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EFFECTIVE INNER PRODUCT SPACES
NORTHRUP FOWLER III
1 Introduction Dekker ([1]) introduced and studied a recursive enu-

merable vector space Ur over a recursive field F which is universal for all
countable dimensional vector spaces over F. Many further results were
gotten by Guhl [3], Metakides and Nerode ([7]), and others. The purpose of
this paper* is to introduce a natural inner product on Ur and to show that
the analogues of classical finite dimensional inner product space theory
fail even for the recursive spaces.

2 Preliminaries We assume that the reader is familiar with the nota-
tions, conventions, and results of [1]. We let £ denote the set of non-
negative integers, and we note that 0 plays the role of both the Gbdel
number of the zero element of F and the zero vector of Ur. If B is a repére
(a linearly independent set) in Ur and x is a member of L(B8), we write
suppg(x) for the set of all elements of 8 which have nonzero coefficients
when x is expressed as a linear combination of elements in 3. We let n = pe
be the canonical basis for Ur and write supp(x) for suppy(¥). Following [8],
Chapter 11, we call the field F formally veal if -1f is not expressible in F
as a sum of squares. Note that F is formally real if and only if a sum of
squares of elements of F vanishes only when each element is zero. All
formally real fields have characteristic 0; Q, Q(v2), Q(n) are formally
real, while Q(i) is not.

Definition D1: Let F be any countable formally real field for which there
exists a one-to-one mapping ¢ from F onto € under which the field opera-
tions correspond to (partial) recursive functions. We consider the recur-
sively presented vector space Ur over F constructed in [1]. We define a
function ¢, ) from € x £ — ¢ by
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where x = (x,, %,, . . .)#, Y= (Yo Y15 - - ), and both x, and Y. are Of for
n> k. We call (, ) the standard inner product on Ur and we note that it is
recursive.

From now on, all our fields F will be formally real fields for which the
function ¢ exists.

Proposition P1 The standard innev product on Ug satisfies the following:

(1) for all u, ve Ug, (u, v) = (v, w,

(2) if u, v, we Ug, then (u, v + wy = (u, v) + (u, w), whevre the addition on the
vight is that induced on € by ¢,

(3) if ae F and u, ve Up, then {au, v) = alu, v), where the multiplication on
the vight (veally ¢(a) - {u, v)) is that induced on g by ¢,

(4) if (v, w) = 0 for all we Ug, then w = 0,

(5) if (u, v) = 0, then v = 0, and conversely,

(6) (e;, x) * 0 if and only if e; € supp(x).

Proof: Linear algebra. Q.E.D.

3 Eight propositions The elements u, ve Ur are said to be ovthogonal,
denoted by u Lv, if (u, v) =0. If SC Ur, we denote by S' the set of all
elements we Ur for which (w, s) = 0 for each seS. The proofs of the first
seven propositions follow exactly as in the classical cases (with the added
observation that the Gram-Schmidt orthogonalization process is effective
on r.e. repéres) and are omitted.

Proposition P2 (a) Let SC Ur. Then S' is a subspace of Up and
St nL(s) = {o}.

(o) fSC T C Ug, then T+ < S*.

Proposition P3 If S < U is finile dimensional, then S & St = Up.
Proposition P4 If W, and W, are subspaces of Ug, then

1) (wm+ W)t = win wa,

and

(i) (Wi + W) < (W0 W)t

Proposition P5 Let W, and W, be subspaces of Ug. If for each S < U,
S =S, then equality holds in P4 (ii).

Proposition P6 If a,, @y, . . ., Gn, . . . iS a (finite ov infinite) sequence of
pairwise wmutually ovthogonal non-zevo elements in Ug, then v = pa is a
repere.

Proposition P7 (a) if {x, a;) =0 for 0<i<n and yell(a,, . . .,a,), then
(x, y) =0.
(b) If x, a;) =0for 0<i<nandxelL(a,, . . ., a,, then x = 0.

Proposition P8 Suppose b is a 1-1 recursive function vanging over an
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infinite r.e. repeve . Then theve is a 1-1 recursive function b whose rvange
is an infinite r.e. vepéve B such that

(i) (vm)[L(b, . . ., bﬁ) =L, . . ., ba)],
(ii) The elements of B are paivwise mutually orthogonal.

