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KALMAN-BUCY FILTER AND SPDES WITH GROWING
LOWER-ORDER COEFFICIENTS IN I/Vp1 SPACES
WITHOUT WEIGHTS

N. V. KRYLOV

Dedicated to D. L. Burkholder

ABSTRACT. We consider divergence form uniformly parabolic
SPDEs with VMO bounded leading coefficients, bounded coef-
ficients in the stochastic part, and possibly growing lower-order
coefficients in the deterministic part. We look for solutions which
are summable to the pth power, p > 2, with respect to the usual
Lebesgue measure along with their first-order derivatives with
respect to the spatial variable.

Our methods allow us to include Zakai’s equation for the
Kalman—Bucy filter into the general filtering theory.

1. Introduction

We consider divergence form uniformly parabolic SPDEs with bounded
VMO leading coefficients, bounded coefficients in the stochastic part, and
possibly growing lower-order coefficients in the deterministic part. We look
for solutions which are summable to the pth power, p > 2, with respect to the
usual Lebesgue measure along with their first-order derivatives with respect to
the spatial variable. The present paper seems to be the first one treating the
unique solvability of these equations without imposing any special conditions
on the relations between the coefficients or on their derivatives.

This article in its spirit is similar to the author’s recent articles [18], [12],
[15], and [16] and we spare the reader the common part of the comments
about the literature, which can be found in the above references. The main
idea, we use, originated from [18] and [12] and relies on application of special
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cut-off functions whose support evolves in time in a manner adapted to the
drift terms. The paper consists of two parts: Sections 2-6 are devoted to
some general issues of the theory of SPDEs with growing coefficients and
in Sections 7-9 we apply the results of the previous sections to show that
the filtering equations corresponding to the Kalman—Bucy filter fall into the
general theory.

In a sense, the methods of the first part of the present article arose as a
combination of the methods from [15] and [16] which allow us to combine
the method used for PDE equations with irregular (VMO) higher-order coef-
ficients, growing lower-order coefficients, and p > 1 with the methods which
work in similar situation for SPDEs if p = 2. Since we are interested in higher
regularity of solutions (see, for instance, Theorem 3.4), we use the power of
summability p > 2 and, in contrast with [15], this forces us to require some
regularity of the higher-order coefficients. Roughly speaking, we need the
second-order coefficients of the deterministic part of the equation belong to
VMO in z and the first-order coefficients of the stochastic part to be uni-
formly continuous in z. In particular, the results of the present article do not
generalize those of [15].

On the other hand, if we drop all stochastic terms, then we obtain the re-
sults of [16] for p > 2, which by duality, available for deterministic equations,
allows one to extend the result to full range p > 1. Concerning the determin-
istic equations with growing coefficients in spaces with or without weights it
is worth mentioning that

(i) Equations in spaces with weights are treated, for instance, in [1], [3],
[5], [23], and [25] for time independent coefficients, part of the result of which
are extended in [6] to time-dependent Ornstein—-Uhlenbeck operators;

(ii) Equations in spaces without weights are treated, for instance, in [24],
[26], [27], and [4].

Some conclusions in the above cited papers are quite similar to ours but the
corresponding assumptions are not as general in what concerns the regularity
of the coefficients. However, these papers contain a lot of additional important
information, which is probably impossible to obtain by using our methods.

The second part of the article is devoted to the Kalman—Bucy filter. One
can say that one of the sources of interest in SPDEs with growing coefficients
is Zakai’s equation for filtering density in the case of partially observable dif-
fusion processes. This equation has divergence form which makes it possible
to use the results of the first part of the article. In a very particular case of
Gaussian processes, the filtering density is given by the Kalman—Bucy filter.
Generally, part of the coefficients of filtering equations in case of Gaussian
processes grow. When the coefficients of an SPDE grow, it is quite natural to
consider the equations in function spaces with weights which would restrict
the set of solutions in such a way that all terms in the equation will be from
the same space as the free terms. There are very many articles which use
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this idea in La- and L,-settings (see, for instance, [2], [9], [7], [8] and the
references therein). Unfortunately, the application of the spaces with weights
do not allow one to treat filtering equations corresponding to the Kalman—
Bucy filter even without the so-called cross terms when the operators A¥ in
(7.11) are of zeroth order. The main obstacle here is that the zeroth order
coefficient of A¥ is a linear function of . In the general theory, which we de-
velop in this article, we do not allow it to grow either and we use an auxiliary
function to “kill” this coefficient. The construction of this auxiliary function
exploits a specific structure of the equation and allows us to transform the
general filtering equation (7.11) to its “reduced” form (8.1), which does not
contain the zeroth order term in the stochastic part. After that, one can use
a simple change of the unknown function shifting the x variables in such a
way that the stochastic part of (8.1) will disappear altogether and the equa-
tion will become a parabolic equation with time inhomogeneous and random
Ornstein—Uhlenbeck operator. The fact that the operator is time inhomoge-
neous makes it impossible to apply any results based, for instance, on the
semigroup approach and even specifically aimed at the Ornstein—Uhlenbeck
operator, which one can find in the above mentioned recent articles such as
[3], [5], [25], or other results on elliptic operators with unbounded coefficients
such as in [27]. The results of [2] are not applicable either because in [2]
the zeroth-order coefficient is assumed to grow quadratically if the firs-order
coefficients grow linearly. However, the results of [9] on general SPDEs with
growing coeflicients are applicable to the reduced form of the SPDE for the
Kalman—Bucy filter and they provide existence and uniqueness theorems in
Sobolev spaces with p =2 and weights depending on ¢,z and w. By the way,
a drawback of using weights depending on ¢ is that one cannot extract from
the results for general SPDEs any result for deterministic elliptic equations.

If one concentrates on p =2, then one can use the results from [6] where
the Ornstein—Uhlenbeck time inhomogeneous operators are investigated in
Sobolev spaces with Gaussian time dependent weight. Again this would allow
one to investigate (8.1) in Sobolev spaces with p =2 and weights depending
on t,xr and w. We deal with any p > 2 and do not use weights.

The article is organized as follows. In Section 2, we introduce basic no-
tation, function spaces, and equations. Section 3 contains our main results
concerning SPDEs. Section 4 contains the proof of Theorem 3.1 concerning
an a priori estimate and Theorem 3.4 about regularity properties of solutions.
In Section 5, we prove the existence Theorem 3.3.

In Section 6, we prove a version of It6’s formula which allows us to use the
results of the previous sections to derive the filtering equation without using
anything from the filtering theory itself. We do it by following [20] and [14].
In Section 7, we state our main result about the equation corresponding to
Kalman—Bucy filter. We consider the so-called conditionally Gaussian process
in the spirit of [22]. However, in contrast with [22], our coefficients depend
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only on the current state of the two-component process under consideration
and are not allowed to depend on the whole past of the observable compo-
nent. In Section 8, we consider the “reduced” form (8.1) of the main filtering
equation (7.11). The results of the previous sections turn out to be applicable
to (8.1). In the final Section 9, we finish proving Theorems 7.1 and 7.4, part
of assertions of the former being proved in Section 8.

2. General setting

Let (Q,F, P) be a complete probability space with an increasing filtration
{Fi,t > 0} of complete with respect to (F, P) o-fields F; C F. Denote by P =
P({F;}) the predictable o-field in 2 x (0,00) associated with {F;}. Let w,
k=1,2,..., be independent one-dimensional Wiener processes with respect
to {F:}. Let 7 be a stopping time.

We consider the second-order operator L;

(2.1) Lyug(x) = Di(ay () Djug(x) + b} (x)ue () +bi(2) Diug () — ¢ (x)ug (),
and the first-order operators
Afuy(x) = o} () Diug (x) + v (€)us ()

acting on functions u;(z) defined on Q x R4 where R4 = [0,00) x R?, and
given for k=1,2,... (the summation convention is enforced throughout the
article), where

0

T or

We set Ry =0, 00).
Our main concern in the first part of the paper is proving the unique
solvability of the equation

(2.2) duy = (Lyug — Mug + D,ftz + fto) dt + (Afut + gf) dw,’f7 t<r,

with an appropriate initial condition at ¢ =0, where A > 0 is a constant. The
precise assumptions on the coefficients, free terms, and initial data will be
given later. First, we introduce appropriate function spaces.
Fix a number
p=>2,

and denote £, = L,(R?). We use the same notation £, for vector- and matrix-
valued or else f-valued functions such as g; = (gF) in (2.2). For instance, if
u(z) = (ul(x),u?(x),...) is an f3-valued measurable function on R%, then

o p/2
b= P dr= )| da
Juliz, = [ Ju(@)l, do /W<Z'“ <x>|> .
k=1
As usual,

W, ={ueLl,: DueLly}, |ullwy=llulc,+|Dullc,,
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where by Du we mean the gradient with respect to 2 of a function u on R<.
Recall that 7 is a stopping time and introduce

]LP(T) = ]Lp({]:t}’ T):= cp('{oa T]]’P"Cp)’
Wy (r) o= W, ({Fe},7) = L,((0, 7], P, W),
L, = Ly(co), W, =W, (c0).
Remember that the elements of L, (7) need only belong to £, on a predictable
subset of (0,7] of full measure. For the sake of convenience, we will always
assume that they are defined everywhere on (0,7] at least as generalized
functions. Similar situation occurs in the case of W}(7).

The following definition is most appropriate for investigating our equations
if the coefficients of L; and A¥ are bounded.

DEFINITION 2.1. Introduce W) (7), as the space of functions u; = us(w, -) on
{(w,t) : 0 <t <7(w),t < oo} with values in the space of generalized functions
on R? and having the following properties:

(i) We have ug € £,(Q2, Fo,Lp);
(ii) We have u € W (7);

(iii) There exist f' € Ly(r), i=0,...,d, and g = (¢9*,¢%,...) € L,(7) such

that for any ¢ € C5° = C5°(R?) with probability 1 for all ¢ € [0,00) we have

00t
(2.3) (uenr, ) = (o, ) + Z/ ISST(QSNP) dw,:
k=170

+ / Le- ((f2,0) — (11, D)) ds.

In particular, for any ¢ € C§°, the process (u¢ar, @) is Fi-adapted and (a.s.)
continuous. In case that property (iii) holds, we write

dug = (Dif} + f)dt + g dwy,  t<T.
Finally, set W) =W} (c0).
REMARK 2.1. The reader understands that if u is a generalized function
on R?, then (u, ) represents the result of the action of u on the test function

¢ € C5°. When u is a locally integrable function, (u,¢) is the integral of the
product u¢. According to these notation

( 2790) - ( ;Di@) = (fs»¢)v
where the function fs with values in the space of generalized functions is
defined by fs = D;fi + f2. In the framework of Definition 2.1 we have f €
L£,((0,7],P,H, "), where H,' = (1 — A)!/2£,. One also knows that any
feLy((0,7],P,H, ") is written as f, = D; fi + f2 with some f7 € Ly(7).

Also introduce the spaces of initial data in the same way as in [11].
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DEFINITION 2.2. Let ug be an Fy-measurable function on Q with values
in the space of generalized functions on R?. We write ug € tr W} = tr Wj (Fo)
if there exists a function v € W) such that dv, = (Av, —v;)dt, t € Ry, and
v9 = ug. In such a case, we set

sl g = Ellolfyy

One knows that tr W; is a Banach space, v in the above definition is unique
and Fo-measurable.

We give the definition of solution of (2.2) adopted throughout the article
and which in case the coefficients of L; and AF are bounded coincides with
the one obtained by applying Definition 2.1.

