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THE UNIMODALITY OF PURE O-SEQUENCES OF TYPE
THREE IN THREE VARIABLES

BERNADETTE BOYLE

ABSTRACT. Since the 1970’s, great interest has been taken in
the study of pure O-sequences, which are in bijective correspon-
dence to the Hilbert functions of Artinian level monomial al-
gebras. Much progress has been made in classifying these by
their shape. It has been shown that all monomial complete in-
tersections, Artinian algebras in two variables and Artinian level
monomial algebras with type two in both three and four vari-
ables have unimodal Hilbert functions. This paper proves that
Artinian level monomial algebras of type three in three variables
have unimodal Hilbert functions. We will also discuss the licci-
ness of these algebras.

1. Introduction

The study of pure O-sequences is a relatively new topic in mathematics
as Stanley first introduced them with his paper [24] in 1977. Although pure
O-sequences are fairly new, they are related to an older algebraic object,
Hilbert functions. In particular, they are in bijective correspondence with the
Hilbert functions of Artinian level monomial algebras over a polynomial ring
R=k[z1,...,z,] where k is a field. The details of this correspondence will be
given in Section 2; we will give some definitions for pure O-sequences here.

An order ideal is a non-empty set X of monic monomials such that if M € X
and NV is a monomial which divides M, then N € X. The h-vector of an order
ideal is a sequence of numbers which counts the number of monomials in each
degree of the order ideal; we denote it as h= (hg, h1,...,he) with hog =1 and
he #0. We say that an order ideal is pure if all the maximal monomials have
the same degree. A pure O-sequence is the h-vector of a pure order ideal. The

Received June 18, 2014; received in final form December 17, 2014.
2010 Mathematics Subject Classification. Primary 13D40, 13E10. Secondary 13C40,
13F20, 05E40.

(©2015 University of Illinois

757


http://www.ams.org/msc/

758 B. BOYLE

type of an O-sequence is the number of maximal monomials in the order ideal;
if the order ideal is pure, then the type is equal to h.. A sequence is unimodal if
it does not increase after a strict decrease. A sequence is strictly unimodal if it
is unimodal and only constant in its peak degree(s). Pure O-sequences and the
Hilbert functions of monomial algebras are not affected by the characteristic;
therefore without loss of generality, we assume characteristic zero on the field
k throughout this paper.

Over the years pure O-sequences have inspired a lot of interest in light of
their connections with error correcting codes [15], topological combinatorics
[5], matroid complexes ([24], [17], [21], [26], [23]), and more. The reader can
look at [2] for more examples. In this paper, we will focus our study on the
shape of pure O-sequences and their connection to Hilbert functions.

One of the first results regarding the shape of pure O-sequences is due
to Hibi. He showed in [12] (Theorem 1.1) that all pure O-sequences, h =
(1,h1,ha,...,h,), are flawless. This means that

hi <he_; foralli< m
Hibi went on to show that
iy <h; foralli< EJ

or that the first half of A is non-decreasing. Hausel extended this result
by showing that the first half of a pure O-sequence is differentiable ([11],
Theorem 6.3). This means that the first difference of the first half of the
pure O-sequence satisfies Macaulay’s theorem [1], thus, it is the h-vector of
an order ideal. This result was extended by Boij, Migliore, Miro-Roig, Nagel
and Zanello when they proved that an O-sequence is the first half of a pure
O-sequence if and only if it is differentiable [2].

In this paper, we are not focusing solely on the first half of the pure O-
sequence, but rather the whole sequence, asking whether or not it is guar-
anteed to be unimodal. We do know that there exists non-unimodal pure
O-sequences. Stanley gave the first example in [24] where he showed that
(1,505, 2065, 3395, 3325,3493) is a pure O-sequence. In [2] (Theorem 3.9), for
any given integers r > 3 and M > 1, the authors found that there exists a pure
O-sequence in r variables which has M maxima. We do not have a complete
characterization of which pure O-sequences are unimodal, but some partial
results have been found by fixing the type and/or the number of variables.
Stanley [25], J. Watanabe [27] and Reid, Roberts and Roitman [22] all proved
that in any number of variables, all complete intersections have unimodal
Hilbert functions. A complete intersection is an ideal generated by a regu-
lar sequence. The Hilbert function of a complete intersection corresponds to
pure O-sequences of type 1. One tool that was helpful in proving this result is
the Weak Lefschetz property (WLP). The Weak Lefschetz property says that
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multiplication by a general linear form from any component of the algebra
to the next component has maximal rank. This property forces the sequence
to be unimodal due to the standard grading of the algebra. To see this and
for more information on the WLP, one can look at [10]. In two variables,
Macaulay’s theorem [1] immediately implies that all Artinian algebras have
unimodal Hilbert functions. In three variables, the authors of [2] showed that
all Artinian level monomial algebras of type two have the Weak Lefschetz
property and thus have unimodal Hilbert functions (Corollary 6.8). Unfortu-
nately, they also found that the only Artinian level monomial algebras that
are guaranteed to have the WLP are those with type one (in any number
of variables), those in one or two variables (with any type) and those with
type two in three variables ([2], Theorem 7.17). In fact, Brenner and Kaid
showed that the WLP can fail for an almost complete intersection (a prime
ideal, P, which is generated by ht(P)+ 1 generators) with type as low as three
[4]. Furthermore, Zanello found a counterexample in [28] of a level Artinian
monomial algebra in three variables which fails to have the WLP.

In regard to the shape of pure O-sequences, the question has now become
whether or not a pure O-sequence can be guaranteed to be unimodal even if
it does not have the WLP. It was shown in [3] that pure O-sequences of type
two in four variables are strictly unimodal. The proof relies heavily on the
fact that the Hilbert function of a complete intersection peaks in the middle
degree. In three variables, which is what we will focus on in this paper, the
smallest known type of pure O-sequence which fails to be unimodal is fourteen
([2], Example 3.10). This leads one to ask if pure O-sequences are guaranteed
to be unimodal in three variables with smaller type. In Section 4 of this paper,
we will give a positive answer for the smallest open case in three variables,
specifically, that pure O-sequences of type three in three variables are strictly
unimodal. Our proof will use techniques different from those used in previous
results. We will decompose the Hilbert functions into complete intersections
in two variables and use known information about them.