We note that in the proof of P8, B can be gotten uniformly from B by
refining 8 according to the order of presentation by b. We call the process
vefining B into an ovthogonal vepéve according to b.

Proposition P9 Every r.e. space over F has a vecuvsive ovthogonal basis.

Proof: It suffices to note that since F has characteristic 0, it is infinite.
Then by suitable scalar multiplication, if necessary, the function b of P8
can be made strictly increasing.

4 The main construction The r.e. space W < Up is called a recursive
space if there is some r.e. space V such that W ® V' = Ug. In the past,
recursive spaces have proved to be the easiest to work with effectively.
We show below that under these conditions the worst pathologies exist.

Lemma L1 Define the recursive function o by

a(0) =a(l) =1
a(m) =a(n - 1) +[a(n - 1D, for n=2.

Then for alln=1,1+[a()F +...+[a(®] - a(n + 1) = 0.

Proof: By induction on #. We note here that a(2) = 2, a(3) = 6, a(4) = 42,
etc. Q.E.D.

Proposition P10 (a) There exists a recursive space S such that S is an
infinite dimensional proper subspace of Ur and st= {o}.

(b) There exists a recursive space S such that (S*)* # S.
(c) There exists a recursive space S such that S ® S* £ Ug.

Proof: Clearly (a) implies (b) and (c). We focus on (a) and define the
recursive function d by

d(0) = & + e

d(1) =e, - e, + e

d(2) = - e, - 2e, + e

d(3) =¢, - e, - 2e, - Be; + ¢4

d(4) = e, - e, - 2e, - 6e; - 42¢, +

n

d(n) = ¢, - <Z_)1°(i)€i) + €pqy, fOr > 1,
We note that n = pe is a orthonormal basis for Up under (,). Let 5 = pd,
S =L(6). We claim:

(1) 6 is a recursive repére,
(2) 5 U{eo} is a recursive basis for U,
(3) Sis a recursive space,
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(4) for all 0 <% £n, (d(k), d(n)) = 0,
(5) st ={o}.

The first three are straightforward.

Re (4). The case when % = 0 is immediate. Suppose k= 1. Then

d(R) = e, - (,Zi;l a(i)e,) + ey
k

d(n) = ¢, - (;Z=;1 a(i)e,‘) - a(k+ 1)epy, —( Z”} c(i)ei) + €pty.

i=k+2
k
We have (d(%), d(n)) = 1 + ,2 [a(®] - a(k + 1) = 0 by L1.

Re (5). Let xeS'. Then xe Ur implies that there exists a p such that
xel(e, €1, . . ., ). Note that dy, dy, ..., dp- €+, are p+1 mutually
orthogonal elements in L(eo, . . ., &), and hence by P6 form a basis for
L(eo, . . ., ). Furthermore, (x,d(?)) =0 for all >0 and e+ ¢ supp(¥)
imply (x, d - €p+1) = 0. Thus x = 0 by P7 (b). Q.E.D.

We will modify the proof above several times in what follows.

Proposition P11 There exist vrecursive spaces S, and S, such that
(S: N Sy)t £ St +S5, and hence the inequality in P4 (ii) cannot be strengthened
to equality even for recursive spaces.

Proof: Define recursive functions b and d similar to the definition of d in
the proof of P10 as follows:

b(0) = e, + e, d(0) = e, + e,
b(1) = ¢, - e, + e, d(1) = ¢, - e, + ¢,

and for n = 2:

n=1
b(n) =€y - €, - (lz=>l G(z‘ + 1)62,) + €5y,
n=-1

d(n) = ¢ - e, - (?1 a(Z + l)ezi+1) + €ap41.
Let 8=pb, 6 =pd, S, = L(6), S, = L(8). The proofs of the following claims
are left to the reader.

(1) L(ey, e,, €4, . . .) and L(e,, e, €5, . . .) are r.e. complementary spaces
for S; and S, respectively,

(2) B and 6 are infinite r.e. repéres, hence S, and S, are recursive spaces,
(3) sin Sy = L(eo + 31),

(4) Sll = L(ez, 84, 66, .. ')’ Sg‘ = L(eay e.’n 37, . . ')’

(5) (5. n Sz)l =L(e - ey, e, 658 ...),

(6) (Sil + Sél) = L(ea, €3, €4, €5, . . -)-

Clearly (5) and (6) give us the desired conclusion. Q.E.D.

