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ADMISSIBLE RULES, DERIVABLE RULES, AND
EXTENDIBLE LOGISTIC SYSTEMS

HOWARD C. WASSERMAN

Introduction.* At a 1957 conference at Cornell University of the Summer
Institute for Symbolic Logic [3] and in a paper [4] published in 1959, Hiz
presented a system of sentential calculus based on the axioms: ~(a@ D> B8) D «a
and ~(@ D B) D ~B, and on the inference rules: a D B, B Dy=>a D y;
a>BDy),adDp=aDy; and ~a DB, ~a D ~B=>a. The system, which
shall be herein referred to as H, was proven by Hiz to be complete with
respect to the usual two-valued matrix M,. However, Hiz showed that the
system is extendible (i.e., not Post complete); in fact, the system admits
infinitely many distinct Post consistent extensions (although, as R. Harrop
pointed out, at a meeting in 1958 of the Logic Seminar at Pennsylvania
State University, no negation-free formula will extend H). What is more,
there exist inference rules which are admissible in H (i.e., with respect
to which the set of theorems of H is closed) but which are not derivable
in H (i.e., it is not the case that every application of such a rule can be
uniformly replaced by a specific finite application of the primitive rules of
H). Hiz writes in [4] that ‘“. .. a result of this paper may be phrased:
there is a system of sentential calculus for which if a;, a@,, . . ., @, => B,
then a;, @2, . . . , @y=>pmpB,but not if @y, @,, . . . , @y +ppB, thenay, @, . . .,
Ay = pmp B.”’' Among the admissible non-derivable rules are a D g8, a =8,
~~og=a,a,~a=>fB,a,=a>DB,and a,f=~a D ~f.

*This work is based on a dissertation in partial fulfillment of the requirements
for the Ph.D. degree in Linguistics at the University of Pennsylvania, May 1971.
The author wishes to thank Professor Henry HiZ for directing this research.

1. In the terms of the present paper, there is an axiomatic system A = (L, T,, R) with
modus ponens not in R such that any rule admissible in L(A’} is admissible in
L (A), but there is a rule derivable in L(A’) which is not derivable in L(A), where
A ={L,Ty,RY U {modus ponens }.
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The existence of such rules shows, as Hiz writes in [4], that ‘‘the
opinion, sometimes expressed, that a complete system of tautologies con-
stitutes an adequate characterization of valid inferences of the sentential
kind is shown to be unjustified,”” and in [2], Harrop writes that ‘‘the
results . . . are seen to illustrate quite vividly the fact that reasonable
care must be taken before properties proved to hold for one formulation
of a calculus are used in connection with some other formulation of the
‘same’ calculus.’”” R. Suszko concludes in [12] that logical calculi designed
to generate formulas rather than rules, are, in general, ¢‘. . . incomplete
constructions . . . .”

The notion of inference rule is quite specific for the system H. In fact,
Hiz writes in [4] that ‘. . . the only rules, besides the rule of substitution,
allowed here are of the form ‘A;, A,, ... ,A;= B’ where A,, A,, ... ,A;
and B contain Greek letters and if one replaces the Greek letters by
sentential variables, and the arrows and the commas by the sign of condi-
tional, one obtains (after affixing proper parentheses) a formula of the
sentential calculus.”” Moreover, and this is quite important, ‘. . . the
restriction on the rules of inference has the effect of excluding trivially
extendible systems. Had one not required it, one could give as an example
of an extendible system the system based on: (a) every tautology is a
theorem, (b) the formula ‘g D p’ is a theorem.”’? It should be noted that
the concept of inference rule adopted by Harrop in [2] is essentially the
same as Hiz’s. In particular, the set of applications of a rule, in their
sense, is always an infinite but decidable n-ary relation. The criterion of
decidability was initiated by Frege. In [1], Frege wrote . . . I demand—
and in this I go beyond Euclid—that all methods be specified in ad-
vance . ...”

In [7], J. Lo§ and R. Suszko define a notion of inference rule which
is far more general than that of Hiz. In particular, given a sentential
language ., they define a rule of inference in .L to be any n-ary relation
Rin . (for n finite or infinite and for R finite or infinite in cardinality).
No assumption is made that a rule be decidable. A rule of inference R
is said to be structural in case it is closed under substitution, and R is
said to be sequential in case there is a sequence ¢ = (@, ¢1, @2, - . .) Of
formulas of £ such that R consists of all and only substitution instances of
o. It is shown in [7] that every structural rule is a disjoint union of
sequential rules. It is easily seen that the connection between the notion
of rule expressed by Lo$ and Suszko and that given by Hiz is that for any
sentential language ., a relation in .£ is a finitary sequential rule if,
and only if it is the set of all applications in . (i.e., all substitution
instances) of an inference rule in the sense of Hiz.

