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ON THE MODULI SPACES OF SEMI-STABLE PLANE
SHEAVES OF DIMENSION ONE AND MULTIPLICITY FIVE

MARIO MAICAN

ABSTRACT. We find locally free resolutions of length one for all
semi-stable sheaves supported on curves of multiplicity five in the
complex projective plane. In some cases, we also find geometric
descriptions of these sheaves by means of extensions. We give
natural stratifications for their moduli spaces and we describe
the strata as certain quotients modulo linear algebraic groups.
In most cases, we give concrete descriptions of these quotients as
fibre bundles.

1. Introduction

Let Mp2(r,x) denote the moduli space of semi-stable sheaves F on the
complex projective plane P? with support of dimension 1, multiplicity r and
Euler characteristic x. The Hilbert polynomial of F is Pg(t) = rt + x and
the ratio p(F) = x/r is the slope of F. We recall that F is semi-stable, re-
spectively stable, if F is pure (meaning that there are no proper subsheaves
with support of dimension zero) and any proper subsheaf F' C F satisfies
p(F") < p(F), respectively p(F’') < p(F). The spaces Mpz(r, x) for r <3 are
completely understood from the work of Le Potier [8], and others. In [4],
Drézet and the author studied the spaces Mpz2(4, x). This paper is concerned
with the geometry of the spaces Mpz2(5,x). In view of the obvious isomor-
phism, Mgz (7, x) =~ Mp2(r, x +7) sending the stable-equivalence class of a sheaf
F to the stable-equivalence class of the twisted sheaf F® O(1), it is enough to
assume that 0 <y <4. According to [8], the spaces Mpz=(5, x) are projective,
irreducible, locally factorial, of dimension 26 and smooth at all points given
by stable sheaves. In particular, Mpz(5,x), 1 < x <4, are smooth.

In this paper, we shall carry out the same program as in [4]. We shall
decompose each moduli space into locally closed subvarieties, called strata, by
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means of cohomological conditions. Given a stratum X C Mp2(5, ), we shall
find locally free sheaves A and B on P? such that each sheaf F giving a point
in X admits a presentation

0—A-SB—F—0.

The linear algebraic group G = (Aut(A) x Aut(B))/C* acts by conjugation on
the finite dimensional vector space W = Hom(A, B). Here, C* is embedded
as the subgroup of homotheties. The set of morphisms ¢ appearing above
is a locally closed subset W C W, which is invariant under the action of G.
We shall prove that a good or a categorical quotient of W by G exists and
is isomorphic to X. The existence of the good quotient does not follow from
the geometric invariant theory if G is non-reductive, which, most of the time,
will be our case. In some cases, we shall describe the sheaves in the strata by
means of extensions.

Throughout this paper, we keep the notations and conventions from [4]. We
work over the complex numbers. We fix a vector space V over C of dimension
3 and we identify P? with the space P(V) of lines in V. We fix a basis {X,Y, Z}
of V*. If A and B are direct sums of line bundles on P2, we identify Hom(A, B)
with the space of matrices with entries in appropriate symmetric powers of
V*, that is, matrices with entries homogeneous polynomials in X,Y,Z. We
especially refer to the section of preliminaries in [4], which contains most of
the techniques that we shall use.

According to [10], there is a duality isomorphism Mpz (7, x) =~ Mgz (7, —X)
sending the stable-equivalence class of a sheaf F to the stable-equivalence
class of the dual sheaf FP = Ext' (F,wp2). This allows us to study the spaces
Mpz (5, x) in pairs. Thus Mpz2(5,3) and Mpz(5,2) are isomorphic and will be
studied in Section 2. The spaces Mpz(5,1) and Mpz2(5,4) are, likewise, isomor-
phic and will be treated in Section 3. The last section deals with Mp2(5,0). In
the remaining part of this introduction, we shall make a summary of results.

1.1. The moduli spaces Mp2(5,3) and Mpz(5,2). We shall decompose
the moduli space Mpz(5,3) into four strata: an open stratum Xg, two lo-
cally closed strata Xi,X5 and a closed stratum Xj3. The stratum X; is
a proper open subset inside a fibre bundle over P? x N(3,2,3) with fibre
P6. Here N(3,2,3) is the moduli space of semi-stable Kronecker modules
7:C?2®V — C3. Also, X, is a proper open subset inside a fibre bundle over
N(3,3,2) with fibre P17. The closed stratum X3 is isomorphic to the Hilbert
flag scheme of quintic curves in P? containing zero-dimensional subschemes of
length 2.

A sheaf F from Mp2(5,3) gives a point in Xy if and only if the following
cohomological conditions are satisfied:

R (F(-1) =0, Rr'Y(F)=0, r(FaQ'(1))=1
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Each semi-stable sheaf whose stable-equivalence class is in X has a resolution
of the form

0—20(—2)®O0(-1) 530 — F —0.
We consider the vector space W = Hom(20(—2) & O(—1),30) and the linear
algebraic group

G = (Aut(20(-2) ® O(-1)) x Aut(30))/C*

acting on W by conjugation. Here, C* is embedded as the subgroup of homo-
theties. The set of morphisms ¢ occurring above forms an open G-invariant
subset W C W given by the following conditions: ¢ is injective and ¢ is not
in the orbit of a morphism represented by a matrix of the form

or

* ot
* ot
O Ot
* ot
O X
D x>t

The set W admits a geometric quotient W/G modulo G and W/G ~ X,. The
information about X is summarised in the second row of Table 1. The other
rows of Table 1 contain the analogous information about the remaining strata
of Mp2(5,3). The last column gives the codimension of each stratum. For
each W, there is a geometric quotient W/G modulo the canonical group G
acting by conjugation on the ambient vector space W of homomorphisms of
sheaves and W/G is isomorphic to the corresponding stratum of Mpz(5, 3).

Applying to X; the duality isomorphism Mpz(5,3) — Mpz(5,2) of [10] de-
fined by

F— FP(1) = Eat' (F,wp2) ® O(1),

we get a dual stratum X C Mp2(5, 2) given by the cohomological conditions
derived from Serre duality (see Proposition 2.1.2 in [4]). For instance, X
consists of those sheaves G in Mp2(5,2) satisfying the conditions

r'(G)=0, Rh°(G(-1))=0, R'(GaQ'(1))=L1

According to [10], Lemma 3, taking the dual of each term in a locally free
resolution of length 1 for F gives a resolution for FP. Thus, every sheaf G in
X has a resolution of the form

0—30(-2) L 0(-1) @20 — G — 0.

The conditions on 1 are the transposed conditions on the morphism ¢ from
above. In this fashion, we get a “dual table” for Mpz(5,2). We omit the
details.

Inside X there is an open dense subset of sheaves that have a presentation
of the form

0—20(-2) — Q'(2) — F — 0.
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TABLE 1. Summary for Mpz(5,3)
Cohomological
Stratum conditions Subset W C W of morphisms ¢ Codim.
X RO(F(=1)=0 20(=2)®0O(-1) %30 0
hY(F)=0 ¢ is injective
RO(FoQY(1))=1 ¢ is not equivalent to
N * * *x
* *x 0| or [ x %
* x 0 * 0 0
X, RO(F(~=1))=0 20(-2)®20(-1) % O(-1) ® 30 2
hY(F)=0 ¢ is injective
RO(FRQ(1)=2 ¢12=0
11 has linearly independent
entries
29 has linearly independent
maximal minors
X, RO(F(-1)=1 30(-2) %20(-1)® O(1) 3
hY(F)=0 ¢ is injective
RO(F® Q1)) =3 11 has linearly independent
maximal minors
X3 R(F(-1)=1 0O(=3)a0(-1) >0 0(1) 4
hY(F)=1 ¢ is injective
W(F@Q(1)=4 ¢i2#0
P121 P22

The complement in X, of this subset, denoted Xy, has codimension 1. The
generic sheaves giving points in Xy; have the form

Oc(1)(P1+ Py + P34+ Py — Ps),

where C' C P? is a smooth quintic curve, P,..., Ps are distinct points on C
and Py, P», Ps, Py are in general linear position.

The sheaves giving points in X; are precisely the non-split extension sheaves
of the form

0—gG—F—C,—0,
satisfying H!'(F) = 0, where G varies in X2 and C, is the structure sheaf of a
closed point in the support of G.

The sheaves G in X are either of the form Jz(2), where Jz C O¢ is the
ideal sheaf of a zero-dimensional subscheme of length 3 contained in a quintic
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curve C, Z not contained in a line, or they are extension sheaves of the form
0—O0r(-1)— G — Op(l) — 0,

where L is a line and D is a quartic curve, that are not in the kernel of the
canonical map

Ext'(Op(1),0L(~1)) — Ext' (O(1),0L(-1)).

The sheaves in X3 are the twisted ideal sheaves J7(2) C Oc(2) of zero-
dimensional subschemes Z of length 2 contained in quintic curves C.

1.2. The moduli spaces Mp2(5,1) and Mp2(5,4). We shall decompose
the moduli space Mpz(5,1) into four strata: an open stratum Xy, two locally
closed strata X7, X5 and a closed stratum X3. The stratum X is a proper
open subset inside a fibre bundle with base N(3,4,3) and fibre P!*. The
stratum X is a proper open subset inside a fibre bundle with base Grass(2, C°)
and fibre P16, Also, X5 is a proper open subset inside a fibre bundle with
fibre P17 and base Y x P2, where Y is the Hilbert scheme of zero-dimensional
subschemes of P? of length 2. The stratum X3 is the universal quintic in
P2 x P(S5V*).

The information about the cohomological conditions defining each stratum
in Mp2(5,1) and resolutions for semi-stable sheaves can be found in Table 2
below. This is organised as Table 1, so we refer to the previous subsection
for the meaning of the different items. Again, each X; is isomorphic to the
corresponding geometric quotient W/G. By duality, from Table 2 can be
obtained a table for Mp2(5,4), which we do not include here.

Inside X there is an open dense subset consisting of sheaves of the form
Jz(2)°, where Z C P? is a zero-dimensional scheme of length 6 not contained
in a conic curve, contained in a quintic curve C, and Jz C O¢ is its ideal
sheaf. The complement in X of this open subset is the disjoint union of two
sets X1 and Xgo. The sheaves in Xy, occur as non-split extensions of one of
the following three kinds:

0—G—F—0,—0,
0—E&—F—0y —0,
0—O0r(-1) —F— TJz(1)> —0.

Here L C P? is a line, G is in the exceptional divisor of Mp=(4,0), & is the twist
by —1 of a sheaf in the stratum X3 C Mp2(5,3), Y C P? is a zero-dimensional
scheme of length 3 not contained in a line, contained in the support of £, Z C
P? is a zero-dimensional scheme of length 3 not contained in a line, contained
in a quartic curve C, and Jz C O¢ is its ideal sheaf. Not all of the above
extension sheaves are in Xy1, namely there are certain conditions that must
be satisfied for which we refer to Section 3.3. For X2 we can be more specific.
A sheaf F gives a point in Xy precisely if it is an extension of the form

0— 0 —F—0Oc—0
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TABLE 2. Summary for Mp2(5,1)

Cohomological
Stratum conditions Subset W C W of morphisms ¢ Codim.
Xo RO(F(=1))=0 40(=2)-230(-1)a 0 0
RY(F)=0 ¢ is injective
RO(F@ Q' (1))=0 11 is not equivalent
* *x * 0
to |[x *x *x O0f or
* *x * 0
* % 0 0 * 0 0 0
* % 0 O] or [* * * %
* K Kk K * K ok K
X h(F(-1)=0 O(-3)®0(-2) %20 2

0
hY(F)=1 ¢ is injective

0 12 and @ag are linearly independent
two-forms

X RO(F(=1)=0 O(=3)d0(=2)a0(-1) - 0(-1)®20 3
hY(F)=1 ¢ is injective

1 13 =0

P12 #0, Y121 11

(23 has linearly independent entries

1 20(=3) % 0(=2)® 0(1) 5
hY(F)=2 ¢ is injective
3 11 has linearly independent entries

and satisfies H*(F) =0. Here C’ is a cubic curve, C is a conic curve in P2,

The sheaves F in X; are either of the form Jz(2), where Z C P? is the
intersection of two conic curves without common component, Z is contained
in a quintic curve C' and Jz C O¢ is its ideal sheaf, or they are extension
sheaves of the form

0— Op(—1) — F — J(1) — 0,

satisfying the condition H(F ® Q!(1)) = 0. Here L C P? is a line and J, C
Oc is the ideal sheaf of a closed point  on a quartic curve C’ C P2,
The generic sheaves from X are of the form O¢(1)(—P; + P> + P3), where
C C P? is a smooth quintic curve and P;, Py, P; are distinct points on C.
The sheaves giving points in X3 are precisely the non-split extension sheaves
of the form

0— Oc(l) —F —C, —0.
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Here C C P? is a quintic curve and C,, is the structure sheaf of a closed point.

1.3. The moduli space Mp2(5,0). This moduli space can be decomposed
into four strata: an open stratum Xj, two locally closed strata X;, X5 and a
closed stratum X3. The stratum X, is a proper open subset inside N(3,5,5).
Also, X, is a proper open subset inside a fibre bundle over P? x P? with
fibre P18, The closed stratum X3 consists of sheaves of the form Oc¢(1),
where C' C P? is a quintic curve, and is isomorphic to P(SV*). All strata are
invariant under the duality isomorphism.

The information about the cohomological conditions defining each stratum
and resolutions for semi-stable sheaves can be found in Table 3 below, which
is organised as Table 1. We will show that X is a good quotient, X; is a
categorical quotient and X5 is a geometric quotient of W by G.

The generic sheaves in Xg are of the form Jz(3), where Z C P? is a zero-
dimensional scheme of length 10 not contained in a cubic curve, contained in
a quintic curve C, and Jz C O¢ is its ideal sheaf.

The sheaves giving points in X5 are precisely the non-split extension sheaves
of the form

0— J.(1) —F—C, —0,

where 7, C O¢ is the ideal sheaf of a closed point x on a quintic curve C' C P?
and C, is the structure sheaf of a closed point z € C. When x = z we exclude
the possibility F ~ O¢(1).

TABLE 3. Summary for Mp2(5,0)

Cohomological
Stratum conditions Subset W C W of morphisms ¢ Codim.
Xo KO(F(-1))=0 50(-2) - 50(-1) 0
h'(F)=0 ¢ is injective
R(FoQi(1)=0
X, RO(F(-1)=0 O(-3)®20(-2) % 20(-1)® 0O 1
hY(F)=1 ¢ is injective
RO(F@ QY1) =0 2 is injective
X, RO(F(=1)=0 20(-3)®0(-1) % 0(-2) ®20 4
h'Y(F)=2 ¢ is injective
RO(F® QM (1)) =1 11 has linearly independent entries
(22 has linearly independent entries
Xs W(F(-1) =1 0(-4) 5 0(1) 6

1
h'(F)=3 p#0
3
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2. Euler characteristic two or three
2.1. Locally free resolutions for semi-stable sheaves.

PROPOSITION 2.1.1. There are no sheaves F giving points in Mpz(5,3) and
satisfying the conditions h®(F(—1)) =0 and h'(F) #0.

Proof. According to Claim 6.4 in [9], there are no sheaves G in Mp=(5,2)
satisfying the conditions h°(G(—1)) # 0 and h'(G) = 0. The result follows by
duality. 0

From this and from Claim 4.3 in [9] we obtain the following.

PROPOSITION 2.1.2. Let F be a sheaf in Mpz2(5,3) satisfying the condition
hP(F(=1)) =0. Then h'(F)=0 and h°(F @ Q'(1)) =1 or 2. The sheaves
from the first case are precisely the sheaves that have a resolution of the form

(i) 0—20(-2)d0O(-1) 30 — F —0

with ¢ not equivalent, modulo the action of the natural group of automor-
phisms, to a morphism represented by a matriz of the form

* * ok * Kk ok
* % 0 or * X ok
* % 0 * 0 0

The sheaves in the second case are precisely the sheaves that have a resolution
of the form

(i)  0—20(=2)®20(-1) 5 O(-1) ®30 — F — 0,
w11 0
= B = Z ,g 5
4 [9021 @22] su [ ! 2]
where £1,0s are linearly independent one-forms and the mazimal minors of

pa2 are linearly independent two-forms.

PROPOSITION 2.1.3. Let F be a sheaf giving a point in Mpz(5,3) and sat-
isfying the conditions h*(F) =0 and h°(F(—1)) #0. Then h°(F(-1))=1.
These sheaves are precisely the sheaves with resolution of the form

0 — 30(-2) % 20(-1) 3 O(1) — F — 0,

where 11 has linearly independent mazimal minors.

Proof. The first conclusion follows from Claim 6.6 in [9]. According to
Claim 5.3 in [9], every sheaf G in Mp2(5,2) satisfying h%(G(—1)) =0 and
h'(G) =1 has a resolution

0—>O(—3) @20(—1) i>3(’)—>g —0

in which 112 has linearly independent maximal minors. The second conclusion
follows by duality. O
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PROPOSITION 2.1.4. Let F be a sheaf giving a point in Mp2(5,3) and sat-
isfying the conditions h°(F(—1)) =1 and h'(F)=1. Then h®(F @0 (1)) =4
and F has a resolution of the form

0—O0(=-3)®0(-1) 5 0a0(1) — F—0

with p12 # 0 and @29 not divisible by p12. Conversely, every F having such a
resolution is semi-stable.

Proof. Let F give a point in Mp2(5,3) and satisfy the cohomological con-
ditions from the claim. Write m = h%(F ® Q!(1)). The Beilinson free monad
(2.2.1) in [4] for F reads

0— O0(-2) —30(-2)®m0O(-1) — (m—-1)0(-1) 40 — O — 0
and gives the resolution
0— O(=2) — 30(=2)&mO(-1) — Q' @ (m—4)O(-1) &40 — F — 0.

