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EXPONENTIAL INTEGRABILITY OF RIESZ POTENTIALS
OF ORLICZ FUNCTIONS

YOSHIHIRO MIZUTA AND TETSU SHIMOMURA

ABSTRACT. In this paper, we are concerned with exponential
integrability for Riesz potentials of functions in Orlicz spaces
D, »(L,R™). As an application, we study exponential integra-
bility for BLD (Beppo Levi and Deny) functions.

1. Introduction and statement of results

A famous Trudinger inequality ([20]) insists that Sobolev functions in W1:"
satisfy finite exponential integrability (see also [1], [3], [19], [21]). Great
progress has been made for Riesz potentials of order « in the limiting case
ap=n (see, e.g., [6], [7], [8], [9], [16], [18]). Let R™ denote the n-dimensional
Fuclidean space. In this paper, we aim to show exponential integrability for
Riesz potentials of functions in Orlicz spaces ®,, ,(L,R"), and consequently
establish exponential integrability for Sobolev functions, as an improvement
of the result by Edmunds, Gurka and Opic [6, Theorem 4.6], [7, Theorems 3.1
and 3.2] and the authors [16, Theorems A and B] and [18].

We denote by B(z,r) the open ball with center x and of radius r > 0,
and by |B(z,r)| its Lebesgue measure; in particular B denotes the unit ball
B(0,1).

For 0 < a <n and a locally integrable function f on R", we define the
Riesz potential U, f of order a by

Uaf@) = [ Je=sl"" 1)y,

If f e LP(R"™) and ap = n, then we modify the potential by

Uaof(z) = Rn{laf/ —y|*" = ly|* " xm\B () } f(y) dy,
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where xp denotes the characteristic function of F; note here that

[ = sl =yl )| )] dy 2 .

In the present paper, we treat functions f satisfying an Orlicz condition:

(1.1) /Rn <I>p7¢(|f(y)‘)dy<oo.

Here (1) = r7P®, ,(r) is a positive monotone function on the interval (0, 00),
which is of logarithmic type; that is, there exists ¢; > 0 such that
(pl) e to(r) <(r?) <cip(r)  whenever 7> 0.
We set
®yp,,(0) =0,
because we will see from (p4) below that

Tg%ﬂr Py o(r) =0=2, ,(0).

We denote by @, ,(L,R™) the family of all locally integrable functions g on
R” such that

/ Py, (|g(2)]) do < o0,
RTL

and define a quasi-norm

||g||q>p’¢(L7Rn):inf{)\>0: /R q>,,,¢(\g(:c)\/A)d:cg1}.

This defines a norm in @, ,(L,R™) when &, ,, is convex.

Our first aim in the present paper is to establish integral inequalities for
Riesz potentials of functions in ®, , in the limiting case ap =n. For this
purpose, we set

r , 1/p’
©p(r) = [/ {cp(t)}_p /Pyt dt] for r >y,
1

and extend it to be a (strictly) increasing continuous function on [0, 00) such
that ¢y (t) = (t/ro)¢y(ro) for t €10,70), where 1/p+1/p’ =1; here 7o > 1 is
taken so that ¢ is concave on [0,00). We denote by (¢5)~! the inverse of the
function ¢%. Note here that (¢})~" is convex on [0, 00).

Let us begin with the following result due to [18, Theorem A].

THEOREM A. Let ap=n and G be a bounded open set in R™. Then there
exists co > 0 such that

[ () @lvat@) <

whenever f is a locally integrable function on R™ such that || flls,,. (L.Rr") <
1 and f =0 outside G.
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This is an extension of Cianchi [4, Theorem 2], Edmunds, Gurka and Opic
[6, Theorem 4.6], [7, Theorems 3.1 and 3.2], Alberico and Cianchi [2, Theo-
rem 2.3] and the authors [16, Theorems A and B]. For the case when ap < n,
see [18, Theorem A and Corollary 1.4]. Further Edmunds and Evans [5,
Theorems 3.6.10, 3.6.16] discussed the boundedness of Bessel potentials in
Lorenz—Karamata space setting.

To extend Theorem A to the whole space R"™, we consider the modified
version of U, f by setting

Oaf(@)= [ Jlo=sl* " = b "] |£0) do
Rn
Our main results are now stated as follows.
THEOREM 1.1. Suppose ¢ is nondecreasing and
¢(0) = inf o(r) > 0.