2. For,neither of the ‘rules’(a), (b).applies to the non-theorem p D¢, and hence p Dgq
could be added to the system without generating a variable.
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By a consequence in ., L.o$ and Suszko mean an operation Cn: 24 - 24
such that

1) for every Xc L, X C Cn(X) = Cn(Cn(X)) c L, and
2) forall X,Y ¢ L, if X ¢ Y, then Cn(X) c Cn(Y).

In [12], Suszko defines a finitary rule R, to be secondary with respect
to a consequence Cn in . (i.e., derivable with respect to Cn) in case
vo€Cn({o@y, . . ., @) whenever (@, @1, . . ., @, €R,.

Suppose that L is a sentential calculus, all of whose rules are finitary
sequential rules (or, as Suszko calls them in this paper, proper structural
rules), and let us take Cn to be the consequence such that for every X ¢ .,
Cn(X) is the set of all formulas of .£ derivable in L from X. Then, in case
R, is a proper structural rule, it is easily seen that R, is secondary with
respect to Cn if, and only if it is derivable in L in the sense of Hiz and of
Kleene [6]; in fact, one will have that there is a uniform derivation which
works for all (z+1)-tuples in R,. However, if R, is structural but not
sequential, or worse yet, if R, is not even structural, the uniformity of
derivation is lost completely (in fact, it would be difficult to formulate
what such uniformity would mean).

In 1968, W. A. Pogorzelski presented a paper [8] which addresses
itself to the problem of analyzing and explaining the apparently unusual
properties of the system H. In particular, it attacks the question of
whether there is a connection between the extendibility of H and the fact
that there are inference rules which are admissible in H but not derivable
in H. The paper is quite ambitious in scope, aiming at great generality.
However, the results obtained, while apparently correct in the context of
Pogorzelski’s paper, are not applicable to the system H for several
reasons.

First of all, Pogorzelski does not adhere to the restrictions put
on the notion of inference rule by Hiz; namely, that the rules be presentable
by schemata of the form A,,A,,...,A,=B such that each 4; and B is
a sentential form. To exemplify and emphasize why this fact alone makes
Pogorzelski’s paper inapplicable to H, we consider his theorem (3.1) which
states that a sentential calculus L is extendible if, and only if there is an
inference rule which is admissible in L but not derivable in L. As part
of his proof of (3.1), Pogorzelski assumes that L is extendible, and then,
under this assumption, ‘‘constructs’’ a rule which is admissible in L but
not derivable in L. However, this rule is a binary rule consisting of
exactly one ordered pair of formulas, and is thus extremely non-structural.

There are other difficulties with the proof of (3.1) and of lemma (2.3)
on which the proof of (3.1) is partially based, which derive from Pogor-
zelski’s definitions of derivable rule and complete (i.e., non-extendible)
system. Due to the non-standard (and certainly non-HiZian) definition of
inference rule given by Pogorzelski, he was apparently forced to adopt
non-standard definitions of derivable rule and complete system. Pogorzel-



268 HOWARD C. WASSERMAN

ski defines a rule to be derivable in a system (R,A) (R a set of rules
and A a set of formulas in the sentential language S at hand) as follows:

7 €Der(R,A) = %/-\-4) @y evn,@)er=>0,€Cn(RA +{01, ..., 0uui))];

i.e., a rule 7 is derivable in (R,A) if and only if for every instance
(Qry+ v vy Guer, @uy Of 7, @, is obtainable from A U {¢,, ..., ¢o-1} by a
finite sequence of applications of the rules of R.

He also defines the system (R,A) to be complete (i.e.,non-extendible)
as follows:

(R,AYeCpl = Cn(R,A +{¢}) =S;

¢ ¢ Cn(R,A)
i.e., the system (R,A)is complete if and only if for every non-theorem ¢,
every formula is obtainable from A U {¢} by a finite sequence of applica-
tions of the rules of R.