In Section 3, we will classify all Artinian level monomial algebras of type
three in three variables into four classes of ideals which will be used in Sec-
tions 4 and 5 of this paper. In Section 5, we will explore the liaison classes of
these ideals.

Two ideals A and B are CI-linked (respectively G-linked) if there exists a
complete intersection ideal C' (respectively Gorenstein ideal) such that C' C

ANB,[C:Al=Band [C: B]=A. Thisis denoted as A £ B. If two ideals can
be linked to each other in a finite number of links, they are in the same liaison
class. An ideal is licci if it is in the liaison class of a complete intersection
where all the links are complete intersections. Similarly, an ideal is glicci if it is
the liaison class of a complete intersection, where all the links are Gorenstein
ideals. The liaison classes of ideals are interesting to study since linkage
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preserves several invariants such as codimension, certain cohomology modules,
and the property of being arithmetically Cohen—Macaulay. In particular, it
is especially nice to study the liaison class of complete intersections. In this
section, we will show that two of the four classes of Artinian level monomial
algebras of type three in three variables are licci while the other two classes
are not, although we conjecture that they are glicci.

2. Background

In this paper, we will study pure order ideals and pure O-sequences in light
of their bijective correspondence with Artinian level monomial algebras and
Hilbert functions. Let R = k[x1,...,x,] with k a field and I a homogeneous
monomial ideal of R with no non-zero elements in degree one. We can create
a standard graded Artinian monomial k-algebra with codimension r, R/I =
@D,~(R/I);. The Hilbert function of R/I is

H(R/I,i) = dimy(R/I); = dimy, R; — dimy, I;.

We know that the Hilbert function of an Artinian ideal is necessarily finite,
thus we can denote the Hilbert function as H(R/I) = (ho =1,hy, ha,..., he),
where e is the last degree ¢ for which H(R/I,i) # 0 (h; >0 for 0 <i<e).
If m=(z1,...,2,), the maximal ideal of R, then the homogeneous maximal
ideal in R/I is m = (#1,...,%,). We call the annihilator of m the socle of
R/I so soc(R/I)={a € R/I|lam=0}. Since our algebras are level, the socle
is entirely contained in degree e, which we call the socle degree. The type of
R/I is the dimension of the socle, which is equal to h. since our algebras are
level.

We note that order ideals are closed by division on the monomials and ring
ideals are closed by taking multiples. Thus, it is clear that in each degree d,
the ring ideal contains the exact monomials which are not in the order ideal
and vice versa. This can been shown more formally using Macaulay’s theory
of inverse systems where the collection of monomials in Ry that are not in I
is the inverse system to I. One can learn more about Macaulay’s theory of
inverse systems in [7], [8] or the Appendix of [14]. When we translate between
order ideals and Artinian monomial algebras in this way, many properties
are preserved. The order ideal is pure if and only if the related Artinian
monomial algebra is level. Also, the type of the order ideal is the same as the
type of the algebra. Finally, we know that the Hilbert function of an Artinian
level monomial algebra is equal to the related pure O-sequence, thus they are
bijective correspondence.

We will now discuss some results in liaison theory that will be used later
in this paper. The study of liaison theory has led to the construction of
particular ideals, such as basic double links and liaison addition. Let J C
I C R=k|[zy,...,z,] where J and I are homogeneous ideals with codim(J) =
codim(I)—1. Let f € R be homogeneous, with J: f =J. Then I' := f-T+J is
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a basic double link. This name comes from the fact that I’ can be Gorenstein
linked to I in two steps if I is unmixed. [ is constructed from liaison addition
ifI=F -L+F -Io+- -+ Fy- I where (Fy, Fy, ..., F}) is a regular sequence
and F; € (;4;1<j<xLj. For each j, Fy is in R=k[z1,...,2,] and I; is a
homogeneous ideal or R. There has been much progress studying liaison, but
we will only state the known results that will be needed in the rest of the
paper, namely the Hilbert function formula. We refer the reader to [18] for
more information on the full construction of these theories.

LEMMA 2.1. Let R=k[z1,...,x,] and J and I be homogeneous ideals so
JCICR. Let fe R, deg(f)=d and J: f=J. Then for I':=f-1+J, and
each integer t, we have

H(R/T',t) = H(R/J,t) + H(R/I,t —d) — H(R/J,t — d).
In particular, if J is the complete intersection (x‘l“,a:gQ,...,ag‘i?i

and f =z, then

H(R/I';t)=H(R/J,t)+ H(R/I,t — a;),

oo TF)

—
a;

where J = (x§', 23, .. ., 2° s f) = (2]t x5, . ah).
Proof. We have the exact sequence
0—J(—d)— J&I(—d) — I' —0.
This sequence gives us
dim (1"), = dim(I);—q + dim(J); — dim(J);_qa.
From this equality, we get
H(R/I',t)=H(R/J,t)+ H(R/I,t —d) — H(R/J,t —d).
For the complete intersection, the Hilbert function follows since
H(R/J,t)=H(R/J,t)— H(R/J,t — a;). O
LEMMA 2.2. For each j, let I; be a homogeneous ideal (or the whole ring)
and Fj € R = k[z1,x2,...,2,] where deg(F;) =d;. Also, let (F1,Fs,...,Fy)
be a regular sequence with F; € ﬂj#)lgjgk I;. Then for I=F -1, + Fy - I, +
coo+ Fy - I and L= (Fy, Fs, ..., Fy) we have
H(R/I,t)=H(R/L,t)+ HR/I,,t —dy)+ H(R/I,t — d2)
+ oo+ H(R/ It — di).

This result is very similar to results in earlier papers including [9] Theo-
rem 1.3 and [20] Proposition 4.1. To prove this, mimic the proof given in
[9].

We will end this section introducing some notation that will be used, as
well as some lemmas and remarks which will be referenced in the paper.
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DEFINITION 2.3. H(as,...,a,) will denote the Hilbert function of an Ar-
tinian complete intersection with the form (x*,x5%,...,2%) in k[z1,...,2,]
(r>1).

LEMMA 2.4. Let a = (z{',252,...,2%") be a complete intersection in the
ring k[z1,...,x,]. Let AH be the first difference of its Hilbert function. Then

AH:H((I17(I2,.. . 7a,,»_l) — H(al,ag,. . .,CLT_1)(—a7~),

where H(ay,as9,...,a,—1) and H(ay,as,...,a,—1)(—a,) are in the ring
Elx1,...,xr—1]. Any permutation of the a; is equally valid.

