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ANALYTIC TORSION ON MANIFOLDS UNDER LOCALLY
COMPACT GROUP ACTIONS

GUANGXIANG SU

ABSTRACT. For a complete Riemannian manifold without bound-
ary which a unimodular locally compact group properly cocom-
pact acts on it, under some conditions, we define and study the
analytic torsion on it by using the G-trace defined in (L*-index
formula for proper cocompact group actions, preprint). For a
fiber bundle 7 : M — B, if there is a unimodular locally compact
group acts fiberwisely properly and cocompact on it, we define
the torsion form for it, and show that the zero degree part of the
torsion form is the analytic torsion. This can be viewed as an
extension of the L2-analytic torsion.

1. Introduction

Let F be a unitary flat vector bundle on a closed Riemannian manifold M.
In [18], Ray and Singer defined an analytic torsion associated to (M, F) and
proved that it does not depend on the Riemannian metric on M. Moreover,
they conjectured that this analytic torsion coincides with the classical Reide-
meister torsion defined using a triangulation on M (cf. [14]). This conjecture
was later proved in the celebrated papers of Cheeger [7] and Miiller [15].
Miiller generalized this result in [16] to the case when F' is a unimodular flat
vector bundle on M. In [6], inspired by the considerations of Quillen [17],
Bismut and Zhang reformulated the above Cheeger—Miiller theorem as an
equality between the Reidemeister and Ray—Singer metrics defined on the de-
terminant of cohomology, and proved an extension of it to the case of general
flat vector bundle over M. The method used in [6] is different from those of
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Cheeger and Miiller in that it makes use of a deformation by Morse functions
introduced by Witten [20] on the de Rham complex.

In [3], Bismut and Lott extended the Ray—Singer analytic torsion to an
invariant of a smooth parametrized family of manifolds. They defined the
torsion form and showed that the zero degree part of it is the analytic torsion.
They also proved a C'*°-analog of the Riemann-Roch—Grothendieck theorem
for holomorphic submersions and proved that the torsion form is the trans-
gression of the Riemann-Roch-Grothendieck theorem. In [11], Heitsch and
Lazarov extended the results in [3] to the flat vector bundle over a foliation
whose graph is Hausdorff. In [11], they assumed that the strong foliation
Novikov—Shubin invariants of the flat bundle are greater than three times the
codimension of the foliation.

In [19], Wang studied the index of G-invariant elliptic pseudo-differential
operators acting on a complete Riemannian manifold, where a unimodular,
locally compact group G acts properly, cocompactly and isometrically. An L2-
index formula was also obtained using the heat kernel method. The L2-index
in [19] was an extension of the classical Atiyah L?-index theorem [1].

On the other hand, the LZ?-analytic torsion was defined and studied by
several authors, cf. [4], [5], [8], [12], [13], [21] and etc. So it is natural to
extend the L? analytic torsion to the manifold acting properly cocompact by
a unimodular locally compact group. In this paper, we extend the analytic
torsion to this case. We also define the torsion form and show that the 0-
degree part of the torsion form is equal to the analytic torsion.

The rest of the paper is organized as follows. In Section 2, for a complete
Riemannian manifold without boundary we define the analytic torsion under
some conditions similar as the Novikov—Shubin invariants. In Section 3, we
get the anomaly formula of the analytic torsion. In Section 4, using the
techniques in [11], define the torsion form for the fiber bundle 7 : M — B with
a unimodular locally compact group properly cocompact fiberwisely acting on
it and show that the 0-degree part of the torsion form is equal to the analytic
torsion.

2. Definition of the analytic torsion

Let X be a n dimensional complete Riemannian manifold and G be a
unimodular locally compact group properly and cocompact acts on X. Let
g7X be a G-invariant Riemannian metric on X. Let F be a flat vector bundle
on X with flat connection V¥ and a Hermitian metric h¥ on F, we assume
that VI and k! are all G-invariant. Let Q*(X, F) be the compactly support
differential forms with coefficient in . Then by ¢g7X and hf" we have an inner
product in Q (X, F), let L2(2*(X, F)) be the L?-completion of Q* (X, F) with
respect to the inner product. Then we have the L2-de Rham complex

daf df

(2.1) 0— L2(Q°(X, F)) L2(Q"(X,F)) —0.
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Let d¥ be the formally adjoint of d¥" with respect to the inner product. Define
Dp=d" +d™,  D%=(d"+d"™)"

Then for any t > 0, we have e~tPF is of G-trace class. Let Pyer p2, be the
orthogonal projection onto ker D%, then we have Trg (P, D%) < +o00.
We now define the following analogue Novikov—-Shubin invariants
Bj
o = sup{ﬂj > 0| Trg (e*tD%vJ’) — Trg(PkerD%j) = O(t*T) }
In the following, we assume that o; >0, 7=0,...,n.
Let
H5 (X, F)=ker Dp/im Dp
be the reduced L?-cohomology of L?(Q*(X, F)), then by L?-Hodge theory we
have the canonical isomorphism

H5) (X, F)=ker Dp.
Let N be the number operator acting on Qi(X, F) by multiply by i and

it obviously extends to L?(Q*(X, F)). Obviously that the operator N is G-
invariant. By [6, (11.1)], we have

1 & ~ n
(2.2) N =g Z;C(ei)(:(ei) +5
We denote by Trg s[] = Tra[(—1)" ] the supertrace in the sense of Quillen.

