Illinois Journal of Mathematics
Volume 54, Number 3, Fall 2010, Pages 869-893
S 0019-2082

RECURRENCE AND TRANSIENCE PRESERVATION FOR
VERTEX REINFORCED JUMP PROCESSES IN ONE
DIMENSION

BURGESS DAVIS AND NOAH DEAN

Dedicated to Donald Burkholder

ABSTRACT. We show that the application of linear vertex rein-
forcement to one dimensional nearest neighbor Markov processes,
yielding associated vertex reinforced jump processes, preserves
both recurrence and transience. The analog for discrete time lin-
ear bond reinforcement is due to Takeshima. This together with
another result we prove adds to the numerous known parallels
between these two reinforcements. Martingales are the primary
tool used to study vertex reinforced jump processes.

1. Introduction

Three of the self organizing processes called reinforced random walks in-
volve linear reinforcement. Two of these processes are similar in many re-
spects.

We study perturbations of nearest neighbor random walks on Z, that is,
of Markov processes on the integers with transition probabilities p; ; which
for every integer 7 satisfy Dii+1 >0, pii—1 >0, and Dii+1 +Piji—1 = 1. Often
bond weights (conductances) or vertex weights are used to represent these
transition probabilities. In bond weighting, each bond (i,7 + 1) is assigned a
positive number w;, and the probabilities of jumps from i to i+ 1 and i — 1 are
proportional to w; and w;_1, so that p; ;11 = #‘;71 In vertex weighting,
positive numbers w; are assigned to each integer ¢ and probabilities of jumps
from ¢ are proportional to w; 41 and w;_q so that p; ;41 = #

Discrete time linear bond reinforced random walk was introduced by Cop-
persmith and Diaconis [CD87], and is here for brevity called Diaconis walk.
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A positive number (the initial weight) is assigned to each bond (i,i+ 1), and
the first jump is made with probabilities determined by these weights. The
weight of a bond is increased by the positive constant ¢ each time it is crossed,
and jumps at time n are made with probabilities proportional to the weights
at time n. The analogous vertex reinforcement scheme, where the weight of
an integer is increased by § each time it is visited, behaves very differently.
For example, if each integer has initial weight one, the bond reinforced walk
visits every integer infinitely often (see [Pem92]) while the vertex reinforced
walk visits exactly five states infinitely often (see [PV99] and [Tar04]).

Wendelin Werner (personal communication) has observed that in continu-
ous time there is a third linear reinforcement, a vertex reinforcement. Again
an initial positive weight w; is assigned to each integer i; the weight w! of 4
at time ¢ equals w; plus d times the total time before ¢ that the process has
spent at i:

t
wf:wi—ké/ I(Xs=1)ds,
0

where Xy, t >0, is the integer-valued process. Given the past up to time
t and that X; =4, X jumps in the next dt seconds to 7 + 1 and ¢ — 1 with
probabilities w!, | dt and w}_, dt, respectively. So, if Xy =i, the time of its
first jump has an exponential (rate w;1+1 + w;—1) distribution and that jump
is to @ + 1 with probability % Whether the jump istoi+1ori—1
is independent of the time of this jump. Let 0 =7y and let 7;, i > 0, be the
time of the ith jump of X;. We call the discrete time process X,,, i >0,
Werner walk. Werner walk can be defined without invoking continuous time:
the reinforcements are conditionally exponential. This will be discussed more
fully in the next section.

We call a discrete time integer valued process Y;, i« > 0, transient if Y; =k
for only finitely many 7 for each k a.s., and recurrent if Y; =k for infinitely
many 4 for each k a.s. Takeshima shows in [Tak00] that if the unreinforced
walk on Z associated with a bond weighting is recurrent (resp. transient),
then, for any § > 0, the Diaconis walk associated with this initial weighting
is recurrent (resp. transient). Recurrence preservation is to be expected, but
the transience preservation is surprising, especially since a theorem of Peman-
tle [Pem88] shows that Diaconis walk on the binary tree, with initial bond
weights 1, is transient for small § and recurrent for large §. Here, we prove the
analog of Takeshima’s theorem for Werner reinforcement. Takeshima’s proof
used extensively that Diaconis walk is a mixture of Markov chains, which is
not true of Werner walk. Our proof of transience preservation is easy, while
the proof of recurrence preservation is more difficult. We do not know how
to prove recurrence preservation without the unexpected (to us) scaling re-
sult, Theorem 2.3 of Section 2. We use some results from [DV02] and [DV04]
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but not the main results, rather only some fairly quickly provable propositions
from the beginnings of these papers. The proofs of most of these are sketched.