In this paper, we will primarily use Lemma 2.4 with r = 3.

REMARK 2.5 (Theorem 1 [22] and Theorem 0.4 [1]). The first difference of
a Hilbert function of a complete intersection in two variables with a shift of s
is:
0 until ¢ > s,
1 until ¢ > s+ the minimum of {a,b},
AH(a,b)(—s) in degree t=< 0  until ¢ > s + the maximum of {a,b},
—1 untilt>a+b+ s,
0 fort>a+b+s.

3. Classification theorem

We will classify the Hilbert functions of Artinian level monomial algebras
of type three in three variables into four classes.

THEOREM 3.1. Let R = k[x,y,z] and let I be a monomial ideal such that
R/I is Artinian and level of type three. Then I has one of the following four
forms, up to a change of variables. (Without loss of generality, we will assume
that a> g > a1, b> P2 > B1, c>y2 > 71.)

(1) (.,L,a7I,OQZ’YI,1:041272’ZC,yBIZ'H,yﬁQZ'Yl’yb) where a+b+v1 = s+ Po+y2 =
a1 + 81 + ¢. The Hilbert function of R/I is

H(a,b,v1)+ H(a, B2,v2 — 1) (=) + H(a1, Bi, ¢ —72)(—72).

(2) (2%, a2 2™ 272 2¢ yP2 oM b xoryBro) where a+ b+ v = o + B +
Y2 = a1 + B2+ ¢. The Hilbert function of R/I is

H(a,b,v1)+ H(o, B2, ¢ —71)(—71) + H(oe — a1, Bi, 72 — 71)(—ar — ).

(3) (x%,ao22m, a2y 2 Y2272 aiyP2 yb) where a+ fr+y1 = az+ fatc=
a1 +b+ . The Hilbert function of R/I is

H(ow, B2, ¢) + H(a — g, f1,m)(—a2) + H(o,b— Ba2,72)(— o).
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(4) (Z‘a,l‘(mZ% , zc7yf312"/27yb,xa1yﬁ2,x(ny,@lz’h) where a+ Bo+71 = oy +b+
Yo = a2 + B1 + ¢. The Hilbert function of R/I is

H(a1,b,m)+ H(a—aq,B2,m)(—oa) + H(az, f1,¢ —71)(—71)
+ H(o1,b—B1,72 —7)(=B1 — ).

Proof. A monomial Artinian level algebra of type three over k[x,y, z] is
the pure O-sequence generated by three monomials of the same degree. Let
the monomials be: z"ytz!t, x"2y%22%2 and z™y*3 2% where ry + 51+t =
ro+ 82+t =73+ 3+ 3.

Using the fact that the three monomials must have the same degree, we can
find all possible cases by evaluating the inequalities between the exponents.
In doing so, we find that there are, up to change of variables, four possible
cases. Case 1: each monomial has one smallest exponent (either min{r;},
min{s;} or min{¢;}), one middle exponent and one largest exponent. Case 2:
one monomial has all three middle exponents, another monomial has two of
the smallest exponents and one largest exponent and the final monomial has
the two remaining largest exponents and one smallest exponent. Case 3: one
monomial has two of the largest exponents and one smallest exponent, an-
other monomial has two middle exponents and one smallest exponent and
the final monomial has the remaining smallest, middle and largest exponent.
Case 4: one monomial has two of the smallest exponents and one largest
exponent, another monomial has two middle exponents and one largest expo-
nent and the final monomial has the remaining smallest, middle and largest
exponent.

Now let us look at the corresponding ideals in each case.

Case 1: Up to change of variables, case 1 can be given by r3 > ry > 71,
$1 > s3> 89 and ty >ty > tg (with t3 # t2). The ring ideal generated the
monomials not in the pure O-sequence is

I — (xr3+1’ y51+1, Zt2+17x7“2+1zt3+1, x’r’1+1 S3+1,y52+12t1+1,l‘”+1 S2+1Zt3+1).

) Y

To match the notation of the proposition, rename the variables so that great-
est x exponent is a, the second greatest x exponent is as, and the least
x exponent is o and likewise for y and z so that we have the following:
rs+1=a, ro+1l=as, i +1=ay, s1+1=0b, s3+1=70, so+1=p,
to+1=c, t1 +1=r5, t3+1=r;. After these changes, it is clear that this is
the ideal (4) above.

Case 2: Up to change of variables, case 2 can be given by r3 > ro > 71,
83 > 89 > 81 and t1 >ty > t3. The ring ideal generated the monomials not in
the pure O-sequence is

I — (xT‘3+17y53+1’ Zt1+1,xr2+1zt3+l, 52+1Zt3+1,$r1+12t2+1,y51+12t2+1).

Y

After properly renaming the variables, we have the ideal (1) above.
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Case 3: Up to change of variables, case 3 can be given by r3 > ry > 71,
83 > 81 > 89 and t1 >ty > t3. The ring ideal generated the monomials not in
the pure O-sequence is

I:(xT3+1’y83+1’Zt1+1,y31+1zt3+1’ T2+1zt3+1’ T1+12t2+17 r1+1 82+1zt3+1).

xT x x

Y

After properly renaming the variables, we have the ideal (2) above.

Case 4: Up to change of variables, case 4 can be given by r3 > ry > 71,
81 > 89 > s3 and ty > t1 > t3. The ring ideal generated the monomials not in
the pure O-sequence is

I — (CUT3+1, y81+1’ Zt2+1,x7“2+1y53+1’ x’l‘1+1y32+1’$T2+lzt3+l,y82+lzt1+l) .

After properly renaming the variables, we have the ideal (3) above.
Now we will show that each ideal has the respective Hilbert function. Ideal
(1), decomposes as

2L+ (:ca,yb), where L = z72™™" (xo‘l,yﬁl,z“”) + (xaQ,yﬂ2).
Similarly, ideal (2) equals
2L+ (xa’yb% where [ = ¢! (:L-OQ*al’yBl’Z'YQ*Vl) + (yﬁz7 20*71).

For both these ideals, the Hilbert function follows by using the formula of
Lemma 2.1 twice.
Ideal (3), decomposes as

o2 . (xa—a27y51’z71) +yﬂ2 . (xal7yb—l327z"/2) 4 2C.