5 Orthogonal complements In light of P10 (c), we denote by O.C. the
family of all subspaces W of Ur such that W @ W' = Up.
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Proposition P12 Card(0.C.) = ¢.
Proof: Let o C €. Then L(e(0)) e O.C. Q.E.D.

We show below that even in O.C. the theory is not smooth by showing that
there exist recursive spaces in O.C. whose orthogonal complements are
not r.e.

Definition D2: For SC Ur and xe Up, we say that x is orthogonal to S,
denoted {x, S) = 0, if xe SL.

Proposition P13 Let W< Ug and let W= L(B), then {x, W) = 0 if and only if
(x, B = 0.

Proof: Linear algebra. Q.E.D.

Proposition P14 Let We O.C. be r.e. Then W' is r.e. if and only if for
each x ¢ Ug we can effectively test {x, W) = 0.

Proof: If Wlis r.e., then Wis recursive. Given x¢ Ug, we can effectively
express x as w +w where weW and we Wi, Then (x, W) = 0w = 0.
Conversely, if we can effectively test for each xe Ur whether or not
(¥, W) = 0, then clearly W' is r.e. Q.E.D.

Definition D3: For x € Ug - {0}, we define

(i) z(x) as the element of least index (w.r.t. the function e) in supp(x),
(ii) t(x) as the index of z(x),

(iii) m(x) as the element of largest index in supp(x),

(iv) u(x) as the index of m(x).

Clearly, z(x),t(x), m(x), and u(x) are partial recursive functions of x with
domains € - {0}. If S C Ug, we let m(S) denote the set {m(x)|xe S - {0}} and
similarly for z(S). We note the following properties of the functions m
and z:

(a) Let Wbe a r.e. space. Then m(W) is an r.e. set and W is recursive if
and only if m(W) is a recursive space [3], P1. 14.

(b) Let W be any space and B any basis for W. If m is 1-1 on B, then
m(8) = m(w) [3], P1. 15.

(c) Every space has a basis on which the function m is 1-1.

(d) Every r.e. space has a r.e. basis on which the function m is 1-1
[3], P1. 17.

(e) Let W be any space and B any basis of W. If z is 1-1 on B, then
z(B) = z(w) [3], P1. 26.

Proposition P15 There exists a vecursive space We O.C. such that Wt is
not r.e.

Proof: Let f be a 1-1 recursive function ranging over a non-recursive
n
subset of {2,4,6,8,...}. Let gn)=1 +1Z‘3 f(). Note that g is a 1-1

strictly increasing function which is recursive and pgc {1, 3,5, 7, .. .}



698 NORTHRUP FOWLER III

Furthermore, for all », f(n) < g(n), and eof and eog are 1-1 recursive
functions, the latter strictly increasing. Hence p(eof) and p(eog) are r.e.
and recursive respectively. Define c(n) = ej(n) + €(n), d(n) = €5(n) - €;(n),
y =pc(n), W=1L(y), 6 =pd(n), V=1L().

Note that Wo Ve L(y - (o(eof) Upleog))) = Urand W= Ve L(n - (pleof) U
pleog))). Since m(c(n)) = m(d(n)) = e(g(n)) is a 1-1 strictly increasing
recursive function of n, ¥, and 6 are bases for the recursive spaces W and
V respectively. If w! were r.e., we could effectively test (e,,, W) for each
n and thus p(eof) would be recursive. Q.E.D.

6 Decidable spaces The r.e. space W is said to be decidable if the set
Ug - W is r.e. Guhl [4] has shown that if F is infinite, then there are
decidable spaces which are not recursive. In light of our previous
examples we ask the following two questions:

(i) If Wis r.e.and W!is r.e., is W ® W' decidable?
(ii) If W is r.e. and for each xe Ur we can effectively test (x, W) = 0, is
W © W' decidable?

It is clear that a positive answer to (i) implies a positive answer to (ii).
Proposition P18 below gives a negative answer to (ii).