We see from the above that m > 4. Combining with the Euler sequence, we
obtain the resolution

0— O(=2) -5 O(~=3) ® 30(—-2) & mO(—1)
£,30(=2)® (m—4)0(~1) 40 — F — 0,

0 n w12 0
=10 |, =10 @2 0
P31 0 32 @33
Here
X
n=1Y
A

We have a commutative diagram in which the vertical maps are projections
onto direct summands:

O(=3) ®30(=2) & mO(—1) ——=30(=2) ® (m — 4)O(—1) ® 40

! l

O(=3) ®30(-2) R 30(-2)

o= [77 8012] .

Thus, F maps surjectively to Coker(a). If rank(p12) = 0, then Coker(a) ~ Q*.
If rank(¢12) =1, then Coker(a) ~Z,(—1), where Z, C O is the ideal sheaf
of a point € P?2. These two cases are unfeasible because F has support of
dimension 1 so it cannot map surjectively onto a sheaf supported on the entire
plane. If rank(p12) = 2, then Coker(a) would be isomorphic to Op(—2) for a
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line L C P2, so it would destabilise . We conclude that rank(p12) = 3. We
may cancel 30(—2) to get the resolution

0— O0(=2) L O(=3) & mO(=1) & (m — 4)O(—1) &40 — F — 0,

_|0 _ e O
v= [%1] ’ 7= [@21 @22] ’
Note that F maps surjectively onto Coker(p11), so the latter has rank zero,
forcing m <5. If m =5, then Coker(y11) would be isomorphic to O¢(—1) for

a conic curve C C P2, so it would destabilise F. We deduce that m =4 and
we get the resolution

0— O(=2) -5 O(=3) ®40(~1) -2 40 — F — 0.

Let Y : V — C* be the linear map induced by ;. Let H be the image of
) and let K C C* be a linear subspace such that H @ K = C*. We have an
exact sequence

0— 0(=2) L 0(=3) & (K@ 0(-1)) & (H® O(~1)) <+ 40 — F — 0,

in which ¥1; =0, ¥ =0. If dim(H) =1, then v3; is generically surjective.
As ¢ vanishes on Zm(ts1), it must vanish on H ® O(—1), hence H ® O(—1)
is a subsheaf of O(—2). This is absurd. If dim(H) =2, then Coker(is;) is
isomorphic to the ideal sheaf T, of a point x € P?. We get a resolution

0— O(=3)®20(-1) & T, — 40 — F — 0.

The image of Z,, is included into a factor O of 40 because Hom(Z,,O) ~ C.
We obtain a commutative diagram

0 7. o Ca 0
0—=0(=3)®20(-1) & I, 40 F 0

in which the first two vertical maps are injective. The induced map C, — F
is zero because F has no zero-dimensional torsion. It follows that O is a
subsheaf of O(—3) ® 20(-1) @ Z,, which is absurd. We deduce that H has
dimension 3, so Coker(i31) ~ Q1(1) and we get the resolution

0—0(-3)®0(-1) a0 (1) 540 — F — 0.

Consider the canonical morphism i: Q'(1) — Hom(Q(1),0)* @ O ~ 30.
There is a morphism 3 : 30 — 40 such that §oi= 3. If 3 were not injec-
tive, then ¢ would be equivalent to a morphism represented by a matrix of

the form
1 O
Vo1 Y22’
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where 717 € Hom(O(—3) & O(-1),20). But then Coker(v11) would be a
destabilising quotient sheaf of F. Thus 3 is injective, from which we deduce
that Coker(p13) ~ O @ O(1). We obtain the resolution

0—O0(-3)®0(-1) 5 0a0(1) — F—0.

If 12 =0, then F would have a destabilising subsheaf of the form O¢(1), for
a conic curve C' C P2. If ¢19 divided @99, then F would have a destabilising
subsheaf of the form O, for a line L C P2.

Conversely, assume that F has a resolution as in the claim. Then F has no
zero-dimensional torsion because it has projective dimension 1 at every point
in its support. Thus, it is enough to show that F cannot have a destabilising
subsheaf. Let 7/ C F be a non-zero subsheaf of multiplicity at most 4. Ac-
cording to Proposition 2.3.5, F is isomorphic to Jz(2), where Jz C O¢ is the
ideal sheaf of a zero-dimensional scheme Z of length 2 inside a quintic curve C.
According to [9], Lemma 6.7, there is a sheaf A C O¢(2) containing F' such
that A/F’ is supported on finitely many points and O¢(2)/ A~ Og(2) for a
curve S C C of degree d < 4. The slope of F’ can be estimated as follows:

Pri(t) = Pa(t) — h°(A/F)
:Poc<t+2)_POs(t+2)_hO(A/]:/)
(d—5)(d—-2)

=(5—d)t+ — WO (A/F),
, 2—d hYA/F) 1 3
(7)== 5—a ~3°5 PP
We conclude that F is semi-stable. O

PROPOSITION 2.1.5. Any sheaf G giving a point in Mp2(5,2) satisfies the
condition h°(G(—1)) < 1.

Proof. Let G be in Mp2(5,2) and assume that h°(G(—1)) > 0. As in the
proof of Proposition 2.1.3 in [4], there is an injective morphism O¢ — G(—1)
for a curve C' C P2. From the semi-stability of G(—1), we see that C' must be a
quintic curve. The quotient sheaf G(—1)/O¢ is a sheaf of dimension zero and
length 2; it maps surjectively onto the structure sheaf C, of a point z. Let G’
be the kernel of the composed morphism G — C,. If G’ is semi-stable, then,
from Proposition 3.1.5, we have h?(G'(—1)) < 1. It follows that h%(G(—1)) <1
unless h°(G’(—1)) =1 and the morphism G(—1) — C, is surjective on global
sections. In this case, we can apply the horseshoe lemma to the extension

0—¢g'(-1)—g(-1)—C, —0,

to the standard resolution of C, and to resolution in Proposition 3.1.5 for G’
tensored with O(—1), which reads:

0—20(-4) — O(=-3)® 0 — G'(-1) — 0.



1478 M. MAICAN

We get a resolution of the form
0—20(-4)0Z, — O(-3)®20 — G(—1) — 0.

We now arrive at a contradiction as in the proof of Proposition 2.1.4. The
image of Z,, is included in a factor O of 20. As G(—1) has no zero-dimensional
torsion, this factor O maps to zero in G(—1), which is absurd.

Assume now that G’ is not semi-stable and let G” C G’ be a destabilising
subsheaf. We may assume that G” itself is semi-stable, say it gives a point in
Mpz (7, x). We have the inequalities

s =n(@) < X <p(o)=

leaving only the possibilities (r,x) = (4,1) or (3,1). Denote C=G/G". If G”
is in Mp2(4,1), then Pe(t) =t + 1. Moreover, the zero-dimensional torsion
of C vanishes, otherwise its pull-back in G would be a destabilising subsheaf.
We deduce that C= Oy, for a line L C P2. But h%(Op(—1)) =0 and, accord-
ing to Proposition 2.1.3 in [4], also h°(G”(—1)) =0. We get h°(G(—1)) =0,
contradicting our hypothesis on G.

The last case to examine is when G is in Mp2(3,1). We have Pe(t) =2t+1.
As before, C has no zero-dimensional torsion. Moreover, any quotient sheaf
destabilising C must also destabilise G. We conclude that C is semi-stable,
i.e. C=O¢ for a conic curve C C P2. But h°(O¢c(—1)) =0 and, according to
Proposition 2.1.3 in [4], also h°(G”(—1)) = 0. We conclude that h°(G(—1)) =
0, contrary to our hypothesis on G. O

(S0 V)

PROPOSITION 2.1.6. There are no sheaves G giving points in Mpz2(5,2) and
satisfying the conditions h°(G(—1)) =1 and h'(G) > 2.

Proof. Fix an integer m > 0 and let X be the set of sheaves G in Mp2(5,2)
satisfying h%(G(—1)) =1 and h%(G ® Q') =m. Let Y C X be the subset of
sheaves satisfying the additional condition h'(G) = 1. According to Proposi-
tion 2.1.3 in [4], for every sheaf in X we have H%(G(—2)) = 0. The Beilinson
free monad (2.2.1) in [4] for G(—1) reads

0—80(-2) @ mO(-1) — (m+11)O(-1) 3 O — 40 — 0.

Thus, X is parametrised by an open subset M inside the space of monads of
the form

0 —80(—1) @m0 5 (m + 11)0 & O(1) = 40(1) — 0,
where A12 =0, Bia =0. Let T be the space of pairs (A, B) of morphisms
A €Hom (80(—1) @ mO, (m+11)0 & O(1)),
B eHom((m+ 11)0 ® O(1),40(1)),

such that A is injective, B is surjective, Ao =0, Bis = 0. Consider the
algebraic map «: I' - Hom(80(—1),40(1)) given by (A, B) = B11 o A11.
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Note that M is an open subset inside v~1(0). We claim that M is smooth.
For this, it is sufficient to show that v has surjective differential at every point
of M. The tangent space of I" at an arbitrary point (A, B) is the space of
pairs («, 3) of morphisms

a € Hom (80(—1) ® mO, (m + 11)0 & O(1)),
3 €Hom((m +11)0 ® O(1),40(1)),

such that a12 =0, f12 =0. We have dy4 py(a, ) = Biy o air + Bi1 0 A1
It is enough to prove that the map a;; — Bj1; o ap1 is surjective at a point
(A, B) € M. For this, we apply the long Ext(80(—1), __)-sequence to the exact

sequence

0— Ker(By1) — (m+11)0O B, 40(1) — 0

and we use the vanishing of Ext'(80O(—1),Ker(By;)). This vanishing follows
from the exact sequence

0—80(-1)®mO — Ker(B11) ®0O(1) — G —0

and the vanishing of H*(G(1)), which is a consequence of Proposition 2.1.3
in [4].

Let v: M — X be the surjective morphism which sends a monad to the
isomorphism class of its cohomology. The tangent space to M at an arbitrary
point (A, B) is

Tia,yM = {(o, ) |12 =0, B12=0, fo A+ Boa=0}.

Consider the map ® : M — Hom((m + 11)0,40(1)), ®(A, B) = By;. It has
surjective differential at every point. Indeed, d® 4 p)(«, 3) = f11, so we need
to show that, given 1, there is « satisfying the equation fo A+ Boa =0,
that is —(11 0 A1; = B11 o aq1. This already follows from the surjectivity of
the map a31 — Bi1 0 @11, which we proved above.

We have h°(G) = 14 — rank(H"(B11)). The subset N C M of monads with
cohomology G satisfying h'(G) > 2 is the preimage under ® of the set of
morphisms of rank at most 10. Since any matrix of rank at most 10 is the
limit of a sequence of matrices of rank 11, and since the derivative of ® is
surjective at every point, we deduce that N is included in v=1(Y)\ v=1(Y).
But, according to Proposition 2.1.4, Y is empty for m # 0. For m =0, we
shall prove at Proposition 2.2.6 below that Y is closed. We conclude that IV
is empty. U

2.2. Description of the strata as quotients. In Section 2.1, we found
that the moduli space Mpz2(5,3) can be decomposed into four strata:

— an open stratum Xg given by the conditions

R (F(-1)) =0, r(FeQ'(1))=1;
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— alocally closed stratum X; of codimension 2 given by the conditions
R (F(-1))=0, r(FeQ'(1))=2;
— a locally closed stratum X5 of codimension 3 given by the conditions
R(F(-1) =1,  hYF)=0;
— the stratum X3 of codimension 4 given by the conditions
R(F(-1))=1,  Ar(F)=1
We shall see below at Proposition 2.2.6 that X3 is closed.

In the sequel, X; will be equipped with the canonical induced reduced struc-
ture. Let Wy, Wy, Wy, W3 be the sets of morphisms ¢ from Propositions
2.1.2(1), 2.1.2(ii), 2.1.3, respectively Proposition 2.1.4. Each sheaf F giving
a point in X; is the cokernel of a morphism ¢ € W;. Let W; = Hom(A;, B;)
denote the ambient vector space containing W;. Here A;, B; are locally free
sheaves on P2, for instance Ag = 20(—2) ® O(—1), By = 30. The natural
group of automorphisms G; = (Aut(A;) x Aut(B;))/C* acts on W; by conju-
gation, leaving W; invariant (here C* is embedded as the subgroup of homoth-
eties). In this subsection, we shall prove that there exist geometric quotients
W, /G, which are smooth quasiprojective varieties (W3 /(3 is even projective),
such that W;/G; ~ X;. Whenever possible, we shall give concrete descriptions
of these quotients.

PROPOSITION 2.2.1. There exists a geometric quotient Wy /Go, which is a
smooth quasiprojective variety. Moreover, Wy /Gq is isomorphic to Xg.

Proof. Let A = (\1,A2, 1) be a polarisation for the action of Gy on Wy
satisfying 1/6 < Ay < 1/3 (see [5] for the notions of polarisation and of semi-
stable morphism). According to Claim 4.3 in [9], Wy is the open invariant
subset of injective morphisms inside the set Wg*(A) of semi-stable morphisms
with respect to A. According to Theorem 6.4 in [3], if A\; < 1/5, then there
is a geometric quotient W (A)/Gyp, which is a projective variety (see also
Corollary 7.11 in [9]). We fix A satisfying 1/6 < A\; < 1/5. It is now clear that
a geometric quotient Wy /Gy exists and is an open subset of WF(A)/Go.

The morphism Wy — X sending ¢ to the isomorphism class of Coker(y)
is surjective and its fibres are Gy-orbits, hence it factors through a bijective
morphism Wy/Gy — Xy. Since Xj is smooth, Zariski’'s Main Theorem tells
us that the latter is an isomorphism. O

We remark that Wy is a proper subset of W (A), hence Wy /Gy is a proper
open subset of the projective variety Wi (A)/Go. Indeed, the morphism ¢
represented by the matrix

Xy X2 0
XZ 0 X
0 -XZ Y



MODULI SPACES OF SHEAVES SUPPORTED ON QUINTIC CURVES 1481

is not injective but is semi-stable with respect to A. This follows from King’s
criterion of semi-stability [7], which, in our case, says that a morphism is in
W (A) if and only if it is not equivalent to a morphism having one of the
following forms:

* % 0 * 0 0 0 * = 0 0 %
* x 0f, * kx|, 0 * %, 0 0 =%
* Kk * * K* * 0 % * Kk *

The first case is excluded by the fact that ¢ has two linearly independent
entries on column 3, the second case is excluded by the fact that ¢y has two
linearly independent entries on row 1. To exclude the third case, assume that

Xy X2 0] |er 0
XZ 0 X| |ea| =10
0 —-XZ Y| |/ 0

for ¢1,c0 € C and £ € V*. Then the triple (1 X,c2X,¥) is a multiple of
(—X,Y, Z), which is absurd. The last case can also be easily excluded.

We recall from Section 2.4 in [4] the moduli spaces N(3,m,n) of semi-stable
Kronecker modules f: C" @V — C"™.

PROPOSITION 2.2.2. There exists a geometric quotient W1 /Gy and it is a
proper open subset inside a fibre bundle over P? x N(3,2,3) with fibre P16.

Proof. Let W] be the locally closed subset of W, given by the conditions
that @12 =0, @11 have linearly independent entries and g2 have linearly
independent maximal minors. The set of morphisms ¢1; form an open subset
U; C Hom(20(—2),0(—1)) and the set of morphisms 55 form an open subset
Us C Hom(20(-1),30). We denote U =U; x Us. W/ is the trivial vector
bundle over U with fibre Hom(20(—2),30). We represent the elements of G
by pairs of matrices

(9,h) € Aut(20(-2) ®20(—1)) x Aut(O(—1) & 30),

g O hi O
o AP B A
Inside G; we distinguish three subgroups: a unitary subgroup G} given by
the conditions that g1, g2, hi, ho be the identity morphisms, a reductive
subgroup G1,eq given by the conditions u =0, v =0 and a subgroup S of
G'11eq isSomorphic to C* given by the conditions that g1, h; be the morphisms
of multiplication by a non-zero constant a and that gs, hy be the morphisms

of multiplication by a non-zero constant b. Note that G1 = G| G1,cq. Consider
the Gi-invariant subset ¥ C W/ given by the condition

P21 = P22U + VP11,
u € Hom (20(-2),20(-1)), v € Hom(O(-1),30).
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Note that W; is the subset of injective morphisms inside Wy \ 3, so it is
open and Gi-invariant. Moreover, it is a proper subset as, for instance, the
morphism represented by the matrix

Yy X 0 O
0 Y2 X 0
0 YZ 0 X

0o 0 —Z2Y

is in W} \ ¥ but is not injective. Our aim is to construct a geometric quotient
of W]\ ¥ modulo Gy; it will follow that W /G exists and is a proper open
subset of (W] \ X)/G1.

Firstly, we construct the geometric quotient Wy /G). Because of the con-
ditions on @11 and @99 it is easy to check that 3 is a subbundle of W{. The
quotient bundle, denoted @', has rank 17. The quotient map W — @’ is a
geometric quotient modulo G. Moreover, the canonical action of Gy,.q on
U is @'-linearised and the map W] — Q' is Gy,cq-equivariant. Let o be the
zero-section of @'. The restricted map Wi\ ¥ — Q' \ ¢ is also a geometric
quotient map modulo G .

Let € U be a point and let £ € @), be a non-zero vector lying over z.
The stabiliser of z in Gy,eq is S and S = C*¢. Thus, the canonical map
Q' \ o = P(Q’) is a geometric quotient modulo S. It remains to construct a
geometric quotient of P(Q') modulo the induced action of Gq,eq/S.