By [19, Theorem 6.3], Trgs(e_tD%) has an asymptotic expansion as t — 0,
hence
1

I'(s)
defined for Res > n/2 can be meromorphically extends to the whole complex
plane C and holomorphically at s =0, so we can define

1
/ ot (ng,S(Ne—tD%) — Trg,s(N Py p2,)) dt
0

1d 1t >
=22 —— | Y (Tras(Ne PF) — Tre o (NP, dt.
Y
On the other hand, by a; > 0 we have
1 [ 2 dt
7—//:75‘/1 (TrG,s(Ne tDF) *TrG,s(NpkerD%))?

is well defined.
Then we define

(2.3) T=exp(T' +T").

DEFINITION 2.1. The number 7 defined by (2.3) is called the L? analytic
torsion of (X, F) associated to (¢7X,h%) and the locally compact group G.
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3. Anomaly formula for the analytic torsion

In this section, we study the anomaly formula of 7 with respect to the
Riemannian metric ¢7% and the Hermitian metric h¥.

Let (gu, hy) be a family of G-equivariant metrics on (X, F') and satisfying
0ty j > 0. Then we have well defined 7,. Define

dg oh
—1 U —1 u
W= 0 S
Qu=9, 5~ +h >
and
11 e s—1 —tD?
Ou(s) = 5 (s J, 7 (Trg,s [Ne™"Pre] = Trg s [N Peer p2, ]) dt,
for s € C.
By definition and direct computation, we have
(3.1) % Tra s [Ne*tD%’u] = t% Trg,s [Que*tD%vu] .
Then
00.,(s)
3.2
(32) —
11 > 0 2
= —— ts— T s " 7tDF’“ 7T s uP dt
21—\(8)\/0' 8t( rG7 [Q € ] rG, [Q kerD%,u])
1 —s [ . _tD2
= ) F(S) /0 5! (TrG,s [Que tDF’“} - TrG,s[QquerD%,u]) dt.
DEFINITION 3.1. Let B be a Banach space with norm || || and f: RT —

B:t+— f(t) be a function. A formal series Y~ a(t) with ax(t) € B is
called an asymptotic expansion for f, denoted by f(t) ~ > 7 ax(t), if for
any m > 0, there are M,, and €,, > 0. So that for all [ > M,,, t € (0,e,,], we
have

<Ct™.

!
“f(t) = ak(t)
k=0
Set

l
Tr, [Que Pre] = 3" Myt +o(t) ast—0.
j=—n/2
Then we have

(3.3) 9 < 90u(s)

ou Js

So by definition we have

s=0 |

0 1 1
(34) % (7;/ + 71/) = iMOJJ - 5 TI‘G,S [Qupkch%,u}'
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So we need to compute

. —tD? . _10%4 —10hy\ _ip2
Jimn Trg, o [Que ™7 IPTG[( Tu a> t }

By [19, Theorem 6.3], we have
() Tr, [h RA } ~ ZTrs [h 1 >],
where ¢(z) € C2°(X) (cf. [19]) is non-negative function such that
/X c(gflx) dg=1, forany xe€ X.
Then
(35)  limTrg, |:h;1 Ohy e_m%‘u} _ /X (@) T {h_ L oh, } (7X,47%),

ou ou

Let eq,...,e, be an orthonormal base of T X with respect to g,, then by
[6, Proposition 4.15]

_ 1 0% 1/ _ ag
10%u _ L 199u
Wit 3w B ) ceote)
1<i,5<n Gu
As in [6], we set
10hy,
F. Tr|h,
O(F,hy) = r[h au]

and

(3.6) &, (TX)

_2 TX 9 TX_} TX ( TX —1593)(
abpf[ (R +b(auvl Sl

Then by local index technique in [6] and the proof of [20, Theorem 6.3], we
have

B o, ! e P = [ c@ornE ).

e
u
Then by (3.5) and (3.7), we have
(9 _ 1 -1 8hu TX
(3.8) a—ulog% = E/Xc(a:)Tr [hu %]e(TX,g )

_%/X c(z)0(F, h,)e. (TX)——Trcs[Qquerm -

REMARK 3.2. If dim X is odd and H(*Q)

of the metrics (gu, hy) satisfying ., ; > 0.

(X, F) =0, then T, is independent
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4. Torsion form

In this section, following [3] and [11], we extend the analytic torsion intro-
duced in Section 2 to the family case and show that the zero degree part of it
is the analytic torsion defined in Section 2.