DEFINITION 2.3. Let f/ € Ly(7), j=0,...,d, g=(¢*,4°%,...) €L,(7). By
a solution of (2.2) (relative to {7;}) with initial condition ug € tr W, we mean
a function u € W) (7) (not W) (7)) such that

(i) For any ¢ € C§°, the integrals in

0 t
(24)  (uinr,d) = (uo, @) + Y / Li<: (0% Diug + vius + g¥, ¢) dwt
k=170

t
+/ Ing[(béDius - (Cs + A)us + f£7¢)
0

— (a¥ Djug + blus + f1, Di¢)] ds

are well defined and are finite for all finite ¢ € R, and the series converges
uniformly on finite subinterval of R in probability;
(ii) For any ¢ € C§° with probability one, equation (2.4) holds for all t € R...

Observe that for any solution of (2.2) in the sense of the above definition
and any ¢ € C§° the process (uinr,¢) is continuous (a.s.) and Fi-adapted.

Also notice that, if the coefficients of L and A¥ are bounded, then any
u e Wp(r) is a solution of (2.2) with appropriate free terms since if (2.3)
holds, then (2.2) holds (always in the sense of Definition 2.3) as well with

fi—a’ Dju; —b'uy, i=1,...,d, I+ (et 4+ Nug — biDyuy,
gf —o*Djuy — Vtkut
in place of f}, i=1,...,d, f2, and gF, respectively.
3. Main results for SPDEs
For p >0, denote B,(z) ={y € R?: |z —y| < p}, B, = B,(0).

ASSUMPTION 3.1. (i) The functions a/’ (x), bi(z), bi(x), c;(x), oi% (z), vF(x)
are real valued, measurable with respect to F ® B (Riﬂ), Fi-adapted for any
z, and ¢ > 0.
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(ii) There exists a constant ¢ > 0 such that for all values of arguments and
£ eR?
(a7 — o) 23lel”, Ja¥[<o7 Il <07

where o = (1/2)(c*,07"),,. Also, the constant A > 0.
(iii) For any = € R? (and w), the function

(3.1) /B(\bt(x+y)|+|bt(:€+y)‘+\Ct($+y)|)dy

is locally integrable to the p’th power on R} = [0,00), where p' =p/(p — 1).

Notice that the matrix a = (a*/) need not be symmetric. Also notice that
in Assumption 3.1(iii) the ball By can be replaced with any other ball without
changing the set of admissible coefficients b, b, c.

Recall that as is well known if u € W}(7), then owing to the boundedness
of v and ¢ and the fact that Du,u,g € L,(7), p > 2, the first series on the
right in (2.4) converges uniformly in probability and the series is a continuous
local martingale. Furthermore, if we denote it by m;, then for any 7€ R

(3.2) Esup|m./?
t<T

e} AT p/2
<NE (Z/ (0% Diug + vhu, —I—gf,(b)zdS)
k=170

2
< NJ|g||?

TANT 0 p/2
XE( Z (08" P Dius|* + |5 1P |us* + |9 7|¢|)d5>

< N(Hu”w;(ﬂ + HgH]L,,(r))v
where the constants N depend only on ¢, d, p, §, and T

ASSUMPTION 3.2. There exists a function k(r), r € Ry, such that x(0+) =
0 and for any w € Q, t >0, z,y € R?, and i =1,...,d we have
ot () = oy ()]ex < K|z — ).

The following assumptions contain parameters 7., € (0, 1], whose values
will be specified later. They also contain constants K > 0, pg, p1 € (0, 1] which
are fixed.

ASSUMPTION 3.3. For any w e Q, p€ (0,p0], t >0, and 4,5 =1,...,d, we
have

(3.3) p‘zd_Q/ (sup / / g(z)|dydz> ds <g.
z€R? J B, (z) /B, (Jc)
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Obviously, the left-hand side of (3.3) is less than

N(d)sup sup |ag (x) —a; (y),
t20 |z—y[<2p

which implies that Assumption 3.3 is satisfied with any ~, > 0 if, for instance,
a is uniformly continuous in x uniformly in w and ¢. Recall that if a is
independent of ¢ and for any ~, > 0 there is a pg > 0 such that Assumption 3.3
is satisfied, then one says that a is in VMO.

We take and fix a number ¢ = ¢(d,p) such that

(3.4) g >max(d,p) if p#£d, g>d ifp=d.

ASSUMPTION 3.4. For any w € Q, b:= (b',...,b%), b:= (b',...,b%), and
(t,r) € R4t we have

/ / 162(y) — bs(2)|¢ dy d= + / / Ibe(y) — bi(=)|7dy d=
By, (z) J By, () By, (z) J By (x)

+ / / lee(y) — ca(2)|9 dydz < KIsa + pln.

BP1(1) Bp1(w)

Obviously, Assumption 3.4 is satisfied if b, b, and ¢ are independent of x.
They also are satisfied with any ¢ > d, 7, =0, and p; =1 on the account of
choosing K appropriately if, say,

[be(2) — be(y)] =+ [be(2) — be(y)] + |ee(z) — ce(y)| < K
whenever |z — y| <1, where K is a constant. In particular, Assumption 3.4
is satisfied if b, b, and ¢ are globally Lipschitz continuous:
(3.5) [be(z) = be(y)] + [be(w) = be(y)] + |ee(x) — ce(y)]
<Kilz—y| Vr,yeR%t>0.
We see that Assumption 3.4 allows b, b, and ¢ growing linearly in z. Here is
our result on a priori estimates of solutions of (2.2).

THEOREM 3.1. There exist

Ya = fya(d7 57p)a Yo = ’Yb(d7 57pa R, PO) S (07 1]a
N = N(d,d,p,%,po), Ao = Ao(d, 0,p, K, po, p1, K) > 1

such that, if the above assumptions are satisfied and X\ > \g and u is a solution
of (2.2) with initial data ug € tr W, and some f7,g € Ly(7), then

d
(3.6) Ml iy + 1Dl () < N(Z 172, oy + ||9||12Lp(r)>
1=1
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REMARK 3 1. There is an unusual property of u;, which is nontrivial even

if f{ = gt =

Namnely7 assume that g =0. Take a predictable ¢5-valued process & such
that (v,&)e, >0 and (14,&)e, and (o), &;) are independent of 2 (which hap-
peuns, for instance, if ¥ =0 and ¢ is independent of x) and

.
/ &7, dt < oo
0

(a.s.) and assume that Fp,(§) =1, where

¢ ¢
pt(&) = pe(§, dw) 1=eXp<—/O ffdwf—%/o €517, ds).

Then the assertion of Theorem 3.1 holds with the same v,, 7, Ao, and N if
we understand Hv||€pm for all v’s as

Bor [ uil, dt.
0

Indeed, one can change the probability measure by using Girsanov’s the-
orem. This will add a new drift term in the deterministic part of (2.2) and
this additional drift depends only on (w,t). This will also add the term
—(vt, &) e, ur dt, where (v4,&:)e, is nonnegative and also independent of z.
Then the result follows immediately from Theorem 3.1.

Theorem 3.1 admits the following version if 7 is bounded.

THEOREM 3.2. Let T € (0,00) be a constant and suppose that 7 <T. As-
sume that the above assumptions are satisfied with v, and vy from Theo-
rem 3.1. Let A=0 and let u be a solution of (2.2) with initial data ug € tr W,
and some f7,g €L,(t). Then

d
(3.7) [ullr () < N(Z 1PN, oy + l9lIE oy + ||“O||§rw;>7

i=0
where N = N(d,0,p, k, po, p1, K,T).

This result is a trivial consequence of Theorem 3.1 since, for any constant
11, the function vy := use " satisfies (2.2) with X+, f{e #, and gFe #* in
place of A, fg , and gF, respectively. If u is large enough and 7 < T', estimate
(3.6) for v implies (3.7) indeed.

REMARK 3.2. Theorems 3.1 and 3.2 provide uniqueness of solutions of
(2.2). The a priori estimates (3.6) and (3.7) can also be used to investigate
continuous dependence of solutions on the coefficients and other data.

To prove the existence, we need stronger assumptions because, generally,
Assumption 3.4 does not guarantee that

Dz(b;ut) + b;Dlut — CtUy¢
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can be written even locally as D; fi 4+ fO with f7 e L,(7) if we only know that
u e W, (r) even if b, b, and ¢ are independent of z. We can only prove our
Lemma 5.2 if we have a certain control on this expression.

ASSUMPTION 3.5. For any z € R? (and w), the function (3.1) is locally
integrable to the power p/(p — 2) (locally bounded if p=2) on Ry = [0, 00).

REMARK 3.3. Assumptions 3.4 and 3.5 are both satisfied if the global
Lipschitz condition (8.7) holds and b:(0), b:(0), and ¢;(0) are bounded for
each w.

THEOREM 3.3. Let the above assumptions be satisfied with v, and 7y, taken
from Theorem 3.1. Take A > Ao, where g is defined in Theorem 3.1, and take
ug € tr W;. Then there exists a unique solution of (2.2) with initial condition
up-

REMARK 3.4. If the stopping time 7 is bounded, then in the above the-
orem one can take A\g = 0. This is shown by the same argument as after
Theorem 3.2.

In general, the continuity properties in ¢ of the solution from Theorem 3.3
are unknown. For instance, we do not know if [|uis, ¢z, is continuous (a.s.)
for any ¢ € C§°. However, under stronger assumptions we can say more about
regularity of u. In the following theorem by H,, we mean (1 — A)_'Y/Qﬁp.

THEOREM 3.4. Under the above assumptions suppose that for each x € R?
the function (3.1) is bounded on (0,7]. Then the (unique) solution u possesses
the following properties:

(i) For any ¢ € C§°, we have pu € Wy (1);
(ii) For any ¢ € C§°, the process uipr¢ is continuous on Ry as an Ly-
valued process (a.s.);
(iil) If p>2 and 7 is bounded and we have two numbers « and 3 such that

2
- <a<p<l,
p

then for any ¢ € Cg° (a.s.)
ug € C*21P([0, 7], HYP).
In particular, if p>d+ 2, then
(a) for any € € (0,g0], with

fo=1-—>,
p

(a.s.) for any t € [0,7] we have uzp € C°~(RY) and the norm of uip in this
space is bounded as a function of t;
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(b) for any ¢ as in (a) (a.s.) for any v € RY we have u.(x)p(x) €
C=0=2)/2([0,7]) and the norm of u.(x)p(x) in this space is bounded as a func-
tion of x.

Observe that assertions (ii) and (iii) of Theorem 3.4 follow from assertion (i)
proved in Remark 4.1. In case of assertion (ii) this is shown in [13]. The main
part of assertion (iii) follows from assertion (i) and Corollary 4.12 [10]. By
applying Sobolev’s embedding theorems, assertion (iii) (a) is obtained after
taking o and 3 close to 2/p and (iii) (b) after taking o and 3 close to 1 —d/p.

REMARK 3.5. Let p1,p2 € [2,00), let 7 be bounded (cf. Remark 3.4), and
let the assumptions of Theorem 3.3 be satisfied for any p € [py, p2] with v, and
v which are suitable for all p € [p1,p2]. Then it turns out that the solution
from Theorem 3.3 corresponding to p = p; coincides with the one obtained
for p =pa.

This fact is obtained in the same way as the proof of Theorem 3.4 of [16]
is obtained from the proof of Theorem 3.3 [16].

Our last main result on general SPDEs bears on the measurability of u;
with respect to o-fields which are smaller than F;. It will be used in Section 8
and this is the reason why we use the somewhat strange notation g; and Ef
below. We suppose that all the above assumptions are satisfied with 7, and

7 taken from Theorem 3.1 and let _7},5, t >0, be a filtration of complete with
respect to F, P o-fields such that F; D ]:'t Our aim is to show that sometimes
wy is Fy- adapted even if some terms in (2.2) are not F- adapted. However, the
equation is assumed to have a special structure. The result is not surprising
because in the notation, introduced below, the equation

(3.8) du; = (AFuy + gF) dw?