The existence of a geometric quotient of U modulo Gi,.q/S follows from
the classical geometric invariant theory. We notice that

G1rea/S =~ ((Aut(20(-2)) x Aut(O(-1)))/C*)
x ((Aut(20(—1)) x Aut(30))/C*).
Using King’s criterion of semi-stability [7], we can see that U; is the set of
semi-stable points for the canonical action by conjugation of
(Aut(20(—-2)) x Aut(O(—1)))/C* on Hom(20(-2),0(-1)).

The resulting geometric quotient is N(3,2,1) and is clearly isomorphic to P2.
Analogously, Us is the set of semi-stable points for the action of

(Aut(20(—1)) x Aut(30))/C* on Hom(20(-1),30)

and the resulting quotient is N(3,2,3). According to [1], this is a smooth
projective irreducible variety of dimension 6. We obtain:

U/(G1rea/S) ~N(3,2,1) x N(3,2,3) ~P? x N(3,2,3).
It remains to show that P(Q’) descends to a fibre bundle over U/(G1,eq4/5).
We consider the character x of Gi,eq given by x(g,h) = det(g) det(h)~!. Note
that x is well-defined because it is trivial on homotheties. We multiply the

action of G1,,q on Q' by x and we denote the resulting linearised bundle by
Q- The action of S on Q) is trivial, hence Q) is G1,eq/S-linearised. The
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isotropy subgroup in Gi,eq/S for any point in U is trivial, so we can apply
[6], Lemma 4.2.15, to deduce that @) descends to a vector bundle ) over
U/(G1rea/S)- The induced map P(Q’) — P(Q) is a geometric quotient map
modulo G1,¢q/S. We conclude that the composed map

WIS —Q\o—PQ) —PQ)
is a geometric quotient map modulo G and that a geometric quotient W5 /Gy

exists and is a proper open subset inside P(Q). 1

PROPOSITION 2.2.3. The geometric quotient W1 /Gy is isomorphic to X;.

Proof. As at Proposition 2.2.1, we have a canonical bijective morphism
W1/G1 — X1. To show that this is an isomorphism we shall use the method
of Theorem 3.1.6 in [4]. Our aim is to construct resolution (ii) from Propo-
sition 2.1.2 not merely for an individual sheaf giving a point in X7, but also
for a flat family of sheaves giving points in X;. We achieve this for local
flat families by obtaining resolution (ii) in a natural manner from the rela-
tive Beilinson spectral sequence associated to the family. Thus, for any sheaf
F giving a point in X3, we need to recover its resolution from its Beilinson
spectral sequence. Diagram (2.2.3) in [4] for F reads:

20(-2) —2L~ 0(-1) 0

0 2(9(—1) ———=30

Since F is semi-stable and maps surjectively onto Coker(p1), we see that
Coker(ip1) is the structure sheaf C, of a point z € P? and that Ker(p;) is
isomorphic to O(—3). The exact sequence (2.2.5) in [4]

0 — Ker(p1) 22 Coker(py) — F — Coker(p1) — 0
gives the extension
0 — Coker(ps) — F — Coker(yp1) — 0.
We apply the horseshoe lemma to the above extension and to the resolutions

0— O(=3) ®20(-1) — 30 — Coker(ps) — 0,
0— O(-3) —20(-2) — O(—1) — Coker(p1) — 0.

We arrive at the exact sequence
0— O(-3) — O(-3)®20(-2) 20(-1) — O(-1) 30 — F — 0.

Since H!(F) = 0, we see that O(—3) can be cancelled and we get resolution (ii),
as desired. g
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PROPOSITION 2.2.4. There exists a geometric quotient Wo/Ga, which is a
proper open subset inside a fibre bundle over N(3,3,2) with fibre P*7. More-
over, Wo /Gy is isomophic to Xs.

Proof. The existence of Wa/G4 follows from the construction of quotients
given at Section 9.3 of [5]. Our situation is also analogous to Section 3.1.2 of
[4]. We consider a polarisation A = (A, 1, p2) as in [5] for the action of G2 on
W, satisfying the condition 0 < g < 1/3. According to [5], Lemma 9.3.1, the
open subset W5 (A) C Wy of semi-stable morphisms with respect to A is the
set of morphisms ¢ for which of ¢1; is semi-stable with respect to the action
by conjugation of (GL(3,C) x GL(2,C))/C* on Hom(30(—2),20(—1)) and
such that ¢ is not equivalent to a morphism ) satisfying 191 = 0. According
to King’s criterion of semi-stability [7], the condition on @17 is the same as
saying that 17 is not equivalent to a morphism represented by a matrix
having a zero-column or a zero-submatrix of size 1 x 2. Furthermore, this is
equivalent to the condition on ¢1; from Proposition 2.1.3. We see now that
Wy is the open invariant subset of injective morphisms inside W§¥(A). It is a
proper subset because it is easy to construct semi-stable morphisms that are
not injective, for example the morphism represented by the matrix

0 X Y
X 0 -z
Y3 Zy? 0

Adopting the notations of Section 3.1.2 of [4], let N(3,3,2) be the moduli space
of semi-stable Kronecker modules f: 30(—-2) — 20(—1), let 7: EQV —
F be the universal morphism on N(3,3,2), let p1, p2 be the projections of
N(3,3,2) x P? onto its factors and let

0: pi(E) @ p3(0(-2)) — pi(F) @ p3(O(-1))

be the morphism induced by 7. The sheaf U = p1,(Coker(6*) ® p3O(1)) is
locally free on N(3,3,2) of rank 18. According to Section 9.3 of [5], P(U) is a
geometric quotient of W§*(A) modulo G5. Thus, Wa/G32 exists and is a proper
open subset of P(Uf).

We shall now prove that the natural bijective morphism Wy /Gy — X is
an isomorphism. Given F in X5, we need to construct a resolution as in
Proposition 2.1.3 starting from the Beilinson spectral sequence of F. It is
easier to work, instead, with the dual sheaf G = FP (1), which gives a point in
Mp2(5,2). The Beilinson tableau (2.2.3) in [4] for G takes the form

Y1 2

30(-2) -2~ 30(-1) -2~ 0

P4

0 20(—1) =2+ 30



MODULI SPACES OF SHEAVES SUPPORTED ON QUINTIC CURVES 1485

According to Section 2.2 of [4], 9 is surjective while ¢4 is injective. Thus,
Ker(ps) ~ Q. Consider the canonical morphism

p:30(-2)~0O(—2) ® Hom(0(-2),Q') — Q.

There is a morphism «: 30(—2) — 30(—2) such that po«a = ;. Since G
maps surjectively onto Ker(ps)/Zm(p1), this sheaf has rank zero, that is,
ZIm(p1) has rank 2. This excludes the possibility rank(a) =1, because in this
case Im(y1) would be isomorphic to O(—2). If rank(a) = 2, then Zm(p1)
would be isomorphic to 20(—2). In this case Ker(p2)/Im(p1) would have
slope —1, hence it would destabilise G. We deduce that rank(«) = 3, hence
Im(p1) =Ker(pz2) and Ker(p1) ~ O(—3). The exact sequence (2.2.5) in [4]
takes the form

0 — O(=3) 2% Coker(gs) — G — 0.
This easily yields the dual to the resolution from Proposition 2.1.3. O

PROPOSITION 2.2.5. There exists a geometric quotient W3 /Gs and it is
a smooth projective variety. Moreover, W5 /G35 is isomorphic to the Hilbert
flag scheme of quintic curves in P2 containing zero-dimensional subschemes
of length 2.

Proof. Before constructing the quotient we notice that its existence already
follows from [5]. Let A = (A1, Ag, 1, 12) be a polarisation for the action of G
on Ws, as in [5]. Using King’s criterion of semi-stability [7] we can verify
that for polarisations satisfying A\; < p1 and Ay < ps the set of stable points
W5 (A) coincides with the set of semi-stable points W5*(A) and is equal to W.
According to [5], for polarisations satisfying Ae > 61 and p; > 3us there is
a good and projective quotient W5 (A)//G5 containing the smooth geometric
quotient W§(A)/G3 as an open subset. We now choose a polarisation satis-
fying all the above conditions, i.e. satisfying 0 <\ < 1/7 and A\ < p2 < 1/4.
We conclude that there is a smooth geometric quotient W3/G3, which is a
projective variety.

Next we give two constructions of W3 /Gs, firstly as a bundle and secondly
as a Hilbert flag scheme. The first construction uses the method of Proposi-
tion 2.2.2; which consisted of finding successively quotients modulo subgroups.
Let W be the open subset of W5 given by the conditions that ¢12 # 0 and
that 9o be non-divisible by ¢12. The pairs of morphisms (¢12,p22) form an
open subset U C Hom(O(—1),0 & O(1)) and W} is the trivial vector bundle
over U with fibre Hom(O(—3),0 & O(1)). We represent the elements of G
by pairs of matrices

(9,h) € Aut(O(=3) & O(=1)) x Aut (0 & O(1)),

it 0 o hi O
o AP B
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Inside G3 we distinguish two subgroups: a unitary subgroup G% given by the
conditions that h be the identity morphism, g1 =1, go =1 and a subgroup

% given by the condition that g be the identity morphism. Consider the
Gs-invariant subset ¥ C W given by the conditions

P11 = P12u, @21 = poou, u€Hom(O(-3),0(-1)).

Note that W5 =W\ 2. Clearly ¥ is a subbundle of W3. The quotient bundle
E’ has rank 19. The quotient map Wj§ — E’ is a geometric quotient modulo
G%. Moreover, the canonical action of G4 on U is E’-linearised and the map
W3 — E' is GY-equivariant. Let ¢’ be the zero-section of E’. The restricted
map W3 — E'\ 0/ is also a geometric quotient modulo G%.

We now construct a geometric quotient of £’ modulo G%. The quotient for
the base U can be described explicitly as follows. On P(V*) we consider the
trivial vector bundle with fibre S2V* and the subbundle with fibre vV* at any
point (v) € P(V*). Let @ be the quotient bundle. Clearly, U/GY is isomorphic
to P(Q). Moreover, U is a principal G%-bundle over P(Q). According to
Theorem 4.2.14 in [6], E’ descends to a vector bundle £ on P(Q). Clearly,
E is the geometric quotient E'/GY. Let o be the zero-section of E. The
composed map W5 — E'\ ¢/ — E \ ¢ is a geometric quotient modulo G5GY.
It is now clear that the fibre bundle P(E) is the geometric quotient W5/Gs.
Thus, W3/Gj3 is a fibre bundle with fibre P18 and base a fibre bundle P(Q)
with base P? and fibre P2,

It is clear that P(Q) is isomorphic to the Hilbert scheme of zero-dimensional
subschemes of P? of length 2. Let F be the Hilbert flag scheme from the
proposition viewed as a subscheme of P(Q) x P(S°V*). Consider the map
W3 — F defined by

¢ — ({p12), {p22 mod p12), (det(y))).

The fibres of this map are obviously G3-orbits. To show that this map is
a geometric quotient we shall construct local sections. We choose a point
x=((f),{g mod f),(h)) in F. To fix notations, we write f = X and we may
assume that g is a quadratic form in Y and Z. There are unique forms h; (Y, Z)
and ho(X,Y, Z) such that h = hy + Xhy. By hypothesis, h; is divisible by g.

We put
_ (/g f
o(z) = [hz gl
Note that o extends to a local section in a neighbourhood of = because hs
and hi, hence also hy/g, depend algebraically on x. O

PROPOSITION 2.2.6. The geometric quotient W5 /Gs is isomorphic to Xs.
In particular, X3 is a smooth closed subvariety of Mpz(5,3).

Proof. As above, in order to show that the bijective morphism W5/G3 —
X3 is an isomorphism, we need to construct a resolution as in Proposition 2.1.4
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starting from the Beilinson tableau (2.2.3) in [4] for F, which takes the form:

Y1 2

30(=2) —2=30(-1) —2= 0

0(=2) —2+ 10(-1) 215 40

As at Proposition 2.2.4, Ker(y2) is equal to Zm(y1) and Ker(p1) is isomor-
phic to O(—3). The exact sequence (2.2.5) in [4] gives the resolution

0 — O(=3) 2% Coker(py) — F — 0.

We combine this sequence with the exact sequence (2.2.4) in [4] that reads as
follows:

0— O(=2) 25 40(-1) £5 40 — Coker(py) — 0.

Indeed, @5 lifts to a map O(—3) — 40 because Ext'(O(—3),Coker(p3)) = 0.
We arrive at the resolution

0— O(-2) — O(-3)®40(-1) — 40 — F — 0.

We have already seen at Proposition 2.1.4 how to derive the desired resolution
of F from the above exact sequence. O

2.3. Geometric description of the strata. We recall that the stratum
Xo of Mp2(5,3) consists of isomorphism classes of cokernels of morphisms
v = (p11,¢12) as at Proposition 2.1.2(i). We distinguish a subset Xo1 C Xo
given by the condition Coker(p12) = Z,(1) ® O, where Z, C O is the ideal
sheaf of a point x € P2. Clearly Xy, is closed in X, and has codimension 1.

PROPOSITION 2.3.1. The sheaves F giving points in Xo \ Xo1 are precisely
the sheaves admitting a resolution of the form

0—20(-2) — Q'(2) — F — 0.

Proof. Assume that F gives a point in X\ Xo1. From Proposition 2.1.2(i),
we have the exact sequence

0 — 20(—-2) — Coker(p12) — F — 0.

By hypothesis Coker(¢12) is isomorphic to Q1(2).

Conversely, assume that F has a resolution as in the claim. Combining with
the Euler sequence we find an injective morphism ¢ : 20(—-2) @ O(-1) — 30
such that F ~ Coker(¢). The fact that 15 has linearly independent entries
ensures that ¢ satisfies the conditions from Proposition 2.1.2(i). O

PRrROPOSITION 2.3.2. The generic sheaves F from Xg1 are precisely the
non-split extension sheaves of the form

0—J.(1) —F — 0z —0,
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such that there is a global section of F taking the value 1 at every point of Z.
Here J, C O¢ is the ideal sheaf of a point © on a quintic curve C C P? and
Z C C is a union of four distinct points, also distinct from x, no three of
which are colinear.

There is an open subset inside Xo1 consisting of the isomorphism classes
of all sheaves of the form Oc(1)(Py + Py + P + Py — Ps), where C C P? is
a smooth quintic curve, Py,..., Ps are distinct points on C and Py, Py, P3, Py
are in general linear position.

Proof. We begin by noting that the sheaves giving points in Xy, are pre-
cisely the sheaves F admitting a resolution

0—20(=2) 3 0(-1) %30 — F — 0,

@ g 0
po=|*x x {i],
* * €2

where ¢1, g2 are linearly independent two-forms and ¢, /5 are linearly indepen-
dent one-forms. For generic F, ¢; and g2 have no common linear factor and
the conic curves they define intersect in the union Z of four distinct points,
no three of which are colinear and also distinct from the common zero of ¢;
and ¢5. We apply the snake lemma to the exact diagram:

0 0
)
0 O(-1) 20 Z.(1) —=0
0 20(=2) ® O(-1) —2= 0 © 20 F 0
0—> O(—4) ] 20(—2) =l Oy 0
0 0

The vertical maps are injections into the second factors, respectively projec-
tions onto the first factors. We get the exact sequence

0—0(-4) —Z,(1) — F— 0Oz — 0,
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from which the conclusion follows. For the converse, we apply the horseshoe
lemma to the diagram:

By hypothesis, the morphism 7 : O — Oy lifts to a morphism a: O — F.
Then (3, «, § are defined in the usual way and we claim that 6 £ 0. If ¢
were zero, then v would factor through a morphism Ker(m) — Z,(1). Since
Ext'(Oz,Z,(1)) = 0, this morphism would lift to a map 1: O — Z,(1). The
composite map 20(-2) — O 2 F would then coincide with the composition

20(~2) — 0 L T,(1) % T, (1) = F,

hence a+ £ ov on would factor through a morphism o : Oz — F. We would
have tT=(oa=(oa+(ofovon=_ooom, hence ( oo would be the
identity morphism. The extension would split, contradicting our hypothesis
on F. Combining the resolutions for 7, (1) and Oz and cancelling O(—4), we
obtain the resolution

0—20(-2) — O0®Z, (1) —F—0.

From this, we easily get a resolution for F as at the beginning of this proof.
Assume now that C is smooth and write Z = {Py, P2, P3, Py}, © = Ps.
Clearly, the only non-trivial extension sheaf of Oz by J.(1) is isomorphic
to F = Oc(1)(Py + Py + Ps+ Py — P5). To finish the proof of the proposition,
we must show that F has a global section that does not vanish at any point of
Z. For 1<i<4,let g;: H'(Oz) — C be the linear form of evaluation at P;.
Let 6 : H°(Oz) — HY(J:(1)) be the connecting homomorphism in the long
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exact cohomology sequence associated to the short exact sequence
0— Oc(1)(—2) — F — 0Oz —0.

We must show that each ¢; is not orthogonal to Ker(d). This is equivalent to
saying that e; is not in the image of the dual map ¢*. By Serre duality, 6* is
the restriction morphism

H(Oc(=1)(z) ®we) —= H°((Oc(—1)(z) @ we)|2)
H°(Oc(1)()) HY( |z)
H°(Oc(1)) H(Oc(1)2)

The identity H(Oc(1)(z)) 2 HY(Oc(1)) =~ V* follows from the fact that the
connecting homomorphism in the long exact cohomology sequence associated
to the short exact sequence

0— Oc(1l) — O¢(1)(z) — C, — 0

is non-zero. Indeed, its dual is the restriction map H°(O¢ (1)) — H°(Oc(1)]2)-
This map is clearly non-zero. Now 6*(u) is a multiple of ¢; if and only if the
linear form u vanishes at P; for all j # . By hypothesis, the points P;, j # 1,
are non-colinear, so there is no such form u and we conclude that ¢; is not in
the image of §*. O

PROPOSITION 2.3.3. The sheaves F in X1 are precisely the non-split ex-
tension sheaves of the form

0—&°(1) —F —C, —0,

satisfying H(F) = 0, where C, is the structure sheaf of a point x € P? and
€ is in Xo. Here EP = Extl(g,wpz) signifies the dual sheaf of £. Taking
into account the duality isomorphism [10], the sheaves EP(1) are precisely the
sheaves G in the dual stratum X5 C Mp2(5,2) defined by the relations

R(G(-1))=0,  hY(G=1, K (GeQ'1)=3.