4.1. The Bismut—Lott torsion form. In [3], Bismut and Lott defined the
analytic torsion form. We first briefly recall their construction of the analytic
torsion form. Given a smooth fiber bundle 7w : M — B with closed fibers Z,
a horizontal distribution 7% M on the fiber bundle, and a flat vector bundle
F on M, then it has an infinite-dimensional Z-graded vector bundle W on B
whose fiber over b € B is C®(Zy; (A(T*Z) @ F)|z,) (cf. [3, Section 3(a)]). The
exterior differentiation on Q(M, F) gives a flat superconnection of total degree
1 on W. They constructed a rescaled superconnection C; and an operator Dj.
Recall that N is the number operator on W, it acts by multiplication by ¢ on
C>(M;AN(T*Z) @ F). Using the function f(a) = aexp(a?), for ¢t > 0, they
constructed f(C}, h") (cf. [3, (3.103)]). So the Bismut-Lott analytic torsion
form is defined by (cf. [3, (3.118)])

(4.1) T(T"M,g"% h")
_ _/0Jroo {fA(Ct’,hW) - X/(Z2§F)f/(0)
_ (dirn(Z) HEpZ) x’(Z2;F)> f(g)] o

See [3] for the meaning of the terms in the integrand. To show the integral
in the above formula is well defined, it needs to calculate the asymptotic of
fANCIAY) as t — 0 and the asymptotic as t — co. For the asymptotic as
t — 0, they used the local index technique. For the asymptotic as t — oo, the
key fact is that the fiber Z is closed, so the fiberwise operators involved have
uniform positive lower bound for positive eigenvalues.

In [11], Heitsch and Lazarov defined analytic torsion for foliations. In the
case of foliations, they defined operators similar to C} along the leaves instead
of the operators along the fibers. Also in [11], they exactly used the formula
(4.1) to define their analytic torsion. To calculate the asymptotic as ¢t — 0 for
fN(C;, R, they used the techniques in [3]. For the asymptotic as t — oo,
since the leaf of the foliation may be noncompact, there is no uniform positive
lower bound for the positive eigenvalues. Nevertheless Heitsch and Lazarov
succeeded in defining the torsion form if the manifold satisfy the so called
strong foliation Novikov—Shubin invariants condition introduced in [10] (cf.
(4.16)).

In our current case, the situation is very similar as the case in [11], since the
manifold is noncompact. So we will use the techniques in [11], some of which
are originally from [9], to calculate the asymptotic as ¢ — co. Finally, we
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want to mention that in [9, p. 4] they did not assume that the I'-action can fit
together to yield a global action, so they introduced the so-called strong local
I-invariance to insure that the I-trace is well defined, see [9, pp. 8 and 9]. In
our case, the action of G is a global action on the fiber bundle preserving the
metrics and the connections.

4.2. Construction of the torsion form in the current case. Let 7 :
M — B be a smooth fiber bundle with connected fibers Z, = 7= 1(b) of di-
mension n. Let T'Z be the vertical tangent bundle of the fiber bundle and let
T*Z be its dual bundle.

Let G be a unimodular locally compact group properly and cocompact acts
fiberwise on M. We consider that G acts as identity on B. Then there is a
positive function ¢ € CS°(M) such that

/Gc(gflm) dg=1, forany me M.
Let TH M be a horizontal distribution for the fiber bundle, meaning that
TH M is a subbundle of TM such that
(4.2) TM=TiMaTZ
Let P72 denote the projection from T'M to TZ. We have
(4.3) THM =~ n*TB.
Then (4.2) and (4.3) give that as bundles of Z-graded algebras over M,
(4.4) ANT*M) =7 (A(T*B)) @ A(T*Z).

Let F be a flat complex vector bundle on M and let V¥ denote its flat
connection. Assume that the action of G can be lifted to F' and preserve the
connection V. Let W be the smooth infinite-dimensional Z-graded vector
bundle over B whose fiber over b € B is C*°(Zy; (A(T*Z) ® F')|z,). That is,

C=(B;W) = 0®(M;A(T*Z) ® F).

Let QY (M, F) denote the subspace of Q(M, F') which is annihilated by interior
multiplication with horizontal vectors. Then there is an isomorphism

(4.5) V(M F) = C=(B;W),

where the isomorphism is given by sending an element of QY (M;F) to its
fiberwise restrictions. From (4.4),

(4.6) QM; F)=Q(B)&QY (M; F).
Thus we have an isomorphism of Z-graded vector spaces

(4.7) Q(M; F)=Q(B;W).



178 G. SU

The exterior differentiation operator d™, acting on Q(M; F), has degree 1
and satisfies (d™)? = 0. Furthermore, for all f € C°°(B) and w € Q(M; F),

(4.8) dM((ﬂ*f) ~w) = (ﬂ*dBf) /\w+(7r*f) ~dM (w).
Thus d™ defines a flat superconnection of total degree 1 on W.

DEFINITION 4.1 ([3, Definition 3.1]). Let d? denote exterior differentiation
along fibers. We consider dZ to be an element of C°°(B; Hom(W® W*+1)),

If U is a smooth vector field on B, let U € C°°(M; T M) be its horizontal
lift, so that 7, U = U. As the flow generated by U¥ sends fibers to fibers dif-
feomorphically, the Lie differentiation operator Ly acts on C*®°(M;A(T*Z) ®
F), and one can easily verify that for f € C>°(B) and a € C*(M;A(T*Z) ®
),

(49) L(fU)Ha = <7T*f) . LUHCL
and
(4.10) Ly ((7*f)a) =7*(Uf)-a+ (7*f) - Lyna.

DEFINITION 4.2 ([3, Definition 3.2]). For s € C*(B;W) and U a vector
field on B, put

(4.11) VWs=Lyns.