Then for e >0 there exists co >0 (depending on e, o and @) such that

/Rn (L+l2) " (ehya) (o (L4 al) " Tuf(2)) da < 1

whenever f is a mnonnegative measurable function on R™ such that
1o, a0, 2rm) <1

THEOREM 1.2. Suppose ¢ is nonincreasing. If € > 0, then there exists
co > 0 (depending on €, o and @) such that

/m<1+ o) " (el e) (colaf (@) dz < 1

whenever f is a nonnegative measurable function on R"™ such that

/]

Our proof is based on the boundedness of maximal functions, by use of
the methods in the paper by Hedberg [10]. The sharpness of Theorems 1.1
and 1.2 will be discussed in Sections 2 and 3 (see Remarks 2.7, 2.8 and 3.2
below).

@, /0., (LRY) <L

EXaMPLE 1.3. Consider @, ,(r) = rP(logr)? for large r > 0, where p =
n/fa>1and ¢<p—1. If g<p—1, then
(@Z)fl(r) > C exp (r?/(P=1-9))
and if ¢=p— 1, then
%\ —1 4
(Lpp) (r) > Cexp(exp(r?))
for r > 1. Hence we have the following exponential integrability, as an exten-

sion of Edmunds, Gurka and Opic [6, Theorem 4.6], [7, Theorems 3.1 and 3.2]
and the authors [16, Theorems A and BJ.
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COROLLARY 1.4. Let @,/ 4(r) =1"/%(logr)? for large r > 0. For a real
number g <nja—1, set f=n/{n— (1+q)a}. Then for e >0 there exists
co >0 such that

(1) if0<g<n/a—1, then
/ |z| =% [exp(co (log |x|)_qﬁa/n (ﬁaf(ac))ﬂ) —1]dz <1;

R\ B(0,2)

(2) ifg=n/a—1, then
/ |z| =% [exp(exp(co (1og|x\)_1(Uaf(a;))n/(n_a))) —e|dw <1;
R\ B(0,2)
(3) if ¢ <0, then
/ |z| 7" % [exp(co (Uaf(a:))ﬁ) —1]dz<1; and
R\ B(0,2)

(4) if g >n/a—1, then U,f is continuous on R™,
whenever f is a mnonnegative measurable function on R™ such that
1flla, .., R <1
EXAMPLE 1.5. Consider @, ,(r) =rP(log(e +r~1))? for large r > 0, where
p=n/a>1and ¢>0. Then
(¢5) ' (r) = Cexp(r?/P~D)
for r > 1.

COROLLARY 1.6. Let ®,, /4, 4(r) =7"/*(log(e+r~1))? for large r > 0, where
q>0. Then for e >0 there exists co >0 such that

/ || 7% [exp(co (Uaf(x))n/(nfa)) —1]dz <1
R"\B(0,2)

whenever f is a mnonnegative measurable function on R™ such that
||f\|<1>n/a,q(L,Rn) <1

As applications of Theorems 1.1 and 1.2, in Section 4, we are concerned
with exponential integrability for BLD functions u on R”™ such that
I1IVullls, ,(z,rn) <1, where V denotes the gradient.

Throughout this paper, let C, Cy, Cs, ...denote various constants inde-
pendent of the variables in question.

2. Proof of Theorem 1.1

First, we collect properties which follow from condition (1) (see [13] and
[17]).
(¢2) ¢ satisfies the doubling condition, that is, there exists ¢ > 1 such that
clo(r) <p(2r) < cp(r)  whenever r > 0.
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(¢3) For each v > 0, there exists ¢ =c(y) > 1 such that
¢ lo(r) <(r?) <cp(r) whenever r > 0.
(p4) If v >0, then there exists ¢ = c(y) > 1 such that

sTo(s) <ctVo(t) whenever 0 < s <t.
(p5) If v > 0, then there exists ¢ =c¢(y) > 1 such that

t 7p(t) <es Yp(s) whenever 0 < s <t.
LEMMA 2.1. (1) For every ¢ > 0, there exists co >0 such that
(2.1) cff;(r) < @Z(clrzl when >0, or
((p;) (cat) <y ((p;) (t) when t > 0;

(2) @5(r?) < Ci(r) when 1> 0.
Set i
P (r) :/ {‘P(t_l)}_p PyLat forr>1.
1

LEMMA 2.2. Let ap=mn. Then
Uia) = [ W1 () dy
B(0,|z)\B

< Copa(lzl) '

for all x € R™ \ B and nonnegative measurable functions f on R™ with
I fll®,.,L.r") <1 such that f =0 on B.