Consider the case that substitution is among the primitive rules R.
Now the traditional definition of derivability (e.g., Kleene [6] and Harrop
[2]) is that a rule 7 is derivable in (R,A) if and only if for all instances
(@1, + v yPne1s ©n) Of 7, @, is obtainable uniformly from A U {¢y, . . . , ¢,-1}
by a finite sequence of applications of rules of R othev than substitution,
Since Pogorzelski does not exclude substitution, the notion of non-extendi-
bility implying that every admissible rule is derivable is trivialized; for,
in this case, if {R,A) is complete, then all rules are derivable.

Secondly, consider the case that substitution is not among the primitive
rules R. Now the fraditional definition of (Post) completeness (e.g.,
Post [9]) is that a system (R,A) is complete if and only if for every
non-theorem ¢, all formulas are obtainable, by the rules of R, from A
together with all substitution instances of ¢. Since Pogorzelski excludes
these substitution instances, the notion that incompleteness implies the
existence of an admissible non-derivable rule is somewhat trivialized by
the possibility that the ‘‘extending’ formula ¢ is such that although ¢
extends the system, the set of all substitution instances of ¢ might not.
More importantly, though, as mentioned before, the notion is essentially
trivialized by allowing the non-derivable rule whose existence is to be
shown to be non-structural.

Thus, it seems clear that a prudent approach to an analysis of prob-
lems and questions raised by the system H is, at least initially, to restrict
oneself to an approximation to traditional notions, and, in particular, to
observe the restrictions placed on the concept of inference rule by Hiz.

Whether Pogorzelski’s theorem (3.1) is true when all the concepts
involved are taken to be the traditional ones remains an open problem,
but a partial solution to this problem is given in the present paper, along
with an analysis of the concepts of admissible rule, derivable rule, and
extendible system, the relationships among these concepts and several
model-theoretic considerations.
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I: BASIC CONCEPTS

1 Sentential Languages. Given a denumerable set V of symbols (called
sentential variables), a countable (possibly null) set K of symbols (called
sentential constants), and a finite non-empty set C of symbols (called
sentential comnectives) each having associated with it a positive integer
(called its arity), the sentential language over V U K U C is the sublanguage
L,k c of the set (V UK U C)* of all words over V UK U C defined as the
intersection of all subsets S of (V UK U C)* satisfying the following
conditions:

(1) if peV, then @eS,

(2) if peK, then ¢eS,

3) if ¢1,..., ©,€S and if feC is n-ary (i.e., the arity of f is n), then
for. .. @,€S.

Throughout, L shall denote a sentential language, and V = {p,, p,,
D3, . . } shall be the set of sentential variables of L. We abbreviate p,, p,,
and p, by p, g, and 7, respectively. For simplicity, we shall assume that
has no sentential constants. The members of . shall be called formulas.

2 Substitution and Logistic Rules. For any mapping u:V — L and any
formula e L, we let Substu (@) be the formula obtained from ¢ by substitut-
ing u(a) for every occurrence in ¢ of every variable ¢. For S ¢ ., we de-
fine Subst(S) to be the set {Subst,(¢): @eS and u: V - L}, and we say that
S is closed under substitution in case S = Subst(S).

By a logistic vule for L we mean an expression of the form ¢y, . .

L}

¢,=> ¢ (na positive integer),® where ¢, . .., ¢,, ¢e L.
For Sc L and 7: ¢, ..., ¢,=>¢@ a rule, by an application of r in S,
we mean an (r +1)-tuple of formulas (¢}, . .., ¢,, ¢ ) such that for some

p: V= L, ¢ =Subst,(¢)and ¢ = Subst,(¢;) (1 =i =n).

Let S C £ and let R be a set of rules for . We define the closure
of S under R, written Clsg(S), as the intersection of all subsets S’ of .
satisfying the following conditions:

(1) if pe S, then @eS’;
(2) if (o1, ..., @, @)is an application in S’ of a rule of R, then ¢peS’.
We say that S is closed under R in case S = Clsg(S). Note that S is

closed under R if, and only if for every application (¢,, ..., ¢,, ©)in S
of a rule of R, e S.

3 Logistic Systems. By a (logistic) system we mean an ordered triple
(L ,T,R) (frequently to be abbreviated (T,R)), where T is a non-empty

3. One should not confuse the use here of ‘=>" with the use in [4]. In [4], Hiz writes

‘ay, 0y, . . ., 0y => @’ to mean that « is a theorem (of a given sentential calculus)
whenever o,, .. ., ay are theorems (i.e., in the terms of this paper, the rule
oy, ..., @y => « is admissible) whereas the use here of ‘a;, . .., an => " can

- be viewed just as a suggestive notation for the (» + 1)-tuple (ay, . . ., oy, o).
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subset of ., R is a finite set of rules for ., and T is closed both under
substitution and under R. We shall call the members of T {heorems of
(T,R) and we shall write ¢ to assert that ¢ is a theorem.