Proposition P16 Suppose W @ W' £ Up and xe Up - (W & W'). Let B be an
orthogonal basis for W wheve B = pb, a 1-1 function. Suppose
k

x = iZ{’ aje;;, where wolog we assume that (e;,., W)+0for 0<j<k.

Then:

(a) (x, b,) # 0 for infinitely many n,
(b) for at least one j(0 < j < k), (e,-l. , bny # 0 for infinitely many n.

Proof: Clearly (a) =>(b). Now suppose (a) is false, say (x, b,) = 0 for all

butp=3j, ... js. Letu =x - z where
(x, bf,') (x, b/s>
z=<x’ bi,-> 7 +...+m s -
Then x =u + 2, ze W, ue Wl and thus xe W @ W., contrary to the choice
of x. Q.E.D.

Proposition P17 Let W£ Ur and B be an orthogonal basis for W where
B = pb, a 1-1 function. Let e,en. Then (e, by) # 0 for infinitely many k if
and only if e, € Up - (W @ W').

Proof: The ‘“if”’ part follows directly from P16. The converse will follow
from: if xe W ® W1, then (x, b,) # 0 for at most finitely many k. Suppose
x=u+v where ue W, ve WL Then (x, §) =(u, b). If u=ab; +...+
abi,, then (u, b,) # 0 if and only if ke {3, . . ., i,}. Q.E.D.

Proposition P18 There exists a r.e. space W such that
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(i) for all x € Up, we can effectively test (x, W) = 0,
(ii) Ug - (W @ W') is not r.e.

Proof: Let a be the function defined in L1. Let p be the function which
enumerates the primes in order, i.e., p(0) = 2, p(z) = nth odd prime. It is
well known that p is 1-1, strictly increasing and recursive; let 7 = pp. For
each 7, define

P, = {pk(n)]k > 1} and P} = {e(x)|x € P,}
Let T=¢- (UCP,,), r*={e(*)|xeT}=n- (UCP’,'.‘). Let ¢ be the principal
ne ne

function of I'; note that ¢ is 1-1, strictly increasing and recursive. Define
the 1-1 recursive function d(#z, n) of two variables as follows:

d(0,0) = e, + €, = e,q) + ey)
n

d(0,7) = ¢, - (E1 a(i)ez(i)> + €1(n41), for n =1,
i=

for m = 1, we proceed as follows:
d(m,0) = ey(n-1) + € (m-1))2>

n
d(m,n) = ey(m-1) - (Z}l a(i)e(p(m_l));.,.1 + €y (mr)) n 22 for n > 1.

For a fixed m, let @, = pd(m, n). We note the following four facts:

(i) for all m, n, if m # n, then supp(@,) N supp(@y) = D,
(i) supp(Q) C T'*, and if m > 1, then supp(Q,) C Pi-1,
(iii) n € U supp(Qn),

meE
(iv) pd is an orthogonal repére.

Now let f be a 1-1 recursive function ranging over a non-recursive subset
a of 7. Let a'=7 - a; thus a' is not r.e. The goal of the following con-
struction is to modify the definition of d(m,#) above in such a way that the
resulting orthogonal repére spans W and e(r) N (Ug - (W e WY)) is e(a’). We
define two 1-1 functions d and ¢ such that W= L(pd) and W! = L(p¢). d will
be very similar to d; the only change is if f(k) = p(m - 1), then we define

d(m,n) = €(p (m-1)+2> for alln = k.
Otherwise, d(m, n) = d(m,n). Note thatd is recursive: to compute d(m,n),
first compute f(0), ..., f(r). If none of these is p(m - 1), then d(m,n) =

d(m,n). If f(k) = p(m - 1) for some 0 <k <n, thend(m,n) = €(p(m-ryntz- WE
define ¢(0) = e/(0). For & =1, if f(k) = p(m - 1), we define

k
c(k) = ep(m-l) - (2 a(i)e(p(m_l))i+l)~

We note that ¢ is also recursive. As an example, suppose f(4) = p(1) = 3.
Then

§(4,0) =€3+ €
d(4,1) = e; - eg + €y,
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d(4,2) = e; - eg- 2e57 + €5,
§(4, 3) = e3 - eg - 2e37 - Beg; + €343
2(4, 4) = eqz
d(4,7) = e_,yp, for n >4
c(4) = e;5 - eg - 25, - Beg, - 42¢,.