Proof. Let f be a nonnegative measurable function on R™ such that
||f\|q>m,(L,Rn) <1 and f=0 on B. Let k(y) = |y|*a¢p71(|y|)1/p -1
{o(ly|H}~*'/?. For z € R™\ B, write

Uy(x) = / Wl £ (y) dy
{yeB(0,|z|)\B:f(y)<k(y)}

+/ y|* " f(y) dy
{yeB(0,|z)\B:f(y)>k(y)}

= Ull(x) =+ Ulg(x).
First, we have

Uy () < / W1k (y) dy
B(0,|z|)\B

|| , o
< C/ @p,l(t)l/p —1{@(25—1)} P /Pt—l dt
1

< Copa ().
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In view of (p4), we obtain
_ fly) ' ®po(f(y))
Una(z) < C / W () ’ dy
" B(0,|2])\B k(y) =1 @y, (k(y))
- 1/p’
<cf () En ) dy
B(0,|2))\B
- 1/p’
< Ogpa(jaf)'”.
Hence y
- 1/p’
Ur(z) < O‘ﬂp,l(‘ﬂ) g )
0

as required.
LEMMA 2.3. Let ap=mn. Then

Us(z) = || [yl f (y) dy

R\ B(0,2|z|)
_1y—1
SCS@(|$| 1) /p

for all x € R™ \ B and nonnegative measurable functions f on R™ with
I fll®,.,L.r") <1 such that f =0 on B.

Proof. Let f be a nonnegative measurable function on R™ such that
Iflle, ,2rm) <1and f=0on B. Let k(y) =|y|~*{e(ly|~*)} ~*/?. Then

Us(a) = o] [ 1 () dy
{y€R™M\B(0,2]z|):f (y)<k(y)}

yl“ " f(y) dy
{yeR"\B(0,2|z]):f (y)>k(y)}
= Ugl(l‘) + UQQ(JJ).

+ ||

First, we have by (¢5)
[y k(y) dy

Usi(z) < |z
R"\B(0,2]])
§C’|x|/ ot ) P2t
2|z|

< C(P(|.T‘_1)_1/p.

In view of (¢4), we obtain
e )~ (f(»)
C a—n—1 P, d
Un@ <O [ W W g

< Clal / O I
R\ B(0,2|z|)

S CSD(|$‘71)*1/P'
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Hence
1y -1
Us(x) < Cp(|[ 1) 77,
as required. O
Set
T ’
Op2(s,T) :/ {(p(t_l)}_p Pyt at for 0 <s<r.
S
The following lemma can be proved in the same way as Lemma 2.2.

LEMMA 2.4 (cf. [17, Lemma 2.5]). Let ap=n. Then

U(x) = / & — " f(y) dy
B(x,|z|/2)\B(x,)

< Oy (0, ]2]/2) "

for all x € R™, 0 < § < |z|/2 and nonnegative measurable functions f on R™
with || flle, ,Lrm) < 1.

LeEMMA 2.5. ([15, Lemma 2.2]) Let ¢ be nondecreasing and ¢(0) > 0. If
r>0 and t >0, then

p(rt) < crp(r)p(t),

where ¢ is the constant appearing in (p1).

We find from Lemma 2.5 that

(2.2) Pp,1 (|x\) = /:l1{<p(|x|—15—1)}—p'/178—1 ds
< o{e(2l)}"" (e 1al) )"

and

23)  Bpa(nlel) = {op(r )} +Gpa(lal)

N _ ’ // N ’
<{ep () + eI} e (12}
when 0 < 2r <1< |z| and ¢ is nondecreasing.
For a locally integrable function f on R"”, define the maximal function by

1
Mf(x)=sup m——
>0 | B(@,7)| JB(wm

|f(y)|dy,

where |B(z,7)| denotes the n-dimensional Lebesgue measure of the ball B(z, )
centered at x of radius 7 > 0.
Set

Us(z) = / o — y|*" () dy.
B(x,|z|/2)
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LEMMA 2.6. Let ap=n and ¢ be nondecreasing. Then
Us(x) < Oy (Mf (@) + O{e(|a]) } 703 (1a])

for all x € R™\ B and nonnegative measurable functions f on R™ with
I flle, . zrm) <1

Proof. Let f be a nonnegative measurable function on R™ such that
I flle, . (rm) < 1. For 0<d < |z]/2 and |z| > 1, write

Usw) = [ eyl @y [ oyl ) dy
B(x,6) B(x,|z|/2)\B(z,5)
= U31(£L‘) + Ugg(lf).
First, note that
By Lemma 2.4, we obtain
Uss(x) < Chpa (6, ]2]/2) 7.
Hence, it follows from (2.3) that
Us() < CO°Mf(x) + Cdpa (3, ]1/2)
o 1/p, «
< C*Mf(2) +Cpp(67") + Clo(lal)} Py (lal).
If (Mf(x))*l/agp;‘,(Mf( NYe < 1/2, or Mf(x) > C, then, letting 6§ =
(M f ()~ (M f(x))"/*, we find
* 1 *
Us(a) < Oy (M () +C{p(l2l) } o} (Jo])-
If (M f()) =Y/ %5(M f(2))/* > 1/2, then, letting § = 1/2, we find
Us() < C{e(lal) } "5 (I,
as required. O
Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Let f be a nonnegative measurable function on R"™
satisfying || flle,  (z,rn) < 1. If € R"\ B(0,2), then