From (4.9) and (4.10), VW is a connection on W which preserves the Z-
grading and commutes with the action of G.
If U; and Us are vector fields on B, put

(4.12) T(Uy,Up) =—PT2 U], UJ" e C(M;TZ).
One easily verifies that T' gives a T'Z-valued horizontal 2-from on M, which

one calls the curvature of the fiber bundle.

DEFINITION 4.3 ([3, Definition 3.3]). ir € Q%(B;Hom(W*,W*~1)) is the
2-form on B which, to vector fields U and V on B, assigns the operator of
interior multiplication by T(U,V) on W.

Then we have the following proposition.
PROPOSITION 4.4 ([3, Definition 3.4]).
(4.13) dM =d? + VWV +ir.

We assume that we have a vertical Riemannian metric on the fiber bundle
m: M — B. That is, we have a positive-definite metric ¢74 on T'Z and the
metric is G-invariant. Also suppose that F is equipped with a G-invariant
Hermitian metric A”". Let V" denote the unitary connection (V¥ + (V)*)
on F and let VIZ®F% denote the connection on A(T*Z) ® F obtained by
tensoring VIZ and V. Let 9 be short for w(F, h").
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Let * be the fiberwise Hodge duality operator associated to ¢7%, which
we extend from an operator on C*°(M;A(T*Z)) to C*°(M;AN(T*Z) ® F) =
C>(B;W). Then W acquires a Hermitian metric AW such that for s,s’ €
C>*(B;W) and b € B,

(4.14) (5,5, ) (D) = /Z (s(b) A #5'(B)) .-

b

Denote by (d)* the adjoint of d™ with respect to (4.14), then we have the
following.

PROPOSITION 4.5 ([3, Proposition 3.7]).
(4.15) (@) = (@) + (VW) -TA.
DEFINITION 4.6 ([3, Definition 3.8]). Put
D? =d? + (d*)",
v = (VY (V7))
w(W,h) = (VV)" —vW.
For t >0, let h}" be the Hermitian metric on W associated to the metrics
g'? /t and hF on TZ and F, respectively. Let (d™)} be the adjoint of the
superconnection d™ with respect to h}".

Let N be the number operator of W; it acts by multiplication by i on
C>®(M;AN(T*Z)® F). Then we have

M\* _ =N (jM\* ;N
(@), =7 (@)™
As in [3], we put
O = (N/2gM =N/
O = t=N/2 (M) "N/,
Then C}' is the adjoint of C} with respect to h'V.
Put ) )
Again, C} is a superconnection and D, is an odd element of Q(B;End(WW)).
Put V = (d?)* — d?, an element of C*°(B;End(W)). For each b € B, V;, ex-

tends to a densely-defined skew-adjoint operators acting on the L2-completion
of Wy. Then by Hodge theory, there is an isomorphism

H ) (Zp; F|z,) = Ker(V).
Then there is an isomorphism of smooth Z-graded vector bundles on B:

H(Q)(Z;F|Z) = Ker(V)
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Let ¢: Q(B) — Q(B) be the linear map such that for all homogeneous

we QB),
w = (2im)~(de8w)/2y,,
We denote by P the orthogonal projection onto Ker(V).

Set f(z) = zexp(z?), we can apply the functional calculus fiberwise to de-
fine f(D¢). From [9, Lemma 2.2], especially the Duhamel formula therein,
one can find that f(D7?) is smooth respect to x € B. As it in the Bismut-Lott
case, —D? is a fiberwise generalized Laplacian operator, then by [19, Theo-
rem 6.3] we get that f(D7) is a smooth form on B with values in the fiberwise
G-trace class operator. So we can define

HTP ) = ) et 1 000) )]
f(vH(z>(Z;Flz)7hHm(Z;Flz)) - (27T’L')1/2(,0TI‘G75 [f (P;w(VV, hW)pﬂ

and
F(CLRY) = (2mi)' 2o T o [£(D1)].

In order to extend the Bismut—Lott torsion form to the current case, the
key difficulty is how to calculate the asymptotic as ¢ — co. As discussed in
Section 4.1, we need the similar conditions as in [11], [10]. More specifically,
denote by P. the spectral projection associated to the interval (0,¢) for the
non-negative self-adjoint operator —V?2/4. We assume the following condition
holds in the rest part of this paper.

(*) For each choice of metric on M there is 8 > 3dim B so that for all
sufficiently small e, Tre(P:) satisfies

(4.16) Trg(P.) ~ O(<F).

The condition (4.16) is the strong foliation Novikov—Shubin invariants con-
dition of [10].

Put
Pf[RTj;rZ}, if dim Z is even,
0, if dim Z is odd.

e(TZ, VTZ) = {

THEOREM 4.7 (cf. [3, Theorem 3.16]). Ast— 0,
(4.17) f(c;,n")

|, e@)e(TZ,NT2) F(VE RE) + O(t), if dimZ is even,
oW, if dim Z is odd.