The generic sheaves in X1 are of the form Oc¢(2)(—Py — Py — P3 + Py),
where C C P? is a smooth quintic curve, P; are four distinct points on C
and Py, Py, Py are non-colinear. In particular, X1 lies in the closure of Xo1.

Proof. Let F be in X;. As in the proof of Proposition 2.3.2, the snake
lemma gives an exact sequence

0 — Ker(p11) — Coker(paz) — F — Coker(p11) — 0.
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Because of the form of 17 given at Proposition 2.1.2(ii), we have the isomor-
phisms Ker(p11) ~ O(=3) and Coker(p11) ~ C,, for a point x € P2. Denoting
G = Coker(«a), we have an extension

0—§¢g—F —C,—0.

Again from Proposition 2.1.2(ii), we know that ¢ is injective, hence G has
a resolution of the form

0— O(=3) ®20(-1) 230 — G —0,

with 12 = @29. According to the proof of Proposition 2.1.3, G is in the dual
stratum X5

Conversely, assume that F is an extension as in the claim. Using the
horseshoe lemma, we combine the resolutions

0— O(=3) ®20(~1) 530 — G —0
and
0— O(-3) —20(-2) — O(-1) — C, — 0
to obtain a resolution
0— O0(-3) — O(-3)®20(-2) 20(-1) — O(-1) $ 30 — F — 0.

Note that Ext*(C,,30) =0, so we can use the arguments at Proposition 2.3.2
to show that the extension would split if the morphism O(—3) — O(-3) in
the above complex were zero. We deduce that this morphism is non-zero, so
we may cancel O(—3) to get a resolution as in Proposition 2.1.2(ii).

The part of the claim concerning generic sheaves follows from the corre-
sponding part of Proposition 2.3.4 below.

To see that X is included in X, we choose a point in X; represented by
Oc(2)(—Py — P, — P3+ P;). We may assume that the line through Py and P
intersects C' at five distinct points Py, Ps, @1, Q2,Q3, which are also distinct
from P3 and P;. Then

Oc(2)(=Py — P, = P3+ Py) ~Oc(1)(Q1 + Q2+ Q3 — P3 + Py).

Clearly, we can find points Ry, Ry, Rz on C, converging to (1, Q2,3 respec-
tively, which are distinct from P3 and such that Ri, Ro, R3, P4 are in general
linear position. Then O¢(1)(R: + Rz + R3 + P4 — P3) represents a point in
Xo1 converging to the chosen point in Xj. O

We recall from the proof of Proposition 2.1.3 that the sheaves G giving
points in the dual stratum X» C Mp=(5, 2) are precisely the sheaves that admit
a resolution of the form

0— O(=3)®20(~1) %30 — G —0,



1492 M. MAICAN

where 115 has linearly independent maximal minors. We consider the open
subset X5, of X3 given by the condition that the maximal minors of 115 have
no common linear factor and we denote X2 = X2\ X%.

PROPOSITION 2.3.4. (i) The sheaves G from X%, are precisely the twisted
ideal sheaves J7(2), where Z C P? is a zero-dimensional scheme of length 3
not contained in a line, contained in a quintic curve C C P2, and Jz C O¢ is
its ideal sheaf.

The generic sheaves in X5 are of the form Oc(2)(—Py, — Po» — P3), where
C is a smooth quintic curve and Py, Py, P3 are non-colinear points on C.

By duality, the generic sheaves in Xo are of the form Oc(1)(Py + Py + Ps).
In particular, Xs lies in the closure of X1.

(ii) The sheaves G from X2, are precisely the extension sheaves of the form

0—O0r(-1) — G — 0c(1) — 0,

where L CP? is a line, C CP? is a quartic curve and such that the image of
G under the canonical map

Ext' (Oc(1),01(-1)) — Ext' (O(1),0r(-1))

Proof. (i) According to Propositions 4.5 and 4.6 in [2], Coker(112) ~Zz(2),
where Z C P? is a zero-dimensional scheme of length 3 not contained in a
line and Zz C O is its ideal sheaf. Conversely, every Zz(2) is the cokernel
of some morphism 912 : 20(—1) — 30 whose maximal minors are linearly
independent and have no common linear factor. Thus, the sheaves G € X3,
are precisely the cokernels of injective morphisms O(—3) — Zz(2). If C is the
quintic curve defined by the inclusion O(—3) C Z(2) C O(2), then it is easy
to see that G ~ J7(2).

To see that X5 is included in X; we choose a generic sheaf in X5 of the
form Oc(1)(Py + P2 + Ps). We may assume that the line through P; and P,
intersects C' at five distinct points Pj, Ps, Q1,Q2, Q3. For non-colinear points
Ry, Ry, Rs on C', converging to (QQ1,Q2, Q3 respectively, the sheaf

00(2)(—R1 — Ry — R3 + P3)
~O0c(1)(Pr+Po+P3+ Q1+ Q2+ Q3 — Ry — Ry — R3)
represents a point in X; converging to the point given by Oc(1)( Py + Py + Ps3).
(ii) Let £ be a common linear factor of the maximal minors of 115. Consider
the line L with equation £ =0. According to Section 3.3.3 of [4], Coker(i12) ~
&, where &f, is the unique non-split extension
0—Or(-1)— &, — O(1) — 0.

Conversely, every &, is the cokernel of some morphism 15 : 20(—1) — 30
with linearly independent maximal minors which have a common linear factor.
Thus, the sheaves G giving points in X5, are precisely the cokernels of the
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injective morphisms O(—3) — &. Let C' C P? be the quartic curve defined
by the composition O(—3) — &, — O(1). We apply the snake lemma to the
diagram with exact rows

0——=0(-3) &L g 0
0——=0(=3) Oté) Oc(1) 0

As Ker(a) ~ Op(—1), we obtain an extension
0—O0n(-1) —G—0c(1) —0

which maps to the class of £ in P(Ext!'(O(1),0(—1))). The converse is
clear, in view of the fact that Ext'(O(1),0p(—1)) ~C. 0

PROPOSITION 2.3.5. The sheaves F giving points in X3 are precisely the
twisted ideal sheaves Jz(2), where Z C P? is a zero-dimensional scheme of
length 2 contained in a quintic curve C and Jz C O¢ is its ideal sheaf.

The generic sheaves in X3 are of the form Oc(1)(Py + Py + Ps3), where
C CP? is a smooth quintic curve and Py, Py, Py are distinct colinear points
on C. In particular, X3 lies in the closure of X.

Proof. Adopting the notations of Proposition 2.1.4, we notice that the re-
striction of ¢ to O(—1) has cokernel 7z (2), where Z is the intersection of the
line with equation 12 =0 and the conic with equation 29 = 0. Thus, the
sheaves F in X3 are the cokernels of injective morphisms O(—3) — Zz(2).
Let C be the quintic curve defined by the inclusion O(-3) C Zz(2) C O(2).
Clearly F ~ J(2).

To see that X3 C X5 choose a generic sheaf Oc(1)(P; + Py + P3) in X3.
Clearly, we can find non-colinear points @1, Q2, Q3 on C converging to Py, Ps,
P; respectively. Then O¢(1)(Q1 + Q2 + Q3) represents a point in X5 con-
verging to the chosen point in Xj. O

From what was said above, we can summarise the following proposition.

PROPOSITION 2.3.6. {X\ Xo1,Xo1, X1, X2, X3} represents a stratification
of Mpz(5,3) by locally closed irreducible subvarieties of codimension 0,1,2,3,4.

3. Euler characteristic one or four
3.1. Locally free resolutions for semi-stable sheaves.

PROPOSITION 3.1.1. Every sheaf F giving a point in Mpz(5,1) and satisfy-
ing the condition h*(F) =0 also satisfies the condition h°(F(—1)) =0. These
sheaves are precisely the sheaves with resolution

0—40(-2) 5 30(-1)® 0 — F — 0,
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where p11 is not equivalent to a morphism represented by a matriz of the form

*

[w 2] ,  with ¥ : mO(=2) — mO(-1), m=1,2,3.

Proof. According to Claim 4.2 of [9], every sheaf G giving a point in
Mp=(5,4) and satisfying the condition h°(G(—1)) =0 also satisfies the con-
dition h'(G) =0 and has a resolution

0— O(=2) ®30(-1) =40 — G — 0,
where @12 is not equivalent to a morphism represented by a matrix of the
form

[: q(ﬂ, with ¢ : mO(—1) — m0O, m=1,2,3.

The result follows by duality. O
PROPOSITION 3.1.2. Let F be a sheaf giving a point in Mp2(5,1) satisfying
the conditions h*(F) =1 and h°(F(—1)) =0. Then h°(F @ Q}(1)) =0 or 1.

The sheaves in the first case are precisely the sheaves that have a resolution
of the form

(i) 0—O(-3)d0O(-2) .20 — F —0,

where 12 and oo are linearly independent two-forms. The sheaves from the
second case are precisely the sheaves with resolution

i) 0—0O(=3)®0O(-2)®O(-1) % O(-1) 20 — F — 0,

q ¢ 0
o= |pa1 wa L1,
w31 w32 {2

where £ is non-zero, q is non-divisible by £ and {1,05 are linearly independent
one-forms.

Proof. Let F give a point in Mpz(5,1) and satisfy the conditions h'(F) =1
and h?(F(—1)) =0. Put m = h°(F®@Q!(1)). The Beilinson free monad (2.2.1)
in [4] for F reads

0—40(-2)&@mO(-1) — (m+3)0(-1)®20 — O — 0
and gives the resolution
0 —40(=2) @ mO(-1) — Q' @ mO(~1) 20 — F — 0.

Combining this with the standard resolution for Q! we obtain the following
exact sequence:

0— O(=3) ®40(-2) ® mO(-1) %5 30(-2) & mO(-1) & 20 — F — 0,
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with 13 =0, w23 = 0. As in the proof of Proposition 2.1.4, we have
rank(p12) = 3. Canceling 30(—2), we get the resolution

0— O(=3)® O(=2) & mO(—1) % mO(-1) & 20 — F — 0,

with @13 =0. From the injectivity of ¢, we must have m < 2. If m = 2, then
Coker(ypa3) is a destabilising subsheaf of F. We conclude that m =0 or 1.

Assume that h%(F ® Q1(1)) =0. We arrive at resolution (i). If p12 and
92 were linearly dependent, then F would have a destabilising subsheaf of
the form Og, for a conic curve C' C P2. Conversely, we assume that F has
resolution (i) and we must show that F cannot have a destabilising subsheaf €.
We may restrict our attention to semi-stable sheaves £. As F is generated
by global sections, we must have h°(€) < h®(F) =2. Thus, € is in Mpz(r,1)
for some 1 <7 <4 and we have h*(£) = 0. Moreover, H’(€ ® Q!(1)) vanishes
because the corresponding cohomology group for F vanishes. This excludes
the possibility » =1. In the case r =2, £ is the structure sheaf of a conic
curve, but this, by virtue of our hypothesis on 12 and ¢s2, is not allowed. If
€ is in Mp=(3,1), then, according to [8], £ has resolution

0—20(-2) —O0(-)® O — & —0.

If £ is in Mpz(4,1), then, from the description of this moduli space found in
[4], we see that € has resolution

0— 3(9(—2) —20(-1)p 0 — & —0.

It is easy to see that the first exact sequence must fit into a commutative
diagram

0 20(-2) — " L O(-1) 80— —>0
K -
0—=0(=3)80(-2) — 2920 F 0

From the fact that « and «(1) are injective on global sections, we see that
Coker(a) is supported on a line. This is impossible because O(—3) maps in-
jectively to Coker () which maps injectively to Coker(a)). The same argument
applies to the second exact sequence as well, except that Coker(a) this time
would be supported on a point.

Assume now that h?(F @ Q(1)) = 1. We arrive at resolution (ii). If ¢1, /s
were linearly dependent, then F would have a destabilising subsheaf of the
form Op, for a line L C P2. If £ =0, then F would have a destabilising
quotient sheaf of the form O¢(—1), for a conic curve C' C P2. If ¢ divided
q, then F would have a destabilising quotient sheaf of the form Op(-1).
Conversely, we assume that F has resolution (i) and we must show that
there is no destabilising subsheaf. Let z be the point with equations ¢; =0,
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¢ =0 and let Z C P? be the zero-dimensional subscheme of length 2 given by
the equations ¢/ =0, ¢ = 0. We apply the snake lemma to the exact diagram:

0 0
0 O(-1) - 20 Z.(1) 0
0——= 0O(=3) B O(-2) B O(—1) —2= O(—1) & 20 F 0
n
q [q ¢]
O(—4) ——= O(-3) ® O(-2) -1) Oy 0
0 0

We get the exact sequence
0—0(-4) —Z,(1) —F— 0z —0.
Let C be the quintic curve defined by the inclusion O(—4) C Z,(1) C O(1).

We obtain an exact sequence:
0—)jx(1)—)f—’02—’07

where J, C O¢ is the ideal sheaf of z on C. Let F' C F be a non-zero
subsheaf of multiplicity at most 4. Denote by C’ its image in Oz and put
K=F NJ;(1). By [9], Lemma 6.7, there is a sheaf A C O¢(1) containing K
such that A/K is supported on finitely many points and O¢(1)/ A~ Og(1) for
a curve S C P2 of degree d < 4. The slope of F’ can be estimated as follows:
Pr/(t) = Pc(t) + h°(C')
=Pu(t) — h°(A/K) + h°(C)
=Po.(t+1) = Po,(t+1) = h°(A/K) +h°(C')

d? —5d
=i+ S poa/K) +1O(C),
, d Rh9(C")—RhP(A/K) d 2 1
= —— < —— R —— —_ = .
p(F)=—5+ 5_d S35 5 %)
We conclude that F is semi-stable. O

PROPOSITION 3.1.3. There are no sheaves F giving points in Mpz2(5,1) and
satisfying the conditions h°(F(—1)) =0 and h'(F) =2.

Proof. By duality, we need to show that there are no sheaves G in Mpz(5,4)
satisfying the conditions h°(G(—1)) =2 and h'(G) =0. Assume that there is
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such a sheaf G. Write m = h'(G ® Q1(1)). The Beilinson monad gives a
resolution

0 — 20(—2) 5 30(-2) ® (m + 3)O(~1) X mO(-1) ® 40 — G — 0,

i

Here p12 =0. As G maps surjectively onto Coker(¢11), the latter has rank
zero, forcing m < 3. In the case m =3, Coker(p11) has Hilbert polynomial
P(t) = 3t, so the semi-stability of G gets contradicted. Thus, m < 2.

We claim that any matrix representing a morphism equivalent to i has
three linearly independent entries on each column. The argument uses the
fact that G has no zero-dimensional torsion and is analogous to the proof that
the vector space H from Proposition 2.1.4 has dimension 3. Thus, we may
assume that one of the columns of 1 is

o - 0 X Y Z]".

Let ¢ be the matrix made of the last three columns of 9. The rows of g
are linear combinations of the rows of the matrix

-Y X 0
-Z 0 X
0 —Z2Y

It is easy to see that the elements on any row of g are linearly dependent. The
rows of g cannot span a vector space of dimension 1, otherwise @95 would
be equivalent to a morphism represented by a matrix having a zero-column,
hence O(—1) C Ker(y), which is absurd. Clearly, Ker(yo) is isomorphic to
O(—2) because ¢g has at least two linearly independent rows. This excludes
the case m = 0 because in that case pg = w22 and Ker(paz) ~ 20(—2). In the
remaining two cases we shall prove that the rows of ¢y cannot span a vector
space of dimension 2. We argue by contradiction. Assume that m =2 and
that ¢g is equivalent to a matrix of the form

il

where £ is a 2 x 3-matrix with linearly independent rows. Then Ker(§) ~
O(—2) and Coker(§) ~ Or(1) for a line L C P2, The first isomorphism is
obvious and tells us that the maximal minors of ¢ are linearly independent
and have a common linear factor, say £. Let L C P? be the line with equation
¢£=0. Note that Coker(¢) is supported on L and has Hilbert polynomial
P(t) =t + 2. Moreover, it is easy to see that & has rank 1 at every point of
L, hence Coker(€) has no zero-dimensional torsion. This proves the second
isomorphism. We now use the argument from the proof of Proposition 2.1.4.
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There is a commutative diagram

30(~1) < T OL(1) —=0
30(=2) ®50(—1) —= 20(-1) ® 40 G 0

in which the first two vertical maps are injective. The induced morphism
Or (1) — G is zero because both sheaves are stable and p(Or,(1)) > p(G). Thus
the map 40 — G is not injective on global sections. On the other hand,
HY(Coker(n)) vanishes, hence the map 40 — G is injective on global sections.
We have arrived at a contradiction. We conclude that the rows of g span a
vector space of dimension 3.