+ (Lows + biDyuy — éug + Difi + fO+ fo)dt, t<r
is written as
(3.9) duy = (AFuy + gF)dgF + (Lywy + Difi + fO)dt, t<r.

THEOREM 3.5. Fiz a number T € (0,00). Assume that we are given an
Lo-valued process By which is Fy-adapted, jointly measurable with respect to
(w,t), and such that |B¢|e, is locally square integrable on Ry and Epr =1,

where
t & 1 t
pt = pi(B,dw) = exp </ B, dwiC - 5/ |]§>s|52 ds).
0 0

Suppose that Assumption 3.1(1) is satisfied with Fi in place of Fi and the
processes

t
gh=ut+ [ 8hds
0
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are Fy adapted. Introduce
7i i =k = ~k
b (x) = o}*(x)By, &(x) = —vf (z)B;

and suppose that b+ b and ¢ + ¢ satisfy Assumption 3.4 with v, from Theo-
rem 3.1, for any x € R? (and w) we have ¢(x) < K, and the function

(3.10) /B (B + )| + ez + )]) dy

is locally integrable to the power p/(p — 2) (locally bounded if p=2) on R.
Let T be an Fy-stopping time such that 7 <T.

Then, for any initial data ug € tr W} (Fo) and f7,g € L,({F:},7) such that
= (g,é)g,‘, € Lp({ft}vT)7

(i) equation (3.8) has a unique solution u relative to {F;} in the sense of
Definition 2.3,

(ii) for any ¢ € C3° the process (uinr, @) is Fi-adapted.

Proof. Owing to the argument after Theorem 3.2 allowing us to introduce
as large A\ as we wish, assertion (i) follow immediately from Theorem 3.3.

To prove (i), we use a change of measure. Define P(dw) = pp(w)P(dw),
notice that by Girsanov’s theorem the processes g;z t <T, are independent
Wiener processes with respect to P, F;. By assumption, they are Fr-adapted
and since F; C F; the increments gjfﬂ — ¢F are independent of Fp if s> 0.
Thus (gfﬂt}) are independent Wiener processes. Introduce E as the expec-
tation sign relative to P.

After rewriting (3.8) in form (3.9) and applying Theorems 3.1 and 3.3, we
get that there exists a unique solution @ of (3.8) with initial data ug relative to
{F;} in the sense of Definition 2.3 on the new probability space, that is with
Ly(7) and WL(r) replaced with L,({%;},7) and WL({F},7), respectively,
where the norms in these spaces are defined as

T T
[ P [ P
E/O Juels, dt and E/O e 5,
raised to the power 1/p, respectively.
Now for n > 2, we introduce F;-stopping times
T =7AInf{t>0:p, <1/n}

and observe that
Tn Tn [ Tn
B [l at <nor, [l de = [l i< .

Similar estimates hold if we replace £, with Wpl. By recalling that 7, C F,
we conclude that @ is a solution of (3.8) relative to {F;} with 7, in place
of 7. By uniqueness, in the sense of distributions ¢ [y<,, = u;li<,, for almost
all (w,t), that is, (4, ¢)I1<r, = (ut, ¢)I1<,, for almost all (w,t) for each fixed
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¢ € C§°. Then it follows from the integral form of (3.8) that for each ¢ € C§°
with probability one (Uiar,,®) = (utar,,¢) for all t. Upon letting n — oo,
we replace 7, with 7 and it only remains to observe that (Giar,) is .7:}—
measurable. The theorem is proved. O

The following is almost identical to Remark 3.5 of [15].

REMARK 3.6. We do not use the spaces with weights. However, there is
a trivial and since very long time known way how to use results like ours for
treating equations in spaces with weights. For instance, let 1 (z) >0 be a
nonrandom smooth function on R¥*!. Introduce, 9; = 9/0t,

b; = b, —a;’ D;jInty, Bgzb —af DjInep,

& = ¢+ (b +61)D;Inyy, — a (DiIney) Dy Inep, — 0y Iy,

l/tk —I/t —O’t kD;Iny,

fi=wdfils i=1l.d, =% fiDide, g =g

Suppose that, if we replace b, b, ¢, and v with i), 6, ¢, and U, respectively, then
Assumptions 3.1, 3.4, and 3.5 are satisfied with v, and =, from Theorem 3.1.
Finally, assume that f7,§ € Lo(7) and wugt)g € tr WI}. Then it turns out that
for A > Ag (N is taken from Theorem 3.1) equation (2.2) has a unique solution
u such that uy) € W) (7).

This fact is almost trivial since u satisfies (2.2) if and only if v : = ug
satisfies the version of (2.2) which is obtained as the result of the replacements
described above and also the replacement of f7, g with f7, g, respectively. In
addition, the natural estimate of the W (7)-norm of v gives an estimate of u
in an appropriate space with weights.

As a specification of the above, in the setting of Remark 3.3 take a T €
(0,00), set =T, and for 6 € (0,00) introduce

Inyy(z) = —0e”=T) T+ ||2.

Obviously, D;In1 are bounded for ¢t <T. Furthermore, it is not hard to see
that if 0 is large enough, then ¢; > 0 for ¢t <T. Also, if |z — y| < 1, then owing
to the fact that |D;;In:(z)| < N(1+|z|)~! for t <T, where N is a constant,
we have

b () D; In ey () — b (y) Di In e (y))|
< [ (bi(2) = bi(y)) Dilntpe ()| + N(1 + |2])| DInthy(z) — DIngy(y)]
< K|DIngy(z)| + N
for t <T. Estimates similar to this one show that b, b, and & satisfy Assump-

tion 3.4 for t <T. By what is said in the beginning of the current remark,
if ugtho € tr W} (for instance, ug(x) = x'), then (2.2) has a unique solution
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such that uy € W)(T'). Since DIn® is bounded, the inclusion uy) € W1(T) is
equivalent to uy € L,(T), ¢ Du e L,(T).

To the best of the author’s knowledge even in this special case the result
in this generality was not known before.

4. Proof of Theorems 3.1 and 3.4

In this section, we suppose that Assumptions 3.1, 3.2, 3.3, and 3.4 are sat-
isfied with some v,,v; € (0, 1] and start by showing that the requirement (i) of
Definition 2.3 is automatically satisfied for any v € W} (7). Take a nonnegative
£ € C3°(B,,) with unit integral and define

(41) ba(a) = /B Ebs(e—y)dy,  Bula) = /B £(y)ba(z — y) dy,
eu(z) = /B £(y)ea(z — y)dy.

We may assume that |£] < N(d)py .

REMARK 4.1. By Corollary 5.4 of [16], for zg € RY, v € Ly, € Wpl,, and
u € VVp1 we have

(4.2) (Ibs = bs(20) I, 20y Vs [0]) < N[l 1 llw,
|15, (20)|bs — Bs($0)|uHﬁp + |75, (zo)lcs — Es(xo)|uﬂﬁp < Nllullwy,
where N = N(d,p, p1, K). In particular,

(4.3) (Ibsl5,, (@oyv: 8]) < (N + [bs (o)) V]|, | Bllw,

the latter implying that [bs|Ip, (z,)v € H, ' It is also seen that if u € W} (7)
and |b,(xg)| is a bounded function on (0, 7], then

Ig, (z0)b'Diu € Ly((0,7],P, H, ).
Similarly,
(4.4) 11E,, o) bslull o, + |75, o leslull -
< (N + [bs(zo)| + |25 (o)) l1ullw-

By the way, Remark 2.1 now shows that under the conditions of Theo-
rem 3.4 for any solution u of (2.2) and ¢ € C§° with support lying in a ball
of radius p; we have u¢ € Wp} (). Of course, the restriction on the size of
support of ¢ is easily removed and this proves assertion (i) of Theorem 3.4.
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LEMMA 4.1. Let R € (0,00). Then there exists a sequence of bounded
stopping times T, — 0o such that for any w e Q, u e L,((0,7),W,), and
» € C§°(Br)

Tn /AT ) )
(4.5) / (16 Dyt 8)] + (Bi1tg, Digh)| + [(cotuar 6)]) ds

<nllullz, 0. wyllelws,
so that requirement (i) in Definition 2.3 can be dropped.

Proof. By having in mind partitions of unity, we convince ourselves that
it suffices to prove (4.5) under the assumption that ¢ has support in a ball
By, (o). Observe that by (4.4) and Hélder’s inequality

(4.6) [(bJus, Dig)| + [(cats, @) < N (1 + [ba(0)| + |Ea(z0) ) s llwy [ Sllww, -
It follows again by Holder’s inequality that

tAT
| (10 D)+ (evnes ) ds < Nl 0 Bl

/' t , 1/p'
xe =t + </ b4 (o) [P ds) +(/ & (20)]P ds) .
0

After that, in what concerns b and ¢, it only remains to recall Assump-
tion 3.1(iii). Similarly the integral of |(b%D;us, ¢)| is estimated by using (4.3)
and the lemma is proved. O

where

REMARK 4.2. Estimates (4.3) and (4.4) show that for any u e W} for
almost all (w,s) the functions b’ D;us, D;(bius), and csu, are distributions
on R4,

Since bounded linear operators are continuous we obtain the following.

COROLLARY 4.2. Let R, 7,,,¢ be as in Lemma 4.1. Then the operators

tATn ) tATn )
i H/ (byDjus, P)ds, utﬂ/ (blus, D;@) ds
0 0

tATh
U — / (csus, @) ds
0

are continuous as operators from Wy (1) to L,((0,7,]) for any n.

This result will be used in Section 5.
Now we prove Theorem 3.1 in a particular case.

LEMMA 4.3. Let b’, b', and c be independent of x and let ug =0. Then
the assertion of Theorem 3.1 holds, naturally, with A\g = \o(d,d,p, po,x) (in-
dependent of p1).
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Proof. First, let ¢=0. We want to use the Ito6-Wentzell formula to get rid
of the first-order terms. Observe that (2.2) reads as
(4.7)  duy = (AFuy + gF)dw?

+ [Di(a Djug + (6] + b )ug + fi) + f2 — M| dt, t<r.

Recall that from the start (see Definition 2.3) it is assumed that u € W} (7).
Then one can find a predictable set A C (0, 7] of full measure such that I4f7,
j=0,1,....,d, Iag, and InD;u, i =1,...,d, are well defined as L,-valued
predictable functions satisfying

d

Jp P P
/O Iy (Z 1112, + llgel%, + ||Dut||ﬁp> dt < 0o,

=0

Replacing f7, g, and D;u in (4.7) with I4f?, I4g, and I4D;u, respectively,
will not affect (4.7). Similarly one can treat the term h; = (b + bi)u, for which

TAT
/ el dt < oo
0

(a.s.) for each T € Ry, owing to Assumption 3.1 and the fact that u € L, (7).

After these replacements all terms on the right in (4.7) will be of class D!
and D? as appropriate since a and o are bounded (see the definition of D!
and D? in [17]). This allows us to apply Theorem 1.1 of [17] and for

t
Bti:/ (b% + %) ds, G (x) = ug(x — By)
0
obtain that
(4.8) diy = [D;(ay’ Djty) — Ny + Diff + 2] dt + (Afiy + §F) dwf,
where [\k =6ikD; + DF and
(afﬁjaa’zkal}tk7ftj7gt )( ) (CL?,O’t Ut vft » Ot )(J} - Bt)

Obviously, 4 is in W;}(T) and its norm coincides with that of u. Equation

(4.8) shows that @& € W) ().