The Hilbert function follows by using the formula given in Lemma 2.2.
Ideal (4) decomposes as

= m [yﬁl (Ial’yb*ﬂ17272*“/1) + (Ia27207"/1)} + (xa’xa1yﬂ2’yb)
=z"-L+J

In this case, the Hilbert function is a result of the formula found in Lemma, 2.1
applied multiple times. First, it is used to find the Hilbert function of L. Then
it is used it to find the Hilbert function of

(J’ Z’Yl) _ (:L‘a,l’alyﬁl,yb, Z“/l,xa1z’71) — g1 (xa*al’yﬁl’z')’l) + (yb’ Z"/l).

Finally, it is used one more time to find the Hilbert function of I = 27 - L+ J,
which gives the desired result. O

4. Main theorem

THEOREM 4.1. Let R = k[x,y,z] and let I be a monomial Artinian ideal
such that R/I is level of type three. The Hilbert function of R/I is strictly
unimodal.
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This result generalizes the result of Cook and Nagel ([6], Theorem 5.4)
which says level Artinian monomial almost complete intersections in three
variables have strictly unimodal Hilbert functions.

Before beginning the proof of the theorem, we will comment on the notation
level level
< and > . These mean that the particular inequality is true from the

levelness of the ideal. For example in Case 1, for levelness we need a+b+vy; =
g+ B2+ 72 = a1 + 1 +c¢. Thus, since B2 > 1 and ag + P2 +v2 = a1 + B1 + ¢,

level

we have that a1 +¢ > as + 7.

Theorem 3.1 says that it is enough to show the unimodality for the Hilbert
functions of the four classes found in Section 3. The first two cases have
Hilbert functions that break down using basic double linkage, thus a similar
argument will work for both; these two ideals will be addressed in Proposi-
tion 4.2. The Hilbert function of the third case breaks down according to
liaison addition, and the shifts line up differently from the first two ideals.
The Hilbert function of the fourth case breaks into four pieces instead of
three like the other cases. Thus, the third and fourth ideals will be addressed
independently in Propositions 4.4 and 4.6, respectively.

PROPOSITION 4.2. Let
I, = (xa, 2N g2 O yﬁl 22, y52 2, yb)’
where a+b+y1 =0+ B+ =a1+p1+cand a>ay >0y, b> Fo > fy,
c>7v2>m. Let Hg/p, be the Hilbert function of R/Iy, so

Hp/r, = H(a,b,71) + H(az, B2,72 —71)(—=71) + H (a1, B, ¢ — 72)(—72)-

Similarly, let
I = (l‘a, TO2 M g2 o yﬁ2 2 xalyﬁl 2 yb)’
where a+b+y1=as+ 1+ =a1+Po+cand a> as > ay, b> By > f1,
c>vy2 >. Let HR/12 be the Hilbert function of R/I5, so
Hpyr, = H(a,b,71) + H(ou, B2, c —71)(—m)
+ H(az — a1, 81,72 —71) (=1 — 71).

These Hilbert functions are strictly unimodal.

Proof. For strict unimodality, it is enough to show that AHg/y, is positive,
then possibly zero, then negative. To simplify the two cases into one, define
the following variables.

For I;:

p= min{avb}7 n:min{OCQvﬁQ}ﬂ V:min{alaﬂl}v
o = max{a, b}, w=max{az, 2}, w=max{ay, 51},

T=m, K="Y2— 71, §=c—"2.
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For I5:

p=min{a,b},  np=min{By,c—y},  v=min{Bi,72 -},
U:maX{a7b}7 M:max{ﬂ%C_VlL w:max{ﬁlv’y2_’71}7
T="7, K =0, =09 — 0.

For both ideals, the decomposition of Lemma 2.4 gives us that
AH = [H(p,7)+ H(n,k)(=7) + H(v,§)(=K — 7)]

— [H(p,7)(=0) + H(n,k)(—p—7) + Hv, ) (~w — k — )]
=P —N.
For convenience, write this decomposition as
AHp, = [H{ + Hf + Hf | — [H{ + Hy + Hy |.
We will show that there do not exist integers ¢; < t2 < e such that P(t1) =
N(t1) and P(t2) > N(t2) or P(t1) < N(t1) and P(t2) > N(t2). Note that each
segment in NV is a complete intersection with a corresponding segment in P,

such that H; and H;" have the same strictly unimodal Hilbert function, with
the negative piece beginning later.

Cram 1. If0# P(t;) < N(t1), then P is either constant or decreasing for
all degrees t > t1. Equivalently, AP(t) <0 fort>t;.

Proof. We recall that each segment in P is a complete intersection and has
the form given in Remark 2.5. If each H;" has not started or is increasing then
P> N (or both are 0) since H;" > H;  for each i. Thus if 0% P(t;) < N(t1)
then at least one positive segment is constant, decreasing or over for all £ > t;.

First, we will check when at least one segment of P is either decreasing or
over for all degrees t > ;. Due to the shifts, no two AH," can be positive in
the same degree. Thus if AP(¢) is positive for some t > ¢;, we need at least
one of the AH;r (t) to equal one, another to have ended, and the third cannot
equal —1. However, this cannot occur:

(1) If HF (t) is over, then t > v+&+Kk+7 > k+7s0 AH # 1 and AH, # 1.

(2) If H (t)is over, then t > n+r+7>v+r+7s0 AH #1 and AH; # 1.

(3) Now say H; (t) has ended and look at I; and I separately. For I, if
p=athent>p+7=a+7>6+K+7T2>K+T, so neither H;r nor H;
equal 1, so this subcase is done. Now we can combine the case for Iy
(p=a or b) with the case for Iy where p="b. If H; (t) has ended, then
t > p+ 7 >n+ 7 which implies that AH;' (t) cannot equal 1; therefore it
remains to check when AH (t) =1, so t > r+7. Together the inequalities
t>k+7 and t >n+ 7 imply that AHS (t) = —1; therefore, AP(t) < 0.