Modulo elementary operations on rows and columns, 1 is equivalent to a
morphism represented by a matrix having one of the following forms:

0 O 0 0 X 0
0 0 X 0 Y 0
X R or Y R or Z R
Y S zZ S 0o S
Z T 0o T 0 T

Here R,S,T form a basis of V*. In the first case, the triple (R,S,T) is a
multiple of (X,Y, Z), because, as we saw above, Ker(¢g) ~ O(—2). Thus, v
is represented by a matrix with a zero-column. This is absurd. In the second
case, we can perform elementary row operations on the matrix

X 0]
0 X
—Z Y|
to get the matrix
-S R
-T 0
0 T

It follows that
span{ X } = span{X, Z} Nspan{X,Y} =span{S, T} Nspan{R, T} = span{T'}

and (=S, R)=a(—Z,Y) + (bX,cX) for some a,b,c € C. Thus, ¢ is equivalent
to the morphism represented by the matrix

0 X Y z o]
0 0 0 0 X
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This, as we saw above, is not possible. In the third case, we can perform
elementary row operations on the matrix

0

X

Y
to get the matrix

S

T

0
Thus, we may assume that S =X, T=Y, R=Z. Performing elementary
row and column operations on ¢ we can get a matrix with three zeros on a
column. This, as we saw above, is not possible. Thus far, we have eliminated
the case when m = 2. The case when m =1 can be eliminated in an analogous
fashion. We conclude that there are no sheaves G as above. O

PROPOSITION 3.1.4. There are no sheaves F giving points in Mpz2(5,1) and
satisfying the conditions h®(F(—1)) =0 and h'(F) > 2.

Proof. The argument is the same as at Proposition 2.1.6 or at Theo-
rem 3.2.3 in [4]. Using the Beilinson monad for F(—1) we see that the open
subset of Mpz2(5,1) given by the condition h?(F(—1)) =0 is parametrised by
an open subset M inside the space of monads of the form

0—90(—1) -5 130 25 40(1) — 0.
The map ® : M — Hom(130,40(1)) is defined by ®(A,B) = B. Using the
vanishing of H!(F(1)) for an arbitrary sheaf in Mp2(5, 1), we prove that ® has
surjective differential at every point of M. This further leads to the conclusion
that the set of monads in M whose cohomology sheaf F satisfies h!(F) > 2 is
included in the closure of the set of monads for which h!'(F)=2. According

to Proposition 3.1.3, the latter set is empty, hence the former set is empty,
too. O

PROPOSITION 3.1.5. The sheaves F giving points in Mp2(5,1) and satisfy-
ing the condition h°(F(—1)) > 0 are precisely the sheaves with resolution of
the form

0—20(-3) = O(-2) ® O(1) — F — 0,
_ | b
[ {fl fz} ’
where 1,05 are linearly independent one-forms. For these sheaves, we have

hO(F(-1)) =1 and h'(F)=2. These sheaves are precisely the non-split ex-
tension sheaves of the form

0—Oc(l) —F —C, —0,

where C CP? is a quintic curve and C, is the structure sheaf of a point.
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Proof. Assume that F gives a point in Mpz(5,1) and satisfies the condition
h9(F(—1)) > 0. As in the proof of Proposition 2.1.3 in [4], there is an injective
morphism O¢ — F(—1) for some quintic curve C C P2. We obtain a non-split
extension

0— Oc(l) —F —C, —0.

Conversely, using the fact that O¢ is stable, it is easy to see that any non-split
extension sheaf as above gives a point in Mp2(5,1).

Assume now that F has a resolution as in the claim. Let z be the point
given by the ideal (¢1,¢5) and let Z,, C O be its ideal sheaf. Let f =¥ fo —laf1
and let C be the quintic curve with equation f = 0. We apply the snake lemma
to the commutative diagram with exact rows

]

0—=0(—4) 20(-3) Z.(-2) —=0
N
0 0(1) —=0(=2)® 0(1) = O(=2) —=0

Here 7 is the inclusion into the second factor and p is the projection onto the
first factor. We deduce that F is an extension of C, by O¢(1). As h?(F) =3,
the extension does not split.

Conversely, assume that F is a non-split extension of C, by O¢(1). We
construct a resolution of F from the standard resolution of O¢(1) and from
the resolution

0— O(-4) —20(-3) — O(-2) — C, — 0,
using the horseshoe lemma. We obtain a resolution of the form
0— O(—4) — O(—4) ®20(-3) = O(-2) » O(1) — F — 0.

If the map O(—4) — O(—4) in the above resolution were zero, then, as in the
proof of Proposition 2.3.2, the extension would split. This would be contrary
to our hypothesis. We conclude that O(—4) can be cancelled in the above
exact sequence and we arrive at the resolution from the proposition. O

3.2. Description of the strata as quotients. In Section 3.1, we found
that the moduli space Mpz2(5,1) can be decomposed into four strata:

— an open stratum X, given by the condition h'(F) = 0;
— a locally closed stratum X; of codimension 2 given by the conditions

R (F(-1))=0, rY(F)=1, w(FeQ'(1))=0;
— alocally closed stratum X5 of codimension 3 given by the conditions

K (F(-1)) =0, hH(F) =1, WO(F ol (1) =1;
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— the stratum X3 of codimension 5 given by the conditions
W (F(-1) =1,  nY(F)=2.
We shall see below at Proposition 3.2.5 that X3 is closed.

In the sequel, X; will be equipped with the canonical reduced structure in-
duced from Mpz(5,1). Let Wy, W1, Wa, W3 be the sets of morphisms ¢ from
Propositions 3.1.1, 3.1.2(i), 3.1.2(ii), respectively, Proposition 3.1.5. Each
sheaf F giving a point in X; is the cokernel of a morphism ¢ € W;. Let W; be
the ambient vector spaces of morphisms of sheaves containing W;, for example,
Wo =Hom(40(-2),30(—1) & O). Let G; be the natural groups of automor-
phisms acting by conjugation on W;. In this subsection, we shall prove that
there exist geometric quotients W; /G, which are smooth quasiprojective vari-
eties, such that W;/G; ~ X;. We shall also give concrete descriptions of these
quotients.

PROPOSITION 3.2.1. There exists a geometric quotient Wy /Go, which is a
proper open subset inside a fibre bundle over N(3,4,3) with fibre P4, More-
over, Wy /Gy is isomorphic to Xj.

Proof. The situation is analogous to Proposition 2.2.4. Let A = (A1, pi1, p2)
be a polarisation for the action of Gy on Wy satisfying 0 < us < 1/4. Note
that Wy is the proper open invariant subset of injective morphisms inside
WS (A). As usual, we denote by N(3,4,3) the moduli space of semi-stable
Kronecker modules f: 40(—2) — 30(—1) and let

0: pi(E)®@p3(0(-2)) — pi(F) @p5(O(-1))
be the morphism of sheaves on N(3,4,3) x P? induced from the universal
morphism 7. Then U = p;,(Coker(0*)) is a vector bundle of rank 15 on
N(3,4,3) and P(U) is the geometric quotient Wi (A)/Go. Thus, Wy /Gy exists
and is a proper open subset of P(U).

The canonical morphism Wy /Gy — Xy is bijective and, since X is smooth,
it is an isomorphism. O

PROPOSITION 3.2.2. There exists a geometric quotient W1 /Gy and it is a
proper open subset inside a fibre bundle with fibre P'® and base the Grassmann
variety Grass(2, S2V*). Moreover, W1 /G is isomorphic to X;.

Proof. The existence of Wy /Gy follows from Section 9.3 of [5]. Consider
a polarisation A = (A1, Ag, 1) for the action of G; on W satisfying the con-
dition 0 < A\; < 1/2. Then W5%(A) is given by the conditions that @12, @22
be linearly independent two-forms and that the first column of ¢ be not a
multiple of the second column. Thus, W is the proper open invariant subset
of injective morphisms inside W$*(A). The semi-stable morphisms that are
not injective are represented by matrices of the form

qly
qu ng
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with ¢ € V* non-zero, ¢ € S2V* non-divisible by ¢ and ¢1,f5 € V* linearly
independent. The moduli space N(6,1,2) of semi-stable Kronecker modules
[ O(—2) — 20 is isomorphic to Grass(2, S?V*). Let

0: pi(E) ®p3(0(=2)) — pi(F)

be the morphism of sheaves on N(6,1,2) x P? induced from the universal
morphism 7. Then U = p;,(Coker(0) ® p3(O(3))) is a vector bundle of rank
17 over N(6, 1, 2) and P(U) is the geometric quotient W$(A)/G1. Thus W, /Gy
exists and is a proper open subset of the projective variety P(U).

To show that the canonical bijective morphism W;/G; — X is an isomor-
phism, we shall construct resolution (i) from Proposition 3.1.2 for a sheaf F
giving a point in X; in a natural manner from the Beilinson diagram (2.2.3)
in [4] for F, which has the form

10(-2) 2~ 30(-1) -2~ 0

0 0 20

According to Section 2.2 of [4], o is surjective, so Ker(ps) ~ Q. Recall the
morphism p introduced in the proof of Proposition 2.2.4. There is a morphism
a:40(—2) — 30(—2) such that poa = ;. As at Proposition 2.2.4, we have
rank(a) = 3, forcing

Ker(p2) =Im(p1) and Ker(p;)=O(-3)® O(-2).
The exact sequence (2.2.5) in [4] takes the form

0— Ker(py) 2520 — F —0

and gives us resolution (i) from Proposition 3.1.2. In this fashion, we construct
a local inverse to the morphism W;/G; — X;. We conclude that this is an
isomorphism. O

PROPOSITION 3.2.3. There exists a geometric quotient W /G2 and it is a
proper open subset inside a fibre bundle with fibre P17 and base Y x P2, where
Y is the Hilbert scheme of zero-dimensional subschemes of P? of length 2.

Proof. To obtain W5/G5 we shall construct successively quotients modulo
subgroups of Gs, as at Propositions 2.2.2 and 2.2.5. Let Wj C W5 be the
locally closed subset of morphisms ¢ satisfying the conditions from Proposi-
tion 3.1.2(ii), except injectivity. The pairs of morphisms (¢11,@12) form an
open subset U; C Hom(O(—3) ® O(—2),0(—1)) and the morphisms ¢s3 form
an open subset Us inside Hom(O(—1),20). We denote U = U; x U;. Clearly,
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W3 is the trivial vector bundle on U with fibre Hom(O(-3) & O(—2),20).
We represent the elements of G5 by pairs of matrices

(9,h) € Aut(O(=3) & O(=2) & O(—1)) x Aut(O(—1) &20),

gin O 0 hii O 0
g=|u21 go2 0|, h=|va1 hoa hos
Uzl Uz g33 v31  hza  has

Inside G5 we distinguish four subgroups: a reductive subgroup Ga,.q given
by the conditions u;; =0, v;; =0, the subgroup S of pairs (g, h) of the form

a 0 O a 0 O
g=10 a O}, h=10 b 0f,
0 0 b 0 0 b

with a,b € C*, and two unitary subgroups G5 and G5. Here G consists of
pairs (g, h) of morphisms of the form

1 0 0] 1 0 0
g= 0 1 0 s h= V21 1 0 s
ugy  usz 1] vy 0 1

while GY is given by pairs (g, h), where

1 0 0] (1 0 0
g=|uzr 1 O0Of, h=10 1 0
0 0 1] 0 0 1

Note that Go = G4G4Ga1eq. Consider the Go-invariant subset ¥ of W of
morphisms of the form

q / 0
va1q +liuzr varl+Lliuzy 4y
v31q +lauzr vzl +Llauzy o

Note that W5 is the subset of injective morphisms inside W3 \ 3, so it is
open and Gs-invariant. Moreover, it is a proper subset as, for instance, the
morphism represented by the matrix
X?2-Y%2 X 0
XZ? 7Y
Y 7?2 0 X

is in W3\ ¥ but is not injective. Our aim is to construct a geometric quotient
of W} \ ¥ modulo Gs; it will follow that W5/G2 exists and is a proper open
subset of (W} \ X)/Gs.

Firstly, we construct the geometric quotient W3/GY%. Because of the con-
ditions on ¢, /¢, {1, {s, it is easy to see that ¥ is a subbundle of W of rank 14.
The quotient bundle, denoted E’, has rank 18. The quotient map Wi — E’ is
a geometric quotient modulo GY. Moreover, the canonical action of G4§Ga,eq
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on U is E’'-linearised and the map W4 — E’ is G} Ga,.q-equivariant. Let o’ be
the zero-section of E’. The restricted map W3\ ¥ — E’\ ¢’ is also a geometric
quotient modulo GY.

Secondly, we construct a geometric quotient of £/ modulo G5. The quotient
for the base U can be described explicitly as follows. On V* we consider the
trivial bundle with fibre S2V* and the subbundle with fibre vV* at any point
v € V*. The quotient bundle @’ is the geometric quotient Uy /GY and U/GY ~
(U1/GY) x Us. Clearly, U is a principal G5-bundle over U/GY. According to
Theorem 4.2.14 in [6], £’ descends to a vector bundle E over U/G4. The
canonical map E' — E is a geometric quotient modulo G4. The composed
map W4 — E' — FE is a geometric quotient modulo G4GY. Moreover, the
canonical action of Ga,q on U/GY is linearised with respect to F and the
map Wj — E is Ga,.q-equivariant. Let o be the zero-section of E. The
restricted map Wi\ X — E’'\ ¢/ — E\ ¢ is also a geometric quotient modulo
GLGY.

Let x € U/GY be a point and let £ € E, be a non-zero vector lying over .
The stabiliser of z in Ga,eq is S and S = C*¢. Thus, the canonical map
E\ o — P(E) is a geometric quotient modulo S. It remains to construct a
geometric quotient of P(E) modulo the induced action of Ga,.q/S. Clearly,
(U/GY)/(G2req/S) exists and is isomorphic to P(Q) x P2, where @ is the bun-
dle on P(V*) to which @’ descends. As noted in the proof of Proposition 2.2.5,
P(Q) is the Hilbert scheme of zero-dimensional subschemes of P? of length 2.
It remains to show that P(FE) descends to a fibre bundle on P(Q) x P2. We
consider the character x of Ga,.q given by x(g,h) = det(g)det(h)~!. Note
that y is well-defined because it is trivial on homotheties. We multiply the
action of Ga,.q on E by x and we denote the resulting linearised bundle by
E,. The action of S on E, is trivial, hence E, is Ga,eq/S-linearised. The
isotropy subgroup in Ga,..q/S for any point in U/GY is trivial, so we can
apply [6], Lemma 4.2.15, to deduce that E, descends to a vector bundle F'
over P(Q) x P2, The induced map P(E) — P(F) is a geometric quotient map
modulo Ga,.q/S. We conclude that the composed map

Wi\L — E'\o' — E\o — P(E) — P(F)

is a geometric quotient map modulo G5 and that a geometric quotient W /G4
exists and is a proper open subset inside P(F'). O

PROPOSITION 3.2.4. The geometric quotient Wy /Gs is isomorphic to X.

Proof. We must construct resolution (ii) from Proposition 3.1.2 starting
from the Beilinson spectral sequence for F. We prefer to work, instead, with
the sheaf G = FP(1), which gives a point in Mpz(5,4). Diagram (2.2.3) in [4]
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for G takes the form
20(—2) —2> O(-1) 0

3

0(-2) —22 = 40(-1) —21+ 40

Since G maps surjectively onto Coker(y1) and is semi-stable, ¢ cannot be
zero and Coker (1) cannot be isomorphic to Op(—1) for a line L C P2. Thus
Coker(y1) is the structure sheaf of a point 2 € P2 and Ker(p1) ~ O(-3). The
exact sequence (2.2.5) in [4] reads:

0 — O(—3) 2% Coker(ps) — G — C, — 0.
We see from this that Coker(¢4) has no zero-dimensional torsion. The exact
sequence (2.2.4) in [4] takes the form
0— O(=2) 2% 40(—1) 24 40 — Coker(ps) — 0.
We claim that 3 is equivalent to the morphism represented by the matrix
X v z o].

The argument uses the fact that Coker(y,) has no zero-dimensional torsion
and is analogous to the proof that the vector space H from Proposition 2.1.4

has dimension 3. Now we can describe 4. We claim that ¢4 is equivalent to
a morphism represented by a matrix of the form

-Y X 0 %
-Z 0 X *
0 —-Z Y %
0 0o 0 ¢

with ¢ € V*. The argument, we recall from the proof of Proposition 3.1.3,
uses the fact that the map 40 — Coker(y4) is injective on global sections and
the fact that the only morphism Of (1) — Coker(y4) for any line L C P? is the
zero-morphism. Indeed, such a morphism must factor through 5 because the
composed map Or (1) — Coker(ps) — G is zero. This follows from the fact
that both O (1) and G are semi-stable and p(Or(1)) > p(G).

If £ =0, then Coker(p,) would have a direct summand with Hilbert poly-
nomial P(t) =2t+ 3. Such a sheaf must map injectively to G, because its
intersection with O(—3) could only be the zero-sheaf. This contradicts the
semi-stability of G. Thus, £ 0. Let L be the line with equation £ =0. We
obtain the extension

0— O(1) — Coker(p4) — O — 0,
which yields the resolution

0— O(-1) — O O(1) — Coker(p4) — 0.
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Write C = Coker(gs). Since Ext'(O(—3),0(—1)) =0, the morphism o5 lifts
to a morphism O(—3) — O & O(1). We obtain the resolution

0—0(=3)20(-1) — 0@ O(1) — C — 0.

We now apply the horseshoe lemma to the extension G of C, by C, to the
above resolution of C and to the standard resolution of C, tensored with
O(—1). We obtain the resolution

00— O(=3) — O(=3)B20(~2) BO(—1) — O(-1)BOBO(1) — G — 0.