Next observe that owing to (3.3), for any w € Q,p € (0, po],t >0, and 4,j =
1,...,d we have

t+p? .
p‘Q‘H/ (Sup / / —aJ(2)|dy dZ) ds < 7a,
+cRd J B, (x) /B, (2)

which in terms of [11] implies that the couple (a,5) is (e,&)-regular at any
point of Ry x R? for any € € (0, pg]. Then owing to our Assumptions 3.1(ii)
and 3.2 one can choose £ =¢(d, k) € (0, po] so that Assumption 2.2 of [11] is
satisfied.
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By Theorem 2.2 of [11] if Assumption 3.3 is satisfied with v, = v4(d, d,p) >
0, specified in its proof, and if A > A\o(d,d,p, K, po) > 1, then

d
Malg o+ 1DalE, ) < N(Z 1PN,y + NGIE oy + A_1|f0||12up(r)>7
i=1
where N = N(d,d,p,k,po). This coincides with (3.6) and proves the lemma
in case c=0.
In the general case, observe that owing to Assumption 3.1(iii) there exists
a sequence of stopping times 7, T 7 such that

Tn
/ csds <n.
0

Clearly, if we can prove (3.6) with 7,, in place of 7, then by passing to the
limit we will get (3.6) as is. Therefore, without losing generality, we assume
that

(oo}
Sllp/ csds < 0.
Q Jo

¢
£t:exp</ csds).
0

By the above argument, we have 4 :=&u € W;,(T) and
du; = [D;(ay Djtiy + [b] + biltg + & f}) + & ff — Mg dt
+ (AFa, + &gF)dwt, t<T.
By the above result for any stopping time 7/ < 7
(4.9) )‘p/ZH&LHﬁp(T') + ||€D“||€p(71)
20 — _
=P/ ||U‘|£p(7/) + HDUH&(T/)

Then introduce

d
< N(Z 3 T A—p/2||sf°||ﬁp(7/)> .

i=1

If needed, one can enlarge the original probability space in such a way that

there will exist an exponentially distributed, with parameter one, random

variable 1 independent of {F;,t > 0}. We assume that the enlargement is not
needed and define

t
¢t=p/ cs ds, s =71 ANinf{t >0: ¢; > s}, T/:w,’]_
0

Notice that

{w: s>t} ={w: 7>t ¢ < s}
Hence,

{w:r' >ty={w:7>1t,¢: <n}
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It follows that 7’ is a stopping time with respect to F; V o(n). Furthermore,
for any nonnegative predictable (relative to the original filtration JF;) process
h; we have

E/ htdt:/ EheB{Lo~) | Fi}dt
0 0

= / Eh I e % dt=E / hi&; P dt.
0 0
This and (4.9) immediately lead to (3.6) and the lemma is proved. O

To proceed further take b,b, and ¢ from (4.1). From Lemma 4.2 of [12] and
Assumption 3.4 it follows that, for h; = by, b, &, it holds that |D™h| < M,,,
where M,, = M,,(n,d, p1, K) > 1 and D™h, is any derivative of h; of order n > 1
with respect to z. By Corollary 4.3 of [12], we have |h:(z)| < K(t)(1 + |z|),
where for each w the function K(t) = K(w,t) is locally integrable with respect
to t on Ry. Owing to these properties the equation

t
(4.10) xt:xo—/ (bs +bs)(zs)ds, t>tg,
to

for any (w and) (to, o) € R has a unique solution z; = 24, 4,.¢. Obviously,
the process x¢, z,.¢, t > to, is Fr-adapted.

Next, for i = 1,2 set x(¥(x) to be the indicator function of B
introduce

p1/i and
X)E:))xg t(x) = X(Z) (.’E - xto,zo,t)ItZto‘
By using the above results and reproducing the proofs of Lemma 5.5 of
[15], where p =2 and SPDEs are treated, and Lemma 5.8 of [16], where p is
general but only PDEs are considered, we easily obtain the following.

LEMMA 4.4. Suppose that Assumption 3.3 is satisfied with v, = v4.(d,,p)
taken from Lemma 4.3. Assume that we are given a function u which is a
solution of (2.2) with some f7,g € L,(7), and A > X\g = X\o(d, 3, p, po, k), where
Xo(d,d,p, po,,‘i) is taken from Lemma 4.3. Take (to,x0) € Riﬂ and assume
that uy =0 if t <tg A7. Then

(4'11) Ap/zHXto,wouH]L »(T) + ||Xt0710 uH]L »(T)

SN(Zuxiymfﬁﬁzpm+||x§;3zogn;pm)
=1

+ N)‘fp/QHX(l) l7 (1)

to,xo

+ N xka e Dullf >+N*/\_p/2“><(l) Dullf .,

to,To

+ N*

|Xto ﬂcouH]L »(T) +N"AT p/QZHXtO IonHp

=1

Ly(7)’
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where N is a constant depending only on d,d, p, po, and k and N* depends
only on the same objects, v, p1, and K.

Upon integrating through equation (4.11) with respect to g and repeating
the arguments in the proofs of Lemma 5.6 of [15] or Lemma 5.9 of [16], we
obtain the following result in which M;(d, p1, K) is the constant introduced
before Lemma 4.4.

LEMMA 4.5. Suppose that Assumption 3.3 is satisfied with v, = v.(d,d,p)
taken from Lemma 4.3. Assume that we are given a function u which is a
solution of (2.2) with some f7,g € L,(7), and A > X\g = \o(d, 6, p, po, k), where
)\o(d 0,p, po, k) is taken from Lemma 4.3. Take an so € Ry and assume that

=0 if t <so A7. Then for Is, := I (5, 1,), where to=so+ My ~, we have

(4.12) NP Lgull? )+ L Dull?

S N(Z”Isofl”]ip(r + HIS()g”]L (7— )

+ NAPRILG £ oy + N Lo Dul 2
+N*A p/?nstDullL o) TN I soull?

PN L PR
i=1

where N is a constant depending only on d,d, p, po, and k and N* depends
only on the same objects, vy, p1, and K.

Proof of Theorem 3.1. First, we show how to choose an appropriate 7y, =
Y(d,d,p, po, k). Call Ny the constant factor of ’y{;/qHI Dul|? (r) In (4.12)

and choose a v € (0,1] in such a way that Nofyf/q <1/2. Then under the
assumptions of Lemma 4.5 we have

(4.13) NP Lgullf ) + s Dllf

d
< N(Z |‘150f1||€p(r) + ||ISOQ||€p(T)>

+NA™ p/2||lsof°||p T)-l—N*)\ /2|15y Dul|? )

+ N*”ISOU’”]L o (7) + N*ATP/2 Z ||I50fi||£p(7—)
i=1

To proceed further, assume that

(4.14) up = 0.
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After 73 has been fixed, we recall that My = M;(d, p1, K) and we take a
¢ € Cg°(R) with support in (0, M; ') such that

(4.15) / S a1,

For s € R, define ¢§ =((t — s), uj(x) = ue(x)¢]. Obviously, uf =0if 0 <t <
sy AT. Therefore, we can apply (4.13) to uj by taking so = s and observing
that

dui = (Lyui = ug + Di(G ff) + G +u(E)') dt
Jr(/\fufﬂLCtgt)dwta t<T.

We also use the fact that for ¢ >0, as is easy to see, I, (t)¢; = (/. Then for
and A > \g = M\ (d, 0, D, po, k), where Ao(d, d, p, po, k) is taken from Lemma 4.3,
we obtain

(4.16) NRICullp oy + ¢ Dull?

<N<Z|< FIE, oy + ICSQIE},(T))

FNAR(IC LR Il )
+N*/\7p/2||CsDU” L, (7) +N*H< UHLP(T)

+ N\~ p/22||<; FIE, -
We integrate through this relation with respect to s € R, use (4.15) and

[\(Cf)’|pds:[ |’ (t)[P dt = N*.

Then we conclude

d
Ap/z”“”i(ﬂ + ||D“||€p(7) <N (Z ”sz;ﬁ:,,(r) + ||9||Ep(-r)>
i=1

NP+ NI Dl

d
FNEll? o+ NEATPP ST
=1

Without losing generality, we assume that N; > 1 and we show how to choose
Ao = Mo(d, 8, p, po, p1,k,K) > 1. Above, we assumed that A > A\o(d, 9, p, po, &),
where \o(d,d,p, po, k) is taken from Lemma 4.3. Therefore, we take

)\0 = AO(da 5,]7, P05 P1, H,K) > A0(d7 5,pa pOa’%)
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such that AZ/2 > 2Ny (recall that Ni = N7 (d,6,p, po,p1,#,K)). Then we
obviously come to (3.6) (with ug=0).

A standard method to remove assumption (4.14) by subtracting from u the
solution of the heat equation dv; = (Av; — vy) dt with initial data uy does not
work because it leads to subtracting the terms D;(b'v) + b'D;v, which one
should include into the free terms D; f* + f° in the equation. Generally, this
is impossible because we only know that D;v € L,(7) and if we multiply D;v
by an arbitrary function of x with linear growth, the inclusion may fail.

Therefore, we use a different method. The idea is to shift all data along
the time axis by 1, consider our equations on (1,7]], where 7 =1+ 7, and
supplement this equation with an equation for ¢ € [0, 1] with zero initial data
and such that the value of its solution at time 1 would coincide with ug. Then
the two equations combined would give an equation on (0, 7] with zero initial
condition, which would allow us to apply the above result.

Formally, we need to have Wiener processes on [0, c0) and after shifting they
will be defined only on [1,00) (and satisfy w¥ = 0). Therefore, we augment if
needed our probability space in such a way that we may assume that there are
Wiener processes W}, w?, ..., t >0, independent of {Fs,s > 0}. Then define
F}¥ as the completion of 0( ws : s <),

Fi=FoVF®, telo,1], Fi=F VFY, t>1,
~k —k k

wt_wt7 t€[071]a wt_w1+wt 1 tZL 72:1"_7-7
and for ¢ > 1 define the coefficients and the free terms by following the example
~ij g
Ay = ay_q-

Next, take the function v from Definition 2.2 and for ¢ € [0, 1] set
;) = 6%, fi ==2tDyvi 4, f=(+t+ M),

where A > )y with \g determined in the first part of the proof. We define
all other coefficients with hats and the free terms g5 to be zero for ¢ € [0, 1].
Notice that for 4; =tv_¢, t € [0,1], we have

diy = [Dy(ay Dya, + fi) + fP — Niig) dt.
Moreover, 1y =0, @, = ug, and u; is ﬁt—adapted. Therefore, naturally we
define 4; = uy_q for ¢t > 1.

It is easy to see that if we construct the operators L, and [\ff from the
coefficients with hats, then

dity = (Lyity — Ny + Difi + f0) dt + (AFaiy + gF) dik, t <+
By the first part of the proof,
A”“”H%,,(ﬂ + ||DU||12LP(T) < /\||12Hip(+) + ||Dﬂ||]2L,,(+)
d
< N(Z P02, ) + ||Q||ip(+)> + NI,

i=1
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d
< N(Z £, ) + ||g||ip(7)> +NATOIE, )

i=1

+N(|vlE, +I1DvlE,).

It only remains to notice that the last term is dominated by Nluo||Z,,y:- The
P
theorem is proved. O

5. Proof of Theorem 3.3

Throughout this section, we suppose that the assumptions of Theorem 3.3
are satisfied.

Owing to Theorem 3.1, implying that the solution in WII)(T) is unique, and
having in mind setting all data equal to zero for ¢ > 7, we see that without
loss of generality we may assume that 7= oco. Set

Ly =Ly(0), W) =W,(c0).
We need two auxiliary results.

LEMMA 5.1. For any T, R € (0,00) (and w), we have

T
(5.1) /0/B(|bs(m)|p/+\bs(x)|p/+c§/(x))dxds<oo.