We have shown that if any segment of P(t1) is decreasing or over, then
AP(t) <0 for t > t;. Now, we will look at the case with P(t1) < N(t;) when
some segment(s) of P are constant in degree t;. We can assume that the
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other segments of P are not decreasing or over as that is addressed above.
Furthermore, we cannot have a segment of P be increasing in degree ¢, since
then P(t1) > N(t1), contradicting our assumption. If all three segments of
P are constant in degree t1, then none of them can increase for ¢ > t; and
AP(t) <0 for all t >¢t;. If two segments, H, (t;) and H, (¢;), are constant
(and Hj (t1) not started), then t; >n+7>7. For P(t;) < N(t1), we need
Hy (t1) to be constant so t1 >T7+0 >0 >port; >p+o>p. Since t; > 7
and t; > p, we have that H; (¢;) is decreasing or over, which addressed above.
Finally let P(t;) > N(t;) with H; (t;) constant and H (1) and Hj (t1) not
yet started, thus ¢; <7 and t; > p. If P(t) increases for t > t;, then H; (t)
needs to be increasing which means that ¢ > 7. Thus, H; (t) simultaneously
starts decreasing when H; starts increasing, so P(t) is still constant. Since
H{ is now decreasing, the rest of this case is address above. O

CLAIM 2. There do not exist degrees t; < ta < e such that P(t;) = N(t1)
and N(tz) < P(tg) or P(tl) < N(tl) and N(tg) < P(tg)

Proof. Claim 1 says that P will not increase after ¢; and thus if such a t9
exists, then N needs to decrease faster than P. We will examine when each
segment of N is decreasing to show that such a to does not exist. Before doing
so, we remark on the relationship between the segments of P and N. O

REMARK 4.3. (i) If AH; (t) = —1, then H;" has ended in some degree less
than or equal to t. We see this since,

AH (t)=-1 = t>7+0>7+p = H{ ended,
AH; (t)=—1 = t>k+p+7>26+n+7 = H;ended7
AH; (t)=-1 = t>(+w+r+7>6+v+r+7 = Hy ended.

(ii) IfAH; (t) = —1 for some j, then H(s) < H; (s) for s >t and all i. To see
this, we note that since the ideal is level of type three, then when H i (t)
ends, all the three of the segments of N also end and the whole Hilbert
function ends. Furthermore, no segments except the three H ; can be
non-zero in this last degree; in particular all the H j must end before any

H; ends. Hj cannot decrease by more than one each degree, so if H;™ is

decreasing by one each degree and ends after H;", then H; (s) < Hy (s)
for all s >¢.

Now we will look at when each segment of N is decreasing with ¢ > t;.
(1) AHj; (t)=—1. Remark 4.3 says H5 (t) is over. H; (t) is over since
level
forI1: t>wH+k+7+E=w+c>a1+c > ar+yR>n+LE+T,

level

for Ip: t>wH+k+7+E>Pr+as+y > o+ et >N+ E+T
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Thus, P(t) = H; (t) and Remark 4.3 implies that H; (s) > H; (s) so
N(s) > P(s) for s > t.
(2) AH; (t)=—1. Remark 4.3 says H; (t) is over. H; (t) is over since

level
forIy: t>p+T7+K>00+72 > at+y1>p+T,

level

forIs: t>p+74+K>a1+c > a+mn>p+T.

Thus, P(s) = Hj (s) < Hy (s) < N(s) for s >t by Remark 4.3.

(3) AH; (t)=—1. Remark 4.3 implies that H;" has ended. We will assume
that AH, # —1 and AH; # —1 since those cases are addressed above.
We will look at I; and I separately.

For I; we have

t>c+7>pu+7 = H, (t) has started.

If AH, (t) =1, then N is not decreasing and thus cannot decrease to be
less than P. Furthermore, H, (t) cannot be over, or else the whole Hilbert
function is over. Thus, AH, (t) =0 so H, (t) is a non-zero constant.

) =
Thus, Hy (s) > H (s) and Hy (s) > Hy (s) (by Remark 4.3) for all s > ¢.
This implies that N(s) > H, (s)+ Hy (s) > Hy (s)+ Hy (s) = P(s) for all
s>t.
For I, we have
t>c+7>n+7 and t>0o+T>K+T
= AH (t)=-1 or Hj(t) ended,
t>oc+7>¢+Kk+T7 = AHS(t)<0.
Thus, if Hy (t) = —1, then P is decreasing and will remain less than N.
If H, (t) has ended, then P(t) = H; (t). Remark 4.3 implies that H; (s) >
Hi (s) and N(s) > P(s) for s >t. U

PROPOSITION 4.4. Let
I = (xa’ 2, xazyﬁl ,2°, yﬁz 22, xa1y52 , yb)7

where a+ 1+ =a1+b+w=as+Ps+c and a>as > ay, b> [y > f1,
c>72>. Let Hg)r be the Hilbert function of R/I. Then

Hp ;= H(az, f2,¢) + H(a — az, f1,71)(—a2) + H(ai,b— B2,72)(—fF2).
This Hilbert function is strictly unimodal.

Proof. For strict unimodality, we will show that AH g is positive, possibly
zero, then negative. Let us first define the following variables:

P:min{%,ﬁﬁ, n:min{a—a2,61}, Vzmin{al,b—,@2},

o =max{as, 2}, u=max{a — agz, (1}, w =max{ai,b— fa}.
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Lemma 2.4 gives us the decomposition
AHpyr = [H(p,c)+ H(n,m)(—az) + H(v,72)(—52)]
— [H(p,c)(=0) + H(n,m)(—p— a2) + H(v,32)(~w — B2)].
For convenience, write this decomposition as
AHg =[H{ + Hy + Hf| - [Hy + Hy + Hy|.

This ideal requires two cases, one with p = ag < 85 = o, and another with
p=f2 < ay=oc. First, assume p = as. Note that Hy and H, start in the
same degree. Furthermore, since

(1) v+ Ba<ar+Pe<Lar+ B2 and v+ B2 <c+ B

we have that H;™ will be constant before H; is constant and H; will decrease
before H; decreases. This implies that Hy — H; < 0. Thus, we will consider
H; - H;' a negative segment and call it H; . Our decomposition is now

AHpj = [H + HY| - [Hy + Hy + Hy]:= P~ N.
To show that the Hilbert function is unimodal, it is enough to show that

there do not exist integers t; <ty <e such that P(t1) = N(¢1) and P(t2) >
N(t2) or P(t1) < N(t1) and P(t2) > N(t2). First, we will make some remarks.

REMARK 4.5. (i) The peak (constant) value of H; is less than or equal
to the peak (constant) value of H; since the peak value of H; equals
that of H", and subtracting H; decreases it.