Under the condition (*), there is v >0 so that as t — o0
(4.18) f(C’{,hW) = f(vH@)(Z;F\z)’hH<z>(Z;F\z)) +O(t).
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Proof. Let z be an odd Grassmann variable. Given «a € Q(B) ® Clz], we
can write a in the form

=g+ zoq

with ag, a1 € Q(B). Put

As C? = —D?, we have

(4.19) Trg,s[f(Dy)] = Trg,s [exp(—CF + 2Dy) "

For t > 0, let ¢y € End(Q(B) ® C[z]) be such that if a € Q(B) ® C[z] has
total degree k, then 9;(a) =t~*/2a. Then

Tra,s [exp(—Ct2 + th)] = Trg s [exp(t(—C’l2 + le))] .

Then by [19, Theorem 6.3], Trg s[exp(t(—C% + 2D1))] has an asymptotic ex-
pansion in t as t — 0. This expansion contains only integral powers of ¢ if
dim Z is even, and only half-integral powers of t if dimZ is odd. It then
follows that f(Cj,h"') has an asymptotic expansion in ¢ of the same type.

To calculate the ¢t — 0 limit of Trg s[exp(—C? + zD;)]?, we note that C;
and D, satisfy the Lichnerowicz-type identity of [3, Theorem 3.11]. Then
standard rescaling and local index argument [2] show that

(4.20) }ig%(m)l/?gp Trg,s [exp(—C}? + 2Dy)]”
z/ C($)6(TZ,VTZ)(27Ti)1/2(p
A

e o (METE BT

Then we get (4.17).

Next, we will prove (4.18). As it in [11], we will first prove (4.18) in the
case that P. =0 for some € >0, then we will deal with the general case.

We first filter the space M of all sections of A*T*M ® End(W) by the
subspace M; of sections of Y7, AVT*M @ End(W). Filter the space N of
all sections of A*T*M ® Endg(W) similarly, where Endg(W) is the space of
smoothing operators.

Given € > 0, denote by Q. the spectral projection associated to the interval
[e,00) for the non-negative self-adjoint operator —V?2/4. Note that P. is a
bounded element of /' and Q. is a bounded element of M. Recall that there
is an element ¢ € My, so that

Vit

(4.21) Di=5V+ %w(W, W)+ —
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and note that V € My and w(W,h") € M;. Set

Ds,t = (P + Qs)Dt(P + Qs) + PsDtP:‘v

and
_ 1 wy, L -
(4.22) Ag,t—(P+Q5)(2w(W,h )+2ﬂc>Pg
# 2 (o) + o) (P Q)

As V commutes with the spectral projections of —V?2/4, and (P+Q.)P. =0 =
P.(P+Q.), we have that D; = D.; + A. ;. We first show that Trg s[f(D. ;)]
satisfies equation (4.18). When P. = 0 for some ¢ > 0 this completes the proof
of Theorem 4.7, since in that case, Dat = D;. In the next section, we will finish
the proof in general by showing that Trg s[f(D:)] = Tra.s[f(Det)] + O(t7)
as t — oo for some v > 0.

Set D =D, and D, = (P+Q.)D(P+Q.). Then D. = D., = D. + P.DP..
Set T&*)t = QEDtQ€7 and TE = T571.

PROPOSITION 4.8 ([11, Proposition 2.7]). There is a bounded measurable
section g in M with g. — I and g-' — I € N7 so that under the decomposition
W=PWaQW o P.W,

(Piw(W,RYV)P)? 0 0 Ny 0 0
g-D?g7' = 0 T? 0 mod | 0 ANy 0,
0 0 (P.DP.)? 0 0 0
and
Plo(W,h")P 0 0 No Ny 0
gEDEggl = 0 T 0 mod ./\[2 N2 0f.
0 0 P.DP. 0 0 0

Now for all ¢ > 0, let ¥y be the map of M which multiplies a section of
AFT* M @ End(W) by t=%/2. Then
Dy =Vt Dbyt Dy =Vt Deipy
De,t = \/the%_l, Te,t = ﬁth5¢;1-

Denote ¢ = dim B. We now couple the variable € and ¢. (If P. =0 for
some € > 0, this step is not necessary.) The § satisfies 8 > 3¢g. Choose a real
number a € (6,26/q) and set

e=t rlt.
Then
(4.23) |Gels.s <te for all s.
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LEMMA 4.9 ([11, Lemma 2.8]). Any element A € N, whichis g.—1I1, g-'—1
or the part which is modded out in Proposition 4.8, satisfies, for all r and s,

||thwt_1||r,s at least O(tngrg) ast — oo.

Note that any A in Lemma 4.9 is nilpotent since it is at least in A;. Since
a>6, if A€ Nz, then ||v A, |- is at least O(t~(1+7)) for some v > 0.
Thus, we have

(4.24) Dt = Vit Dot

= g2 by
Plo(W,hW)P+O(=5+3)  O(t~3+3) 0
X O(t=2*4) T..+0O(t™3%) 0
0 0 P.D,P.
X Prg; !
and
(4.25) D2, =t D2y
= g> My !
(Piw(W,hV)P)? + O(t™7) 0 0
X 0 T2, +O(t%) 0
0 0 (PSDtPE>2
X 'l/}tgedj;l'

PROPOSITION 4.10 ([11, Proposition 2.9]). We may assume that 1y g.1p; = =
I= wtgglwt_l, that means 1/th51/zt_l and wtgglwt_l do mot contribute to the
limat.