It is immediate that the (unreinforced) random walk on Z, determined by
the bond weights w; of (i,7+ 1), and the random walk, determined by weights
cw; for ¢ > 0, are the same, and easy to show that no other bond weightings
determine this random walk. It is also easy to see that the reinforced walks
resulting from Diaconis reinforcement (§) of the initial weights w; and Diaco-
nis reinforcement (cd) of the initial weights cw; have the same distribution.
Thus, the collection of all the Diaconis reinforced walks on Z (i.e., for all
4 > 0) corresponding to initial bond weights {w; : ¢ € Z} depends only on the
unreinforced Markov process corresponding to these weights. In Section 4, we
prove that, unusually for a vertex reinforcement scheme, the analogous result
holds for Werner walk. See Theorem 4.1. This is not difficult to prove but
neither is it immediate.

2. Preliminaries

We use exp(\) to denote an exponential variable of rate A, with expectation
%. Throughout, C,C7,Cs, ... will stand for positive constants, each of which
we could replace by an explicit number. Two stochastic processes will be said
to be the same if they have the same distributions. We begin this section by
describing a way to simulate Werner walk and VRJP. The construction below
may be taken as a definition, which some readers may prefer to the definition
given in the Introduction. A third definition is given at the beginning of
Section 3.

The construction we now give will describe Werner walk on graphs with
vertices {i : i € I'}, where I is a set of consecutive integers, and bonds {(7,7 +
1):4,i+ 1€ 1I}. These are the only graphs considered in this paper. We
denote this graph again by I.

The parameters of this process are the initial weights, which are positive
numbers w; assigned to each i € I, and a reinforcement constant § > 0.

The construction of Werner walk Yy, Y7,... on I proceeds inductively. Let
N(v) be the set of neighbors of v € I, so N(i) ={i — 1,4+ 1} unless 7 is
a largest or smallest integer in I. Let Zy,Zs,... be ii.d. exponential(1)

random variables. Let Yy =v and W) =w,, v € I. Then P(Yy41 =0|Z;,i <
k+1,Y;,i <k)=0, unless 0 is a neighbor of Y}, in which case it equals

_ Wy
ZuGN(Yk) Wi]f
Also VVQI€+1 = W(f unless 6 =Y}, in which case

Zk
”rk—ﬁ-l ”rk +1
r * 6(2 €N (Yx) Wk) .
u Y u
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To define the continuous time vertex reinforced jump process (VRJIP) X,
t >0, associated with initial weights wg, we put

== (Wf-WD), k>0,
JEI
and X; =Y}, for 7, <t < 7i41. Note that in the above sum, for each k, only
finitely many terms are positive.

Our main result, Theorem 3.1, while stated for all § > 0, will be shown to
be implied by the § =1 case. Unless explicitly mentioned otherwise, we study
only the 6 =1 case in the rest of this paper.

Even if we were only concerned with Werner walk, we would find it very
convenient to study it as a process embedded in a VRJP.

In the rest of this section, we study VRJP on {0,1}. Up through Propo-
sition 2.2, we present results which are easy corollaries of results in [DV02],
with brief sketches of some proofs. For readers who refer to [DV02], we note
that the notation L(k,t) there has been replaced by w! which, as defined
in the Introduction, stands for the weight of k£ at time ¢. As noted, we as-
sume 0 =1 and always start our VRJP at 0. We usually designate the initial
weights at 0 and 1 to be a and b, respectively, and this is always assumed
if not indicated otherwise. The VRJP will be denoted by (X, t >0). We
put £4°(t) = £(t) = inf{s > 0: w§ =t}, t > a. Thus, wg(t) =t. Note that
(wf(t) —b) is the sum of a random number of exponential random variables.

b _ wf(t)

t

We put m; = my ,t>a.

PRrROPOSITION 2.1 (Corollary 2.3 of [DV02]). my, t >0, is a martingale.

Sketch of a proof. Note mg = g We will show Em; satisfies the differential
equation 3’ = 0 which yields

b
(2.1) Emy=—-, t>a,
a

and the proof we give of (2.1) is not difficult to extend to a full proof of
the proposition. Note X¢;) =0, and that wf(t) = wf(Hdt) unless there is an
excursion to 1 between times t and ¢t 4+ dt. This happens with probability
dt - wf(t) and if it does happen the excursion is exp(t) so has expectation ¢t~1.