U fo () < Clafo /B fy)dy<C

for f1 = fxs.
Next, we are concerned with fo = f — f1. For x € R™\ B(0,2), we have

O fola) = / [z — ™ — [y faly) dy
B(0,2|z|)\B(z,|z|/2)

4 / e — 5 — 51| faly) dy
R"\B(0,2]z|)
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4 / e — 5 — 51| faly) dy
B(xz,|z|/2)

<C ly|“~" f2(y) dy
B(0,2]z|)\B(x,|z|/2)

+ Clz| ly|*~" ! faly) dy
R™\B(0,2]2])

+C/ |z —y|* ™" fa(y) dy
B(x,|z|/2)
< C{Uy(2) 4+ Us(z) + Us(x) },

where Uy (z),Us(z) and Us(z) are given as in Lemmas 2.2, 2.3 and 2.6. Note
from (¢2) and (2.2) that

oIz 77 < O (2121) 7 < Cp(lal) P (1al).
With the aid of Lemmas 2.2, 2.3 and 2.6, we see that
Uaf(x) = Uy f1(z) + Uy f2(2)
< C+ 0y (202)) 7 + Cp (]!
+C (M fa()) + Coo(Jal) /o3 (|])

< O (Mf(x)) +Co(l]) "5 (|1)

< Cp(jal) " (max{ ||, M f(z) })

< C(a)p(j2l) "y ([max{ 2], M f(2)}])

for 0 < a < min{e, 1}, so that

(03) " (Cla) o (lal) ™ Tt (2)) < [max{|x|, M f(2)}]".

Hence,

Lol o) (O o llal) T (@) de
R"\B(0,2)
<[ el el (MF@)"] da
R\ B(0,2)

Now it follows from the boundedness of maximal functions in LP that
m—e/ ay—1 _ —1/pr
/ || E((pp) (C(a) 1(,0(|3c|) /pUaf(x)) dx < C.
R\ B(0,2)
Thus, the proof is completed by (2.1). O
REMARK 2.7. Let ap=n. One can find f € LP(R"™) such that

[ e (eo(0af@) ) de=oo
R"\ B(0,2)
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with 8=p/(p—1) and ¢y > 0, so that we cannot take € =0 in Theorem 1.1.
To show this, consider

F) = (e +ly) ™" (log (e + y1)) ™" (tog log (e + [y]))) ™
with v > 1/p for y € R™. Then

/ f(y)Pdy < oo
since v > 1/p. Further,

Uaf(x)>C ly|*" f(y) dy
B(0,Jal/3)

=¢ B(O|m|/3)(6+|y|) " (log (e + Io1)) ™" (o (toa (¢ + ly]))) " dy

> C(log(e + )~ (log (log (° + [a])))
for x € R™\ B(0,2). Hence, it follows that

/ |x|7"exp(co(0af(x))5) dx
R\ B(0,2)

- / 2 " exp (o (1og (e + [2])) (log (log (e + [«]))) ") da
R"\B(0,2)
=0
for ¢o > 0.

REMARK 2.8. Let ap=mn. Let ®,,(r) =rP(logr)? for large r > 1 and
0<g<p—1. For 0<d <1, one can find f € P, ,(L,R™) such that

/ |z| "% exp(co (log (2 + |x|))7q56/p (f]af(x))ﬁ) dr =00
R\ B(0,2)

with 8=p/(p—1—¢q) and ¢y > 0, so that the exponent —g8/p is sharp in
Corollary 1.4.
To show this, consider

Fy) = (e+ly) """ (log (e + y)))
with 1/p<y<{l1+q(1-9)}/p(<1) for y € R™. Then

/f ?(log(e+ f(y ))) dy < oo
since v > 1/p. Further,

Uaf(z)>C ly|*~" f(y) dy

B(0,][/3)

=C |y|_”(log(e+|y\))_’ydy
B(0,|z]/3)

> C(log(e+ |x|))77+1
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for x € R™\ B(0,2). Since —¢Bd/p+ (—y+1)8 > 1, we have
/ \x|_NeXp(co(log|w|)_q’66/p(ﬁaf(m))6) dx
R\ B(0,2)

2/ |x|_NeXp(coC(10g|x|)7q’85/p+(77+1)6) da
R"\ B(0,2)

=0

for ¢g >0 and N > n.