One may observe that we, just as Harrop [2], do not treat substitution
as a rule. This may be justified on at least two counts: firstly, by the
fact that all logistic rules are ‘‘structural’’ (see Suszko [12]) but substitu-
tion is not, and secondly, by ‘“fact’’ (1) of section Il. In fact, our attitude is
to treat substitution not as a rule but as an operation basic to the notion
of system.

We define an axiomatic system to be an ordered triple (L, Ty, R),
where T, is a non-empty finite subset of ., and R is a finite set of rules
for L. The logistic system L (A) generated by an axiomatic system
A= (L, To,R) is the system (.L,T,R), where T = Clsg(Subst(T,)). A
logistic system L is said to be axiomatizable in case L = L(A) for some
axiomatic system A. In this paper, we make no assumption that a logistic
system be axiomatizable.

4 P-Consistency and Extendibility. A system shall be called p-consistent
in case its set of theorems is a proper subset of . (this notion originated
with Emil Post [9]). We shall henceforth use the expression ‘system’ to
mean p-consistent system. A system ( .L,T,R) shall be called extendible
in case there is a non-theorem ¢ such that .£ # Clsg(T U Subst(¢)) (i.e., such
that the triple { L, Clsg(T U Subst(¢),) R) is a (p-consistent) system). By an
extension of a system L =(.L,T,R), we mean a system L' =(.L,T' R),
where TC T’ c L. Obviously, a system L is extendible if, and only if
L has an extension. Frequently, a non-extendible system is said to be
Post complete (see Emil Post [9]).

S Admissible and Devivable Rules. A rule 7 is said to be admissible in a
system (T,R) in case T is closed under # (i.e., under {r}). Given
@1y - -+ 5 Ony, e L, we shall say that ¢ is deducible from ¢,, ..., ¢, in
L(L = (T,R)) in case ¢@eClsg(T U {oy, ..., ®,}), and we shall write
@1y« « + 5 O - @. Clearly, ¢y, ..., ¢, + ¢ if, and only if there is a finite
SeqUENce 7y, . . . , Nmy Nmer (M = 0) such that 0., = @, M, e TU{oy, . . ., @},
and for each ie {2,..., m+1}, either n, e TU {¢y, ..., @, or n; is
obtained by applying a rule of R in{n,, ..., ;... Following Harrop [2],
we say that a rule ¢, ..., ¢,= ¢ for L is a derivable rule of L in case
¢ is deducible from ¢, ..., ¢, in L. We note in passing that Kleene [6]
uses the term ‘derived rule’ to mean a rule which is either admissible
or derivable (in our sense), and his notion of ‘direct rule’ corresponds to
our notion of derivable rule.

6 Derivation Sets. By a derivation set for L = (L ,T,R) we mean any
set D of rules for L which contains R and every rule ¢, ..., ¢,=> @
for which e TU {¢y, . . . , @}, and which satisfies the following:

(i) f » € D, where r = ¢, . . ., ¢,—=¢ and if {¢,, . . . , @} C
{1y ..., Nmt, thenny, ..., n,=> ¢ belongs to D (which implies, in par-
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ticular, that if ¢,, ..., ¢,=> ¢ belongs to D, then ¢, ..., Qo =@
belongs to 2 for any permutation 7 of {1, . . . ,n}),

(i) ¥ (¢, ..., @, @) is an application (in L) of a member of D,
then ¢, ..., ¢,=> ¢ is 2 member of D,

(i) If ¢y, ..., @u=>Y; belongs to D(l=<i<k)andifp;, ..., pu=>p
is a member of 2 such that {p;, ..., put C { @y, .-+, @, V1, ..., Y},
then ¢, . . ., ¢,=>p belongs to D,
and

(iv) If ¢, ..., ©,=> ¢ belongs to D(n = 2) and if +¢; for some
ie{l,...,n}, then @, ..., @i-1, Qir1, - - . , ®n=>¢ belongs to D.

It is clear that the intersection b of all derivation sets of L is,
itself, a derivation of L. For example, if C is a binary connective in .,
if CpCqp is a theorem of L, and if Cp,;p,, ps=> P4 is a rule of L, then
CpCqp, p => Cqp belongs to D (by (ii)), and hence p => Cqp belongs to
Dy (by (iv)).