The morphism O(—3) — O(—3) is non-zero because H!(G) vanishes. We may
cancel O(—3) we get the dual of resolution (ii) from Proposition 3.1.2. O

PROPOSITION 3.2.5. There exists a geometric quotient W5 /Gs, which is
isomorphic to the universal quintic inside P? x P(S5V*). Moreover, W3/G3
is isomorphic to Xs, so this is a smooth closed subvariety of Mpz(5,1).

Proof. For the first part of the claim, we refer to Section 3.2 in [4]. Suc-
cinctly, the map of W3 to the universal quintic given by

[61 Lo
fi fa

is a geometric quotient map. Clearly, the natural morphism W3/Gs — X3
is bijective. In order to show that it is an isomorphism, we need to derive a
resolution as in Proposition 3.1.5 starting from the Beilinson spectral sequence
of F and performing algebraic operations (compare Theorem 3.1.6 in [4]). By
duality, we may also start with the Beilinson spectral sequence for the sheaf
G =F"(1). Table (2.2.3) in [4] for E}(G) takes the form

} — (m, (1fo — €2f1>), where z is the zero-set of ¢; and /5,

30(=2) —2=30(-1) 2= 0

20(=2) — 25 60(-1) =25 50

As in the proof of Proposition 2.2.4, we have Ker(ya) = Im(p;) and
Ker(p1) ~ O(—3). The exact sequence (2.2.5) in [4]

0— O(=3) 25 Coker(py) — G — 0
yields the resolution
0—20(-2) -5 O(-3) ®60(-1) — 50 — G — 0,

=[]

As in the proof of Proposition 3.1.3, we can show that any matrix equivalent
to the matrix representing ¢s has three linearly independent entries on each
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column. It follows that, modulo elementary operations on rows and columns,
3 is represented by a matrix having one of the following forms:

0 0 0 0 0 0 X 0
0 0 0 0 X 0 Y 0
0 0 X 0 Y 0 Z 0
x Rl “ |y Rl ® |z R ° |0 x
Yy S zZ S 0 S 0 Y
Z T 0 T 0 T 0 Z

Here R,S,T form a basis of V*. As in the proof of Proposition 3.1.3, it can
be shown that the first three matrices are unfeasible. We are left with the
last possibility.

By virtue of [10], Lemma 3, taking duals of the locally free sheaves occurring
in the above resolution of G yields a monad with middle cohomology F of the
form

0 — 50(~2) — 60(—1) & O(1) 1= 20 — 0.
From this, we get the resolution
0—50(-2) —20' 9 O(1) — F — 0.
Combining with the standard resolution of Q! yields the exact sequence
0 — 20(=3) ®50(-2) % 60(-2)  O(1) — F — 0.

From the semi-stability of F, we see that rank(y12) =5, so we may cancel
50(—2) to get the desired resolution for F. O

3.3. Geometric description of the strata. Let F = Coker(y) be a sheafl
in Xg with ¢ as in Proposition 3.1.1. We recall that ¢;; is semi-stable as
a Kronecker V-module. We shall decompose X into locally closed subsets
according to the kernel of 1. We have an exact sequence

0 — O(—d) - 40(-2) £4 30(—1) — Coker(p11) — 0,
" .

n=[m m nm ml , ni=(-1)'¢i/9,
where ¢; is the maximal minor of ¢1; obtained by deleting the ith column and
g =ged(v1, p2,¢3,p4). The maximal minors of a generic morphism ;17 have
no common factor, that is, Ker(p11) >~ O(—5). We denote by Xy and X9
the subsets of Xy for which Ker(pi1) is isomorphic to O(—4), respectively to
O(—3). The case deg(g) = 3 is not feasible, because in this case ¢11 is equiv-
alent to a morphism represented by a matrix with a zero-column, contrary to

semi-stability. As before, the superscript P applied to a subset of Mpz(5,1)
will signify the corresponding subset of Mpz(5,4) obtained by duality.

PROPOSITION 3.3.1. The sheaves G from (X \ (Xo1 U Xo2))® C Mp=2(5,4)
have the form Jz(3), where Z C P? is a zero-dimensional scheme of length 6
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not contained in a conic curve, contained in a quintic curve C, and Jz C O¢
1s its ideal sheaf.

The generic sheaves G in XJ have the form Oc¢(3)(—P; —--- — Ps), where
C CP? is a smooth quintic curve and P;, 1 <i <6, are distinct points on C
not contained in a conic curve. By duality, the generic sheaves F in Xq have
the form Oc(Py + -+ + B).

Proof. The sheaves G from (X \ (Xo1 U Xo2))P are precisely the sheaves
with resolution

0— O(=2) ®30(~1) %40 — G —0,

where 115 is semi-stable as a Kronecker V-module and its maximal mi-
nors have no common factor. According to Propositions 4.5 and 4.6 in [2],
Coker(i12) ~ Zz(3), where Z C P? is a zero-dimensional scheme of length 6
not contained in a conic curve. Conversely, any Zz(3) is the cokernel of some
112 with the above properties. The conclusion now follows as at Proposi-
tion 2.3.4(i). 0

PROPOSITION 3.3.2. The sheaves F giving points in Xoo are precisely the
extension sheaves
0—0Oc — F — Oc —0,
satisfying H(F) = 0. Here C' and C are arbitrary cubic, respectively conic
curves in P2.

Proof. Assume that F is in Xog, that is, Ker(¢11) ~ O(—3). The entries
of n span V*, otherwise the semi-stability of (11, as a Kronecker V-module,
would get contradicted. For instance, if

X
Y
n~ ol
0
then
-Y X *x x
®11 ~ 0 0 *= =
0 0 %= =
Thus
X
Y
n-~ 71
0
forcing
-Y X 0 % *
b~ =2 0 x| =1p *
0o —Z * *



MODULI SPACES OF SHEAVES SUPPORTED ON QUINTIC CURVES 1509

We have an exact sequence
0 — O(—=2) — Coker(p) — Coker(¢11) — 0

hence, since Coker(p) ~ O, we have an isomorphism Coker(p11) ~ O¢ for a
conic curve C' C P2. Applying the snake lemma to the exact diagram

0

©

0 40(-2) —=30(-1) B0 ——> F ——0

P11

00— O(—3) —= 40(-2)

30(-1) Oc 0

0
we get an extension as in the proposition. Conversely, assume we are given
an extension
0— 0 —F —0c—0
satisfying H*(F) = 0. We shall first show that there is a resolution for O¢ as
in the diagram above. Combining the exact sequences

0— O(=3) — 30(-2) £ 30(~1) — O —0
and
0—0(-2)— 00— 0c—0
we obtain the resolution
0— 0(=3) L 40(~2) % 30(~1) — O — 0.

We need to prove that v is semi-stable as a Kronecker V-module. Since n has
three linearly independent entries, v must have three linearly independent
maximal minors, and this rules out the cases when 1 could be equivalent to
a matrix having a zero-column or a zero-submatrix of size 2 x 2. It remains
to rule out the case

-Y X 0 R
Yv=|—-2 0 X S
0 0O 0 T
Denote
=Y X 0
= % %
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and let Ly, Lo be the lines with equations X = 0, respectively T'=0. The
snake lemma applied to the exact diagram

0 0
0— > O(-3) — = 30(~2) — = 20(-1) O, 0
0— > O(=3) — = 40(~2) — L~ 30(-1) Oc 0

yields an extension
0— OLl — Oc — OLQ(*U — 0.

This gives h%(O¢ ® Q(1)) = 1, which is absurd, namely H°(O¢ ® Q*(1))
vanishes. Thus v is semi-stable. We now apply the horseshoe lemma to the
extension

0— O — F — Oc —0,

to the standard resolution of Qg and to the resolution of O¢ from above.
We obtain the exact sequence

0—O(-3) — 0(-3)®40(-2) — 30(-1) 2 0 — F — 0.

By hypothesis H!(F) vanishes, hence the map O(—3) — O(—3) is non-zero.
Cancelling O(—3) we obtain a resolution as in Proposition 3.1.1 in which
w11 =1 is a semi-stable Kronecker V-module. We conclude that F gives a
point in Xgs. U

Let X109 C X7 be the open subset given by the condition that @15 and poq
have no common linear term. We denote by X711 = X; \ X1 the complement.

PROPOSITION 3.3.3. (i) The sheaves F giving points in X19 are precisely
the sheaves Jz(2), where Z C P? is the intersection of two conic curves without
common component, Z is contained in a quintic curve C C P? and Jz C O¢
is its ideal sheaf.

The generic sheaves in X1 are of the form Oc(2)(—Py — Py, — P3 — Py),
where C C P? is a smooth quintic curve and P;, 1 <1 <4, are distinct points
on C in general linear position.
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(ii) The sheaves F giving points in X11 are precisely the extension sheaves
0—O0L(-1) —F — J(1) —0

satisfying H*(F @ Q1(1)) =0. Here L C P? is a line and J, C O¢ is the ideal
sheaf of a point x on a quartic curve C C P2.

Proof. (i) Adopting the notations of 3.1.2(i), we notice that the restriction
of ¢ to O(—2) has cokernel Zz(2), where Z is the subscheme of length 4 in P?
given by the equations @12 =0, w2 = 0. The sheaves in X7g are precisely the
cokernels of injective morphisms O(—3) — Z;(2). Let C be the quintic curve
defined by the inclusion O(—3) CZz(2) C O(2). We have F ~ Jz(2).

(ii) Let us write @12 = €112, wao = lihag, with £, 1012, 122 non-zero one-forms,
112 and 199 linearly independent. Consider the morphism

Vi O(=3)BO(=1) — 20, = [‘p“ w”] .
P21 a2
Clearly, Coker (1)) is isomorphic to a sheaf of the form 7, (1) as in the claim.
Conversely, any sheaf 7, (1) is the cokernel of some injective morphism ¢ with
linearly independent entries 115 and t9y. Let L be the line with equation
¢ =0. We apply the snake lemma to the diagram with exact rows

0——=0(=3) 8 0(-2) —=20 F 0
0——=0(3)&0(-1) =920 T (1) 0

a:[(l) 2}

As Coker(a) ~ Or(—1), we get the extension
0—O0r(-1) —F— TJ.(1) —0.

Conversely, assume that F is an extension of 7, (1) by O (—1) satisfying the
condition H*(F®Q!(1)) = 0. Combining the resolutions for these two sheaves
we get the exact sequence

0—0(-3)0(-2)a0(-1) — O(-1) 20 — F — 0.

Our cohomological condition in the hypothesis ensures that O(—1) may be
cancelled, hence we obtain a resolution as in Proposition 3.1.2(i) with 12 =
51/)12 and Y22 = EwQQ. Thus, F giVGS a pOiI’lt in Xll- O

PROPOSITION 3.3.4. The generic sheaves from Xo are precisely the non-
split extension sheaves

0—J.(1) —F— 0z —0
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for which there is a global section of F(1) taking the value 1 at every point
of Z. Here J, C Oc¢ is the ideal sheaf of a point x on a quintic curve C C P?
and Z C C is the union of two distinct points, also distinct from x.

There is an open subset of Xy consisting of the isomorphism classes of all
sheaves of the form Oc(1)(—Py + P>+ Ps), where C CP? is a smooth quintic
curve and Py, Ps, Py are distinct points on C. In particular, Xo lies in the
closure of X1 and X3 lies in the closure of Xs.

Proof. One direction was proven at Proposition 3.1.2(ii). Given F in X,
there is an extension as in the claim with = given by the equations ¢; =
0,0, =0, Z given by the equations ¢ =0,£ =0 and C given by the equation
det(p) = 0.

For the converse, we apply the horseshoe lemma to the resolutions

0—0(-4) —7Z,(1) — J.(1) — 0
and

0— O(—4) == O(=3) & O(~2) - O(~1) ™ 05 — 0,

<:m, e=lg 1.

By hypothesis, 7 lifts to a morphism « : O(—1) — F. We define morphisms
08,7, 6 as at Proposition 2.3.2. By the reason given there, ¢ is non-zero, namely,
if § were zero, then the extension for F would split. We arrive at the resolution

0—O(-3)0(-2) —O(-1)Z, (1) — F—0,

which, further, yields resolution (ii) from Proposition 3.1.2.

Assume now that C is smooth and write x = P, Z = {P», Ps}. The
only non-trivial extension sheaf of Oz by J,.(1) is isomorphic to the sheaf
F=0c(1)(—Py 4+ P>+ P3). We must show that F(1) has a global section
that does not vanish at P, and P;. We argue as at Proposition 2.3.2. Let
9,63 : H%(Oz) — C be the be the linear forms of evaluation at P, P5. Let
§: HY(Oz) — H(J:(2)) be the connecting homomorphism in the long exact
cohomology sequence associated to the short exact sequence

0— Oc(2)(—2z) — F(1) — Oz — 0.

We must show that neither e nor e3 is orthogonal to Ker(d). This is equiva-
lent to saying that neither €5 nor 3 are in the image of the dual map §*. By
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Serre duality, 0* is the restriction morphism

H(Oc(-2)(z) @ we) —= H((Oc(-2)(2) @ we)l2)

H"(Oc(x)) H°(Oc(2)|z)

i

HO(O¢)~C———— = C2 ~ H(Oc|2)

The linear forms &5 and e3 correspond to the vectors (1,0) and (0,1) in C2,
so they are clearly not in the image of §*. The identity H*(Oc(z)) = H%(O¢)
follows from the fact that there is no rational function on C' that has exactly
one pole of multiplicity 1. If this were the case, C' would have genus 0.

To see that Xy C X choose a point in X, given by O¢(1)(—P; + Py + P3).
We may assume that P;, P», P3 are non-colinear and that the line through P
and Pj intersects C' at five distinct points denoted Ps, P3,Q1,Q2,@3. Then
Oc(1)(—P1 + P2+ Ps) is isomorphic to O¢(2)(—P1 — @1 — Q2 — Q3). Clearly,
we can find points Rj, Ro, R3 on C, converging to (Q1,Q2, Qs respectively,
such that P;, Ry, Ro, Rs are in general linear position. Thus, the semi-stable
sheaf O¢(2)(—P1 — Ry — Ry — R3) gives a point in X; converging to the chosen
point in Xs.

According to Proposition 3.1.5, the generic sheaves in X3 have the form
Oc(1)(P), where C C P? is a smooth quintic curve and P is a point on C.
Choose distinct points Py, P> on C, which are also distinct from P, such that
P, converges to P;. The stable-equivalence class of O¢(1)(—P; + P, + P) is in
X2 and converges to the stable-equivalence class of O¢(1)(P). We conclude
that X5 C Xo. O

The following result will be helpful in the discussion about sheaves from
Xo1, which we have left for the end.

PROPOSITION 3.3.5. Let ¢ : 40(—2) — 30(—1) be a Kronecker V-module.
Let ¥;, 1 <i<4, denote the mazimal minor of ¥ obtained by deleting the
it" column. Assume that the minors v; have a common linear factor. Then
Ker(y) = O(—4) and v is semi-stable if and only if 1;, 1 <i <4, are linearly
independent three-forms.

Proof. Assume that Ker(y) ~ O(—4) and that 1 is semi-stable. We argue
by contradiction. If the maximal minors of ¢ were linearly dependent, then,
performing possibly column operations on 1, we could assume that one of
them is zero, say ¥, = 0. Let 19’ be the matrix obtained from v by deleting
the fourth column. It is easy to see that ¢’ is semi-stable as a Kronecker
V-module. It follows that 1’ is equivalent to the morphism represented by
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the matrix

-Y X 0
-Z 0 X
0 —-ZY
Thus, the vector

X

Y

Z

0

is in the kernel of ¢. This contradicts our hypothesis that Ker(¢) be isomor-
phic to O(—4).

Conversely, assume that 1;, 1 <7 <4, are linearly independent. Then they
cannot have a common factor of degree 2, that is, in view of the comments at
the beginning of this subsection, we have Ker(¢) ~ O(—4). The semi-stability
of 1) is also clear: if 1) were equivalent to a matrix having a zero-column, then
the v; would span a vector space of dimension at most 1. If ) were equivalent
to a matrix having a zero-submatrix of size 2 x 2, then the ; would span
a vector space of dimension at most two. If ¢ were equivalent to a matrix
having a zero-submatrix of size 1 x 3, then the v; would span a vector space
of dimension at most 3. O

PROPOSITION 3.3.6. The sheaves F giving points in Xo1 occur as non-split
extension sheaves of one of the following three kinds:

i) 0—G—F— 0 —0,

where H'(F) =0. Here L CP? is a line and G is in the exceptional divisor
of Mpz(4,0). For fizted L and G the feasible extension sheaves form a locally
closed subset of P(Ext*(Or,G)).

(i) 0—E&—F—0z—0.

Here Z CP? is a zero-dimensional scheme of length 3 not contained in a line
and & is a sheaf in Mp2(5,—2) such that E(1) belongs to the stratum X5 of
Mp2 (5, 3)

(iii)) 0—Op(-1) —F — TJz(1)> —0.

Here L CP? is a line and Z C P? is a zero-dimensional scheme of length 3
not contained in a line, contained in a quartic curve C C P2, and Jz C O¢
is its ideal sheaf. For fixed J; and L the feasible extension sheaves form a

locally closed subset of P(Ext'(Jz(1)?,0r(—1))).

Proof. Let F give a point in Xy;. Recall the resolution from Proposi-
tion 3.1.1. We have the isomorphism Ker(pi1) >~ O(—4) and we denote
C = Coker(p11). We have Pe(t) =t + 3, so this sheaf is the direct sum of
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a zero-dimensional sheaf and Oy (d) for a line L C P? and an integer d. It is
thus clear that C has a subsheaf C’ with Hilbert polynomial Pe:(t) =t + 2.