This lemma is proved in the same way as Lemma 6.1 of [16] on the basis
of Assumptions 3.1(iii) and 3.4 and the fact that ¢ > p'.

The solution of our equation will be obtained as the weak limit of the
solutions of equations with cut-off coeflicients. Therefore, the following result
is relevant.

LEMMA 5.2. Let ¢ € Cg°, u™, u GWzl), m=1,2,..., be such that u™ — u
weakly in W), For m=1,2,... define xm(t) = (—m) Vt Am, bl =xm(b}),

ber = Xm (), and cint = Xm(ct). Then there is a sequence of bounded stopping

times T, — oo such that, for any n, the functions

t t t
(5.2) / (b D™, 6) ds, / (6 ™, Dig)ds, / (Cmett™, &) ds
0 0 0

converge weakly in the space L£,((0,7,]) as m — oo to

t t t
(5.3) / (b Dy, ) ds, / (b, Dig) ds, / (cstie, ¢) ds,

0 0 0
respectively.

Proof. Let R be such that ¢(x) =0 for |z| > R. We take 7, — 0o such that
each of them is bounded, they are smaller than the ones from Lemma 4.1,
and are such that the left-hand side of (5.1) with T'=7, is less than n.
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By Corollary 4.2 and by the fact that (strongly) continuous operators are
weakly continuous, we obtain that

t t
/ (b Do, 6) ds — / (b Dy, 6) ds
0 0

as m — oo weakly in the space £,((0,7,]) for any n. Therefore, in what
concerns the first function in (5.2), it suffices to show that

t
| (Dauz b)) ds 0
0

weakly in £,((0,7,]). In other words, it suffices to show that for any £ €

Ly ((0,7]) t
E/OT" 1 (/O (Diu™, (b — bi,,)0) ds) dt — 0.

This relation is rewritten as

(5.4) E/ (Diul, ns(bl — bl )p) ds — 0,
0

775 = / ft dt

Observe that by the choice of 7,,, we have

E/ \ns\p// |bs (2 )|p dxds < E sup |775\p / / |p dx ds
0 |lz|<R t<Tp \1|<R

§nE</ §S|ds) < 00.
0

It follows by the dominated convergence that ng(b% — bi, )é — 0 as m — oo
strongly in L,/ (7,). By assumption Du"™ — Du weakly in Ly, (7,,). This im-
plies (5.4). Slmllarly, one proves our assertion about the remaining functions
n (5.2). The lemma is proved. O

where

Proof of Theorem 3.3. Recall that we may assume that 7 = co. Since the
case p =2 is dealt with in [15] (under much milder assumptions), we also
assume that p > 2. Define b,,;, b, and ¢, as in Lemma 5.2 and consider
equation (2.2) with b,,¢, b, and ¢, in place of by, by, and ¢, respectively.
Obviously, by, bme, and ¢, satisfy Assumption 3.4 with the same ~, and
K as by, b, and ¢; do. By Theorem 3.1 and the method of continuity for
A > No(d, 8, p, K, po, p1,K) there exists a unique solution u™ of the modified
equation on R.

By Theorem 3.1, we also have

eI, + [[Du™ L, <N,
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where N is independent of m. Hence, the sequence of functions «™ is bounded
in the space W; and consequently has a weak limit point u € Wllj. For simplic-
ity of presentation, we assume that the whole sequence u™ converges weakly
to u.

Take a ¢ € C§°. Then by Lemma 5.2 for appropriate 7, we have that
the functions (5.2) converge to (5.3) weakly in £,((0,7,]) as m — oo for
any n. Owing to (3.2) and the fact that bounded linear operators are weakly
continuous, the stochastic terms in the equations for uj" also converge weakly
in £,((0,7,]) as m — oo for any n. Obviously, the same is true for (u}"*,¢) —
(u¢, ) and the remaining terms entering the equation for uj*. Hence, by
passing to the weak limit in the equation for uj* we see that for any ¢ € C§°
equation (2.4) holds for almost any (w,t).

Until this moment, Assumption 3.5 was not needed. We will need it in order
to be able to apply Theorem 3.1 of [19] and find an appropriate modification
of Ut .

Take a ¢ € C§° and observe that ui) € W3(T) and g1 € Lo(T) for any
T € (0,00) which implies that

0 t
m¥ = u0w+2/ b(Aku + gb) dwk
k=170

is well defined as an Ls-valued continuous martingale such that for any ¢ € Lo
with probability one

(5.5) (m,8) = (o, ) + 3 / ($(AKuy + b, ) duot
k=1

for all te R,
Notice that for any ¢ € C§°

¢
(5. (w0 = [ (i 6)ds + (' 0)
0
for almost all (w,t), where u} is a function with values in the space of distri-
butions on R¢ defined by
’U/: = Lsus — Aug + sz; + fg
(see Remark 4.2).
Next, take an R € (0,00) and let Wp_,l(BR) denote the dual space for
0
W (Bg) =W, (Br) N {v: vlap, =0}.

Estimate (4.6) combined with the facts that, p’ < p and that one can cover
Bp, with finitely many balls of radius p; shows that for any ¢ € C5°(Bg)

(Di(eiu ol <N (14 [ foulde) oy,
Bri1
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where N is independent of w,s,us,¢. Due to the arbitrariness of ¢ and the

0
fact that C§°(Bg) is dense in W (Bg), we conclude that (for almost all (w, s))
we have D;(bluy) € Wp_,l(BR) and

D6y < 5 (14 [ ol ol
P Bry1

Here the right-hand side is locally summable on R to the power p’ (a.s.) ow-
ing to Assumption 3.5, Holder’s inequality, and the fact that u € W}D. Similar
statements are true for bl D;us, csus, and u}.

Now, since ut € EP(RJF,V%/;(BR)) and V[I)/;,(BR) is dense in L5(Bg), by
Theorem 3.1 of [19] we get that there exist an event Q¥ of full probability
and a continuous Lo(Bg)-valued F;-adapted process uf’ such that uff’ = U

as Lo(Bgr)-valued functions for almost all (w,t) and for any w € Q¥, t e Ry,
and ¢ € C§°(Bg) we have

(5.7) (u?, §) = /0 (uiep, 8) ds + (m?, 6).

Take a ¢ € C§° such that ¢¥(z) =1 for |z| <1 and for k=1,2,... define
Y(x) =¢(z/k) and
= ().
k=1

Clearly, P(£2') =1. We will further reduce €’ in the following way. Obviously
(see (5.5)), if ¢/, 9" € C§° and ¢' =" on Br and ¢e Lo is such that ¢ =0
outside Bp, then with probability one we have (m{ ,gb) = (mY ,d)) for all ¢.

Let ® be the union over n=1,2,... of countable subsets of C§°(B,,) each
of which everywhere dense in £2(B,,). For ¢ € C§° denote d(¢) the smallest
radius of the balls centered at the origin containing the support of ¢. Then
by the above for ¢ € C§° the events

() {weQ: (m*,0) = (m}",9), Vt € Ry k,j > d(¢)},

o =) 20

PP

have probability one. Since mf are Lo-valued and ® N C§°(B,,) is dense in
L2(By,), we have that for w € Q") t € Ry, and any ¢ € C§°(B,,) it holds that

(m*,¢) = (m}”, )

as long as i,j > n.

Then (5.7) implies that for any w € Q”, t e Ry, and ¢ € C§°(B,,) we have
(u:;bj7 ) = (uf*,¢) for all j,k>n. In particular, for any w € Q”, t € Ry,
n=1,2... it holds that u;ﬁj = u'* as distributions on B, for j,k > n and
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there exists a distribution @; on R? such that @, = u?”“ on B, for all k> n.
Since ug * = utpy, for almost all (w,t), we have that @, = u; (as distributions
on R%) for almost all (w,t). The inclusion u € W), now yields u € W}.

It also follows from (5.7) that if w € Q”, t € Ry, and ¢ € C§° is such that
¢ =0 outside B,,, then for any j >n

t
(i0:9) = u".0) = [ (Lo =dus £ D4 £2.9)ds + ).

By having in mind (5.5), we conclude that for any ¢ € C§° with probability
one for all t e Ry

(e, 8) = (0, ) + / (Lotty — Mty + Difi + 10, 6) ds

0ot
3 / (Afus + ¥, ) dut.
k=170

Now it only remains to observe that since @ = u; for almost all (w, s), we can
replace u, with @, in the above equation. The theorem is proved. O

6. It6’s formula for the product of two processes of class W, ,.(7)

The results of this section will be used in a few places below, in particular,
in the proof of Lemma 8.5. Recall that the spaces W; (1) are introduced in
Definition 2.1.

THEOREM 6.1. Let 7 be a stopping time and let u, @, f7, f1, g= (g%, 4% ...),
g=(3%,3% ...) be some functions such that for any ¢ € C§° we have du, i €
Wi(7), ofi, pfi e Lo(7), 7=0,...,d, and ¢g, g € Lo(1). Assume that in the
sense of generalized functions

dup = (D fi + fO)dt + gF dwF,  dity = (Difi + fO)dt + g dwl, t<r.
Then
d(uriiy) = @ (D f + ) +we(Dif{ + J7) + ha] dt
+ (lrgy +uegt) dwf, <,
where hy := (gt,Gt)e,, 0 the sense of generalized functions, that is, for any

¢ € C§°, with probability one,

t
(61)  (uinriions @) = (uoiio, @) + / Lyr (iisg" + s, &) dut
0

t < 0 4y Do
Jr/o ISST[(qusv¢) (fS’D’( s®))

+ (usf,0) = (fis Dilusd)) + (hs, 9)] ds
for all t.
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Proof. To prove (6.1), we only need to consider the case that & = u. Indeed,
then by writing down the stochastic differential of |u; + \ii¢|?, where A is an
arbitrary constant, and comparing the coefficients of A\, we would come to
(6.1). In other words, to prove (6.1), we need only prove that for any ¢ € C§°
with probability one

t
m2><ﬁM¢o=wa@+2Azg&wg§@mﬁ

t
[ Lcrl2(0af2.0) = 252 Dius) + (1.2, 00 ds
0
for all ¢.
Next, observe that for any ¢, ¢ € C§°, with probability one
t
(utnr ) = (o, 6) + [ Lier(vgh,0) dut
0

t
fAhyWﬁ*ﬁQ%@*@ﬁwat
for all ¢t. This means that
d(pu) = (fP — fiDip + D (Y ff)) dt +pgfdwy, t<r.

By well-known results, in particular, by It6’s formula (see, for instance, [13])
there is a set ' C Q of full probability such that

(1) YunrIq is a continuous Lo-valued Fi-adapted function on [0, 00);
(i) for all ¢t € [0,00) and w € ', It6’s formula holds:

(6.3) / [Yuinr|? da
]Rd
t
:/ |¢U0|2d$+2/ Li<r | Y*usg deduw®
Rd 0 Rd

t
+/ fs<r</ [2Usf§1/12—2f§Dz'(¢2us)+1/)2|gs|?2]dfr) ds.
0 R4

This proves (6.2) if we replace there ¢ with ¥?. However, for any ¢ € C§° one
can find 91,19 € C§° such that ¢ =? — 2. Indeed, one can take sufficiently
large N, R > 0 and take 11 (z) = exp(—(R? —|x|?)~!) for |x| < R and v (z) = 0
for |z| > R and define 15 = (¢7 — ¢)'/2. This implies that (6.2) holds for any
¢ € C§° with probability one for all ¢t and proves the theorem. O

COROLLARY 6.2. Let u, f, g be as in Theorem 6.1, let a nonrandom ) € W3,
and let a random process x; be given as

t t
Ty = / 0{: dwf: —|—/ bs dS
0 0
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for some predictable R%-valued functions of and b; such that

E/T (Z lok |2 4 |bt|) dt < 0.
A
Then in the sense of generalized functions
d(utbe) = [D;(way Dijapy) — ay (Diug) Dyt + ueb Divyy + Di (W f})
— [iDithy + o fY + gr ol Dihy] dt + vy + wioy” Diny] dwff, ¢ <,
where P, (x) = (. + x;) and 247 = oikaI*.