{I: THE DERIVABILITY PRINCIPLE

Theorem (the derivability principle). Let7: ¢, ..., ¢,=> ¢ be a rule for
L. Then the following are all equivalent:

(1) 7 is a derivable vule of L.

(2) re D

(3) S is closed under v, for every subset S of L such that T c Sand S is
closed undevr R.

Proof. (1) - (2): Assume that ¢, ..., @, ~@. Thenlet ny, ..., Ty, Nme1
be a finite sequence with 7, = @, 1, e TU {cpl, ey (p,,}, and such that for
each i€ {2,..., m+1}, either n; e TU {¢,, ..., @,} or n; is obtained
from an application in {n;, ..., n;-,} of a rule of R. The proof proceeds
by showing inductively on j e {1,..., m + 1} that the rule »;: ¢y, ...,
@, =>1n; belongs to D. (2) — (3). Proof proceeds by induction on the
recursive definition of . (3) - (1). Immediate.

We note in passing that Suszko [12] proved a variation of the equiva-
lence of (1) and (2) of this theorem in a rather different context. We also
note that Hiz [4] made implicit use of this theorem in showing that modus
ponens is not derivable in the system H.

Let us say that formula @e is a falsehood of L in case Subst(¢}) ¢
L - T. We shall say that the logistic system L has the falsehood property
in case every non-theorem of L has a substitution instance which is a
falsehood of L. All the classical two-valued systems have the falsehood
property, including the system H. An example of a well-known system
which fails to have the falsehood property is any system having the
conditional as its only connective and which is complete with respect to
the usual two-valued matrix for the conditional; in fact, it is easily seen
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that such a system has no falsehoods whatsoever, since every non-theorem
has a substitution instance which is a theorem. The following two facts are
obvious:

(1) For S ¢ L, Clsg(Subst(S)) is closed undevr substitution,
and

(2) A system (T,R) is extendible if and only if theve is a non-theorvem
@ such that V 0 Clsg(T U Subst{@})) = @.

Using these two facts one may infer from the derivability principle
the

Corollary (1) If a rule is derivable in L., then it is admissible in L and in
every extension of L.

(2) If L has the falsehood property, then L is extendible only
if theve is a vule which is admissible but not devivable in L.

We do not prove this corollary here because a strengthening of it will
be given in the next section, where it will be seen that a notion called
model-wise devivability is more to the point than the notion of derivability.

Ill: MODEL-WISE DERIVABILITY AND EXTENDIBILITY

1 Interpretations, Tautologies, and Valid Rules. By an interpretation of a
system L = (L,T,R) we mean an ordered triple M = (u,v,T'), where u
is a non-empty set, v C 4, and I" is a mapping such that for each n-ary
connective f of L, I'(f) is an n-ary operation on #. We call the members
of u values, those in v designated, and those in u - v undesignated.

Given an interpretation M = (u,v,I') of a system L = (L,T,”) and
a mapping o : V — u, we define AT: L —u recursively, as follows: Let
@eL. Then

(i) if @ eV, then AT(@) = oA (@),
and

(ii) if @ =f@1 ... @, then AT(@) = T(A(AT(@1), . . ., AT(@,)).

By an M -tautology, we mean a formula ¢e £ such that AT(¢)ev for
every o : V- u. We write g ¢ to mean that ¢ is an M -tautology.

A rule ¢y, ..., ¢,=> ¢ for L is said to be (weakly) M -valid in
case |gy Subst,(¢) whenever u:V — L such that |=g Subst,(@;) (1 <i=<n);
it is said to be strongly M -valid in case AT'(¢) is designated whenever
oA : V —u such that AT (¢;) is designated (1 =i = n) (see Harrop [2] for the
distinctiorz between weak and strong validity). We write ¢, . . ., @, l=m 17
to mean that ¢,, . . . , ¢,= @ is strongly M -valid.

By a (weak) model of L (resp. strong model of L), we mean an inter-
pretation M = (u,v, ") of L such that every theorem of L is an M -tautology
and every rule of L is (weakly) M-valid (resp. strongly M-valid).
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2 Model-Wise Devivability. A rule ¥ shall be called model-wise devivable
in L in case 7 is weakly valid in every model of L. It shall be called
model-wise non-devivable otherwise. Given an expression E and symbols
Xy oo Xy

Yoo Yn
from E by replacing each occurrence of x; in E by y; (1 =i < n).

