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LITTLEWOOD-PALEY OPERATORS AND SOBOLEV SPACES

SHUICHI SATO

ABSTRACT. We prove some weighted estimates for two kinds of
Littlewood—Paley operators related to the Riesz potentials, which
can be used to characterize the weighted Sobolev spaces. Also,
we show the boundedness from the weighted Hardy space H,,
to the weighted weak L' space of a Littlewood-Paley operator
arising from spherical means.

1. Introduction

Let
00 1/2
u(f)(x)z(/o |F(x+t)+F(x—t)—2F(a:)2%)

be the Marcinkiewicz integral, where F(z) = [ f(y)dy. Then, if f € LP(R),
1 < p < oo, we have

(L.1) e, = 11

where ||u(f)|l, = | fl|, means that there exist positive constants ¢, co inde-
pendent of f such that

cflwhHI, < 11l < ezl

This can be rephrased as ||v(f)||, =~ || /|l if f is in the Sobolev space W1 (R),
1 < p < o0, where

V(f) () = (/Ooolf(x+t)+f(:c—t) () @)/

3
Historically, an analogue of the Marcinkiewicz integral considered above
was first introduced by [9] in the setting of periodic functions on the torus T,
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1026 S. SATO

where also an analogue of (1.1) was conjectured, which was affirmatively
proved by Zygmund [27] (see also [28]). The non-periodic version (1.1) was
shown by Waterman [24].

If we put ¢(z) = x(0,1)(%) — X[-1,0)(2), ¥e(2) =t '(t" " z), where xp de-
notes the characteristic function of a set E, then u(f) can be written as

(@)= ([ st “”) ,

which is an example of Littlewood—Paley functions.

In this note, we consider two kinds of Littlewood—Paley operators on R™,
which can be used to characterize the Sobolev space W*P(R"™), 0 < a < 2,
1 < p < 00, where we assume that n > 2. The Sobolev space WP (R™) consists
of all the functions f which can be written by using the Bessel potential as
f=Ja(g) = K, * g for some g € LP(R™), where

Ko(8) = (1+47°(¢)

(see [19, Chap. V]). The norm of f in W*P(R") is defined by || f|lp.o = ll9]lp-
Here the definition of the Fourier transform f we employ is

—a/2

R

FO =] fl@e @ dr, (2,6) = wp&.
k=1

Let 0 < < 2. In [1], the operator

1) no@=([o-f s )

was studied, where fB(w)t) f(y)dy denotes |B(xz,t)|~* fB(a:,t) f(y)dy; |B(x,t)]
is the Lebesgue measure of a ball B(x,t) in R™ having center z and radius ¢.
Similar notation will be used in what follows. The operator U; was used to
characterize the space W1P(R"™) in [1].

THEOREM A. Let 1 <p < oo. Then, the following two statements are equiv-
alent:
(1) f belongs to WHP(R™),
(2) feLP(R™) and Ui(f) € LP(R™).

Furthermore, either of the two conditions (1),(2) implies that
|l = IV £,

One of the interesting features of the theorem is that it can be used to
define a Sobolev space analogous to W1P(R") in metric measure spaces.

We focus on functions f in the Schwartz class .#(R") of rapidly decreasing
smooth functions as an initial setting in stating some of the following results.
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Let 0 <o <n and

0y =

where I, is the Riesz potential operator defined by

(1.4) T (1)(€) = (2rlel) " f(©).

Then the following result was also shown by [1].

AN
t1+2a> ’

1(f)(@) - Ji ey

THEOREM B. Suppose 0 < a <2 and 1 <p<oo. Then

[T (O, = 111l

Theorem A can be deduced from this result with o= 1.
We introduce another Littlewood—Paley operator defined as

15 s =( [ )

where do is the Lebesgue surface measure of the unit sphere S"~1 = {z € R™:
|z| = 1} normalized as | gn—1 do=1. Then we have a result for S; analogous
to Theorem B with a=1.

2

L(f)() - / I(f) (@ — ty) do (y)

Sn—1

THEOREM C. Suppose 1 <p < oo. Let f € S (R™). Then
1s DI = 171

This is proved in [6] in an equivalent form and used to characterize the
Sobolev space W1P(R™).