Thus, conditioned on wf(t) =c,

ctedt-1 ¢
E =t . O
Mi4-dt 1 dt n my

Similarly, by showing Em? satisfies another differential equation, it can be
shown that (this is (2.7) of [DV02])
ab*+b b

2 _
(22) Emt = a3 @, =
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Thus, m¢, t > a, is an L? bounded martingale, and so we have

Emgs = hm Em; =
(2.3) oo

CL
2
Em, = lim Em _a+b

a3

Let 7 =inf{t: X; =1}, put 6(t) =inf{s > 0: wit™ =t}, ¢t > b, and put
1) 0(t)

M, = 245 = 20—, Given 7 =x, My, t > b, has the distribution of miete
w1

t > b, and it is easy to check that M,, t >b is an L? bounded martingale.
We use m?e+eP() to denote a martingale with the distribution of My, t > b.
Thus, using (2.3),

1
EM,, = EE(Mu|r) =BT = {H ]Z

b ab
bla+ 1 a-+T
(2.4) EM2 =EE(M2|r)=E ( )b3 ( )
- ab  (ab)?] b2’

Now Corollary 2.4 of [DV02] states that lim; Z—:%) = Moo a.8. and that
Moo € (0,00) a.s. Also, given the discussion before (2.4) above, Corollary 2.4

t
of [DV02] gives lim; 0 w, = M, a.s., from which we get mL = My,. It will
be convenient to write
t
a w,
My =My - and ffb ft:—g’~—.
b w] a

The following is immediate from (2.3) and (2.4).

Eine = 1,
2 2
o @ ab® +b 1
Emwbz(as R
(2.5) 1
E 1 _b a+g _1+ 1
Moo @ b o ab’
1 3 3
E— = IEM2 =14=
Y T T @

In [DV02] the following inequality, related to Doob’s L? martingale maxi-
mal inequality, is proved.

wh 2 b
(2.6) Esup( moo> <16—.
t>0 0 a
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With the discussion above (2.4) and the fact that —— = M., (2.6) gives

wh 1)? wh 2
(2.7) Esup<—g — —> =EE <sup<—g — Moo) ’7‘)
t>7 \ Wy Moo t>7 \ Wy
a+T a+ %
< 16E i 16 03
Multiplying (2.6) by (%)? gives
1\ 1

(2.8) Esup| — — Moo | <16 —,

t>0 Tt ab

and multiplying (2.7) by (g)2 gives

(2.9) Eeup(r— ) <16( L4 2
' :EE "t Moo ) — ab = (ab)? )’

PROPOSITION 2.2. There is a positive constant C such that, for € >0,

- 1 C 1+4+ab
Plsuplri — [1+—= || >e | < =
t>7 ab

€2 (ab)? "
Proof. From (2.5), we know the variance of %:
1 2+4ab

Var% —W

From this, and Chebyshev’s inequality, we get

1 1 24ab

Now,
1 1
=1+ —=]|>¢) <P|sup|ry — — >Z
ab > Moo 2

1 1 €
Pl|l——-(1+— — .
(- ()] 5)

The second term is controlled by (2.10), and the first term by (2.9), giving us

1 14+ ab 2+ab
P r— 1+ — 64 - 4.
(?215’ " ( +ab>’>‘€> <O e T (e

1 (s, ™
g2 \ab  (ab)?2 )" U
Note that all the equalities in (2.5) depend only on the product ab. We

were able to find the density of M, and this also depended only on ab, which
led us to the following theorem.
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THEOREM 2.3. If ab = cd, then m®%,t>0 and m&% t >0 are equal in
distribution.

To prove Theorem 2.3, we will first prove a lemma about the distribution
of waiting times between jumps. If the initial weights are a at 0 and b at 1,
we let 6Z’b =0, =T — Tk—1 Where, as before, 7 is the time of the kth jump,
for k> 1 and 79 =0. So ¢; is the waiting time at 0 before the jump to 1,
0o is the waiting time at 1 before the jump back to 0, and so on. At time
01+ -+ + i, then, the weight at vertex 0 is a + 01 + d3 + --- and the weight
at 118 b+ o+ 94+ - -+, where the final terms are either d;_1 or d, depending
on the parity of k.

LEMMA 2.4. Assume ab=cd. Then
a ) b ) a 9t c ) d ) c 9t
are equal in distribution.

Proof. We inductively show that the joint distributions of the first n ran-
dom variables in each of the two sequences above are the same for all n. Now

a,b c,d
517 is exp(ab) and 617 is exp(ed) and so the case n =1 holds. Suppose that
the case n =k — 1 holds. We will show that the case n =k holds. We trea;c

a,
ék
a

the case k — 1 even first, and show that the conditional distribution of
given

it ik
a’ b7 b

> = (1’1,...,1’k_1)
c,d
is equal to the conditional distribution of 5’°T given

5C,d 5C,d 6Cyi1
(17,277..., kd1> :(xl,...,xk,l),

where z; > 0. The first of these conditional distributions is exponential with

rate (b+ > even bz;)a, the second is exponential (d+ > j even dz;)c, where
j<k—1 j<k—1

a,b c,d
s Sk

the final @ and c in these rates come from the denominators of - and -
respectively. Since ab = cd, these two conditional distributions are the same,
and since we know that the two vectors above have the same distributions,
this proves the n =k case, if £k — 1 is even. The case where k — 1 is odd can
be treated similarly. O