X1y« o vy Xny Y1y« o« y Vny E[ ] shall denote the expression obtained

Lemma. For every vule v for L which is admissible in L, if v is model-
wise non-devivable in L, then theve is an extension of L in which v is
tnadmissible.

Proof. Suppose that 7 is a rule for L which is admissible in L, and
suppose that M = (u,v, ') is a weak model of L in which # is not weakly
valid.

Let T’ = the set of all M-tautologies. Let u: V- L and let peT’.

Let a4, . . . , @, be the variables in ¢.
N ;e a,
Then Subst,(¢) = (p[Subsf#(al) . Subsr#(a")] :

Let of : V = u be arbitrary. Since ¢ e T’, A'I'(¢) € v for every
A': V> u Define oAg: V- uby oAola) = AT (Subst,(a)) (@€ V). Now, it is
trivial to see that for every ¥ e.L, AT (Subst,(¥)) = A I'(Y). Thus
AT (Subst, (@) = AoT(¢) ev. Hence, Subst,(¢) e T’. Thus, T’ is closed under
substitution. Moreover, since M is a weak model of L, T’ is closed under
R; and since there are admissible rules (e.g., ) which are not weakly
valid in M, T’ is a proper subset of L, and T is a proper subset of T’.
Thus, L’ = (L,T’,R) is an extension of L, which proves the lemma.

We note in passing that in [4], Hiz showed that modus ponens is non-
derivable in H actually by showing that it is model-wise non-derivable in H.
Clearly, by the derivability principle (see Il), every model-wise non-
derivable rule is a non-derivable rule.

Theorem. Let v be any vule for L which is admissible in L. Then the
following conditions ave equivalent:

(i) 7 is model-wise non-devivable in L.
(ii) There is an extension of L in which v is inadmissible.

Proof. (i) — (ii) is immediate from the lemma. We show the converse.
Suppose that L’ = (T’, R) is an extension of L in which # is inadmissible.
Let # =L and v = T’, and let I'(f) (@1, . . ., @u) = f@1 ... @, for all
@1, -+ ., ¢, €L and every n-ary connective f(n = 1). Let M = (u,v,T').

It is a trivial matter to see that for every ¢ ¢ L and every o : V - u,
AT(@) = Subst,(¢). Thus we have that every theorem of L is an M-
tautology. Moreover, since T’ is closed under R, every rule of R is weakly
valid in M. Hence M is a weak model of L. But since 7 is inadmissible
in L’, T’ is not closed under 7, and thus # is not weakly M -valid, which
proves the theorem.
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The corollary to the derivability principle states that every derivable
rule of L is admissible in L and in every extension of L. More strongly,
it can be shown that if a rule  for £ is model-wise derivable in L, then »
is admissible in L and in every extension of L—for given any logistic
system L, = (L,T,, Ry), the trivial Lindenbaum model QJILO =(L,T,, T)
where I'(f) (@1, . . . , @) =f¢, . .. @,, is easily seen to be a weak model
of L, in which a rule is weakly valid if, and only if it is admissible in L,,
and thus, since 7 is model-wise derivable in L, it is weakly valid in M,
hence is admissible in L, and thus, by the preceding theorem, 7 is admis-
sible in every extension of L. Moreover, the converse of this follows
immediately from the preceding theorem. Thus, we have established

Corollary 1. A vule v for L is model-wise derivable in L if, and only
if v is admissible in L and in every extension of L.

Now, the corollary to the derivability principle also states that for a
system L = (L,T,R) which has the falsehood property, if L is extendible,
then there is a rule for J which is admissible in L but is not derivable in
L. More strongly, it can be shown that for a system L = (.L, T,R) which
has the falsehood property, if L is extendible, then there is a rule for £
which is admissible in L but is model-wise non-derivable in L—for given
an extension L’ = (L,T,R) of L, letting ¢ e T’ - T, and letting ¢, be a
substitution instance of ¢ which is a falsehood of L, we have that the
rule v: ¢ =>p is admissible in L but inadmissible in L’, and hence, by the
preceding theorem, 7 is model-wise non-derivable in L. Moreover, the
converse of this follows immediately from the preceding theorem. Thus,
we have established

Corollary 2. Suppose that L has the falsehood property. Then L is ex-
tendible if, and only if theve is a vule for L which is admissible in L but
is model-wise non-devivable in L.