Indeed, observe that by Ito’s formula and the stochastic Fubini theorem,
for any ¢ € Cg°,

/ bineddz= [ P(@)o(@ — zinr) de
R4 R4
t
= ” wqbdx —+ /0 Isg‘r /Rd z/JS[a?Dijqb — b;DZ¢] dx ds

t
+ / I, / o * oDy dx dw”,
o  Jrd
where the coefficient of ds equals
[ 6Dy + 6,00 da
Rd

Furthermore, for instance,

E// o Db 2da:dsSE// o"12| Daps|? da ds
LD Lk
:/ |D¢|2de/ > ok ds < oc.
R 07

It follows that 1. € Wi(7) and
dipy = [Dy(a} Djape) + biDiapy] dt + ¥ Dy, dwk

in the sense of generalized functions, so that the desired result follows from
Theorem 6.1.

7. Kalman—Bucy filter

We take a T € (0,00) and on [0,7] consider a di-dimensional two com-
ponent process z; = (x¢,y;) with xz; being d-dimensional and y; (dy — d)-
dimensional. We assume that z; is a diffusion process defined as a solution of
the system

(7.1) dxy = b(t, z¢) dt + 0(t, yi) dwy,
dys = B(t, z;) dt + O(t,y:) dw,
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with some initial data.

ASSUMPTION 7.1. The functions b, , B and © are Borel measurable func-
tions of (¢,z) and (t,y) as appropriate and 6 and © are bounded and satisfy
the Lipschitz condition with respect to y with a constant independent of t.
We have

b(t,z) =a*b(t,y) +b(t,0,y),  B(t,z) =2"B(t,y) + B(t,0,y),

where b and B are bounded matrix-valued functions of appropriate dimen-
sions, b(t,0) and B(t,0) are bounded, and b(t,y), B(t,y), b(t,0,y), and B(t,
0,y) satisfy the Lipschitz condition with respect to y with a constant inde-
pendent of ¢.

In the rest of the article, we use the notation

D;= %, Dij =D;D;

only for i,57=1,...,d.

REMARK 7.1. Note that
(7.2) bi(t,y) = Db’ (t,2),  BY(t,y) = D;B’(t,z2).

Set
@3 = (oGY).  atn=30wn.  eo=(507).

. . 2 .. o

(T4) L{t,2) =07 (t,y) 55—+ (t2) 5,

where t € [0,T], z = (x,y) € R%, and we use the summation convention over
all “reasonable” values of repeated indices, so that the summation in (7.4) is
performed for i,7=1,...,d;.

Observe that

(7.5) dzy = 0(t, 2¢) dwy + b(t, z¢) dt.

ASSUMPTION 7.2. The symmetric matrix a(¢,y) is uniformly nondegener-
ate. In particular, the matrix ©0* is invertible and

U= (00%)"2
is a bounded function of (¢,y).

REMARK 7.2. Tt is well known (see, for instance, [14]) that in light of
Assumption 7.2 the matrix

&(tvy) = a(tvy) - a(t,y)

is uniformly (with respect to (¢,y)) nondegenerate, where

1 1
a:§99*, a=§aa*, o =00%7T,
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REMARK 7.3. Everywhere below we use the stipulation that if we are given
a function £(t, x,y), then we denote

(76) ft :ft(m) :f(t7$7yt)
unless it is explicitly specified otherwise. For instance, U, = W(t,y;), ©; =
@(t7yt)u Ot = et@:qjt

Next we introduce a few more notation. Let (note the size and shape of B)
B=VUB, Bi(z) = V;By(x) = V(t, y¢) B(t, %, 1)

and set
(7.7) Li(z) = af D; D; + bj(z) D;,
(78) L (2)ue(w) = DDy (0 ua(w)) — Di(bi ()ur ()
= Dj(ay Dius(x) — b (x)us(x)),
(7.9) Af(@)ue(w) = 0 Dyug(x) + B (2)uq (),
(7.10) A (2)us(2) = —0F Dyug () + BY (2)us (),
where t € [0,T], z € R, k=1,...,d; —d, and as above we use the summation

convention over all “reasonable” values of repeated indices, so that the sum-
mation in (7.7), (7.8), (7.9), and (7.10) is performed for 4, j =1, ...,d (whereas
in (7.4) for i,j=1,....d).

Finally, by F? we denote the completion of o{ys: s <t} with respect to
P, F.

ASSUMPTION 7.3. There exists an € > 0 and a function Q(z) = Q(w,x)
which is F§-measurable in w, quadratic in z, and

(i) For all x € R? (and w)

ez > miijijQ >elz|?;
(ii) We have moe® € tr WI}, where 7 is the conditional density of xg given yq.
Assumption 7.3 is satisfied, for instance, in the classical setting of the

Kalman—Bucy filter when 7 is a Gaussian density.

THEOREM 7.1. There exists a process T on [0,T] such that

(i) 7¢ is F{-adapted and, for any r € [1,p|, with probability one 7 is a
continuous L,-valued process on [0,T] and 7o = mo;

(ii) There exists an increasing sequence of Fy -stopping times T, <T such
that P(1 =T) — 1 and # € W), (7,,) for any m;

(iii) In the sense of Definition 2.3 for any m
(7.11) diy = AP mediy + Limedt, t<Tp,
where

t
o
0
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Furthermore, for any m and ¢ € C§° we have T € W) (7,);
(iv) We have @, >0 for all t €[0,T] (a.s.),

(7.12) 0</Rd Fu(2) dz = (7y, 1) < o0

for allt €[0,T] (a.s.), and for any t € [0,T] and real-valued, bounded or non-
negative, (Borel) measurable function f given on R?

_ (ﬁtvf)
(7.13) E[f(x)|F] = o) (a.s.).
REMARK 7.4. Equation (7.13) shows (by definition) that
_ T(x)
7Tt(fE = (ﬁ't’l)

is a conditional density of distribution of x; given y,,s <t. Since, generally,
(t,1) # 1, one calls 7; an unnormalized conditional density of distribution
of x; given ys,s <t. Thus, Theorem 7.1 allows us to characterize the condi-
tional density and being combined with Theorem 3.4 allows us to obtain fine
regularity properties of it.

The following result is obtained by repeating what is said after Theorem 3.4
and taking into account that with probability one 7,,, =T for all large m.

THEOREM 7.2. (i) For any ¢ € C§° the process T+ is continuous on [0,T]
as an Ly-valued process (a.s.);
(ii) If p > 2 and we have two numbers o and (8 such that

2
—<a<p<l1,
p

then for any ¢ € C§° (a.s.)
wp e CoFHr((0,T], Hy~P).

In particular, if p>d+ 2, then

(a) for any e € (0,e0], with g =1 — (d+2)/p, (a.s.) for any t €[0,T]
we have T;¢p € C50~¢(RY) and the norm of T;¢ in this space is bounded as a
function of t;

(b) for any e as in (a) (as.) for any x € RY we have 7.(x)d(x) €
C0=2)/2([0,T]) and the norm of &.(x)¢(x) in this space is bounded as a
function of x.

In the general filtering theory equation (7.11) is known as Zakai’s equa-
tion. From the point of view of the Sobolev space theory of SPDEs the most
unpleasant feature of (7.11) in our particular case is the presence of BF(z)7,
in the stochastic term with Bf(z) which is unbounded in z. However, in the
theory of linear PDEs it was observed that if an equation has a zeroth or-
der term and we know a particular nonzero solution, then the ratio of the
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unknown function and this particular solution satisfies an equation without
zeroth order term (cf. (8.1)).

The way to find a particular solution of (7.11) is suggested by filtering
theory. Imagine that b is affine with respect to z and @ is independent of z.
Then as easy to see z; is a Gaussian process and hence the conditional density
of &y given y;, s <t, is Gaussian, that is, its logarithm is a quadratic function
in 2. Therefore, we were looking for a particular solution as e~9*(#) where
Q:(x) is a quadratic function with respect to x, and finding the equation for
Q+(x) (see (7.19)) was pretty straightforward.

After we “kill” the zeroth-order term our equation falls into the scheme
of Section 3 even though it still has growing first order coefficients in the
deterministic part of the equation. Finding 7; in the described way allows
us to follow the scheme suggested in [20] thus avoiding using filtering theory.
However, we still encounter an additional difficulty that certain exponential
martingales may not have moments of order > 1, unlike the situation in [20],
and, to prove that they are martingales indeed, we use the Liptser—Shiryaev
theorem (see [22]). This way of proceeding was used by Liptser in [21] (see also
[22]) while treating filtering problem for the so-called conditionally Gaussian
processes.

Finding a particular solution of (7.11) is based on the following lemma
which is probably well known. We give its proof in the end of Section 8 just
for completeness. Set

(7.14) B, = B, ¥,.
LEMMA 7.3. The following system of equations about d x d-symmetric
matriz-valued process Wy, R*-valued process Vi, and real-valued process Uy
d ) . e . -

(7.15) %Wt = (Btoy — by)Wi + W/ (0B — b)) — 2W,; 4, W, + BB,
(7.16) dV; = —(Wiot + By) dgs

+ [(Bio} — b))V — 2W,a,V,

+ Wi (04B4(0) — by (0)) + B;B(0)] dt,
(7.17) dU; = —(V{ oy + B (0)) dije

+ |a? W + Vi (01B4(0) — :(0))
* A 1 2 ]
—V; atVt—&-§|Bt(0)\ + trb; dt,

has a unique F{-adapted solution with initial conditions Wéj = D;;Q, Vi =
D;Q(0), Uy = Q(0). Furthermore, 7' (6%) > W; > £,(6%) on [0,T], where
g1 >0 is a constant independent of w and t (depending on T among other
things).
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Observe that the coefficients in (7.17) are independent of x.
REMARK 7.5. Set
(7.18) Qi) = %W,jja:ixj + Vizt 4+ U,
Then by using Itd’s formula one easily checks that for any = € R¢
(7.19) dQq(z) = — (01" D;Qu(x) + B ()) diiy

+ aijDith(x) + le; + (Uszf(x) — bi(l‘))Dth(fL')
~ 4 (DiQu()) DyQu(r) + g ()| dt

and 7, = e~ 9 satisfies
(7.20) dne(z) = Ay ne(2) dyy + Lime () dt.

By the way, Q;(x) is a unique F}-adapted function depending quadratically
on z, satisfying (7.19), and such that Q¢ = @. Indeed, uniqueness follows from
the fact that D;;Q:, D;Q+(0), and Q(0) are easily shown to satisfy (7.15),
(7.16), and (7.17), respectively.

Our method also allows us to derive the classical equations for the Kalman—
Bucy filter.

THEOREM 7.4. Replace requirement (ii) in Assumption 7.3 with the as-
sumption that mo = e~?. Then for any t (a.s.) we have m(x) = Cre~ ()
where Cy is a normalizing process obtained from the condition that

C’t/ e~ Q@) gy = 1.
]Rd

This theorem is proved in Section 9.