Applying the snake lemma to a diagram similar to the first diagram in the
proof of Proposition 3.3.2, we obtain an extension

0—0Oc—F—C—0,

where C' C P? is a quartic curve. Let F’ C F be the preimage of C'. We
have Pg/(t) =5t and it is easy to see that F’ is semi-stable. We now use
the possible resolutions for sheaves in Mpz(5,0) found in Section 4, which we
obtain independently of any result in this subsection. Taking into account
that HY(F @ Q!(1)) = 0 leaves only two possible resolutions, the ones at
Propositions 4.1.2 and 4.1.3. The first resolution must fit into a commutative
diagram

0—=50(-2) — Y~ 50(-1) F 0
I ]
0—=40(-2) —2+30(-1) 0 — = F —0
Since «(1) is injective on global sections, we have one of the following two

possibilities:

or «an

0
0
0

oo~ o
o~ oo
o oo
~ o oo
No oo
oo o
oo~ o
orR oo

o oo

XY

In the first case Ker(a) is isomorphic to 2!, so the latter is isomorphic to a
direct sum of copies of O(—2). This is absurd. In the second case, we have
Ker(8) ~ O(-2), hence, without loss of generality, we may assume that
is the projection onto the first four terms. From the commutativity of the
diagram, we get

0

©11 0

P = 0
* Kk Kk x -Y

* Kk Kk x X

This shows that F’ maps surjectively onto the cokernel of 17. But this is im-
possible because, by construction, the image of F’ in C is the proper subsheaf
C’. Thus far, we have shown that the resolution from Proposition 4.1.2 for
F’ is unfeasible. It remains to examine the resolution from Proposition 4.1.3.
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This fits into a commutative diagram of the form

0— = 0(-3)®20(-2) = 20(-1) 8O — 5 — =0

| P

40(-2) 30(-1)p 0 ——=F ——0

Since o and «(1) are injective on global sections, we see that « and [ are
injective and we may write

0, 0 0 00 0
e 00 1100
B=10o 10" 2o 1 0

0 0 1 00 1

From the commutativity of the diagram and the semi-stability of ¢11, we see
that ¢ and /5 are linearly independent one-forms and

b Lo 0 0
g011 = * %k
*x ok 5

We recall that the greatest common divisor of the maximal minors of 17 is
a linear form g. Since g divides both ¢; det(§) and (s det(§), we see that g
divides det(&), hence £ is equivalent to a matrix having a zero-entry. Thus we
may write

6 4 0 0 ¢ 0
pri=|x * & 0|= 0
* ok x &y * ok ok &y

It is clear that ¢ is semi-stable as a Kronecker V-module. Assume that the
maximal minors of ¢ have a common linear factor, say Z. We may then write

* kN
* o+ O I
* o+ N O
NHunoo

Notice that ¢ is a multiple of Z, S is non-zero and does not divide det(¢’)/Z.
We have Coker(¢) ~ Or, where L C P? is the line with equation Z =0. We
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apply the snake lemma to the exact diagram

0 0

7

Oo(-2)——=0(-1)®»0O

0 40(-2) —£=30(-1) @O —— F —0

0——0(-3) ——=30(-2) 20(-1) O 0

0 0
in order to obtain a non-split extension of the form
0—G—F—0,—0,

where G has resolution

0—0(=3)®0(-2) L 0(-1) 3O — G — 0,

with t15 =S different from zero. From Proposition 5.2.1 in [4], we see that
G is in the exceptional divisor of Mpz(4,0). Conversely, any G of Mgz(4,0),
which is in the exceptional divisor, i.e. satisfying the condition h°(G) =1,
occurs as the cokernel of a morphism v as above with 115 # 0. Assume now
that F is an extension of Oy with a sheaf G as above, satisfying H*(F) = 0.
Choose an equation Z =0 for L. We combine the resolution of G with the
resolution

0— O(-3) —30(-2) i) 20(-1) — O, —0
and we obtain a resolution
0—0O(-3) — 0(-3)®40(-2) — 30(-1)) 2 0 — F — 0.

The morphism O(—3) — O(—3) in the above complex is non-zero because, by
hypothesis, H'(F) vanishes. Thus, we may cancel O(—3) to get a resolution
as in Proposition 3.1.1 with

0 0

- ¢ 0o | 4 0
LA [ Vg | P12
* Kk * P22 I a2

In view of Proposition 3.3.5, the condition that F be in Xq; is equivalent to
saying that det(¢’)/Z, 112X, Y12Y, 1122 are linearly independent two-forms.
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This defines an open subset inside the closed set of extension sheaves of Of,
by G with vanishing first cohomology.

It remains to examine the case when the maximal minors of ¢ have no
common factor. Then g is a multiple of £&. We have Ker(¢) ~ O(—4). Ac-
cording to Propositions 4.5 and 4.6 in [2], the cokernel of ¢ is isomorphic to
the structure sheaf of a zero-dimensional scheme Z of length 3 not contained
in a line. Write as above

0
P . % x S
* K % T

and note that the snake lemma gives an extension
0—&—F—0z;—0,

where £ has a resolution

0—0(-4)20(-2) L O0(-1)BO —E—0
in which 912 =S and 199 =T. We have Pe(t) =5t — 2. According to Propo-
sition 2.1.4, £ is in Mp2(5, —2) precisely if S does not divide T'. In that case
E(1) gives a point in the stratum X5 of Mpz(5,3). Finally, assume that S
divides T'. We have a non-split extension of sheaves

0—O0r(-1) —F — S8 —0,

where L C P? is given by the equation S =0 and S has a resolution of the
form

0—30(-2) 5 20(-1)®0 — S — 0,

where ¥1; = (. According to Proposition 3.3.2 in [4], the subset of Mpz(4,3)
of sheaves of the form SP(1) is an open subset consisting of all sheaves of
the form Jz(2), where Z C P? is a zero-dimensional scheme of length 3 not
contained in a line, contained in a quartic curve C C P? and Jz C O¢ is its
ideal sheaf. Assume we are given S as above, L C P? a line with equation
S =0 and F a non-split extension of S by Or(—1). We combine the above
resolution for S with the standard resolution of Op(—1) to get a resolution
for F as in Proposition 3.1.1. By Proposition 3.3.5, the condition that F be
in Xo is equivalent to saying that S divides det(y’) and det(y’)/S together
with the maximal minors of ¢ form a linearly independent set in S?V*. These
conditions define a locally closed subset of P(Ext(S, O (—1))). O

From what was said above, we can summarise the following proposition.

ProposITION 3.3.7. {Xo,X1,X2,X3} represents a stratification of
Mp2(5,1) by locally closed irreducible subvarieties of codimension 0,2,3,5.
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4. Euler characteristic zero

4.1. Locally free resolutions for semi-stable sheaves.

PROPOSITION 4.1.1. Ewvery sheaf F giving a point in Mp2(5,0) and satis-
fying the condition h°(F(—1)) > 0 is of the form Oc(1) for a quintic curve
C cP?.

Proof. Consider a non-zero morphism O — F(—1). As in the proof of
Proposition 2.1.3 in [4], it factors through an injective map O¢ — F(—1).
Here C C P? is a curve; its degree must be 5, otherwise Oc would desta-
bilise F(—1). As both O¢ and F(—1) have the same Hilbert polynomial, the
injective morphism from above must be an isomorphism.

The converse follows from the general fact that the structure sheaf of a
curve in P? is stable. ]

PROPOSITION 4.1.2. The sheaves F giving points in Mp2(5,0) and satisfy-
ing the condition h'(F) =0 are precisely the sheaves with resolution

0 — 50(-2) = 50(—1) — F — 0.

Moreover, such a sheaf F is properly semi-stable if and only if ¢ is equivalent
to a morphism of the form

[: ﬂ for some ¢ : mO(=2) — mO(-1), 1<m<A4.

Proof. Assume that F gives a point in Mp2(5,0) and its first cohomology
vanishes. For a suitable line L C P2, we have an exact sequence

0—F—FQ1)— FQ)|p —0.

The associated long cohomology sequence shows that H'(F(1)) vanishes, too.
The same argument applied to the exact sequence

0—F(-1) —FV —F0Q'(2) —0

shows that H'(F ® Q'(2)) =0. The Beilinson free monad (2.2.1) in [4] for
F(1) gives the resolution

0—50(—1) — 50 — F(1) — 0.

Conversely, assume that F is the cokernel of a morphism ¢ as in the proposi-
tion. Trivially, F has no zero-dimensional torsion, because it has a locally free
resolution of length 1. For any subsheaf 7/ C F, we have H’(F’) = 0 because
the corresponding cohomology group for F vanishes. We get x(F’) <0, hence
p(F') <0=p(F) and we conclude that F is semi-stable.

To finish the proof, we must show that for properly semi-stable sheaves
F the morphism ¢ has the special form given in the proposition. Consider
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a proper subsheaf 7' C F which gives a point in Mp2(m,0), 1 <m <4. As
noted, HO(F’) vanishes, hence also H!(F’) vanishes and, repeating the above
steps with F’ instead of F, we arrive at the resolution

0 — mO(-2) 2, mO(-1) — F — 0.

This fits into a commutative diagram of the form

0——=mO(-2) — = mO(-1) — = F — =0

P,k

0—=50(=2) —>50(-1) —= F ——>0

Since a(1) is injective on global sections we see that «, hence also (3, are
injective. Thus, ¢ has the required special form. O

PROPOSITION 4.1.3. The sheaves F giving points in Mp2(5,0) and satisfy-
ing the cohomological conditions h®(F(—1)) =0 and h'(F) =1 are precisely
the sheaves with resolution

0— O(=3)@20(-2) = 20(-1) O — F — 0,

where 12 : 20(—2) — 20(—1) is an injective morphism.

Proof. The Beilinson free monad (2.2.1) in [4] for F reads as follows:

0—50(-2) @mO(-1) — (m+5)0(-1) 0 — O —0.
From this, we obtain the exact sequences
0—50(-2)&mO(~-1) — Qe (m+2)0(-1) &0 — F —0

and
0— O(-3)®50(—-2) ®mO(-1)

Z530(-2)® (m+2)0(-1) O — F —0,
with ¢13 =0, w23 =0. As in the proof of Proposition 2.1.4, we see that
rank(¢12) = 3, so we may cancel 30(—2) to get the resolution

0 — O(=3) ®©20(-2) ® mO(~1) % (m +2)0(~1) ® O — F — 0,

with ¢13 =0. By the injectivity of ¢ we must have m <1. If m =1, then F
has a subsheaf of the form Oy, for a line L C IP?, contrary to semi-stability. We
conclude that m =0 and we obtain a resolution as in the proposition. If @19
were not injective, then 15 would be equivalent to a morphism represented by
a matrix with a zero-row or a zero-column. Thus, F would have a destabilising
subsheaf of the form O¢ or a destabilising quotient sheaf of the form Ox(—1)
for a conic curve C' C P2.

Conversely, we assume that F has a resolution as in the proposition and we
need to show that there are no destabilising subsheaves £. Such a subsheaf
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must satisfy h%(&) =1, h'(£) =0, Pe(t) =mt +1, 1 <m < 4. Moreover,
H(E(—-1)) and H°(€ ® 21(1)) vanish because the corresponding cohomology
groups for F vanish. We can now write the Beilinson free monad for £. We
get a resolution that fits into a commutative diagram

0—— (m —1)0(=2) —2—= (m - 2)0(~1) & O —= £ — 0

X | |
00— O(=3) ®20(-2) ——=20(-1) B O F 0
Since o and «(1) are injective on global sections, we see that « is injective,

forcing (8 to be injective, too. Thus, m =2 or m = 3. In both cases, 1o fails
to be injective, contradicting our hypothesis. O

PROPOSITION 4.1.4. The sheaves F giving points in Mp2(5,0) and satisfy-
ing the cohomological conditions h®(F(—1)) =0 and h*(F) =2 are precisely
the sheaves with resolution

0—20(=3)®0(-1) L O(-2) 20 — F — 0

such that w11 has linearly independent entries and, likewise, wao has linearly
independent entries.

Proof. Let F give a point in Mpz(5,0) and satisfy the conditions from the
proposition. The Beilinson free monad for F reads
0—50(-2) @mO(-1) — (m+5)O0(-1) 20 — 20 — 0.
Dualising and tensoring with O(1) we get the following resolution for the sheaf
G = FP(1), which gives a point in Mpz2(5,5):

0—20(-2) 5 20(=2) @ (m+5)O0(-1) - mO(-1) 50 — G — 0,

-f)

Here p12 = 0. As G has rank zero and maps surjectively onto C = Coker(¢11),
we see that m < 2. If m =2, then ¢1; must be injective, otherwise C will have
positive rank. We get Pe(t) = 2t, hence C destabilises G. The case m =0 can
be eliminated as in the proof of Proposition 3.1.3. Thus, m =1. As in the
proof of Proposition 3.2.5, we may assume that v is represented by the matrix

XY Z 0 0 0]°
0 0 0 XY Z

From the Beilinson monad for F, we obtain the resolution
0—50(-2) 3 0(-1) —20' 20 — F — 0,
which, combined with the standard resolution for Q!, yields the exact sequence

0 — 20(=3) & 50(-2) & O(—1) % 60(-2) & 20 — F — 0.
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Note that F maps surjectively onto Coker(¢11,¢12), so this sheaf is supported
on a curve, forcing rank(¢12) > 4. If rank(pi2) =4, then Coker(v11,p12)
would have Hilbert polynomial P(t) =2t — 2, so it would destabilise F. We
deduce that rank(y12) = 5, so we may cancel 5O(—2) to get a resolution as in
the proposition. If the entries of ;1 were linearly dependent, then F would
have a destabilising quotient sheaf of the form Op(—2) for a line L C P2. If
the entries of @95 were linearly dependent, then F would have a destabilising
subsheaf of the form Oy,.

Conversely, we assume that F has a resolution as in the proposition and
we need to show that there is no destabilising subsheaf. Let 7' C F be a
non-zero subsheaf of multiplicity at most 4. We shall use the extension

0—J.(1) —F—C,—0

from Proposition 4.3.2. Denote by C’ the image of ' in C, and put K =
F'NJT(1). Let A and Og be as in the proof of Proposition 3.1.2. Recall that
S is a curve of degree d < 4. We can estimate the slope of ' as in the proof
of Proposition 3.1.2 and we get

d hO(C’) — hO(A/IC) d 1
!
= —— < —— R — = .
P(F)=—5+ 5—d S—gtp=g<0=rH)
We conclude that F is semi-stable. O

Let X;,i=0,1,2,3, be the subset of Mpz(5,0) of stable-equivalence classes
of sheaves F as in Propositions 4.1.2, 4.1.3, 4.1.4, respectively, Proposi-
tion 4.1.1.

ProPOSITION 4.1.5. The subsets X, X1, X2, X3 are disjoint. The subset

of Mp2(5,0) of stable-equivalence classes of properly semi-stable sheaves is
included in XoU X;.

Proof. Let F be a properly semi-stable sheaf in Mpz2(5,0). We have an
exact sequence
0—F —F—F"'—0,
with F’ giving a point in Mpe2(r,0), F” giving a point in Mp2(s,0), r + s =5.
From the description of Mpz(r,0), 1 <r <4, found in [4], we have the relations

R(F)=0 ifr=12, A (F)<1 ifr=34.

In all possible situations we get h?(F) < 1, hence the stable-equivalence class
of Fisin XoUX;. Thus all sheaves in X5 and X3 are stable, so X5 is disjoint
from the other X; and the same is true for X3. It remains to show that X, and
X, are disjoint. Let F be a properly semi-stable sheaf as in Proposition 4.1.2
and let G be a sheaf in the same class of stable-equivalence as F. Let F’
be one of the terms of a Jordan-Holder filtration of F. From the proof of
Proposition 4.1.2, it transpires that F’ has resolution

0 — mO(—2) — mO(-1) — F —0
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for some integer 1 <m < 4. Thus, H*(F’) =0. Any term of a Jordan-Holder
filtration of G is also a term of a Jordan—Hélder filtration of F, hence its group
of global sections vanishes. We deduce that H°(G) = 0. Thus, F cannot give
a point in Xj. O

PROPOSITION 4.1.6. There are no sheaves F giving points in Mpz(5,0) and
satisfying the cohomological conditions h°(F(—1)) =0 and h'(F) > 3.

Proof. In view of Proposition 4.1.5, we may restrict our attention to sta-
ble sheaves F in Mpz(5,0). Suppose that F satisfies h%(F(—1)) =0 and
h'(F) # 0. Consider a non-zero morphism @ — F. As in the proof of Propo-
sition 2.1.3 in [4], this must factor through an injective morphism O¢ — F,
where C' C P? is a curve. From the stability of F, we see that C' can only have
degree 4 or 5.

Assume that C has degree 5. The quotient sheaf C = F/O¢ is supported
on finitely many points and has length 5. Take a subsheaf C’ C C of length 4,
and let F’ be its preimage in F. We get an exact sequence

0—F —F—C,—0,

where C, is the structure sheaf of a point. Any destabilising subsheaf of F’
would ruin the stability of F, hence F’ is in Mp2(5,—1). From Section 3.1, we
know that h%(F’) <2, hence h°(F) < 2 unless h°(F’) = 2 and the morphism
F — C, is surjective on global sections. In this case, we can apply the horse-
shoe lemma to the above extension, to the standard resolution of C, and to
the resolution

0—O(-4)®O(-1) — 20 — F' — 0.
We obtain a resolution
0— O(=2) — O(—4) ®30(-1) %30 — F — 0,
which yields an exact sequence
0 —> O(—4) — Coker(p12) — F — 0.