Proof of Theorem 2.3. Recall the definition of m; and consider
&(at)
wy

(2.11) mil =t ¢>1.

at wg(at)

a
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Denote the left-hand vector in the statement of Lemma 2.4 by A. Given A,

the entire process
&(at) | E(at)
(wl =0 ) t>1,
b a

€(at)
g(s) =s, we have “°— =1 for 1 <t < co. Now

can be reconstructed. Since w

wi™ is constant except for jumps at s = 01,81 + 3,61 + 03 + J5,... at which

£(at)
times wf(s) jumps by 82,84, 86, . . . respectively. So “i— is constant except for

jumps at %1, %1 + %3, %1 + %3 + %5, ... at which times it jumps by ‘%2, %4, %6, e
respectively. This, together with its analog in which ¢, d replace a,b, and

Lemma 2.4, establishes Theorem 2.3. O

We note that A determines the range of

wy

a __~t

—w_,i _Ta,b’ t>0
b

By the range, we mean the random interval which is the set of all values
taken on by a sample path of fi7b. For the numerator of F;b increases lin-
early from 1 to 1+ % on the interval [0,d1], while the denominator does not
change. Then on [d1,d; + d2] the denominator of fé,b increases linearly from 1
to 1+ %2, while the numerator does not change, and so on. Thus, the distri-
butions of sup,~ ffm and sup; > % are determined by the distribution of A.

Therefore, if ab = cd, Lemma 2.4 implies that sup,g ffm and sup;>g ff:)d are

equidistributed, as are the corresponding infima. Furthermore, these com-

ments and Lemma 2.4 also imply that both sup,, 7 , and sup,-, 7:% are
- ’ - a,b

equidistributed with sup, . 1’2) 4 and sup;s, respectively, if ab = cd, where

_1
3
Te,d

7 is the time of the first jump (also denoted 0, in the previous proofs).

3. Recurrence and transience of Werner walk on Z

We call a VRJP recurrent (resp. transient) if its associated Werner walk
is recurrent (resp. transient). Let Z' be the natural numbers {0,1,2,...}
and Z~ be {0,—1,-2,...}. The graphs Z*, Z~, and Z are trees in the sense
of [DV04] and thus by Proposition 3 of [DV04], VRJP is either transient or
recurrent on each of them, if the initial weights are positive constants, which
is always assumed. Then Lemma 2 of [DV04] says that VRJP on a tree is
recurrent if and only if w3® = oo a.s. for each vertex v of the tree and VRJP is
transient if and only if wi® < oo a.s. for each vertex v. Furthermore, whether
recurrence or transience obtains is not influenced by the initial position.

The main theorem of this paper is the following.
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THEOREM 3.1. Werner walk on Z is recurrent (resp. transient) for all § >0
if the Markov process associated with the initial verter weights is recurrent
(resp. transient).

Now let Zy,Zs,... be i.i.d. exponential(1) random variables. Let Yy, Y7, ...
and Wy, Wy, ... be respectively, the steps of the Werner walk on Z started at
0 with initial weights w; and reinforcement constant d, and the Werner walk
started at 0 with initial weights 6 'w; and reinforcement constant 1, both
constructed from the initial data (Z;), exactly according to the instructions in
the definition of Werner walk close to the beginning of Section 2. It is easy to
see that Y; = W;, i > 0. Also, the (unreinforced) Markov process corresponding
to weights w; and the Markov process corresponding to weights §~'w; have
the same distribution. These facts immediately show that if the particular
case 6 =1 of Theorem 3.1 holds, then Theorem 3.1 is true in its entirety.
Thus as noted earlier, in the proof of Theorem 3.1, that is, in the rest of this
section, we may and do study only the § =1 Werner walk.

Now let F'=F};, t >0, be VRJP on Z with initial weights w;, started at 0.
Let G be VRJP on Z' with initial weights w;, started at 0, and let H be
VRJP on Z~, with initial weights w;, started at 0.

PROPOSITION 3.2. F' is recurrent if and only if both G and H are recurrent.

We note that the analog of Proposition 3.2 for the unreinforced Markov
processes corresponding to the weights w; also holds.

Next, we sketch a Poisson construction of Werner walk and VRJP on an
interval I from [DV04]. This will be used in the proof of Proposition 3.2.