In this note, we shall prove a weighted version of Theorem B. Also, similar
results will be shown for S,, 0 < a < 2, which include Theorem C and admit
weights when 1/2 <a < 2.

We recall the weight class A, of Muckenhoupt. A weight w belongs to A,

1<p<oo,if
’ p=1
sup (][ w(x) dac) (][ w(z) PP da?) < 00,
B \UB B
where the supremum is taken over all balls B in R™ and 1/p+ 1/p’ = 1; the
class A is the family of all weight functions w which satisfy almost everywhere
the pointwise inequality
M(w)(z) < Cw(z),

where M denotes the Hardy-Littlewood maximal operator defined by

M(f)(x) = sup ]{3 L el

t>0
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The weighted Lebesgue space L? is defined to be the class of all the measurable
functions f on R"™ such that

o= ( [ 110wt dz)l/p < co.

Then we can generalize Theorem B to the weighted LP spaces.
THEOREM 1.1. Let 0 < a<2 and 1 <p<oo. Then
[ Ta(H,,.0 = Nfllpw, € (RY),

where w is any weight in the Muckenhoupt class Ap,.

Let 1 <p< oo, >0 and we A,. The weighted Sobolev space W5P(R™)
is defined as the collection of all the functions f which can be expressed as
f=Ja(g) for some g € LP (R™); the norm is defined to be || f|lp a.w = |9 pw-
We note that |J,(g)| < CM(g), since the kernel K, has an integrable non-
increasing radial majorant (see [19], [22] for pointwise evaluation of K,). It
thus follows that J,(g) € LE, if g € L by the weighted LP norm inequality
for the Hardy-Littlewood maximal operator with A, weights, 1 < p < oo (see
[5, Chap. IV] for the weighted LP norm inequality).

Theorem 1.1 implies that U, can be used to characterize the space
WeP(R™) as follows.

COROLLARY 1.2. Let 1 <p<oo, weE A, and 0<a<2. Let Uy be as in
(1.2). Then f € W2P(R™) if and only if f € LY, and Uy (f) € L2; furthermore

we have

11l = 1 Fllpo + [|Ua ()

To prove this from Theorem 1.1, it is useful to notice the following relations
between Riesz potentials and Bessel potentials.

pw’

LEMMA 1.3. Let >0, 1 <p<oo and w e Ap.

(1) There exists a Fourier multiplier € for L such that

(2mlel)” = £() (1 + am?|¢2)*"”,
(2)
(1+47%¢2)*" = m(€) + m(€) (2nle]) "
with some Fourier multiplier m for LP .

This can be proved by relating Fourier multiplier operators with singular
integrals and applying results of [4] (see also [18, Lemma 4]).
Also, we shall prove the following.

THEOREM 1.4. Let S, be as in (1.5) and let f € Z(R™).
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(1) If1/2<a <2, then
[Sa (A, 00 = 11l

for1<p<oo andw € Ap.
(2) If 0 <a<1/2, then we have

1Sa (A, = 151
for p e (2n/(2n + 2a — 1),00); the endpoint 2n/(2n + 2 — 1) cannot be
replaced by a smaller one.

Unweighted estimates of the theorem for 0 < o < 1 is due to [8, Corollary 3].
Theorem 1.4 can be also used to show results analogous to Corollary 1.2.
Theorem 1.1, in fact, follows from more general results. Let

0o 1/2
10 TN = ([ e - L@ )

0

where @ is a bounded radial function on R™ with compact support satisfying
Jgn () dz =1. We have written ®;(z) =¢~"®(x/t). Then, Theorem 1.1 can
be generalized as follows.

THEOREM 1.5. Suppose that T, is as in (1.6) and 0 < <2, 1 <p < oo.
Let f € S (R™). Then
HTa(f)Hp@ =~ | fllpw
for every w e Ay,
If we choose ® = |B(0,1)|"'xp(o,1) in Theorem 1.5, then we have Theo-
rem 1.1.

We shall prove Theorem 1.5 by applying a weight theory of Littlewood—
Paley operators. We consider the Littlewood—Paley function on R™ defined

by
woh = [ ot ”“) ,

where 1) is in L!(R™) such that
(1.7) Y(z)de =
R’VL
In [14], weighted norm inequalities for a class of Littlewood—Paley operators

are shown.

