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A Conjecture on Numeral Systems

KARIM NOUR

Abstract A numeral systemisan infinite sequence of different closed normal
A-termsintended to code the integersin A-calculus. Barendregt has shown that
if we can represent, for anumeral system, the functions Successor, Predecessor,
and Zero Test, then al total recursive functions can be represented. In this paper
we prove the independancy of these three particular functions. We give at the
end a conjecture on the number of unary functions necessary to represent all
total recursive functions.

1 Introduction A numeral system is an infinite sequence of different closed gn-
normal A-termsd = dg, dy, ..., dn, ... intended to code the integers in A-calculus.
For each numeral system d, we can represent total numeric functions as follows. A
total numeric function ¢ : NP — N is A-definable with respect to d if and only if

Hvanl,...,npeN(Fwdnl,...,dnp) :ﬁ d(ﬂ(nl ’’’’’ np)

One of the differences between our numeral system definition and the Barendregt's
definition given in[1] isthe fact that the A-terms d; are normal and different. Thelast
conditions alow with some fixed reduction strategies (for example, the left reduction
strategy) to find the exact value of a function computed on arguments. Barendregt
has shown that if we can represent, for a numeral system, the functions successor,
predecessor, and zero test, then all total recursive functions can be represented. We
prove in this paper that these three particular functions are independent. We think
itis, at least, necessary to have three unary functions to represent all total recursive
functions.

This paper isorganized in the following way. Section 2 isdevoted to preliminar-
ies. In Section 3, we define the numeral systems and we present the result of Baren-
dregt. In Section 4, we prove the independency of the functions successor, predeces-
sor, and zero test. We give at the end a conjecture on the number of unary functions
necessary to represent all total recursive functions.
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2 Notations and definitions  The notations are standard (see [1] and [2]).
1. We denote by | (for identity) the A-term Axx, T (for true) the A-term AXAyX,
and by F (for false) the A-term AxAyy.
2. Thepair (M, N) denotesthe A-term AxX(X M N).
3. The B-equivalence relation is denoted by M ~g N.

4. The notation o (M) represents the result of the simultaneous substitution o to
the free variables of M after a suitable renaming of the bound variables of M.

5. A Bn-normal A-termisaa-term which doesnot contain either a 8-redex (i.e., a
A-term of theform (Ax M N)) or an n-redex (i.e., ar-term of theform Ax(M x)
where x does not appear in M).

The following result is the well-known Bohm Theorem.

Theorem 2.1 If U, V are two distinct closed Bn-normal A-terms then there is a
closed A-term W such that (WU) ~g T and (WV) ~4 F.

1. A )-term M either hasaheadredex (i.e., M = AXq, ..., AXn((AXU V) V1, ...,
Vm), the head redex being (AxU V)), or is in head normal form (i.e., M =
AX1, .oy AXn (XV1, ..., Vin)).

2. Thenotation U > V meansthat V is obtained from U by some head reductions
and we denote by h(U, V) the length of the head reduction between U and V.

3. A i-termissaid to be solvableif and only if its head reduction terminates.
The following results are well known.

1. If Mis g-equivalent to a head normal form then M is solvable.
2. If U >V, then for any substitution o, o(U) > o(V), and h(o(U), o(V)) =
hU, V).

In particular, if for some substitution o, o(M) is solvable, then M is solvable.

3 Numeral systems

1. A numeral systemisaninfinite sequence of different closed 8n-normal A-terms
d=doy,dg,...,dn,....
2. Let d beanumeral system.

(@) A closed A-term & is called successor for d if and only if
(S dn) g dnyq forall ne N.

(b) A closed A-term Py iscalled predecessor for d if and only if
(Pgdny1) =g dnforal neN.

(c) A closed A-term Zy iscalled zero test for d if and only if

(Zgdo) =g T and (Zgdnt1) =g F foralneN.