Let (i,i+ 1) and (i + 1,7) stand for directed bonds between consecutive
integers ¢ and ¢+ 1 in I. To these directed bonds, independent Poisson pro-
cesses (rate 1) Fé“H) and F(<f+1’l> (i, i +1 € I) are associated. Let T<97_> be
the first jump time of Fé"'>.

We describe the Werner walk associated with the initial weights w;, i € I,
started at v € I, and reinforcement constant 6 = 1. Let the walk start at
v and denote the weight of i at time 0 by LY, i € I, so that LY = w;. Let
= min{L%;T?mj> jeNw)}. If LLQT?U,M is this minimum, the walk jumps
tokat . Put L} =LY i€l,i#vand L) =LY+ 7, and also define Fii’ﬁ

7
to be the Poisson process Fém) if 4 is a neighbor of j, unless i =v and j is a

neighbor of v, in which case 1"§v"j>(t) is Fév’j>(L?7'1 +t)— Fév’j>(L971), t>0.
Let T<1i 7 be the first jump time of Fy’j ). Note that the Poisson processes

1":<Li’j ) just constructed are still independent. To determine the second jump,
mimic the previous procedure, with I'y, T}, and L' in the roles of Ty, Ty and
L.

To define the VRJP associated with this Werner walk, take the definitions
used to get from Werner walk to VRJP in our Section 2 definition. Note the
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collection of all the jump times of all the Poisson processes F ) determines
the entire Werner walk.

Proof of Proposition 3.2. We construct F' using the construction described
above, started from 0, and then use the same Poisson processes to construct
both G started from 0 and H started from 0. That is, for example, the Poisson
process which determines the jumps from 2 to 3 for F' is also the determining
process for G.

If F' is recurrent, and we observe only the jumps that F' makes between
two consecutive integers of Z*, we see the jumps of G. Formally, these two
processes, which are defined on the same probability space, are the same.
A similar statement holds for H. Since F' visits 0 infinitely often, so do G
and H.

Conversely, if G and H are recurrent, both of their associated Werner walks
return to 0 a.s. after each jump from 0 to 1 and —1, respectively, so F returns
to 0 a.s. after each jump from 0. O

In view of Proposition 3.2, and the discussion after the statement of The-
orem 3.1, Theorem 3.1 follows from the following proposition.

PROPOSITION 3.3. Werner walk with § =1 on Z™ is recurrent if the un-
reinforced Markov process corresponding to its initial weights is recurrent and
transient if the unreinforced process is transient.

It is easy to show that the unreinforced Markov process Zy, Z1,... on Z+
corresponding to weights w; is recurrent if and only if >°°° #ﬂ oo. This

follows from the fact that if

1
Fk)=Y" -

i=0
then f(Z;), i > 0 is a martingale, where Z is Z stopped at 0, or by the standard
criterion for transition probabilities (see [HPS72, p. 33]) and a little algebra.
Proposition 3.3 follows from the following two propositions.
PROPOSITION 3.4. If >°°° < 00, then the VRJP on Z* with § =1
and initial weights (w;);>o is transient.

= Oww+1

PROPOSITION 3.5. If Y o2 m =00, then the VRJP on ZT with § =1

and initial weights (w;);>o is recurrent.

Recall that we use exp(a) to denote an exponential random variable and
mb-atexp(®) to denote a martingale with the distribution of My, t > b, as defined
in the paragraph between (2.3) and (2.4).

We need the following result from [DV02]. We sketch an alternate proof to
the one given there. Let o(-) stand for the o-field generated by -.
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LEMMA 3.6. Let X be VRJP on Z*t started at 0 with initial weights w) =
w;. Let T, =inf{t >0: X; =n}, n>0. Then for 0 <i<n, the conditional

Ty
distribution of ;U’T given U(wg",i +1<k<n):=F, is the distribution of
i+1
Wit1,W;+exp(wit1)
wiTJri '

Proof. We may and do assume that X is VRJP on {0,1,...,n + 1} with
initial weights w; started at 0. Construct X via the Poisson construction.

0(t)
Let §(t) =inf{s > 0: wj , =t}, t > wiy1. Then ¢(t):= %, t > wi41, has
141
the same distribution as m?"“’wﬁexP(wi“), t > w41, since only ]j‘(<)171+1> and

are involved in this ratio.