THEOREM D. Suppose that a function v in L*(R™) satisfies (1.7) and the
following conditions:
(1) f|x\>1 |Y()||x|* dx < oo for some e > 0;
(2) Jij<r [¥(@)[* dz < 00 for some u > 1;

(x
(3) Hy € L'(R™), where Hy, is the non-increasing radial majorant of 1 defined
by Hy () = supyy > (o [V (y)].



1030 S. SATO

Then gy is bounded on LE (R™) for all p € (1,00) and w € A,.

Theorems 1.5 and 1.4 for 1 < a < 2 will be derived from Theorem D. See
[2], [5], [7], [17] for relevant results on Littlewood—Paley operators.

Let w € Ay and let H) be the weighted Hardy space of all the functions f
in L1 satisfying

£y = w71, <o,
t>0 1w

where ¢ is a C'*° function with compact support such that fRn o(z)dx =1.
We also prove a result for S/, on HL.

THEOREM 1.6. Let w € A;. Then the operator Sy o is bounded from H,
to the weak L., space:

ililg Mo({z €R": Sy o(f)(x) > A}) <Cullfllmr,

where w(E) denotes weighted measure: w(E) = [, w(x)dx.

We refer to [22], [25], [26] for results relevant to this note. In Section 2, we
shall prove Theorem 1.5. Theorems 1.4 and 1.6 will be proved in Section 3.
Finally, we shall give a proof of Corollary 1.2 in Section 4. The letter C' will

be used to denote a non-negative constant which may be different in different
occurrences.

2. Proof of Theorem 1.5
Let Ly (x) =7(a)|z|*™™, where
~ I'(n/2—a/2)

(%) = 2T (a 2)
Then L, (€) = (27[€])~%, 0 < o < n. If we put

Y(x) = La(z) — @ * La(z),
the operator T, of (1.6) can be written as T, (f) = gy (f) by the homogeneity
of Ly (z). We have

1

@) @) == [(Lale— 1)+ Lala+y) - 2La()200) dy

since ® is radial, and hence even. Because ® is bounded and compactly
supported and L, is locally integrable, we see that

/ La(z — 4)@(y) dy| < C

sup
lz|<1

for some constant C. Using this inequality in the definition of ¢, we have

(2.2) |(z)| < Cla|*™™ for |z < 1.
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By applying Taylor’s formula, we can easily deduce from (2.1) that
(2.3) |[(z)] < Clz|*""% for |z| > 1.
Also, by taking the Fourier transform in (2.1), we see that

@) GO = [(2rle) (S0 4 eI~ 2) () dy.

This implies [{)(€)| < C|€[2~* and hence (1.7), since o < 2. Also, the condi-
tions (1), (2) and (3) of Theorem D follow from the estimates (2.2) and (2.3).
Thus we can apply Theorem D to get

(2.5) I7a(H)], 0 < Coollf s

for 1 <p<oo, weA,.
To prove the reverse inequality of (2.5), we first show that

(2.6) | Ta ()], = call£ll2

with some positive constant c¢,. To see this, we note that the definition of v
(see also (2.4)) implies that

B(&) = (2nl¢]) " (1 - 2(€)),

and note that & is a radial function. From this, we can easily see that
fooo [(t€) |2 dt /t = C,, for some positive constant C,, independent of £. Thus,
the Plancherel theorem implies (2.6) as follows:

Im0lE= [ (1ol )il a=cai

By (2.6) and the polarization identity, we have

h(z)dz =c;? - * f(x * xﬁ
[ rap@dr=c? [ [ v @@,

Thus, applying Hélder’s inequality, for w € A, we see that

dx.

f(@)h(z)dz
-

<c? [ gu(N@ule) Pou)ayu() 7 da
<ca”lgw (D], o llgw ()]

Noting that w=?"/? € A, and using (2.5) for p’ and wP'/P in place of p and w,
respectively, we have

p'w—p' /P’

.- f(l')h(l’) dzx < CHgil)(f)HEth”p’,w*P’/P'

Taking supremum over h with Hh||p,’w,p//p <1, by the converse of Holder’s
inequality on the left-hand side we can get the reverse inequality of (2.5).
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3. Proofs of Theorems 1.4 and 1.6

We first prove Theorem 1.4. Let L, be as in Section 2 and

@)= Lalw) = [ Lala=p)do(y).

