlg(MA(S)) Zupanatg, AMAX [ ] e
ws(s)#0

Proof. From definition,
MBanAlg(MA(S)) = Tn(MBanSp(MA(S))),
so by Corollary 4.6
MBanAlg(MA(S)) ZmBanaleg, Th(AMAX(BanSp(95))).
By Corollary 5.2.4,
MBanAlg(MA(S)) ZmBanalg, AMAX(T (BanSp(S))).
By Proposition 3.4.7,

MBanAlg(MA(S)) Zupanatg, AMAX (T (Bansp (HWSetIWwS(S) ( {8})> >> |

ses
As BanSp is a left adjoint, the coproduct can be brought out.

MBaHAIg(MA(S)) g1\/[]_),,511‘,15‘1& AMAX (T <HBan1 BanSp (st(s)({S})))>

seSs

From direct calculation, BanSp (Wi(s)({s})) =Ban, C if ws(s) # 0, and the zero
space otherwise. As such, the zero cofactors can be ignored.

Ban;
MBanAlg(MA(S)) Zumpanatg, AMAX | 7| ][] C
wg(s)7#0

As T is a left adjoint, the coproduct can be brought out once again.

BanAlg;
MBanAlg(MA(S)) Zuvpanale, AMAX | [] T (C)
wg(8)7#0
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Finally, direct computation shows that 7(C) panale, ¢' equipped with the
convolution product.

BanAl
MBanAlg(MA(S)) Zupanatg, AMAX [ ] o
wg(s)#£0
0

Lastly, observe that all the statements for 7, have been made with completely
contractive maps, rather than completely bounded maps. While one would like
to construct a tensor algebra compatible with completely bounded maps, this
cannot be done. The reason is that the multiplication of generators would become
unbounded, as demonstrated in the proposition below.

Proposition 5.2.8. Let Fﬁgfri’fg be the forgetful functor removing all algebraic

structure. An array weighted set X has a reflection along Fﬁ‘gfﬁgﬁ if and only

if the only completely bounded map from X to MIN(C) is the zero map. In this
case, the reflection is the zero algebra equipped with the constant map from X.

The proof of this proposition is nearly identical to [13, Proposition 3.2.1]. More-
over, this proposition and Theorem 4.4 give the following nonexistence result,
analogous to [13, Corollary 3.2.5]

Corollary 5.2.9. There cannot exist a functor that is left adjoint to the forgetful
functor from MBanAlg_ to MBan.,, which strips all multiplicative structure.

5.3. Free Product Matricial Banach Algebra. This section constructs the
coproduct of matricial Banach algebras, the free product matricial Banach alge-
bra. This is directly parallel to the free product of Banach algebras [15, Definition
1.4], operator algebras [41, Theorem 4.1], and C*-algebras [2]. However, with the
scaled-free matricial Banach algebra from Theorem 5.2.5, construction of this
object will be much more algebraic like [12, §3.2].

Definition 5.3.1 (Free product matricial Banach algebra). Let (Ay),., be ma-
tricial Banach algebras. Define

e AWSet1
G = FMBanAlgl (A,

‘ _ AWSet; ]
the underlying array-weighted set of each A,, and G := H G their co-

AEA
product array-weighted set with inclusion maps p) : Gy — G. Define B :=

MBanAlg(G), the scaled-free matricial Banach algebra of G with map of genera-
tors vg : G — Fﬁ%’fﬁ}lgl (B) by vg = enmBansp(c) © Na- Let J be the closed ideal
in B generated by

ve (pala +0)) — (ve (pala)) +ve (A (D)) |
v (pa(ab)) — v (pa(a)) ve (pa(D)) ra,be A\ peC
xea | ve (pa(pa)) — pue (pa(a))
and A := B/J the quotient matricial Banach algebra with quotient map ¢ : B —

A. Defining vy := qovg o py for all A € A, each 1 is a completely contractive
algebra homomorphism by construction of G and J.



260 W. GRILLIETTE

So constructed, A has the following universal property.

Theorem 5.3.2 (Universal property of the coproduct, MBanAlg,). For a ma-
tricial Banach algebra C, let ¢\ : Ay — C be a completely contractive algebra
homomorphism for all X\ € A. Then, there is a unique completely contractive

homomorphism ¢ : A — C such that ¢ o1y = ¢y for all A € A.

Proof. By Theorem 3.4.4, there is a unique completely contractive function ¢ :
G— Fﬁ\];vfrlegl (C) such that popy = Fﬁ‘gf&lgl (¢a) for all A € A. By Theorem
5.2.5, there is a unique completely contractive homomorphism w : B — C such
that Fﬁ‘gflfxlgl (w) ovg = ¢. Routine calculations show that J C ker(w), so
there is a unique completely contractive homomorphism ¢ : A — C such that
¢ oq=w. Thus,

oYy =¢0qouGopy=TWOoUGO P\ = PO p\= Q)
as desired. Uniqueness follows from the universal properties of G, B, and the

quotient.
O

Moreover, use of the universal property shows that the homomorphisms 1, are
completely isometric.
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