Now wﬁl is the weight of 1 + 1 at the last time before T, that X jumps
from ¢4+ 1 to ¢ + 2 (unless i + 1 =n, in which case it is simply the initial
weight), and so is determined by Poisson processes associated with bonds to

the right of ¢ + 1, as is the entire o-field F;, and so is independent of I‘éi’i+1>

F(()i+17i>

. . Tp
and Félﬂﬂ), So ZT" samples the process ¢(t) at an independent time. O
i+1

Proof of Proposition 3.4. Let X be a VRJP on Z* with initial weights w;
started at 0. We will examine the ratio of the weight of 0 at time T,, as

T’H,
compared to its initial weight, wu?O . By expanding this into a telescoping
product, we can express it in the following form:

T, T,
T we"  w ™ w," T
" Tn Tn T, n
(3.1) wo" _wit wpt W Wy
N wo w1y Wn,—1 °
wWo — — —_ Wn,
w1 w2 Wn

With the exception of the last, each of these multiplicands are of the form

win
T wTn
Wptr Wi Wgt1
wg T, .
Wr41 wk+1

Wy

This is similar to our definition of 7 in the previous section, and we will denote
these by ]:25” = ]?Z We always use s, t, T, etc. for times and k, n, N, etc.
for vertices, so the ambiguity in notation should not cause confusion here.
The reader familiar with [DV02] will note that R} is the ‘adjusted’ version of
the R} found there. The last term in (3.1) is identically equal to 1, since the
weight at vertex n does not increase until after T,,. We rewrite the identity
using R notation:

(3:2) =Ry -Ry---Rp_,.
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Now Lemma 3.6 and (2.1) and the fact that o(R;,i +1<j <n)=UF; (as
defined in the statement of Lemma 3.6) together with

w; + exp(w;y1) Wi !

. ) ) i i+1 ? ;

E”L?ﬁl’wﬁe){p(wzﬂ)—E - : = w1+1, t>0,c> wiy,
Wit1 Wi41

give

R R g [wi o
E(R?|R?,i+1§j§n):%[$]

w; Wi4-1
(1 )
W; Wi41

fori=n—1,n-—2,...,0. Thus,

ER272R271 = ]EszlE]E(R272 |R271)

Continuing, we get

Letting n approach infinity, we get

i 1
Ew® = wy <1 + ) < o0
0 g W;Wi4-1

it Y2, wiuiﬂ < 00. Thus wg® < oo ass. and so, by the discussion at the

beginning of this section, the Werner walk is transient. U

Proof of Proposition 3.5. We begin with a version of a standard fact.

LEMMA 3.7. Let X be a random variable with EX >0, EX? < K62, where
0 and K are positive constants. Then

0 1
>2) > —.
IF’(X_ 2) > 1
Proof. Let A={X > g} Then we have

0
6 <EXILy+EXTjo <EXLa+ 5, so

D=

O

g <EXI, < (EX?)2(El4)? < VKOP(A)?.
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We retain the notation and conventions of the proof of Proposition 3.4. We
will show that there is a constant C' such that

Ty
(3.3) supIP’(wo > M) >C,
n>0 Wo
if M eRand ) ;2 w_qjﬂ = 00. Since wl™ is nondecreasing in n, (3.3) implies

P(w§® = 00) > C, from which, for reasons explained at the beginning of this
section, the recurrence of X follows.

Taking logarithms of both sides of (3.2) gives ln(wﬁ?) =" Rp. We
put
A =E(InR?|Ry,i<k<n), 0<i<n, and
S'=InRI— AT 0<i<n.
We note that 6]'_;, 6_,,...,04, in this order, is a martingale difference se-

quence. To prove (3.3), it suffices to prove

n—oo

0
(3.4) limianP< > 6,’§+A}:>>\> >C, A>0,
k —

=n—1

if >, ﬁ = 00, where C does not depend on A. To this end, we will
= W41
prove that there are constants C7, Cy, C3 such that if n >0 and 0<1i <n,

1
(3.5) A" > CyIn (1 + )
W;Wi4-1
1
(3.6) E(6)? < Cyln (1 + >, if wyw;41 > =, and
W;Wi+1 2
1 2 1
W;Wi41 2

Before proving (3.5)—(3.7), we will show that together they imply Proposi-
tion 3.5. Let

1
Anz{k:OSkgn—landwkwk+1>§}, and

1
Bn:{k:O<k<n—1andwkwk+1<§}.

Put

1 1
n — 1 1 5 n — 1 1 s
g Z n< * W;Wi+1 > 8 Z n< + W;Wi41 >

€A, i€By,

on= Y E(@")? and 6,=Y E(})%

€A, i€B8Bn
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Proposition 3.5 presupposes that > - = 00, which implies

= Oww+1

Zln(l + wzwz+1> 0,

=0

and so

(3.8) lim p, + vy, = 0.