Proof. By the definition of Trg s and [11, Proposition 2.9], the proposition
follows. 0

Note the abuse of notation here. We are really working on subspaces of W,
and so should use

P<P%w(W, WYP + o(t%+3)>Pexp<(P%w(W, hW)P>2 + (9(H)>P
in place of
(P%w(VV, WP o(t—%+%)) exp((P%w(VV, hW)P>2 " o(t—v)),

and similarly for the other terms.
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The off diagonal terms in D&t play no role in computing the supertrace,
so we may replace them by 0. Doing that, we have

(4.26) Tre,s[f(De)]
=Trg., ((P%w(VV, WV)P + O(t5+3))

2
X eXp((P%w(W, hW)P> n (’)(t—‘Y)))

+ Ters((Ta,t + O(L“%JF%)) eXp(TEQ,t 4 O(t%)))
+ Trg s [ f(P-D,P.)].

Using the technique above, we get

(4.27) TrG7S<<P%w(VV, hW)P+(9(té+2)>

<on((Phanim)p) +oi))
=Trg,, [f (P;M(I/V, hW)Pﬂ +0(t77).
Thus,
(4.28) Trgs[f(Dey)] =Tra,s [f (P%W(W, hW)PH +0(t™)

+ oG (Ter +O(275)) exp(T2, 4 O(t2)))
+ Trg s [f(PaDtPE)] .
ProprosiTION 4.11. For any v >0, as t — oo,
Tre,s((Te + O(t*%%)) exp (T2, + O(t%))) =0(t7).
Proof. First we note that by the same proof of [11, Proposition 2.11], we
can get
1 2 2
(Tep +O(t727%)) exp(T2, + O(t+))
is ™% T3 times a bounded smoothing operator whose —s, s norm is bound-
ed independently of ¢ and so by the definition of the G-trace, we have at worst

Trg,o (T + (=5 3) ) exp (12, + 0(11))) = O~ 5).
Since n is fixed, a > 6 and m is arbitrarily large, we get the proposition. [

Thus completes the proof of Theorem 4.7 in the case that P. =0 for some
positive €, since D, ; = D, in that case and we have shown that there is v >0
so that as t — oo,

Tras (F(Dor)) = Tres < s (P;w(VV, hW)P>) T (F(P.DP)) +O(t).
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The general case.
Set

and recall that 6 <a < 28/q, so v > 0.
PROPOSITION 4.12. As t — o0, Trg s(f(PeDiPe)) =O(t™7).
Proof. Since we have

Tr,s(f(P-DeP:)) = Trg(APz),

where A = TPEDtPEe(PEDfPE)Z.

LEMMA 4.13. t3 ||A|| is bounded independently of t for t large.
Proof. Note that
Vi
2
where C; and t_%Cg are nilpotent and bounded independently of . Now
writing the Volterra series for e §VPPe

t
P.D,P.=P.—VP.+C; and (PEDtPE)QngZV2PE+CQ,

+C2  we have

t 2 t 2 t 2
(429) A:TPEDtPE E / eUOPEZV PEC260'1PEZV P, .--C2eUkPEZV P, do.
A
k k

Since Cy is a section of A*THM @ End(W) and AT M =0, we see that
the number of Cy in each integrand of (4.29) is at most ¢. In particular, the
sum in (4.29) is finite.
As in the proof of [11, Proposition 2.11], we write the integrand of (4.29)
as ty/2 1 ty/2 1 tys2 k
TP.DyP.e0 e 1V Py =2 Chem1PeaViPe . 4 =2 Cheox P2V Pey3 o,

At each point in Ay, there is at least one a; > 1/(k+1). We may assume that
1=k + 1, since the general case is handled in the same way. We may also
assume that all z; > 0. Then by P.D;P. = Peéva + 4y, Cp and t’%C’g are
bounded independently of ¢, and the proof of [11, Proposition 2.11], we get
the lemma. O

Now
Tre s (f(PEDtPE)) =Trg(AP.) =Trg(P-AP;),

as P. = P? and P. commutes with 7. Let wi,...,w; be a base of AT} B, for z
fixed on B. A is a family of operators and A, acts on C*°(M,, F,) ® AT B.
Write A, =3, w; ® A;, then

Tra(P.AP.) =Y w; ® Trg(P.A;P.).

J
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Let §,, be a base of L?(M,, F,), then
(4.30) [(P-A;P-(8,,),00, )| = |(A; P-(u,), P=(6u,))| < ||A; P=(60,)
<A1 P ||” < I AN|1P= (00
Let K. be the Schwartz kernel of P, we have

(4:31) ZHP Gu)|[” = DPo(80). Pe(B)) = D (P2 (80,).00,)
= Z<PE((5W),&U1> = ZKE(vi,Ui) =Tr(K.(z,z)).

Denote the Schwartz kernel of P.AP. by H., then we have

(4.32) Trg(P.AP.) = /Zc(x) Tr(H.(z,)) dx

N / c(x) ij ® <P€Ajps(5vi)’5vi>dx'
Z i’j

||PE(5U1)

Now

(4.33) / c(x) Z(PEAJ'PE((SW), Ou; > dx

z i

/ Z| (P-A;P-(6,,),6,,)| dz

< [ @ 1P =141 [ cle) Tr(Reo.2)) da

=[|A| Tra(F:).
Then by the assumption (4.16) and ¢ = ¢~ =, since t=% =t"7"% and t— % [|A]
is bounded, we get the proposition. O

Thus, we have shown that as t — oo
Tres (f(Dey)) = Tra,s (f <P%w(W, hW)P>) +0O(t7).