(ii) If H, is decreasing, then H; is decreasing and Hj is over. We see this
since H;, = H; — H3, and if H, is decreasing without H; decreasing,
then H is increasing. However, the inequalities from (1) imply that if
AH;' =1 then AH; =1. Thus, if AH;' =1, then H, is constant. Fur-
thermore, (1) implies that when H| is decreasing, then Hj" is decreasing
or over. If H is decreasing (with H; decreasing), then H, is constant.
Thus for H; to be decreasing, H; is decreasing and Hj is over. This
also implies that H; will decrease by exactly one in each degree, since
that is the rate that H; decreases.

(i) If AH; (t) = —1 for i =2,3,4, and AH;'(t) = —1 for j =1,2 then
H (s)> H;“(s) for all s >t and all 4 and j. This is since each seg-
ment will continue to decrease by exactly one each degree until it ends
and the levelness of the ideal forces H]+ to end before H, .

Cram 3. If 0+ P(t;) < N(t1), then AP(t) <0 fort>t;.

Proof. We will prove the contrapositive, that if AP(t) > 0 then P(s) >
N(s) for all s <t. Assume AP(t) >0, then AH; (t) >0 or AHS (t) > 0.

If AHf(t) >0 then t < p <o, thus t <ay < . This implies that H, , Hy
and H; have not yet started so P(s) > N(s) for all s <t¢.
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If AHS (t) >0 then t <+ ay < ju+ ap which implies that H, has not yet
started. Furthermore, Hy (t) > H; (t) since H; started after Hy . We can
assume that AH; () # 0 since that case was addressed above. If H (t) is
a non-zero constant, then H;" > H; (Remark 4.5), thus P(s) > N(s) for all
s<t. If AH{ (t)=—1 then AP(t) =0, contradicting our initial assumption.
Finally, if H 1+ is over in degree t, then ¢ > as + ¢ > as + 1 which contradicts
our assumption that AH (t) > 0. O

CLAIM 4. There do not exist degrees t; < ta < e such that P(t;) = N(t1)
and P(t2) > N(t2) or P(t1) < N(t1) and N(t2) < P(t2).

Proof. Claim 3 tells us that AP(¢) <0 for ¢t > t;. Therefore, if such degrees
ta, t1 exist, N must decrease faster than P. Thus, at least one segment of IV
is decreasing for t > ;.

(1) Let AH; (t) =—1. Then

level

t>m+oa+pu>yi+ar+n and t>m+ptae>a+y > aztc
Thus, Hy and H; are over in degree t and 0 = P(s) < N(s) for s >t.
(2) Let AH; (t) =—1. Then

level

t>w+pPo+v>2b+y > Batc>ar+c.

This implies that Hfr is over in degree t. Furthermore,

level
t>2v+w+fo=ar1+b > ao+ B>+ B1>n+az and
tZw+y+pPe>ar+ b+ >az+m
give us that AHS (t) = —1 or is over in degree t. If H, is over, then
0= P(s) < N(s) for s >t. If AHS(t) = —1, then Remark 4.5 says that
N(s) > Hj (s) > Hy (s) = P(s) for s >t.

(3) Let AH, =—1. Assume that AH, # —1 and AH; # —1 as those cases
are addressed above. AH, (t) = —1 implies that AH; (t) = —1 by Re-
mark 4.5, thus

t>c+o=c+Br>as+c>p+ec.
This implies that H, (¢) has ended. Furthermore,
t>p+o=as+B2>pi+ay and t>ct+o=c+Br>ax+m

give us that AHS (t) = —1 or H, (t) is over. If H (t) is over, then 0 =
P(s) < N(s) for s > t. If AH, (t) = —1, then Remark 4.5 says that N(s) >
Hj (s) > Hy (s) = P(t) for s >t.

For the case with p=ay > B2 =0, let H; = H; — H; . Thus,

AHp = [H{ + Hf] - [Hy + Hy + Hy]:=P—N.
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The proof mimics the above proof after appropriately swapping Hs and
Hs;. O

O

PROPOSITION 4.6. Let
I = ({Ba, x¥2 M ¢, yﬁl 202 g y52 ™ y,31 2 yb)’
where a+ o+ =a1+b+ye=a2+ B +cand a>az>az, b> P2 > B,
c>72 >v1. Let Hg)r be the Hilbert function of R/I. Then
Hpyr = H(o,b,m) + H(a— aq, B2, 71) (=) + H(az, f1,¢ —71)(=71)
+ H (o, b= B1,72 = 1) (=P1 —m)-
This Hilbert function is strictly unimodal.
Proof. For unimodality, we will show that AHp,; is positive, possibly zero,
then negative. Without loss of generality, assume a3 < ;. We can do this
for if ay > B then either v; > 31 or v < B1. If 41 > 1, swap the variables to
send = to z, z to y, and y to z. If 1 < By, swap the variables to send x to
Y, y to z, and z to x. Both cases result in the same ideal, but with o < ;.
Now let us define
p=min{a — ay, B2}, n=min{ag,c— 1}, v=min{b— fB1,72 =7},
o =max{a — a1, fa}, p=max{ag,c—}, w=max{b— B1,72 — 71}
Then Lemma 2.4 gives the decomposition
AHpyr = [H(e1,m) + H(p,y1)(—ar) + H(n, 1) (=)
+ H(v,a1)(—B1 — 7))
— [H(c1,m)(=b) + H(p,m)(—o1 — ) + H(n, B1)(—71 — 1)
+ H(v,o0) (=B — 1 —w)]
=P — N.
For convenience, write this as
AHp,=[H +Hf + Hf + H]| - [H; + H, + H; + H;].
To prove strict unimodality, we will prove two claims.
CLAM 5. If 0# P(t1) < N(t1), then AP(t) <0 fort>t;.

Proof. Each segment in P is a complete intersection and thus has the form
given in Remark 2.5. If each H, Z+ has not started or is increasing, then P > N
since H;” > H; (or both are 0) for each i. Thus if 0 # P(t1) < N(¢1), then at
least one positive segment is either constant, decreasing or over for all ¢ > ¢;.