We put A, =>4 AP and B, =3, 4 67'. Then, by (3.5), we have

Now EB,, =0 since B,, is a sum of a martingale difference sequence, and, for
the same reason,

(3.10) EB; =Y E(6]")? < Capin,
€A,

by (3.6), and so, by Chebyshev

B,

3.11
(3.11) T

—0

in probability if lim, s ftn, = 00. Together, (3.9) and (3.11) give

(3.12) lim IP’(A + B, > <C >un> =1

if limy,— o0 pt, = 0.
Now let G, = ZieBn A and H,, = ZiEB" 0. Then using arguments sim-
ilar to those just given we have, using (3.7) and (3.5),

(3.13) EH? =Y E(6!)*<Csv2, and
1€EB,

Applying Lemma 3.7 to H,, + C1v,, noting EH,, =0, and using (3.13) to
bound E(H,, + Cyv1)?, gives

Civn 1
(3.15) P(Hn+Clyn2 1 )> - .
2 4G +1)

Thus, using (3.14) we obtain
(3.16) IP’(GnJan > 012””> >]P’<Clun+Hn > 012”")

1
> ——.
A0 +1)
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It follows from (3.12) and (3.16) and

0

i=n—1

that if lim,, o0 ptn, = 00 and lim,, o, 1, = 00 then (3.4) holds. To complete the
proof of (3.4), we must address the possibility that only one of these two limits
is infinity. In case lim, o0 ttr, = 00 and lim, o vn < 00, we can use (3.12),
together with (3.13) and (3.14) which give both that G, is nonnegative and
that the sequence EH?2, is bounded, to easily prove (3.4). And if lim,, oo ptn, <
oo and lim, . vy, = 00, (3.16), (3.10), and (3.9) can be used in the same way
to prove (3.4).

To complete the proof of Proposition 3.3 it suffices to prove (3.5), (3.6),
and (3.7).

Proof of (3.5). By Lemma 3.6, (3.5) is implied by

(3.17) E1n<—wif1m;”i“’“”*e"p(“”“)) >Cln (1 +

Wy

) , tZ>wigs.
W; Wi41

Now by (2.5) and (2.8), we have

1 2 w; i 2
i Ty
E sup ( ST TR ) < ]Esup( —0> < 00,

tzwi+1 W, t tZO w’i+1 Tt
and since (Inz)* <z, >0, and (Inz)~ = (In )™, we have
w -2
i+1 Wi i
E sup [In(z—+m;ﬂ witkexpw +1> ] < 00.
t>wiq1 i

Thus, the dominated convergence theorem gives

lim Eln Wi41 mluwhwr‘rexp Wi41 —Eln Wi+1 mgg;+1,wi+exp Wit )
t—o0 w; w;

Furthermore, Fatou’s lemma gives

li_m Eln (%m;viﬂ,wri-expwiﬂ) " > Eln (%mggﬂ ,W; +exp uu+1> +_
t—o0 Wy Ws
Since Inx is a concave function of x, the left-hand side of (3.17) is the expec-
tation of a concave function of a martingale thus nonincreasing.

Now if a; 4 b; is nonincreasing, and lim, , _ a+ > asc while lims_, o by = boo,
then a; + by > aoo + boo, t > 0. Thus, using Inz =Inz+ —Inz~, the inequality
and equality just above give

Eln<wi+1 mzvi+17wi+cxp(wi+1)> > Eln(wi_‘—l m£+1,wi+exp(wi+1)) . t>w;.
w; w;
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Thus, to prove (3.17) it suffices to prove

i 1w, , 1
(3.18) Eln(Emthl“xp(wl“)) > Cln(l + )
w. W;Wi4-1

%

which is equivalent to

1 1
N Eln{ gy | > Cln( 1
(3.19) n(m?.%’”’“) ¢ n( ' wz‘“’i“)’

which, by Theorem 2.3, noting that mss = ms,s, is equivalent to

1 1

where 6% = w;w; 1.
LEMMA 3.8. Let ¢ >0 and let 0 <60 and let ]f"g,g =P and I~E9,5 =F be

probability and expectation associated with VRJP on {0,1} with initial weights
w§ =¢e,w) =¢e + 0, which satisfies

~ ~ 1
P(Xg=0)=P(Xo=1)= 3
Then if 6 > é,
- (wl 1
(3.21) Eln lim | — | >Cln{ 1+ — |.
t—o0 wl 3}
Furthermore,
~ wt
(3.22) Eln lim (-Q) >0
t—oo wy
for all 6.