3. A numerd systemis called adequate if and only if it possesses closed A-terms
for successor, predecessor, and zero test.
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Example 3.1 (The Barendregt numeral system) For each n € N, we define the
Barendregt integer nby : 0= | and n+ 1 = (F, n). It iseasy to check that

= AX({F,X),

= AX(XF),

= AX(XT).

NI ol vl

are respectively A-termsfor successor, predecessor, and zero test.
Example 3.2 (The Church numeral system) For each n € N, we define the Church
integer n=AfAX(f(f, ..., (fx),...)) (f occursntimes). Itiseasy to check that

= AnAfAx(f (nfx)),
= An(nU(0,0)T) whereU = ra((s(aT)), (aF)),
ANMAXFT).

are respectively A-terms for successor, predecessor, and zero test.

IN [T ln

Each numera system can be naturally considered as a coding of integers into A-
calculus and then we can represent total numeric functions as follows.

A total numeric function ¢ : NP — N is A-definable with respect to anumeral
systemd if and only if
IR, VN, ...,np e N(F,dn,....dn,) 2p dyeny....np)-
The zero test can be considered as a function on integers.
Lemma3.3 Anumeral systemd hasa A-termfor zerotestif and onlyif thefunction

¢ defined by : ¢(0) = 0and ¢(n) = 1 for every n > 1 is A-definable with respect to
d.

Proof. It sufficesto seethat dy and d; are distinct 8n-normal A-terms. O
Barendregt has shown in [1] that

Theorem 3.4 Anumeral systemd isadequateif and onlyif all total recursive func-
tions are A-definable with respect to d.

4 Someresultson numeral systems

Theorem 4.1 Thereisanumeral systemwith successor and predecessor but with-
out zero test.!

Proof: ForeveryneN,letay = AXq, ..., AXyl. Itiseasy to check that the A-terms
Sy =rnaxnand P; = An(nl) are A-terms for successor and predecessor for a. Let
v, X, y be different variables. If a possesses a closed A-term Z, for zero test, then

x ifn=0

(ZaanXy) g {y ifn>1

and
X ifn=0

(ZaanXY)>{y |fnZl
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Therefore (Z, v xy) is solvable and its head normal form does not begin with A. We
must look at three cases.

1 (ZavXxy) = (XU, ..., U, then (Zgai Xy) # Y.
2. (ZavXy) > (YU, ..., U), then (Zaagxy) # x.
3. (ZavXy) > (vUg, ..., Uy, then (Zaax, 2 XYy) # V.
Each caseisimpossible. O

Theorem 4.2 Thereisanumeral system with successor and zero test but without
predecessor.

Proof: Let by = (T, 1) and for every n > 1, b, = (F, an_1). It is easy to check
that the A-terms S, = An{F, ((nT) agAX(nF))) and Z, = An(nT) are A-terms for
successor and zero test for b. If b possesses aclosed A-term Py, for predecessor, then
ther-term P, = An(P, (F, n) T) isai-termfor zerotest for a. Thisisacontradiction.

U

4,1 Remarks

Remark 4.3 Letby = by, b} =g, andfor every n> 2, by, = by. Itiseasy to check
that the numeral system b’ does not have A-termsfor successor, predecessor, and zero
test.

Remark 4.4 Theproofsof TheoremsZ.TJand@-Ztest on thefact that we are consid-
ering sequences of A-termswith astrictly increasing order (number of abstractions).
Considering sequences of A-terms with a strictly increasing degree (number of argu-
ments) does not work as well.

See the following example. We define0 = | and for eachn > 1, i = AX(XX, ..., X)
(x occursn + 1times). Let

= AnAX(nxXx),
= AN(NAIIT) where A= AXAy(yX),
= Anax(nUF) where U=1y(yVI) and V =xrarbicrd(da(cx))

T Nt U

It iseasy to check that S, Z, and P are, respectively, A-terms for successor, zero test,
and predecessor.

4.2 Definitions

1. We denote by A° the set of closed A-terms and by A?! the set of the infinite
sequences of closed normal A-terms. It is easy to see that A° is countable but
Alisnot countable.