Then S, (f) = g¢(f), where the operator S, is as in (1.5). We note that

1

31 <)== [ (Lala=9)+ Lo +9) = 2Lala)) do(y).

(32) (&)= (2nle)) " (1-5(9).
We note that & is a radial function and

[1-5(6)] < Clef,
from which we can prove, in the same way as (2.6), that
(3.3) 1Sa(F)|l, =dallfll2. 0<a<2,
for some d,, > 0.

If 1 <a<2, we see that

sup
|| <2

/ Loz —y)do(y)| < C.
S‘n,—l

By this observation and (3.1), as in the proof of Theorem 1.5, we can see that
the estimates in (2.2) and (2.3) hold with v replaced by ¢. Since we also have
(3.3), we can apply Theorem D and the duality arguments as in the proof of
Theorem 1.5, to get part (1) of Theorem 1.4 for 1 < o < 2.

When 0 < o <1, we cannot apply Theorem D directly, since the condition
(3) of Theorem D fails. However, in addition to Theorem C, [6] proves the
weighted inequality

15, ()]

The reverse inequality follows from this and (3.3) by duality arguments as
above.

To handle the case 0 < a < 1, we consider the Bochner—Riesz mean of order
6 defined as

(3.4 Sh(F)(@) = /W F©) (1= R2g?) e e

= Hjs%*l * f('r)z

< Cpwllfllpw, weAy,1<p<oo.

pw —

where

(3.5) HY (2) = 7 D(6 + D] ~/249) 7, 1,5 (2]
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with the Bessel function J, of the first kind of order v, and a Littlewood—Paley
operator os defined as

o5(f) (@) = ( / Oc!(a/@R)S%(f)(x)IQRdR> -
= ( | 12s(shn@ - sk (@) %R)/

0
Also, let

2u(N) = ([ 1769~ o)l dy)m.
We need the following results.
LEMMA 3.1. Let 0 =a+n/2,0<a<1. Then
o5(f)(x) = Sa(f)(x)
for f e L (R").
LEMMA 3.2. If6 > (n+1)/2, then
los (DI, < Cooll/]
LEMMA 3.3. Let 6 >1/2. Then
los(h)ll, < ol 1y
forpe(2n/(n+25—-1),2], p>1.

pws WEATIp<oo.

LEMMA 3.4. Suppose that 0 < a <1 and 2n/(n+2a) <p < oo. Then
|Za (Lo ()], < Coall Fll-

Lemma 3.1 is in [8, Section 5] and Lemma 3.4 is due to [18] (see [18,
Lemma 1]). For Lemma 3.3 see, for example, [8, Section 7].

I,

Proof of Lemma 3.2. If 6 > (n + 1)/2, by (3.4) and (3.5), we see that
05 = gys) With a radial function 1) satisfying the required conditions on
1 in Theorem D, in particular,

0@ ()| < C5 (1 + []) ™"

Thus we can apply Theorem D to get the conclusion.

We now treat the case § = (n+1)/2. For w € Az, we choose € > 0 such that
wite € Ay. Let 0=1/(1+¢) and 7 =¢(2n — 1)/4. Then §(0) = (n +1)/2,
where

n/2+5—1/2)

1
5(2):%(1—z)+ <n42r +T)z, z=u+1iveC.
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We note that

2n—1 1 2n—1
5(“’):2"‘2( n4 +T>U» 5(1+iv):%+7+i<nT+T>v.

Thus, if we consider the operator o5 with complex values of §, then since
Re(d(iv)) =3/4 > 1/2, we have

(3.6) |o56iv) ()] < Co()[1 £l

(see [21, Chap. VII]). Also, since Re(6(1 4+ iv))=(n+1)/24+ 7> (n+1)/2,
arguing similarly to the case above when ¢ is real-valued, we see that

(37) ||06(1+iv) (f)”g’w1+s <y (U) Hf||2,w1+5 .

Applying analytic interpolation between (3.6) and (3.7) (see [16]), we can
obtain

(3.8) HU(nH y/2( ||2w§C I fll2ws w € As.