3. Proof of Theorem 1.2

We find that
1 / /
(3.1) @ (lz]) = / l_l{gp(|1~|*1871)}*iﬂ /Py=1 g < {cp;(|m|)}z7
and

(82)  @pa(rlal) ={ep (™)} +Gpallal) < {ep (™)} +{ep(al)}”
when 0 < 2r <1< |z| and ¢ is nonincreasing.

Using (3.2) instead of (2.3), we can prove the following as in the proof of
Lemma 2.6.

LEMMA 3.1. Let ap=n and ¢ be nonincreasing. Then
Us(z) < Coop (M f()) + Cop(|2])
for all x € R™ and mnonnegative measurable functions f on R"™ with
1flle, . (Lmm) <1

Proof of Theorem 1.2. Using Lemma 3.1 instead of Lemma 2.6, we can
prove Theorem 1.2 as in the proof of Theorem 1.1. U

REMARK 3.2. Let ap=mn and a > 0. Let ®, ,(r) =rP(log(e +r~1))? for
r>1 and 0 < ¢ <min{p — 1,ap}. Then one can find f € ®,,(L,R") such
that

|z|~"F exp(co((log(2 + |x\))aUaf(a:))B) dx =00
R"\B(0,2)
with 8 =p/(p— 1) and ¢¢ > 0; this implies that Theorem 1.2 is sharp in a
certain sense.
To show this, consider

F) =1lyl™"/*(log(e +|yl)) "

with (¢4 1)/p <~y <min{l,a+ 1/p} for y € R"\ B, and f =0 for y € B.
Then

/ F@)P (log(e+ £(y)™1)) " dy < oo,
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since v > (¢ + 1)/p. Further,

Uaf(z)>C ly|*~" f(y) dy
B(0,/21/3)

-C |y|_”(log(e+|y\))_’ydy
B(0,|z|/3)

> C(log(e+ |x|))77+1
for x € R™\ B(0,2). Since (a —vy+1)5 > 1, we have

/ | exp(co((log (2 + [2)) “Ta f (2))°) do
R"\ B(0,2)

2/ || =N exp(coC(log|x|)(a_7+1)ﬂ) dz
R"\B(0,2)

=0

for ¢g >0 and N > n.

4. BLD functions

As applications of our theorems, we study exponential integrability for BLD
(Beppo Levi and Deny) functions. We say that u is a BLD function on R™ if
its partial derivatives belong to LY(R™) (¢ > 1) (see [11], [12], [13], [14]). To
give an integral representation, we need the kernel functions

- _ ]fj(fﬂ*y) when |y| <]-7
kj(z,y) = {kj(:c —y) —kj(—y) when |y| >1

with k;(z) =z;|z|~". For simplicity, set

]E(Qﬁ,y) = (lzrl(x,y),,l;:n(x,y))
We see that

(4.1) u(e) =t [ Few) - Valp)dy + A,

for almost every z € R"™, where w,, denotes the surface measure of the bound-
ary 0B and A, is a number. Here note from Hoélder’s inequality that

(4.2) /R“ (1+ |y|)_n|Vu(y)‘ dy < 00.

THEOREM 4.1. Suppose ¢ is nondecreasing and ¢(0) > 0. Then for e >0
there exists cog > 0 such that

/ 127 (02) " (cop(2]) " ulx) — Au]) dr <1
R"\B(0,2)

whenever u is a BLD function on R™ such that |||Vul|

@, (LR <L
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Proof. In view of (4.1), we have

[u(e) = 4] £ [[(e0)||Tuty)] dy.

Therefore, in view of Theorem 1.1, we establish

/ |x|7"*€(cp;’;)71(cocp(|x|)7l/n|u(w)fAu|)d:c§1. O
R"\ B(0,2)
>

REMARK 4.2. If o(r) = (log(e 4 7))? with 0 < ¢ <n — 1, then (¢%)~*(r)
C exp(r™/ (»=(+4))) by Example 1.3. Consider

u(z) = (log(e + |x|))171/n (loglog(e® + |z)) .
If yn > 1, then

|||V“|Hq> o0

o (LR?) S
and

Lol eleole(e) ™ ) - ) o= o
R"\B(0,2)

for every ¢y >0 and A > 0.

THEOREM 4.3. Suppose @ is nonincreasing. Then for € >0 there exists
co >0 such that

/ \:c|7”75(g0;)_1(00|u(1:)—Au}) dr <1
R\ B(0,2)

whenever u is a BLD function on R™ such that ||[Vullls, g <1
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