REMARK 7.6. After just completing the square and finding the stochastic
differential of the remaining term, we find that

1 _ ¢ . _
(7.21)  Qulw) =5 |W, P+ W, Vi + / (VoW s — B1(0)) djs
0
1 t
+ 5/ [BIW, 'V, — By (0)]* ds + Ay,
0
with a bounded on 2 x [0, 7] function

t
o .1 .
Ay 5:/ [Q?Wg” +tros — §||W91/203 + WY, | ds,
0
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where for a matrix u we use the notation |u? = truu*. This shows that in
the situation of Theorem 7.4

Ty = E({L’”:FZJ) :/ .’177Tt(.’II) dr = _Wt71‘47
R4

S = B((w — ) (2 — )" | FY) =W !
and allows one to derive the classical Kalman—Bucy equations for Z; and ¥,
from (7.15) and (7.16).

8. An auxiliary function

The assumptions from Section 7 are supposed to hold. Set
bi(x) = it Bl (x) — 217 D, Qu ().
THEOREM 8.1. The equation
(8.1) dity = —oi* Diydif + [af Dijity — biDiy + biDiy|dt, t<T,
with initial data 7tg = e?my has a unique solution in the sense of Definition 2.3.
This theorem is a direct consequence of Remark 3.4 and Theorem 3.3 since

the coefficients b and b in (8.1) are affine functions of z and have bounded
derivatives in z.

LEMMA 8.2. Almost surely T, is a continuous Ly,-valued process on [0,T].
Furthermore, Gt||7i't||’zp is a decreasing function of t (a.s.), where Gy is a

bounded function on Q x [0,T] defined by
t t
G = exp/ (Dzéi — D;bl)ds = exp/ tr(osB, — asWs — by) ds.
0 0
In particular, on the set where 7:=T ANinf{t > 0: ||7|z, =0} <T we have
|7¢llc, =0 for <t <T (a.s.).
Proof. Set
t
gz:/ O';k:dg;‘, gt:(é-;)ﬂ Tm:T/\lnf{tZO \zt|—|—|§t|2m}
0
The purpose to stop z; is that on (0, 7,,], we have

lovBe ()] + [be(x)| + [be(2)]| < N(1+ |2]),
where the constant N is independent of w,t,z. Why we also stop & will
become clear later.

Observe that for any 1 € C§° the process ¢7; satisfies an equation ob-
tained by multiplying through (8.1) by %. Then after writing wDi(aiijfrt)
as Di(waiijfrt) — aij(Djfrt)Diw and noting that the other coefficients mul-
tiplied by ¢ are bounded functions on (0,7,,] x R? we see that

(8.2) Pty € W) (Tim)
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for any m. It follows from [13] that with probability one ¥fipr, is a continu-
ous L,-valued process and since, for each w, 7, =71 if m is sufficiently large,
with probability one 9, is a continuous L£,-valued process on [0,7] for any
P e Cpe.

Then take a nonnegative radially symmetric and radially decreasing func-
tion ¢ € C§° such that |D¢| < 1, introduce ¢™(z) = p(x/n), n=1,2,...,

¢} (2) = 9" (x — &)
and use Corollary 6.2 with 7, in place of 7 (recall (8.2)). Then we find

(8.3) d(7d}) = =i Dy(7e@}) Ay + ¢} (b — by) Dy dt
+ [Di(¢yay Dye) — (af +ay)(Dig}) Dyt
+ D; (WtatJDJCbt )dt, < T

As above we conclude that ¢7'w € W;(Tm) and that, owing to [13], with
probability one ¢}7; is a continuous L£,-valued process and (a.s.)

||¢t/\rm7rt/\'rm||£ = ||<z5”7r0||c + I 4

for all £, where
tATm B
ItI" =—p(p— 1)/ a? / |¢Z|p|7“rs|p_2(Di7“rs)Djﬁs dxds <0,
0 R
tATm .. )
== [ -pw) [ erriadeds
0

tATm
]f"::j/ |wqu dx ds,
Vg = Pastij|¢?|p (p—1D(p—2)|¢L P2 (Dig}) DjoY
+ (2= p)|oL[P ¥ Dyl + (b — L) Dil @1
where for simplicity of notation the argument z is dropped.

Observe that [D¢?| <1/n and for s < 7, we have |b, — bs| < N(1 + |z]),
where N is independent of s,z, and w. Furthermore, D¢? — 0 as n — oo and

for s < 7,
x_gs
o) (")

By adding that 7« € W)(T), we conclude that I?" — 0 uniformly in ¢ (a.s.).
Analyzing I and I?" is almost trivial and

n n n n
<m+sup|y||[Do(y)|.
Yy

|z][ D¢ ()] =

1@ s Fenrm Iz, = 1Fear,, 12
P p
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as n — oo by the monotone convergence theorem. It follows that (a.s.) for
all ¢

tATm ) )
Veenen B = ol — / (D — D) ||7 |13, ds
0

tATm B
—p(p—l)/ a?/ |7t5|P~2(Dyits) Dyfes dae ds.
0 R4

Obviously on can drop 7, in this formula and then obtain that (a.s.) for
all t <T

t
Gillulle, = Iolle, oo~ 1) [ Gua? [ [l 2(Di) Dy dads,
0 R

which implies that Gt||frt||’2p is decreasing and continuous (a.s.). Further-
more, since ¢77; are continuous L,-valued processes, 7; is at least a weakly
continuous L,-valued function, but since ||ﬁt||12p is (absolutely) continuous,
7; is strongly continuous. This proves the lemma. O

REMARK 8.1. After we know that 7; is a continuous £,-valued process on
[0,T] the last assertion of Lemma 8.2 can be also obtained from uniqueness
of solutions of (8.1) because the 7 in Lemma 8.2 is a stopping time and #ya,
is obviously a solution of (8.1) implying that on the set where 7 < T we have
7 =0for T <t<T.

Before stating the following lemma, we introduce a stipulation accepted
throughout the rest of the paper that if we are given a function £(¢,z,y), then
we denote

(8.4) & = &u(we) = E(t, w0, n).
The reader encountered above already one of these abbreviated notation (see

(7.6)).

LEMMA 8.3. Introduce
t
ﬁ)t:/ qjsgsdwsa E’t:Bt(xt):\Il(t7yt)B(t7xtayt)'
0
Then wy is a Wiener process and the process

t t
_ _ 1t
ptpt(B7dU~))eXp</ BY dirf — 5/ B3, d8>
0 0

is a martingale on [0,T].

Proof. The first assertion follows from Lévy’s theorem. To prove the second

one, observe that
t t
/fg’;dmf:/ BXW,0, dw,.
0 0
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Furthermore, the system
dmt = (b(ta Zt) - 0(t7 yt)(—)*(t7 yt)\IJQ(ta yt)B(tu Zt)) dt + 9(15, yt) dwt?
dyy = O(t, yi) dwy,

which is obtained from (7.1) by formal application of the measure change, has
a unique solution with initial data zq since its coefficients are locally Lipschitz
in z and grow as |z| — oo not faster than linearly. In this situation by the
Liptser—Shiryaev theorem, p is a martingale since

T
| o) B(at). )P <o

for any deterministic functions z(¢) and y(t) which are continuous on [0, T].
The lemma is proved. O

LEMMA 8.4. The process 7y is Fy -adapted.

Proof. Observe that in equation (8.1) we have

djf = O dy; = daf + B dt,

where, as it is pointed out above, w; is a Wiener process. Furthermore, the

processes §f is F{-adapted since such are W5 and equation (8.1) is rewritten
as

(8.5) dfty = —oi* Dyt dwF + [Dy(al Dj#t,) — bi Dty
+ (0 —oi*B) Dit)dt, t<T.
Here ozkﬁf is independent of x and for each w the trajectories of ngﬁf are

locally bounded on R, which shows that in order to be able to apply Theo-
rem 3.5 it only remains to refer to Lemma 8.3. The lemma is proved. O

LEMMA 8.5. The assertions (1)—(iii) of Theorem 7.1 hold for 7 := e~ @t#,.

Proof. Assertion (i) of Theorem 7.1 follows immediately from Lemma 8.2,
the continuity of @, and the boundedness of W, = (D;;Q;) away from zero.
To prove assertion (i), notice that # € W,(T) and

t
/ sl ds
0 P

is an F/-adapted continuous process on [0,7]. Then after introducing

t
- :T/\inf{t >0 / [l ds > m}
0 P
we get that 7€ W} (7/,) and 7, =T for all large m (a.s.).
We now prove that 7 satisfied (7.11) define ®; = ¥; ' and observe that
(dif)dgy = 6% dt,  dyf = OF" diy + Bf dt,
(B; = B(t,2)). Recall that n,(z) = exp(—Q;(z)) satisfies equation (7.20) for
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each x with probability one for all ¢ € [0,7]. It turns out that this equation
also holds in the sense of generalized functions. Owing to the special structure
of @y, this follows from the stochastic version of Fubini’s theorem (see, for
instance, Lemma 2.7 of [17]).

Next, for m=1,2,... set

(8.6) 7 =T ANinf{t > 0: |z| + |DQ:(0)| > m}.
Note that for a constant Ny independent of m for ¢ < 7/ we have
[Be(@)] + [be(2)] < No(L+ |2| +m),  [Be| +[Be| < No(1 +2m).

Furthermore, D;Q:(x) = 27 D;;Q: + D;Q+(0), so that increasing Ny if needed
we may assume that for ¢ < 77/

[DQu(x)] < No(1+ || +m).

Then as is easy to see (cf. (8.2)) w;:= @ and @ := n, satisfy the condition of

Theorem 6.1 with appropriate f, f,g,g and 7, in place of 7.
By Theorem 6.1 in the sense of generalized functions

d(mefte) = If dgy + Jedt, ¢ <7y,
where
I} = 7 A7 e — oy Difty = AT (),
Jy = —(mBf — 0} Dim)o]" Dy + 7 Limy
+nela Dijfy — bi Dy + (0fFBY + 20~ a D) D]
= i Line + me(ai’ Dijiey — b} Diry) + 2a;’ (Didee) Dy = L (nee).
In other words (see Theorem 6.1) for any ¢ € C§° with probability one

t t
(ﬁ—t/\‘rj,;a ¢) = (7?07 ¢) + / Isgr;;, (7?3; AISCQS) dgf + / Isg'r,’,g (7_1—57 Ls¢) ds
0 0

for all ¢ > 0. Obviously, one can take here 7, := 7/, A7) in place of 7] and
then after recalling that 7 € W;,(T,/n) one concludes that 7 is a solution of
(7.11) in the sense of Definition 2.3. The final assertion in (iii) is obtained in
the same way as (8.2). The lemma is proved. O

To better orient the reader, it is worth noting that in the next lemma the
second factor on the left in (8.7) contains the negative of two terms in (7.21).

LEMMA 8.6. We have

(8.7) pi(B, did) exp (— /O (VZW; B, —BX(0)) dis

1t
5 [ WS- oPas)
0
=p¢(B—B.(0) + B"W 'V, dw).
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Furthermore, the right-hand side is a martingale on [0,T].

Proof. The equality is obtained by simple manipulations. As in the proof of
Lemma 8.3, to prove that (8.7) is a martingale we are going to use the Liptser—
Shiryaev theorem by considering the system consisting of (7.5), (7.15), and
(7.16). We do not include (7.17) because U; does not enter (8.7). First of
all, we find a smooth bounded, uniformly nondegenerate d x d-matrix-valued
function F (W) such that F'(W;)=W;. The fact that this is possible follows
from Lemma 7.3. Then set

A(t,z,W,V) =0 (t,y)¥2(t,y) (B(t,z) — B(t,0,y) + B*(t,y) F*(W)V).