PROPOSITION 4.14 (cf. [11, Proposition 2.4]). As t — oo,

Trag s (DteDf) ZTI"G,s(D e et) -‘rO(t ’Y)

Proof. Now
(434) Trga (DoeP2) — Trgs (Die™)
= Tre o (Dy (P2t — €P%)) — Trg o (A 1eP20).
Note that

Do = (P 4 Q) (PHQIDUPHQI* (P | 9 ) 4 PePeDiP)’ p,
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and that
(4.35) A= (P+Qa)(%w(W, V) + ﬁa) P.
+P€< w(W,h") + W)(P+QE).

From the trace property, we see that TrG’S(AE’teDE’t) =0.

For 0< 2 <1, set Dy(2)=2D; + (1 —2)D.y = D. 4 + 2A ;. Then we have

1 2
ieDf(z) _ _/ [6(1—S)D$(z)] d(Dj (Z))esD,?(z) ds.
dz 0 dz

Thus the first term on the right-hand side of equation (4.34) is given by
1,1
(4.36) / / Trg (TDte(l_“")D?(z) (Dt(z)Aayt + A57tDt(z))eSDt2(Z)) dsdz,
o Jo
where 7 is the grading operator. As w(W,h") commutes and V and ¢ anti-

commute with 7, 7D; = —D;7 +7w(W, h"). Recalling that D; = D;(z) + (1 —
2)Act, (4.36) equals

Trg <A57t/1 /1 f(s,2) dsdz) ETrg(A&-’tF(S,Z)),
o Jo

where

(4.37) f(s,2) = Dt(Z)esD?(Z)TDt(Z)e(l—s)Df(z)
+e1=9DEE) A, Dy(2)e P (1 - 2)
_ esD?(z)Dt(Z)Teu—s)p,?(z)Dt(Z)
— 7-6(1—5)D12,(Z)Dt(z)A&test(z)(1 —2)
+eDi (z)Tw(W, hW)e(FS)Df(z)Dt(Z)'

We write

t t
Dyi(z)= §V+ C; and D?(z)= ZVQ + Oy,

where Cy and t~2C are nilpotent and bounded independently of ¢t. Then by
the proof of Lemma 4.13, t~2||F(s, z)| is bounded independently of . Since

(4.38) Trg(A-:F(s,2)) =Trg ( [(P + Q) (%w(W, W)+ LE) P.

2Vt
+P. (%W(W, W) + 2%/%8) (P + Qa)] F(s, z))
=Trg <P F(s,z)(P+ Qs)< w(W,h") + %3)

x P. < w(W, hW)+2\1/¥)(P+Q6 (s,2) ).
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As

(4.39) t 3% [F(s,z)(P-i-Qs)(%w(VV, V) + 2%/1_@)
(

+ (%W(W, W) + 2%/%6) (P+Q:)F 8,2)}

is bounded independently of ¢ for ¢ large, then as the proof of Proposition 4.12
we get the proposition. O

O
For ¢t > 0, set

N N 2
Vi (C’t’,hw) =opTrgs (5f’(Dt)> =pTrgs <5(1 + QDf)eDf>,

and
X2 Fl7) = Trgs (";f <P;w(w, hW)p)) ().

THEOREM 4.15. Ast—0
(4.40) f(Cl,n")
{ dim Zrk(F) [, c(2)e(TZ, V%) + O(t), if dimF is even,

O(W1), if dim I is odd.
Under the condition (*), there is v >0 so that as t — 0o
1 _
(4.41) FMCLRY) = 5x6(ZFl2) + O (7).

Proof. We use the proof of [3, Theorem 3.21]. Put M=M x R% and
B=Bx R* . Denote 7 : M — B by w(x s) = (7(x),s). Let p be the projection
M — M and let p’ be the projection M— R%.

Let Z be the fiber of #. Then TZ = p*TZ. Let g"% be the metric on TZ
which restricts to p*g?% /s on M x {s}. Put
(4.42) THM = p*T" M @ p"*TR"..

One can show that V7Z = p*VTZ + ds(— — 5-) and RTZ = p*RTZ. In n par-
ticular, RTZ(E) ,-)=0. Clearly (p*F, p*VF) is a flat vector bundle on M.
Using the product structure on M we can write
dM = aM 4 dsd,,
(dﬂ)* — —(N—dim(2)/2) (dM _’_dsas)stdim(Z)/Q.

(@M)* = (a™)" +ds<6 += (NdimQ(Z)».

Then
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Put

X (@) =) = x5 (v - D),

and

ﬁt — s N2p N2y ? <N _ d1m2(Z)>.
s

‘We deduce that

(4.43)  f(Cl,hY)
dim(Z)

d
— F(CL, ) + f FNCL B - dsp Tre [/ (Dst)].-

Since f’(a) is even function implies that ¢ Trg s[f'(D;)] is independent of ¢,
and the method of (4.18) shows that it equal rk(F) [, ¢(x)e(TZ,V'#). Thus,

. d

(444)  F(CL") = F(CLRY) + Nl RY)

dim(2)
4s

—ds rk(F) / c(x)e(TZ,V"7).