2. For every finite sequence of A-terms U4, U,, ..., U, we denote by
(U1, Uy, ..., Up) thea-term (..., ({I,Uq), Us), ..., Up).

3. Let U =U,,U,,...beasequence of normal closed A-terms. A closed A-term
Aiscaled generator for U if and only if :

(A1) ~5 Uy
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and
(A(Uq, Uy, ..., Up)) =g Upyq foreveryn>1

Lemmad4.5 Thereisa sequence of normal closed A-terms without generator.

Proof:  If not, let ¢ beabijection between A® and N and & thefunctionfrom At into
A0 defined by thefollowing: @ (U) isthe generator Gy such that ¢(Gy) isminimum.
It is easy to check that ® isaoneto one mapping. Thisisacontradiction. O

Theorem 4.6 Thereisanumeral systemwith predecessor and zero test but without
SUCCESSOT.

Proof: Let ebe asequence of normal closed A-terms without generator. Let ¢ = |
andforeveryn> 1,c, = (Ch_1, €n). Itiseasy to check that the A-terms P. = An(n'T)
and Z. = Aan(nAxayl T F T) are A-termsfor predecessor and zero test for c. If ¢ pos-
sesses a closed A-term S; for successor, then the A-term S, = An(SnF) isagener-
ator for e. Thisisa contradiction. O

Theresult of Barendregt (Theorem[3.4) meansthat, for anumeral system, it sufficesto
represent three particular functionsin order to represent all total recursive functions.
We have proved that these three particular functions are independent. We think it is,
at least, necessary to have three functions as is mentioned below.

Conjecture4.7 Therearenototal recursivefunctions f, g: N — N such that for
all numeral systemsd, f, g are A-definable if and only if all total recursive functions
are A-definable with respect to d.

If we authorize the binary functions we obtain the following result.

Theorem 4.8 Thereisabinary total function k such that for all numeral systemsd,
kisA-definableif and only if all total recursive functions are A-definable with respect
tod.

Proof: Let k be the total binary function defined by

n+1 ifm=0

k(n,m):{ In—m| ifm=#£0

It suffices to see that
K(n. n) = 1 ifn=0
71 0 ifn#£0,

k(n,0)=n+1,
k(n,1)=n—-1 ifn=#0.
O
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1. Thistheorem isthe exercise 6.8.21 of Barendregt's book (see[1]). We give here a proof
based on the techniques developed by J.-L. Krivinein [3].

REFERENCES

[1] Barendregt, H., The Lambda Calculus, Its Syntax and Semantics, North-Holland, Am-
sterdam, 1984.[Zbl 0551.03007IV R 86a:03012]

[2] Krivine, JL., Lambda Calcul, Types et Modéles Masson, Paris, 1990. Zbl 0697.03004]
MR 937030191

[3] Krivine, JL., “Opérateurs de mise en mémoire et traduction de Godel,” Archive for
Mathematical Logic, vol. 30 (1990), pp. 241-67. IZMZ—MW

[4] Nour, K., “An example of a nonadequate numeral system,” Comptes Rendus de
I’ Académie des Sciences, t. 323, Série 1 (1996), pp. 439-42.[VIR 97d:03008]

LAMA Equipe de Logique
Université de Savoie
73376 Le Bourget du Lac
FRANCE

email: |nour@univ—savoie.fr |



http://www.emis.de/cgi-bin/MATH-item?0551.03007
http://www.ams.org/mathscinet-getitem?mr=86a:03012
http://www.emis.de/cgi-bin/MATH-item?0697.03004
http://www.ams.org/mathscinet-getitem?mr=93i:03019
http://www.emis.de/cgi-bin/MATH-item?0712.03009
http://www.ams.org/mathscinet-getitem?mr=91j:03011
http://www.ams.org/mathscinet-getitem?mr=97d:03008
mailto: nour@univ-savoie.fr