IV: THE COINCIDENCE OF ADMISSIBLE AND DERIVABLE
RULES—CLASSICAL SYSTEMS AND FAITHFUL MODELS

1 Firm Completeness. Given a strong model M of L, we say that L is
firmly complete with respect to M in case

(i) Every M-tautology is a theorem of L,
and

(ii) For every rule ¢, ..., ¢,=>¢ for L, if ¢, ..., @, "m @, then
@1y -+ .5 On @ (ie., every strongly M-valid rule is a derivable
rule of L).

Note that the property of firm completeness with respect to a model
is, in general, stronger than the property of completeness with respect
to a model but weaker than the property of strong completeness with
respect to a model. For systems in which a deduction theorem holds,
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completeness and firm completeness coincide. Also, for any system L,
whenever M is a strong model of L with respect to which L is compact
(i.e., if AT(Y) is designated for every ¢ in some subset S of L implies
AT (@) is designated, then there are ¢,, ..., @, € S such that ¢, ...,
©n Eq @), then firm completeness of L with respect to M coincides with
strong completeness of L with respect to M.

2 Systems Having Faithful Models. Let us say that a strong model M =
(u,v,T') of L is faithful in case

(i) L is firmly complete with respect to M,
and

(ii) for every x e u, there is @ e L such that AT (¢) = x for every of : V — u.

This latter condition (ii) may be paraphrased by saying that every
truth-value of the model M is definable in the system L. This is a very
natural and desirable property. In this regard, see Stupecki [10].

Theorem 1. Let L = (L,T,R) be a system which has a faithful model.
Then

(1) Every rule for L which is admissible in L is a devivable vule of L,
and

(2) L has the falsehood property.

Proof. Suppose that L has a faithful model M = (u,v,I').

(1) Suppose that 7: ¢, ..., @,=> ¢ is a rule for L which is admissible
in L. Just suppose that ¢,,..., ¢, ¥ @. Then ¢y, ..., ©, }ém @. Hence
there is of : V — u such that AT(p;) e v (1 < i < n) but AT(¢p) £ v. Let
@, ..., a, be the variables occurring in ». For each je{l,...,6k},
let ¢; € L such that A'T(Y;) = A(e;) (1 = j = k) for every A"V — u.

Then, for every A': V ->u, A'T <(p,' [a’ e ak])= AT(p;)ev (1 =i =n),
Vi .Y
a,...a ay ... .
but J’F(<p[wi o 1PZ]> = AT (¢)¢v. Hence, t:mqai[¢/i~ B :;Z] 1<i=n)

a, (73 a, o

e LAY -G = al...ak
and bé””q)[lh- N %]' Thus, u—goi[% o I,Dk] (1=i=<n)and yq)[wl o %].

al...ak al...ak al...ak . .
Thus, <¢1[’~P1 Ce k]’ e %[% Ce I,Uk:l’ (p[lh. .. %]> 1s an appll-

cation in T of 7 ending with a non-theorem, contradicting the assumption
that » is admissible. Thus ¢, ..., ¢, + @, and 7 is a derivable rule.

(2) Let ¢ be any non-theorem. Then by firm completeness, [, ¢. Hence,
there is of : V = u such that AT'(p)eu-v. Let a,, ..., a be the variables
occurring in ¢. Then, for each je {1, ..., k}, let ¥; € £ such that
A'TW;) = AT(aj) for every of’: V - u. Then for every of': V - u,

al’l"(cp[:zl e :"]) eu -v. Hence, for every p: Vv — L and every
1 o s . k
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AV >, al'l"(Subsf# (qﬂ[:;l Lo :’e
1. .Y

A" V. - wu such that A""(a) = A'T'(u(a)) (@ € v), we have that

’” a; ... Qg _ , ;... 0 o e
A F<<P[ e ka = o F<Subsf,u (q)[% o w}g])) € v, a contradiction.

Thus, for every u: V — L, Subst, ((p [;l/l ce :;k
1 ¢ o o b

])) € u - v; for otherwise, letting

]) is a non-theorem, and L
has the falsehood property.

Corollary. Let L be a system which has a faithful model. Then L is not
extendible.

Proof. Immediate from the preceding theorem and the corollary to the
derivability principle.