Equation (4.17) gives the t — 0 asymptotic of the left-hand side of (4.44). In
particular, using the fact that ¢ — 0 limit of the left-hand side of (4.44) has
no ds term. Then equation (4.40) follows from (4.17) and (4.44).

Let o : B — B be the projection on the first factor. Let N now be the
number operator of H(9)(Z; F|z), we have

Hy)(Z;p"Flz) = 0" Ho)(Z: Fz),

ﬁﬁ(WW)ﬁ:Pw(WhW)”%(N‘ dmi(z)).

Thus, we have
H2)(Zip" Flg) 3,Ha(Zip" Flz)
(4.45) f(V Jh )
:f(VH(Q)(Z;Flz)’hH(Q)(Z;F‘Z))
im(Z
ds dm;( ) 1(F) / c(x)e(TZ,vTZ)>.
z

“(v'(Z-F)—

+ 5 (xolz:F)

Equation (4.18) gives the ¢ — oo asymptotic of the left-hand side of (4.44). In
particular, the t — oo limit equals the right-hand side of (4.45). Comparing
the ds-term, (4.41) follows. O

Set
Ye(2) = /Z (2)e(TZ, V7).



190 G. SU

DEFINITION 4.16. Under the condition (*), by Theorem 4.15, we define the
torsion form 7T (Z; F) € *(B) by

(440) T(Z:F) == [ | (CL") - (i)

+ (e n - e )1 ()] 5

THEOREM 4.17. The order zero term of T(Z; F), denoted T (Z; F) sat-
isfies
TON(Z;F)=10gT.

Proof. Set
1
(4.47) c¢= 5 dim Z rk(F) /Z c()e(TZ) —xe(Z;F) and g(a) = (1+2a)e”
Then
where

TON(Z:F) = /Ooo
)

dt
A )

Using the fact that h(t) is at least O(v/t) as t — 0 we have that for any ¢ > 0,

(4.48) / h(t _ O[ﬁ /Osh(t)ts_ldt—i-s/sw h(t)%].

Now
ker D%, )

N (—tD%
(449) TrG’S<Eg(T)

N N 1
ZTI'G75<EQ(O)> =Trg s <5P) = §X’G(Z;F).

Set e~ tP% = ¢~tP% — P. We have that (4.48) is equal to

d 1 € N ’2
(4.50) —— [—/ ts_l(TrG7S<—e_tDF>
) ds|,_oLT'(s) Jo 2
d 2 C dt
t— Trgs(Ne "PF) — = dt
= Trgs( ) —59(-t)— )
> N _,pe d Y c dt
s\ o5 n s N F)—=—-g(—t)—
Jrs/E TTG7(2€ F)+tdtTrg( e ) 2g( )t
Set

1

=575/ T (NeP#) dt.
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We claim that (4.50) is equal to

d

ds

[—%C(s) + sg(s)} e

s=0

Using g(—t) = (1 — 2t)e™*, by direct computation, we get

=0 [ﬁ /OOO t~g(—t) dt} __o

Then we see that the claim follows from the following lemma.

d
ds

LEMMA 4.18.
d ]. € d 12
4.51 - — S — Trgs(Ne tPr
(4.51) o 5—0|:P(S)/0 t p re,s (Ne )dt
+S/miTrG5(Ne_th)dt _4 (s¢(s)).
. dt ' ds|,_,

Proof. Integrating by parts, we have

1 /6 d e
— t*— Tra.s (Ne tPF) dt
ol ) v
—&—s/ooiTrG (Ne_th)dt
.odt 7
d [ 1 /6 . D2
—— | —st" 1 Trg  (Ne PF) dt

ds
1 s _ 12\ e _ 12
—Q—mt Trgﬁs(Ne tDF)|O+sTrG75(Ne tDF)|

1 /6 -1 —tD§
S—— 7 Trg s (Ne "2F ) dt
s—0|: F(S) 0 ( )

+ 52 / t 1 Trg s (Ne*tD?) dt
£

Do)

d

(452)

oo

€
o d
ds

and

LEMMA 4.19.

191
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Proof. First we have that as t — 0,
(4.53) Trg,s(Ne tPF)

2dim(Z)rk F [, c(x)e(TZ,VT?)+ O(t), if dimZ is even,
cl/\/_+(9(\/_) if dim Z is odd,

for some constant ¢;. Since Trg o(NP) = x5 (Z; F) we have

(4.54) ((s) = ﬁ /OE 7 Trgs (Ne tPF) — X (Z; F)] dt

+5 / 1 Trg. (N (7% — P)) dt.
£

If dim Z is even, the first term equals

S

S € o— B ce S € s—
m/ t 1[c+(’)(t)]dt—r(s+1)+F(S+1)/O t57LO(t) dt

If dim Z is odd, [, c(z)e(TZ,VT#) =0 and we get
s & c1

455) —— [ " e+ —=+0 t}dt

9 55 { VARG

S

In both cases,

((s) = e+ sA(s)

where the function A is holomorphic around s = 0. O
O
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