After changing the probability measure formally, we arrive at the system
consisting of (7.15) with oy = o(t,y:), ar = a(t,y¢), and with F(IW;) in place
of W; on the right and the following two equations

dzy = 0(t,y;) dwy + [b(t, 2) — O(t, ye) AL, 2, W, V2)] dt,
thz—(F(Wt) (t, yt)—i—Btyt tyt) (t,y:)O(t, yt) dwy
(F(Wt) (t, yt)—i—B(t Y)W (t, yt)) (t,ye)O(t, ye) A(t, 2, Wi, Vi) dit
— (F(Wy)o(t,ye) + Bt y) U (t,50)) U (t,ye) B(t, 20) dt
+ [(Bty) W (t,y0)0™ (8, ye) — b(t,90)) Vi — 2F (W)alt, yo) Vi) dt
+ [F(Wy) (o (t, ye) ¥ (t,y:) B(t,0,y¢) — b(t,0,y;))
+ B(t,y) V2 (t,y:) B(t,0,y,)] dt.
This system has a unique solution with prescribed initial data since its

coefficients are locally Lipschitz continuous and may grow to infinity as |z| +
|[W|+ |V| — oo not faster than linearly. Moreover,

/OT VAt =(8), W(8), V()2 dt < oo

for any functions z(t), W (t), V(t) which are continuous on [0,7]. This implies
that process (8.7) is a martingale on [0,7] and the lemma is proved. O

Proof of Lemma 7.3. Notice that (7.17) yields U; once W; and V; are found.
Equation (7.16) is linear with respect to V; and proving the existence and
uniqueness of its solution presents no difficulty if W; is known.

Equation (7.15) can be considered for each w separately. Then the theory
of ODEs allows us to conclude that a unique solution exists until it blows
up and it is F}-adapted. Uniqueness implies that W; = W} . Furthermore, at
least on a small time interval W; > 0. It turns out that W; > 0 on any interval
of time where W; is bounded.
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Indeed, if not, then for some tg > 0 we would have that det W;, =0, W; is
bounded on [0, ] and det W; > 0 for ¢t < to. However, for ¢t <t

d .
(8.8) 7 det Wi = tr W, W, det W7,

and
tr WtWtil = 2tr(1§t0;‘ - bt) - 2tr&tWt + tr BtB:Wtil,
where the last term is nonnegative as the trace of the product of two symmetric
nonnegative matrices. It follows, that tr W, W, ! is bounded from below on
[0,t0) and hence equation (8.8) implies that det Wy, > 0.
Next, it turns out that the solution does not blow up on [0,7]. Indeed

d i . . R
% tr WtWt = 4tr(Bt0: — bt)WtWt + 2trBtBt Wt —4tr atWt‘s,

where the last trace is nonnegative again on the interval of existence of W;.
Here

tr i3 B W, < N(tr W2)Y2 < N + tr W2,
where N is a constant. Also for two matrices A and W such that W is
symmetric and nonnegative it holds that

(tr AW?)? < [JA[J[W2]| < | A]l (tr W2)2.

This and Gronwall’s inequality imply that W; is bounded on [0,7]. Obviously
the bound of W; is uniform with respect to w. The lower bound is also uniform
since by the above det W; is bounded away from zero on [0, 7] uniformly with
respect to w. The lemma is proved. O

9. Proof of Theorems 7.1 and 7.4

Take a function ¢ € C5°(R%) and let c(t,y) be a smooth, bounded, and
nonnegative function on [0,7] x R%~4. Recall that the operator L is intro-
duced in (7.4) and consider the following deterministic problem
(9.1) Owv(t,z) + Lo(t, z) — c(t,y)v(t,z) =0, t€[0,T],z€R:,

o(T,2) = p(z), z€R™,

REMARK 9.1. By Theorem 2.5 of [18], for any « € (0,1) there exists a
unique classical solution v of (9.1) such that, for any ¢ € [0,T], v(t,-) €
C?**te(R%) and the standard C?*®(R% )-norms of v(t, -) are bounded on [0, 7).

If we denote by z:(s,z), t > s, the solution of system (7.1) which starts at z
at moment s <7, then by Itd’s formula we have

v(s12) = Bo(en(s,2)) exp - [ ' (5,2 ).

[0(s, 2)| < sup || P{7(s,2) < T} < sup |iple™T Ee~Nom(2),
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where Np > 0 is an arbitrary constant, 7(s,z) is the first time z:(s,z) hits
{z:]z| £ R}, and R is such that ¢(z) =0 for |z| > R. Take an m >0 and
introduce ¥ (z) = (1 + |2|?)~™. It is not hard to see that, if Ny is sufficiently
large, then

Eo(2) - Now(2) <0.

By It6’s formula, for |z| > R,
Y(R)Ee™ M%) < y(z),
implying that for any m > 0 there is a constant N such that for all (s, z)
N
1+ [22)™
The argument in the proof of Lemma 4.11 of [20] proves that the same

estimate holds for dv(s, 2)/0z" and 9%v(s,2)/021 027, 4,5 =1,...,d;.

[v(s, 2)| <

Before we come to a crucial point, we state the following.

LEMMA 9.1. Let & be a nonnegative continuous martingale on [0,T] and
let ¢ be a continuous Fi-adapted process given on [0,T] such that & is a
local martingale on [0,T). Assume that

E&r sup |G| < o0.
T

)

Then &:(: is a martingale on [0,T].

Proof. We need to prove that for any stopping time 7 < T we have F¢, (; =
FE&y(p. Here the left-hand side equals E&r(, and we are given that there
exists a sequence of stopping times 7, T 1" such that E{r(rar, = E&o(o. Using
the dominated convergence theorem yields the desired result and proves the
lemma. (]

LEMMA 9.2. The process
pte_fot CS(yS)dS/ v(t, z,y) 7 (x) da
Rd
is a martingale on [0,T).

Proof. Define (c; = c(t,y:), vi(x) =v(t,z,yt))

0 ' _
Dy = v Dy, =D{Dy, Cy=exp (—/O Cs d8>, Xt = CrviTy.

‘We need to show that

(9.2) o / ala)de

is a martingale.
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Observe that by Itd’s formula and (9.1), we have
(9.3) d[ve(x)C] = d[veCy]
= Cy[D}vdyy + (Opvy — cyvy + ay” DY vy) dt]
= Cy [ D}v, @) dwy}
— (Lyv +2a *D;DYv, + (Bf — Bf)Dzvt) dt],

where we dropped the arguments x for shortness and, of course, Djv; =
(D;’iv)(t,x,yt), D}ert = (Dzr”)(tvﬂﬂyt), and Dz’DZUt = (DiDZU)(tazayt)' By
the way, observe that
o]"®;" =2ay",  Bf =®"B].
Similarly to the proof of Lemma 8.5, we conclude that (9.3) holds in the
sense of distributions and that Theorem 6.1 is applicable to v;7; on the time

interval t < 7,,, for any n, where 7,,, are taken from Lemma 8.5. It follows that
for any m for t <7,

dxi = Co(T®F" DYy + v ATy dady
— Cyy(Lyve + 0" @™ D; Divy + @7 (B} — By ) Divy) dt
+ Coop (L7 + By AF* 7)) dit + Cy (DY )8 Ay 7, dt.
It is convenient to rearrange the above terms by using the notation
¢ = Cy(T1®F" DYvy + v A" 7).
We have
dx: = () dwy + (By¢) + I} + IR)dt, t<Tp,
where
I} = Cy(v L7y — T Lywy),
I} = —C, @) 0}" (T0)" D; DYy + (D}vy) D)
= —C,®" ol D; (74 DY vy).
In the integral form this means that for any ¢ € C§° with probability one

t
O4)  (Xtnr®) = (0,0) + [ L, (63,0)
0
t
+ [ Lr, B0 ) ds
0
t ..
+/ ISST,,,LCSG?(TTSDJ”US_US ]71-57 ’L¢>
0

t
+ / Locr, Co[(7s0s, 5. D) + ®*7 0" (7, Dlvy, D;d)] ds
0

We take a ¢ such that ¢(0) =1 and plug ¢, into (9.4) in place of ¢, where
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Observe that
(Cga ¢J) = Cs(quaﬁ'sq)lstzvs + USAZ*TTS)

and for any r and k

T
/ (1, |7s Djvs| + los AT*74])% ds
0

T
<N [ Iyl ds < Nl < oo
0

where N is independent of w. By the dominated convergence theorem and
the rules for passing to the limit under the sign of stochastic integral it follows
that in probability uniformly on [0, 7

t t
/Isgm(gg,qu)dwgaf Ii<r, Cs(1, 75 Divg + v, AT* 7)) dibs.
0 0

Similarly, and in an easier fashion one analyzes the remaining terms in (9.4)
and concludes that for any m

d(Xhl) :Ct(l,ﬁt(bfTDzvt—f—UtA:*ﬁ't) dgt, tSTm

By using It6’s formula we then immediately obtain that the process (9.2) is at
least a local martingale on [0,T]. We rewrite it as £;(;, where (see Remark 7.6
and Lemma 8.6) & = py(B — B.(0) + B*W =1V, dw) and

Ct — e—At—fOt cs(ys)ds/

1 t
e (x)ve () exp (—5/ |Wsl/2x+Ws_1/2V;|2ds> dzx.
Rd 0

Owing to Lemma 8.2 the process (; is bounded on [0,T] by a constant times
[ mollz, which along with Lemma 9.1 implies that £(; is a martingale. The
lemma is proved. O

Proof of Theorem 7.1. Recall that assertions (i)—(iii) are proved in Lem-
ma 8.5. By Lemma 9.2 and [t6’s formula

Ee— fOT Cs(ys)dsgp(z,"_‘[‘) — E’U(O,I()ayo) = E/dv(07l‘7y0)ﬁ'o dm
R
T
— Eppe i cS(ys)dS/d o(z,yr)Tr(z) dx
R
T
= Eppe o cs@s)dS/dso(x,yT)ﬁT(x)d%
R

where pr = E(pr | F%). Since the equality between the extreme terms holds
for sufficiently wide class of functions ¢, we get that

B(e(er) |70 =i [ plam)mr(a)dn (as.)
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The arbitrariness of ¢ implies that 77 >0 (a.s.) and

1=p7p/ Fr(a) da, (l,ﬁT):/ Fr(@)de >0, = (1,70)""
R4 Rd

(a.s.). It follows that for any Borel f >0 equation (7.13) holds with t =T.
The above argument can be repeated for any ¢ < T by taking ¢ in place of T
Then we obtain (7.13) for any ¢. Furthermore, for any ¢ we will have that
that 7 > 0 and (1,7;) >0 (a.s.). Actually, the last two properties hold with
probability one for all ¢ at once since with probability one 7; is a continuous
L-function by Lemma 8.5 and by Lemma 8.2, on the set where 7 = inf{t >
0:(1,7) =0} <T, we have Ty = 0, which only happens with probability
zero. The theorem is proved. O

Proof of Theorem 7.4. We use part of notation from the proof of Lem-
ma 9.2 but this time take 7; = 7; = e~9¢. Then by It6’s formula and (7.20)
we obtain that for each z

dxi = ¢ (dy + B" dt) + Cy(v, L 7 — Ty Lyvy) dt — C,®5 0" Dy(7y D vy) dt.
By using the stochastic Fubini theorem and integrating by parts, we see that
A1) = (¢ 1) (dhi + B )

which implies that process (9.2) is a local martingale on [0,T]. We rewrite it as
&:(s, where (see Remark 7.6 and Lemma 8.6) & = p;(B—B.(0) + B"W =1V, dw)
and

Ct = €_At_f0t cs(ys)ds /

R
Notice that & is a martingale and (; is obviously bounded. By Lemma 9.1,
we conclude that process (9.2) is a martingale.

After that it suffices to repeat the proof of Theorem 7.1 dropping un-
necessary here details concerning the fact that (1,7;) > 0. The theorem is
proved. O

1 t
vt(x)exp(—§/ |W51/2x+W5_1/2V52d8) dx.
d 0
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