We omit the technical details in the interpolation arguments. By (3.8) and the
extrapolation theorem of Rubio de Francia [10] we can reach the conclusion
of the lemma for 6 = (n+1)/2. O

Now we can give a proof of Theorem 1.4 for 0 < a« < 1. By Lemmas 3.1
and 3.2, we have

(3.9) HSa(f)HPM < Cpwll fllp.w

forwe A, 1<p<ooifl/2<a<l.

Suppose that 0 < a < 1/2. By Lemmas 3.1 and 3.3, we see that (3.9)
holds for p € (2n/(2n + 2a — 1),2] when w is identically one; the estimate
is also valid for p € [2,00) by Lemma 3.4, since S, (f) < CZa(1n(f)). The
reverse inequality of (3.9), with weights for 1/2 <« <1 and without weights
for 0 < a < 1/2, follows from duality arguments as above.

To complete the proof of Theorem 1.4, it remains to show the optimality
of the range of p in part (2). It follows from the arguments in [3]. Let

Ay (f)(x) = sup f(f) n(£€)ePmHE)

t>0

n _ —n/2—n+1
€ = 202 ) )™ (3]
be the spherical maximal operator studied in [20]. Define £, (&) = n, (&) (|€]),
where ¢ is a function in C*°(R) vanishing near 0 and Satisfymg p(t) =1 for
|t| > 1 and let

Mo (f)(x) =sup

t>0

F(6)6,(t6) 26 dg‘.

Rn
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The operators .4}, are closely related to the maximal operators defined in the
same manner from

my (€) = 2™ |7 DT (g ).
By the methods of [3], it can be shown that

(@) <Cos(f)(x), 6<(n—1)/2+m,

where § > 1/2. The Littlewood—Paley function considered in [3] is slightly
different from o5, but the same methods apply. By [20] .#, is not bounded on
LP(R™) if p=n/(n+n—1), 0<n<1; the same is true for A7 for 0<n <1
since the difference between .#;, and .#;, can be controlled by the Hardy—
Littlewood maximal operator. Thus, o5 is not bounded on LP(R™) if (n —
1)/2<é<(n+1)/2and 1 <p<2n/(n+ 20 —1). From this and Lemma 3.1,
the result on the optimality of the range of p follows. This completes the
proof of Theorem 1.4.
To prove Theorem 1.6, we recall the following result.

LEMMA 3.5. Suppose that w € A;. Then

iupo)\w({meR":J(n_,_l)/g(f ) > A}) < Cull fllay, -
>

Theorem 1.6 follows from this and Lemma 3.1 with  =1/2. Lemma 3.5
is due to [13]; see also [12] and [11] for the unweighted case and the case of
power weights, respectively.

4. Proof of Corollary 1.2
When g€ LP, 1 <p < oo and 0 < a <2, we show that
(1) Ve (Ta)], 0 + [ a(o)
Let
Fo(R™) ={f € (R"): f vanishes in a neighborhood of the origin}.

We first prove (4.1) for g € S (R™). Let g € % (R™). Then, since U, (Jo(g)) =
To(I-aJa(g)) and I_,J,(g) € L (R™), by Theorem 1.1 we have

(42) e (Ta @], = 1= Ta (@], .

where I_,, is defined by (1.4) with —« in place of a. Part (1) of Lemma 3.1
implies that

Hp7w -

I-ada(@)], ., < Cllgllpas

and hence

(4.3) HUa(Ja(g))pr_OHg”pw
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On the other hand, by part (2) of Lemma 3.1 and (4.2) we have
(14) 9l = [T-ada(@], .

< CllJa9l, ., + Cll-adal9)l],.,

< Ol Ja(9)l],.p + CllUa(Jal9))

where we recall that the Bessel potential operator Jg is defined on .(R") for
any 5 € R by

Hp,w’

To(N©) = (1+472le?) " f(e).
Also we have

Combining (4.3), (4.4) and (4.5), we have (4.1) for g € S (R"™).