We claim that the morphism O(—2) — 30(—1) in the above resolution is
equivalent to the morphism represented by the matrix

X
Y
Z

The argument uses the fact that F has no zero-dimensional torsion and is
analogous to the proof that the vector space H at Proposition 2.1.4 has di-
mension 3. We can now describe ¢15. We claim that ¢12 is equivalent to the
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morphism represented by the matrix

-Y X 0
-Z 0 X
0o -Y Z

The argument, we recall from the proof of Proposition 3.1.3, uses the fact
that the map 30 — F is injective on global sections and the fact that the
only morphism Of(1) — F for any line L C P? is the zero-morphism. We
deduce that Coker(ypia) is isomorphic to O(1). We obtain h°(F(-1)) =1,
contradicting our hypothesis.

Assume now that C has degree 4. The zero-dimensional torsion C’ of the
quotient sheaf C = F/O¢ has length at most 1, otherwise its preimage in F
would violate stability. Assume that C’ has length 1. Let F’ be its preimage
in 7. We have an extension

0—F —F— 0O —0.

Here L C P? is a line and it is easy to see that F’ gives a point in Mp=2(4, —1).
From the description of Mpz2(4, 1) found in [4], we know that h°(F’) < 1, hence
hO(F) < 2.

Assume, finally, that C has no zero-dimensional torsion. Then C ~ Or(1)
for a line L C P2. We have h°(F) <2 unless the morphism F — Op(1) is
surjective on global sections. In that case, we can apply the horseshoe lemma
to the extension

0— 0O —F — Or(l) —0,

to the standard resolution of O¢ and, fixing an equation for L, say X =0, to
the resolution

0— 0(=2) L 30(~1) -5 20 — O (1) — 0,

el e[ E Y

Z
We obtain the exact sequence
0— O(-2) — O(-4) ®30(-1) — 30 — F — 0.

We saw above that this leads to the relation h°(F(—1)) = 1, which is contrary
to our hypothesis. O

4.2. Description of the strata as quotients. In Section 4.1, we found
that the moduli space Mpz(5,0) can be decomposed into four strata:

— an open stratum X, given by the condition h'(F) = 0;
— a locally closed stratum X; of codimension 1 given by the conditions

K (F(-1)) =0, RN F) =1,



MODULI SPACES OF SHEAVES SUPPORTED ON QUINTIC CURVES 1525

— a locally closed stratum X5 of codimension 4 given by the conditions
K (F(-1))=0,  hY(F)=2

— the closed stratum X3 given by the condition h°(F(—1)) > 0, consisting of
sheaves of the form O¢(1), where C' C P? is a quintic curve. Clearly, X3 is
isomorphic to P(S°V*).

In the sequel, X; will be equipped with the canonical reduced structure in-
duced from Mp2(5,0). Let Wy, Wi, Wa be the sets of morphisms ¢ from
Propositions 4.1.2, 4.1.3, respectively Proposition 4.1.4. Each sheaf F giving
a point in X;, ¢ =0,1,2, is the cokernel of a morphism ¢ € W;. Let W; be
the ambient vector spaces of homomorphisms of sheaves containing W;, for
example, Wy = Hom(50(—2),50(—1)). Let G; be the natural groups of au-
tomorphisms acting by conjugation on W;. In this subsection, we shall prove
that there exist a good quotient Wy//Gy, a categorical quotient of W by G
and a geometric quotient Ws/G5. We shall prove that each quotient is isomor-
phic to the corresponding subvariety X;. We shall give concrete descriptions

of Wo//Go and WQ/GQ.

PROPOSITION 4.2.1. There exists a good quotient Wy//Go and it is a proper
open subset inside N(3,5,5). Moreover, Wy//Gy is isomorphic to Xo. In
particular, Mpz2(5,0) and N(3,5,5) are birational.

Proof. Let W C Wy denote the subset of morphisms that are semi-stable
for the action of Gg. This group is reductive, so by the classical geometric
invariant theory there is a good quotient W //Gy, which is nothing but the
Kronecker moduli space N(3,5,5). According to King’s criterion of semi-
stability [7], a morphism ¢ € Wy is semi-stable if and only if it is not in the
Gy-orbit of a morphism of the form

{: z(ﬂ for some ¢ : (m+1)0(-2) — mO(-1), 0<m<4.

It is now clear that W) is the subset of injective morphisms inside W§, so it
is open and Gy-invariant. In point of fact, it is easy to check that Wy is the
preimage in Wg* of a proper open subset inside W //Go. This subset is the
good quotient of Wy by Gj.

We shall now prove the injectivity of the canonical map Wy//Go — Xp.
Consider the map v: Wy — Xy sending ¢ to the stable-equivalence class of
its cokernel. Consider a properly semi-stable sheaf F = Coker(y), ¢ € Wy,
giving a point [F] in Xy. For simplicity of notations, we assume that F has
a Jordan—Holder filtration of length 2, that is, there is an extension

0—F —F—F"—0



1526 M. MAICAN

of stable sheaves F’' € Mpz(r,0) and F” € Mp2(s,0). From the proof of Propo-
sition 4.1.2, we see that there are resolutions

0 —rO(-2) #, rO(-1) — F —0,
0 — s0(~2) 25 s0(-1) — F"' — 0.

Using the horseshoe lemma, we see that ¢ is in the orbit of a morphism
represented by a matrix of the form

SDN 0
[ * @’} '

It is clear that ¢” @ ¢’ is in the closure of the orbit of ¢. Thus, v=!([F]) is
a union of orbits, each containing ¢” @ ¢’ in its closure. It follows that the
preimage of [F] in Wy//Go is a point. Thus far, we have proved that the
canonical map Wy//Go — X is bijective. To show that it is an isomophism,
we use the method of Theorem 3.1.6 in [4]. We must produce a resolution
as in Proposition 4.1.2 starting from the Beilinson spectral sequence for F.
Diagram (2.2.3) in [4] for F reads

P1

50(—2) —2~50(—1) 0

0 0 0

From the exact sequence (2.2.5) in [4], we deduce that ¢; is injective and its
cokernel is isomorphic to F. (]

PROPOSITION 4.2.2. There exists a categorical quotient of W1 modulo G,
which is isomorphic to X;.

Proof. Let v: W1 — X3 be the canonical map sending a morphism ¢ to the
stable-equivalence class of its cokernel. As in the proof of Proposition 4.2.1,
one can check that the preimage of an arbitrary point in X; under v is a
union of Gi-orbits whose closures have non-empty intersection. This shows
that v is bijective. To show that v is a categorical quotient map we proceed
as at Theorem 3.1.6 in [4]. Given F in X7, we need to produce a resolution as
in Proposition 4.1.3 starting from the Beilinson spectral sequence. We shall
work, instead, with the dual sheaf G = FP (1), which gives a point in Mp2(5,5).
Diagram (2.2.3) in [4] for G takes the form

0(-2) 0 0

®3 P4

0(-2) —=50(-1) —= 50
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The exact sequence (2.2.5) in [4] reads
0— O(-2) — Coker(p4) — G — 0.

Repeating the arguments from the proof of Proposition 3.2.4 it is easy to see
that we may write

-Y X 0 % *
-Z 0 X % *
and p4=|0 -2 Y «x *
0 0 0 Y %2
0 0 0 Y2 ¥

If the morphism ¢ : 20(—1) — 20 represented by the matrix (¢;;)1<s <2
were not injective, then ¢ would be equivalent to a morphism represented by
a matrix with a zero-row or a zero-column. From the snake lemma, it would
follow that Coker(p4) has a subsheaf S with Hilbert polynomial P(t) = 3t +4
or 2t + 3. This sheaf would map injectively to G because SN O(—-2) = {0}.
The semi-stability of G would be violated. We deduce that v is injective and
we obtain the extension

0 — O(1) — Coker(p4) — Coker(y)) — 0,

3
|
oo N X

which yields the resolution
0—20(-1) — 20 & O(1) — Coker(ps) — 0.

Combining with the resolution of G from above, we obtain the exact sequence
0—0(-2)®220(-1) — 200 0(1) — G — 0.

By duality, this corresponds to the resolution at Proposition 4.1.3 for . O

PROPOSITION 4.2.3. There exists a geometric quotient Wo /G2 and it is a
proper open subset inside a fibre bundle over P2 x P2 with fibre P8,

Proof. The construction of W5/G5 is analogous to the construction of the
geometric quotient Wy /Gy from Proposition 2.2.2. Let W3 C Wy be the lo-
cally closed subset given by the conditions @19 =0, @11 has linearly indepen-
dent entries, @95 has linearly independent entries. The pairs of morphisms
(p11,p22) form an open subset

U C Hom (20(—3),0(-2)) x Hom(O(-1),20).

The reductive subgroup Ga,.q of G acts on U with kernel S and U/(Gayeq/5)
is isomorphic to P? x P2. Note that W is the trivial bundle over U with fibre
Hom(20(—3),20). The subset ¥ C W3 given by the condition

P21 = P22u + VP11,
u € Hom (20(-3),0(-1)), v € Hom(0O(-2),20),
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is a subbundle. The quotient bundle @’ has rank 19 and descends to a vector
bundle Q on U/(G2,eq/5) as at Proposition 2.2.2. Then P(Q) is the geometric
quotient (W3 \ 2)/Ga.

Note that W5 is the open invariant subset of injective morphism inside
W4\ Z. Tt is a proper subset as, for instance, the morphism represented by
the matrix

X Y 0

zZ2 0 Y

0 z3 -X
is in W4\ ¥ but is not injective. We conclude that Wa/G2 exists and is a
proper open subset inside P(Q). O

PROPOSITION 4.2.4. The geometric quotient Wy /Gs is isomorphic to Xs.

Proof. The canonical morphism Wy /Gs — X5 is easily seen to be injective,
there being no properly semi-stable sheaves in X5, cf. Proposition 4.1.5. To
show that it is an isomorphism, we must construct a resolution as in Propo-
sition 4.1.4 starting from the Beilinson spectral sequence of a sheaf F in Xs.
We prefer to work, instead, with the dual sheaf G = FP (1), which gives a point
in Mp2(5,5). Diagram (2.2.3) in [4] for G takes the form

P1

20(-2) —2L~ 0(-1) 0

20(-2) —225 60(-1) —21> 50
As in the proof of Proposition 3.2.4, we see that Coker(y) is the structure
sheaf of a point z € P? and Ker(p1) ~ O(—3). The exact sequence (2.2.5) in
[4] reads
0 — O(=3) 2% Coker(ps) — G — C, — 0.
We see from this that Coker(y4) has no zero-dimensional torsion. The exact
sequence (2.2.4) in [4] reads

0 — 20(-2) 25 60(—1) 25 50 — Coker(ps) — 0.
We claim that 3 is equivalent to the morphism represented by the matrix

XY Z 0 0 0]°
0 0 0 X Y Z

Firstly, we show that any matrix representing a morphism equivalent to 3
has three linearly independent entries on each column. For this, we use the
fact that the only morphism from the structure sheaf of a point to Coker(p4) is
the zero-morphism and we argue as in the proof that the vector space H from
Proposition 2.1.4 has dimension 3. Thus, ¢3 has one of the four canonical
forms given in the proof of Proposition 3.2.5. Three of these can be eliminated
as in the proof of Proposition 3.1.3. The argument, we recall, uses the fact
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that the map 50O — Coker(p4) is injective on global sections as well as the
fact that the only morphism Op (1) — Coker(p4) for any line L C P? is the
zero-morphism. Indeed, such a morphism must factor through ¢s because
the composed morphism O (1) — Coker(p4) — G is zero. This follows from
the fact that both O (1) and G are semi-stable and p(Or (1)) > p(G).

Next, we describe 4. Its matrix cannot be equivalent to a matrix having
a zero-row. Indeed, if this were the case, then Coker(p,) would be isomorphic
to O @ C, where C is a torsion sheaf with resolution

0—20(-2) — 60(-1) — 40 — C — 0.

We have Pe(t) =2t +4 and C maps injectively to G because CNO(—3) = {0}.
The semi-stability of G is violated. We conclude that ¢4 has the form

!

where ¢ is a morphism as in the proof of Proposition 4.1.6 and 1 is equivalent
to the morphism @15 also from Proposition 4.1.6. We have exact sequences

0— O(=2) — 30(—1) =20 — O (1) — 0,
0 — O(=2) — 30(—1) % 30 — O(1) — 0.
Recall that the greatest common divisor of the maximal minors of £ is a linear

form. The line L C P? is the zero-locus of this form. From the snake lemma,
we obtain an extension

0— O(1) — Coker(ps) — Or(1) — 0,
hence a resolution
0— O —20(1) — Coker(pq) — 0.

Note that g5 lifts to a morphism O(—3) — 20(1), so we arrive at the exact
sequence
0—O(-3)y0 —20(1) —G—C, —0.

From the horseshoe lemma, we obtain the resolution
0—0(-3) —0(-3)220(-2) 0 — O(-1) ®20(1) — G — 0.

The group H'(G) vanishes, hence O(—3) can be cancelled to yield the dual of
the resolution from Proposition 4.1.4. O

4.3. Geometric description of the strata. Let Xj denote the subset of
Xo of isomorphism classes of stable sheaves. Given ¢ € Wy, we denote its
domain by O(—2) @ 40(—2) and denote by ¢12 the restriction of ¢ to the
second component. Let Yy be the open subset of Xy of stable-equivalence
classes of sheaves F that occur as cokernels

0— O(-2) ®40(-2) £ 50(-1) — F —0

in which the maximal minors of ¢ have no common factor.
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PROPOSITION 4.3.1. The sheaves in Yo have the form J7(3), where Z C P?
is a zero-dimensional scheme of length 10 not contained in a cubic curve,
contained in a quintic curve C, and Jz C O¢ is its ideal sheaf.

The generic sheaves in X§ have the form Oc(3)(—Py —--- — Pyg), where
C C P? is a smooth quintic curve and P;, 1 <i <10, are distinct points on C
not contained in a cubic curve.

Proof. Consider the sheaf F = Coker(yp), where the maximal minors of
12 have no common factor. According to Propositions 4.5 and 4.6 in [2],
Coker(pi12) ~Zz(3), where Z C P? is a zero-dimensional scheme of length 10,
not contained in a cubic curve. Conversely, any Zz(3) is the cokernel of some
morphism @19 : 40(—2) — 50(—1) whose maximal minors have no common
factor. It now follows, as at Proposition 2.3.4(i), that F ~ Jz(3).

The claim about generic stable sheaves follows from the fact that any line
bundle on a smooth curve is stable. g

PROPOSITION 4.3.2. The sheaves F in Xy are precisely the non-split ex-
tension sheaves of the form

0— J.(1) —F—C, —0,

where J, C O¢ is the ideal sheaf of a point x on a quintic curve C' C P?
and C, is the structure sheaf of a point z € C. When x© = z, we exclude the
possibility F ~ Oc(1).

The generic sheaf in Xo has the form Oc(1)(P — Q), where C CP? is a
smooth quintic curve and P,Q are distinct points on C. In particular, the
closure of Xo contains Xs.

Proof. To get the extension from the claim, we apply the snake lemma to
a diagram similar to the diagram from the proof of Proposition 2.3.2. Here

Uy U2 0
@Y= |* * v,
* * ()

C' is given by the equation det(y) =0, x is the point given by the equations
v1 = 0,v2 =0 and z is the point given by the equations u; = 0,us = 0. To
prove the converse we combine the resolutions

0—0O(-4) —7,(1) — J(1) —0
and
0— O(-4) —20(-3) — 0O(-2) —C, —0
into the resolution

0—0(—4) — O0(-4)®20(-3) — O(-2)®Z,(1) — F — 0.
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If  # 2, then Ext'(C,,Z,(1)) = 0 and the arguments from the proof of Propo-
sition 2.3.2 show that the map O(—4) — O(—4) in the above complex is non-
zero. Canceling O(—4), we get the exact sequence

00— 20(—3) — 0(-2) EBII(l) —F—0

from which we immediately obtain a resolution as in Proposition 4.1.4. A pri-
ori we have two possibilities: either h?(F) =2 or 3. In the first case, the map
O(—4) — O(—4) is non-zero and we are done. In the second case, we can
combine the resolutions

0—0(-4)0(-1) — 20 — J,(1) — 0
and
0— O(-2) —20(-1) — 0 —C,—0
into the resolution
0— O0(-2) — O0(—4)®30(-1) — 30 — F — 0.

We saw in the proof of Proposition 4.1.6 how this resolution leads to the
conclusion that F be isomorphic to O¢(1) for a quintic curve C C P2. This
possibility is excluded by hypothesis.

If C is a smooth quintic curve and P converges to @, then O¢(1)(P — Q)
represents a point in X5 converging to the point in X3 represented by O¢(1).
This shows that X5 C X. O

ProposITION 4.3.3. {Xo,X1,X2, X3} represents a stratification of
Mp2(5,0) by locally closed irreducible subvarieties of codimension 0,1,4,6.

Proof. We saw above that X3 lies in X5 and we know that X, is dense in
Mpz(5,0). Thus, we only need to show that X5 is included in the closure of X; .
For this, we shall apply the method of Theorem 3.2.3 in [4]. Consider the open
subset X = Mpz(5,0) \ X3 of stable-equivalence classes of sheaves satisfying
the condition HY(F(—1)) = 0. Using the Beilinson monad for F(—1), we see
that X is parametrised by an open subset M inside the space of monads of
the form

0 —100(-1) - 150 -Z5 50(1) — 0.

The automorphism of Mp2(5,0) taking the stable-equivalence class of a sheaf
F to the stable-equivalence class of the dual sheaf FP leaves X invariant.
Thus, in view of Serre duality, he have H!(F(1)) = H(F°(-1)) =0 for all F
in X. This allows us to deduce that the map ® defined by ®(A, B) = B has
surjective differential at every point in M. As at Theorem 3.2.3 in [4], this
leads to the conclusion that X5 is included in the closure of X7 in X, hence
X, is included in the closure of X3 in Mp2(5,0). O
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