3 Classical Systems. Let us say that L is weakly substitutional if it is

the case that for every n-ary connective f and for all formulas ¢, . . . , @n,
@Yy ..., o€ L, if ¢; and ¢! are both theorems or are both falsehoods
(1 <i=<mn), then fo, ... ¢, and f¢j ... ¢, are both theorems or are both

falsehoods. A system L shall be called classical in case L has the false-
hood property, L is weakly substitutional, and every rule which is admis-
sible in L is derivable in L.

In the following discussion we assume that L is a classical system.
Let F be equal to the set of all falsehoods of L. Let ~ be the equivalence
relation on [ defined by ¢ ~ ¢ if, and only if ¢ -y and ¥ + @ (¢, ¥ e L).
let U=TUF,u=U/~,andv = T/~. Obviously, a formula ¢ is ~ - equiv-
alent to a theorem if, and only if ¢ is a theorem. Thus v = T/~ = {T}.
Note also that if ¢ ¢ F and ¢ ¢ L - F, then ¢ + i, because there is a
mapping p: V — L such that Subst,(¥)e T (and, of course, Subst,(¢) € F), and
thus ¢ ¥ ¢. Moreover, for ¢, Y eF, ¢ =y and ¥y => ¢ are admissible,
hence derivable rules; and thus ¢ ~ . Thus F/~ ={F}, and« = {T,F}.

For each n-ary connective f, let I'(f): «” - u be defined as follows:

For all x,, . . . , %p€cu, D(f) &y, . . . ,%x,) =f¢1 . . . @y/~, where
@, ex; (1 =i =<mn).

We must see, in fact, that I'(f) is single-valued and assumes only
values in u: Suppose ¢;, ¥; €x; (1 =i =n). To see thatf¢, ... ¢, ~fY,
... Yy, it suffices to show that the rules fo, ... ¢,=fY, ... ¥» and
f ... Yn=Ff@, . .. @,are admissible. Since ¢;, ¥; € x;, either ¢,;, ¥; € T
or ¢;, Y; € F. Hence, since L is weakly substitutional, either f¢, ... ¢,
and fY, . . . Y, are both theorems or are both falsehoods. In either case,
the two rules in question are admissible.

Thus I'(f) is single-valued. That I'(f) assumes only values in « follows
immediately from the fact that L is weakly substitutional. Let M =
(u,v,Ty = {T,F},{T}, T'). It is not difficult to establish

Theorem 2. Every classical system L has a two-valued faithful model,
namely M.
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Corollary 1. Let L be a weakly substitutional system having the falsehood
property. Then the following statements ave equivalent:

(i) L has a faithful model.
(ii) L has a two-valued faithful model.
(iii) Every vule for L which is admissible in L is a derivable rule of L.

Proof. (i) — (iii) by Theorem 1. (iii) — (ii) by the immediately preceding
theorem. (ii) — (i) is trivial.

Corollary 2. Let L be a weakly substitutional system. Then L has a faith-
ful model if, and only if L has a two-valued faithful model.

Proof. Immediate from Corollary 1 and the fact that if L has a faithful
model, then L has the falsehood property.

We note that the classical two-valued systems (with negation) have
the falsehood property, are weakly substitutional, have all their admissible
rules derivable, and have faithful models (i.e., are classical in the present
sense). The system H, however, though having the falsehood property and
being weakly substitutional, has rules which are admissible but non-
derivable, and therefore has no faithful model. This latter fact is im-
mediate from Theorem 1. It is easily seen that if a system has a
two-valued faithful model, then it is weakly substitutional. This fact,
together with Theorems 1 and 2, yields

Theorem 3. A system is classical if and only if it has a two-valued faithful
model.

Let us say that two interpretations (uy,v,,T;) and (u,,v,,T,) are
isomorphic in case there is a one-to-one mapping & of «, onto u,, mapping
v, onto v, and such that ®[T,()(xy, ..., %)) = TN (2[x], ..., &[x:)
for every n-ary connective f and all x,, . . . , X, € #; (such a mapping being
called on isomorphism). Then we have

Theorem 4. A system has at most one two-valued faithful model (up to
isomorphism).

Proof. Suppose M, = (u,,v;, ) and M, = (u,,v,,T,) are faithful models
of the same system L. Say #, = {thfl}9 vy = {t}, u, = {tz,fz}, Uy = {tz}
(obviously, every faithful model has at least one designated value and at
least one non-designated value). It is easily seen that the mapping ® which
takes ¢, to £, and f, to f, is an isomorphism of M, onto M.

Corollary. A classical system has a unique (up to isomovphism) two-
valued faithful model.
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