We will first check when one or more segments of P are either decreas-
ing or over for ¢ >t;. We note that if P(t;) < N(¢1), then we cannot have
two positive segments increasing in degree ¢ > t1. To see this, look at when
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AH; (t) =1 for each i. If AH; (t)=1, then t <y and t <~ so H; (t) has
not yet started for i = 2,3,4. If H; (t) =1, then t > 31 +71 > oy +7; implying
that AH;"(t) <0 for i = 1,2,3. This leaves us to check when both AH (t) =1
and AHS (t)=1. In this case, the shifts prevent Hy (t), H; (t) and H, (t)
from having started yet so N = H; (t). Since H is increasing in degree ¢ and
H starts before H; (a; <b), we have that P(s) > H (s) > H; (s) = N(s)
for all s <t. This contradicts the assumption that P(t;) < N(t1).

Since no two positive segments can increase at the same time for ¢ > ¢q, if
AP(t) >0, at least one of the H; (t) is over and AH;L(t) =1 fori#j. We

will now check when each of the H;" (t) are over.
(1) Let H; (t) be over. Then

t>v+ar+B8i+m>pi+m >0+

Thus H; (t) <0 for i =1,2,3, so AP(t) <0 for t > ;.
(2) Let Hi (t) be over. Then

t>n+pi+mn>a1+pGi+m or
t>n+bi+mn=08+c=Bi+vn>v+p+m.

Thus, AH;"(t) <0 for i =1,2,4; therefore P(t) <0 for t > ;.
(3) Let Hy (t) be over. Then

t>p+mtar>a+ym = Hf‘(t) has ended.
Furthermore, if p = B2, then P(t) <0 for ¢t > t; since
t>a+ P+ > +p+n = AH()<0 fori=3,4

K2

= P(t)<0.
Now if p=a — a1, then
t>a+m>as+m>n+mn = AHS(t)<0.

If P(t) >0, then we need AH, (t)=1,s0t> 1 +7;. Thus AHS (t) = -1
or Hi(t) has ended. If AH; (t) = —1, then AH (t) + AH] (t) =0 so
P(t) # 0. The case where AH (t) is over is addressed above.

(4) Let H; (t) be over. From above, we can assume that H; (¢) is not over
for i = 2,3,4. Furthermore, assume that Hj' (t) is not decreasing for any
i as that would imply that AP(t) % 0 since only one segment of P can
increase at a time. Since H; (t) is over, t > ay + 1, thus AHS (t) =0,
and Hy (t) =~1. (We have that t > a;y + 1, but since AH (t) # —1, we
have that ¢ < p+a; and thus H (¢) is constant at v;.) If AP(¢) > 0, then
either AHS (t) =1 or AH, (t) = 1; however we will see that in either case
P(s) £ N(s) for s <t. We note that

AHS(t)=0 = t<pt+ar<o+a; = H; (t)hasnot started.
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If AH; (t) =1, then
t<n+y<p+m1 = Hj;(t)has not started and
t<pBi+v = Hj;(t) has not started.

If AHf (t)=1, then t <v+ 1+~ and t > B; + 1. This implies that
Hi (t) = 0is at least constant and since AH" (t) # —1, we know t < n+7;.
Thus,

t<n+v1<p+v = Hj(t) has not started and
t<v+Bi+m<w+pi+7 = H, (t) has not started.

In both cases, we have N(s)= H; (s) for s <t. We note that H,
started before H; (aq <b) and H; (k) <~ for all degrees k. Since
Hi (s)#0 or HJ (s) #0, we have that P(s) > Hy (s) > H; (s) = N(s) for
s <t, contradicting the assumption that N(¢;) < P(t1).

Now we will check when P(t1) < N(t1) when some segment(s) of P are
constant in degree t;. We will assume that no segments of P are decreasing
or over, as those are addressed above. Due to the shifts, each negative segment
does not start until after the corresponding positive segment. H 1+ is the first
segment to start, so if we let that segment be constant and P(t;) < N(t1),
then we need H; (t1) to be constant, which implies that

t12b+y1 = t1zai+v or ti1>2btor = ti1>p+ar.

Thus, Hy (t1) is constant or over. If P(s) > 0 for some s > t1, we need Hy (s)
or Hj (s) to start. However, both cases force H; (s) to be decreasing or
over, which is addressed above. Thus if P(t1) < N(t1), then AP(t) <0 for
t>1. U

CLAIM 6. There do not exist degrees t; <ty <e such that P(t;) = N(t1)
and P(tg) > N(tg) or P(tl) < N(tl) and N(tg) < P(tg)

Proof. Claim 5 says that P will not increase after 1, thus if such a t5 exists,
then NV needs to decrease faster than P. We will examine when AH; (t) = —1
for all 7. First, we have a remark. O

REMARK 4.7. If AH; () = —1 for some j, then Hf (k) < H; (k) for all
k>t and any i.

To see this, note that the levelness of the ideal implies that for all 7, Hj'
ends before Hy , H; and Hj . Furthermore, H;" ends before H; for all i since
Hi ends in degree h=a3 + b+ and

h>a;+b+y>a1+p+7 = H and Hy are over,

level

h>a1+b4+7m > ao+B14+m = H;' is over,
h>ar+b+y>v+ar+Bi+m = Hf is over.
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Since all the H;" end before any H ; and none of the positive segments can
decrease by more than one each degree, if AH () = —1 then H (k) > H; (k)

for all 7 and all k >¢.
Now let us look at each case with ¢ > ¢;.
(1) Let AH; (t) = —1,s0t>aj+B1 +71+w. This implies that all the H;" (¢)
are over for all ¢; thus 0 = P(s) < N(s) for s > ¢ since
t>o +f+m+w>a+y = Hi(t) ended,
t>oa+fi+ntw>or+n+B>ar+n+p = Hj(t) ended,

level

t>ar+ i+ tw>ar+b+y > ao+pBi+7 = Hi(t) ended,
t>ar+fi+n+tw>ar+Bi+y+r = Hf(t) ended.

(2) Let AH; (t)=—1,s0t>as +cand t > 31 + 1 + p. This gives that
t>ag+c>ay+v = Hi(t) ended,

level

t>as+c > atym>m+ai+p = HJ(t) ended,
t>B+mn+p>Pi+mn+n = Hi(t) ended.