Now we show that (4.1) holds for g € L?. We can take a sequence {g}
in .#(R™) such that g — ¢ in L? and J,(gr) — Ja(g) in LE as k — co. By
taking a subsequence, we may also assume that J,(gx) — Ja(g) a.e. For a

small § > 0, let
5 ar \'?
v @ = ([ i@ f ) m)

Then, U(g‘s)(Ja(g)) and Uc(f)(Ja(gk)) are finite a.e. Thus, by the sublinearity
(%) )
of Uy’ and Fatou’s lemma we have

|08 (a(9) = UL (Tali)], < [Va(Tals = 90)]],.,
< 17irILIi>i(£lofHUa (Ja(gm - gk?)) ||

<Cligllpw-

2

p,w’

Thus (4.1) for #(R™) implies that
[T (Ja(9)) = U (Jalg) I, < Climinf [|gm, — g
from which it follows that
(4.6) Jim [[US (Ja(9)) = U (Ja(g) |, = O-
By (4.1) for #(R™), we see that
10 (Ja(g0))
Letting k — oo, by (4.6) we have
[US (Ja(9) |

Thus, letting 6 — 0, we get
’|Ua(‘]a(g))||

p,wy

< Cllgrllp,w-

p,w —

< Cllgllp.aw-

p,w —

< Cllgllp.e-

byw —
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So, now we know that both U,(J,(g)) and U,(Ja(gx)) are finite a.e. There-
fore, repeating the argument above which leads to (4.6), we have

(4.7) Jim ([T (Ja(9)) = Ua (Ja(gr) ], = 0-
Since gr — g, Ja(gr) = Jo(g) in L letting k — oo and applying (4.7) in
0 )+ 1 0] =

which we have already proved, we can reach (4.1) for ge L?.

To complete the proof of Corollary 1.2, it thus only remains to show that
fewaP(R?) if fe LP and Uy(f) € LE,. Let f e LP and ||Uy(f)]lpw < 0.
We take ¢ € .7 (R") satisfying [ ¢(x)dz =1. Applying an idea of [1], we put
fE(x) = gpg * f(x) and ¢®)(x) = J_,(¢.) * f(x). Then, note that g} € L?,
and &) = T, (g).

By (4.1) we have

(48) 1T (FN,, .0+ 171
The quantity || f*)|,.., on the left-hand side is uniformly bounded in ¢, since
(49 159, < M, <C1
Also, Minkowski’s inequality implies that

= Hg(E)Hp,w'

p,w p,w

Hp,w pw:

0o 2 1/2
€)Y (g) — . Fg) — . _dt
Ua(f ><x>—( | leers@ -4 ey tma)
. 2 g \1/2
< [lewl([Je-n-f  sow] ) e
< CM(UW()) ().
Thus
U (FN),. < CIM U], <TI0

which combined with (4.8) and (4.9) implies that sup..g g |pw < co.
Therefore, we can choose a sequence {g(fk } which converges weakly in LP,
Let g(*») — g weakly in L?. Then, since {f(+)} converges to f in LP | we can
conclude that f = J,(g). To see this, note that Ay (f) = [ f(= daz defines
a bounded linear functional on L2 if h € Z(R"™). Thus for any h € 7 (R"),
applying Fubini’s theorem and noting J,(h) € . (R"), we have

/f(x)h(x)da::ligl/f(s’“)(z)h z—hm/ 9©)) (x)h(z) dx

—tim [ (@) a (W) do = [ gla)Tuh)(z) de

- / Jo(9) (@)h(z) dz



1038 S. SATO

This implies that f = J,(g) and hence f € W2P(R™). This completes the
proof of Corollary 1.2.
We conclude this note with three remarks.

REMARK 4.1. Let T, and S, be as in (1.3) and (1.5), respectively. Then,
we have

To(f)(z) < CSa(f)(),
fe SR, for 0 < a<2. This is proved in [6] for &« =1. The same proof
can be applied for the whole range of o above. From this and Theorem 1.1,
it follows that

11w < C|[Sal A

for0<a <2, 1<p<oo, weA,.

. feZ(RY),

pb,w

REMARK 4.2. Let u(f) be the Marcinkiewicz integral considered in Sec-
tion 1. Then the equivalence (1.1) can be generalized as follows:

(O], = 1 fllae,  2/3<p<oo,

for f € HP(R)N.(R) (see [8], [15], [23]), where HP(R) denotes the Hardy
space on R (see [5]).

REMARK 4.3. Let

v = ([T - we sl )

where ® is as in the definition of T, in (1.6). Then we can prove an analogue
of Corollary 1.2 for V,, by arguing similarly to the proof of Corollary 1.2 via
Theorem 1.5.
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