Note that L(d(4,0), . . .,d(4,3), c(4)) = L(es, s, €1, €q1, €245). For fixed m
define @n = pd(m,n). We note that facts (i)-(iv) are true when @, is
replaced with @,. Let 6 = U Q., v =pc. Theny USJ is a repére since vy is

mee

orthogonal and {c(%), 6) = 0 for all k.. Since y and 6 are each r.e., W = L(5)
and S = L(y) are each infinite dimensional r.e. spaces. We claim:

(1) for each x € Ug, we can effectively test (x, W) = 0,
(2) wt=s,
(3) W © W' is not decidable.

Re (1I). Let xe Up. Then x = aye; + ...+ 0pei,. By lookingate;, ..., e,
we can effectively decompose x uniquely into a finite number of pieces

X=X+ Kt Xy

such that @ ¢ supp %j, € supp(Qj,). Note that for all j,, n such that j, # =,
(%j,, @u = 0. Then {x, W) = 0 if and only if (x, 6) = 0 if and only if (x;,, @;,) =
0, for k=1,2,...,q. Each of these last g conditions can be effectively
tested as follows:

Case 1. j,=0. Let e;;) be the element of maximum index in supp(x;,).
Compute d(0,0), ..., d(0,7). Then (x;,,Qj;) = 0 if and only if (x;,, d(0,0) =0
and . . . and (xj,, d(0,7)) = 0. By the same reasoning as in the proof of
P10 (5), this happens if and only if xj,= 0.

Case 2. j,=s>0. Let o (s-1))" be the element of supp(x;,) of largest index.

Compute d(s,0), . . ., d(s, v - 2), d(s, » - 1).

Subcase 2.1. Card (supp(d(s, 7 - 2))) = 1. Then d(s, r - 2)
(xj,,d(s, 7 - 2)) #0.

Subcase 2.2. Card(supp(a(s, r -2))) >1and card(supp_(c—l(s, v - 1)))_= 1. Then
%jp € Lep(s-1)s + - o €(p (s-1))7-1» e(p(s_l))r), ie., %, elLd(s,0),...,d(s, 7 -2),
c(» - 1). Then (xik, Qik> =0 if and only if x;, € L(c(» - 1)) and this can be
effectively tested.

Subcasg 2.3. Card (supp(d(s, 7 -_2))) > 1 and card(supp (s, » - 1))) > 1. Then
%, € L(d(s, 0), . . ., d(s, 7 - 2),d(s, 7 - 1) - e(p(s_l)),.ﬂ) and, as in Case 1,
(%, @j) = 0 if and only if x;, = 0.

Re (2). If {x, W) = 0, then the proof of (1) implies that x ¢ S, and thus W' < S.
Conversely, {(c(k), 5) = 0 for all k implies that S < W+,

= €p(s-nyr 2nd

Re £3). Let p be a prime. By P17, ¢, Up - (W @ w') if and only if
(ep, d(m,n)) # 0 for infinitely many pairs (m, n). Suppose p = p(s - 1). Then
by construction, e e U - (W w1) if and only if (e, d(s,n)) # 0 for infinitely
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many n. Again by construction, this can happen if and only if pea’. Thus
e(r) N (Ug -(WeW') =el(a"). If We W' were decidable, e(a’) (and hence a')
would be r.e., a contradiction to the choice of the function f. Q.E.D.

The reader can easily show that if Z = L(pd) as defined in the beginning of
the previous proof, then Z is an infinite dimensional recursive space with
infinite codimension and Z* = (0). The space W constructed in the previous
proof is also an infinite dimensional recursive space with infinite codimen-
sion. In both cases, T=L({ejlj=0 or jer)) is an r.e. complementary.
space. We summarize this in the following.

Proposition P19 There exist three infinite dimensional r.e. spaces W, Z, T
such that

i) ZoeT=W®eT= U,
(i) z!=(0) so Z ® Z*is recursive,
(iii) W ® W' is not decidable.

Proof: P19 and previous remarks. Q.E.D.
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