Thus, for s >t, P(s) = Hj (s) < H; (s) < N(s) by Remark 4.7.
(3) Let AH, (t)=—1,s0t>p+a1+0and t > a3+, + 0. Then

level

t>p+ar+o=a+pP2 > an+b = AH;(t) <0 or ended,
t>yi4+ar+o>y+ar+p = Hi(t) and H (t) ended,
t>vi+oair+o>2vi+a>ax+v>n+7  together with
t>yn+or+o>y+tar+B>pi+m = AHF(t)=-1or ended.
If AH; (t) = —1, then Remark 4.7 gives that Hj (s) < H; (s) and
Hy (s) > Hj (s) for s >t. Thus, P(s) = Hj (s) + Hy (s) < Hy (s) +
Hi (s) < N(s) for s>t. If AH{ (t) # —1, then N decreases by at most
one in each degree (the cases where AH; (t) = —1 and AH, (t) = —1 are
addressed above). If AH; (t) = —1, then P decreases by at least as much
at N and thus N(s) > P(s). Therefore, assume that Hj (¢) has ended,
and thus P(s) = H} (s) < H, (s) < N(s) for s >t by Remark 4.7.
4) Let AH; (t)=—1, then ¢ > a7 +b and t >~ +b. This gives us that
( 1 g g
t>y+b>v +a; = Hj has ended,
t>a1+b>ay;+ P> a1 +p together with
t>y+b>v+a; = AH,(t)=-1 or H; has ended,

level

c>7y with Bi1>a1 = b>az thus t>b+y>ae+m>n+m
with t>y+b>m+06 = AH;(t):fl or H3+ has ended.
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Assume that AH, (t) # —1 for i = 2, 3,4 as that is addressed above. Thus,
N(t) is decreasing by at most one in each degree. If AH;r (t)=—1 for
any j, then P is decreasing at the same rate or faster than N, so N(t) >
P(t). Thus, assume that H, (t),H; (t) and H; (t) are over so N(s) >
Hy (s) > Hj (s) = P(s) for s >t by Remark 4.7. U

5. Licciness of the ideals

In this section, we will use the following results of Huneke and Ulrich. Let
I=(af,..., 25 + I*.

LeMMA 5.1 ([13], Lemma 2.5). Let S = k[x1,...,24] be a polynomial ring
over a field k, and let I be an m-primary monomial ideal. If I* = 2P K
for some monomial x® = 1:1{1 ~--$Z‘i and a monomial ideal K with 0 £ K # S,
then the ideal I' = (2§ 7", ..., 2% ) 4 K is obtained from I by a double link

: —b —b
defined by the monomial regular sequences xi*,...,x5* and x7* ™', ..., x5t 7.

LEMMA 5.2 ([13], Lemma 2.4). Let S = k[x1,...,24] be a polynomial ring
over a field k, and let I be an m-primary monomial ideal. If I has height at
least two, then Iy, is not licci in Sy. In particular, I is not licci.

Now we will state and prove the main result of this section.

THEOREM 5.3. Let a> ag > aq, b> o> f1, and ¢ > 2 > 1.

(1) The following ideals are licci:

(a) (2%, a2 g2 2¢ yPrzrz yB2m o) where a+ b4y = ag + B +
v2=a1+ 51 +c.

(b) (2%, 2227, 2272, 2¢ yP2 27 yb xoryPrz) where a + b+ = ag +
B1+ v =ai + B2+ c. In particular ideals (1) and (2) from Theo-
rem 3.1 are licci.

(2) The following ideals are not licci:

(a) (:L'av T*2 M ) :L.Oézyﬁ1 ) ZC7 y52z“/2 ) xalyﬁz ) yb) where a+ 61 + Y1 = G2 +
Bo+c=a1 +b+ vy Assume that ¢ # 9 if it does then this falls
into case (1)(a) above after swapping x and z.

(b) (xav T*2 M 9 an yﬂl 272 ’ yb7 xa1y32 ) ™ yﬁl ZVI) where a + 52 +’71 =Q1 +
b+ v =as+ 1 +c. Assume that none of the following equalities
hold: a = a9,b=Bs or c="s. If any hold then the ideal falls into
case (1)(b) above after appropriately changing the variables.

In particular, after excluding the specific cases identified above, ideals (3)

and (4) in Theorem 3.1 are not licci.

Proof. For part (1), we will show that the ideals are licci by actually con-
structing the CI-links. Ideal (a) decomposes as

I="-L+ (xa,yb) with
L= 02" (l.alvyﬂl’chw) + (xaz’y@) =M T
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Lemma 5.1 gives that L is CI-linked to T' (a complete intersection) by the
double link defined by the monomial regular sequences C = (z2,y"2, 2¢~7)

and S = (z2,y”2,2°772). Thus, L Y 2T where Y is some monomial ideal
in R, so L is licci. Now we will show that I is in the same C-liaison class as
L and thus it is C'I-linked to a complete intersection. Lemma 5.1 gives that I
is C'I-linked to L by a double link defined by the monomial regular sequence
V = (2% 9% 2% and X = (2%,y?, 2~ "). Thus I XBRXLSy R T, where V is
some monomial ideal in R; therefore [ is licci.

The licciness of ideal (b) follows similarly. The ideal decomposes as

I="-L+ (z“,yb) with

L =x* (xaz—al , yﬂl L2 —’71) + (y52 , ZC—’Yl> =z . T+ ]
Lemma 5.1 gives us that L is C'I-linked to T by the double link defined by
C = (z°2,y%2 2¢7M) and S = (z*2~ yf2 »¢=7M). Thus, L SV AT where
Y is some monomial ideal in R. Furthermore, I is CI-linked to L by a
double link defined by the monomial regular sequence V = (z%,4°,2¢) and
X = (xa,yb, 2¢77). Thus, we have that [ YBELEyY R T, where V is some
monomial ideal in R; therefore [ is licci.

For part (2), ideals (a) and (b) decompose as

(xa, yb’ Zc) + (xotz P :L.Oézyﬁl , y52 272, xaly,@2) and
(a:“,yb,zc) + (a2 2 yP z“’z,asalyﬁ?,xo‘lyﬁlz'“) respectively.

Since the second piece of both ideals is an ideal of height at least two,
Lemma 5.2 gives us that the original ideals cannot be licci. 0

CONJECTURE 5.4. The ideals of part (2) in Theorem 5.3 are glicci ideals.

[19] and [16] have several results about the glicciness of ideals. If one can
show that these ideals are generically Gorenstein, then Theorem 2.3 of [19],
would apply to the ideals above and prove that they are glicci.
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