Proof. We use P and E to denote probability and expectation for VRJP
on the graph with vertices a,b,c and bonds (a,b) and (b,c), initial weights
wl) = wg =¢ and w? =0, and started with probability % at a and probability
1 at b. We claim (w§,w!),t >0, under P and (w, +w?,w}),t > 0, under P have
the same distribution. To see this, identify a and c. Note that whether X is at
a or ¢, it jumps to b at rate equal to the weight of b, and if X is at b it jumps

to {a,c} at rate the weight of a plus the weight of ¢. Let F' =lim;_, o 3—%, G=

b
limy o0 %, and H = limy_ =¢. Then the distribution of F + G under P is
b st _
the distribution of H under P. Also F' and G are independent under P, which
follows from the Poisson construction of VRJP given after Proposition 3.2.
Finally, this construction, and the fact that P(Xo = a) = P(X, = b), shows
that F and % have the same distribution under PP, so that In F" has a symmetric
distribution about zero under P. Also, G > 0. We claim

(3.23) IP’(G > 1) > C,

— 2¢2
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if # > 1. For, note that under P, G has the distribution of m%?. Now Emg? =
g, by (2.1) and E(mgf)? = E;L; + £, by (2.3), and so, since 0>1 we Ghave
E(m5f)? < 2(Emgf)?. Thus, by Lemma 3.7, P(mgf > 755) > P(mgf > £) >
C4. Finally, to prove (3.21), we drop the bar above the E for cosmetlc purposes
and note that if 6 > %,

(3.24) Eln(F+G) =E[In(F+G) —InF]
— EE(In(F + G) — In F| F)
— EE(In(F + G) — In F|F)I(F > 1)
+EE(In(F + G) — In FIF)I(F <1)
> EE(In(F + G) — n F|F)I(F < 1)
>E(InG + 1)I(F < 1)

:]EIH(G+1)‘%

1
> C41I1<1+ 2—2)

Z Cln(1+ —2>
3

To prove (3.22), we note G is nonnegative, and replace the last two inequalities
of (3.24) with “>0.” O

Finally, we prove (3.20) which will complete the proof of (3.5). Let X; be
VRJP on {0,1} with initial weight § at both 0 and 1 and let Xy = 0. To prove
(3.20), we need to show

L 1
(3.25) Eln hm (w—1> > Cln( 52>

Let 7 be the time of the first jump of X from 0 to 1, so that 7 is an
exponential(d) random variable. Let Z be an exponential(§) random variable
independent of the process X, t >0, and put Y =min(Z, 7). Note

1
PY=ZIY=r)=PY =7|Y=r)= 3 r>0.
Furthermore, on {Y =r}, wj =6 +r and w] = 0. Thus, conditioned on ¥ =r,

(Xt4r,t > 0) has exactly the distribution of X;,¢ > 0, under I@’m;, as defined
in the statement of Lemma 3.8. Thus, by (3.21)

t
A, :E(ln lim —¢ Yr> >Cln< 512) r> %

t—oo wl
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and by (3.22) we have A, >0 if r > 0. Now Y is exp(26) and so P(Y > §) =
e~ 2. Thus,

t
Eln(lim (“’_g)) —=EAy
t—o0 wl

1
>EAyH<Y> S)
1 1
cen(rs 2)e(r=1)
1
=Cln 1+6—2 . O

Proof of (3.6). To prove (3.6), it suffices to establish

L 1 1
(3.26) E((InR})?|Ry,i<k<n)<C ,if wiwig > =
W;Wi41 2

since E((Ino7)?|Ry,i < k <n) <E((InR})?|R,i < k <n) while log(1 4 z) >
Crif0<x<2.
To prove (3.26), it suffices by Lemma 3.6 to show
1
(3.27) E((In7%")?) < C(e) ;

—, ifab>e
a

for every random variable T' > 7, where 7 is the time of the first jump to 1. In
this case we could restrict ourselves to T' of the form: The first time wj =¢,
but we do not need to consider this restriction.

Proof of (3.27). We shorten 7% to 7, and M to 7, in the rest of Sec-
tion 3. Note that (Inz)? < (z — 1)%2 4 (£ — 1)2. Therefore,

1 2
E(n7r)? <E(fp —1)2 +]E<~— - 1> .
rr
Now, for general x,y, we have the following simple inequality,
2?2 <a? 4 (z—2y)? =22 —day + 4% = 2(x — y)® + 2°.

Here we let 77 — 1 take the role of 2 and % — 1 the role of y.
Taking expectations,

&=
I
—_
S~
~
[ V)
Jr
)
&=
A~
&~
I
—_
S~
[ V)

E(fr —1)* < 21E<(f~T —1) - (

2 2
1 1 1
:2]E(FT - m—) +2E<m—> —4]E(m—) +2.
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The first and second moments of = are given in (2.5), and a bound for
the first term is given in (2.9). Therefore,
1+ab 3 3 1
E(fp —1)* < 32 201+ =4+ -5 ) —4(1+—= ) +2
(Fr = 1)< a?b? * ( +abJrang) < Jrab> *

1 1
=34— —.
3 ab +38a2b2

Similarly, we have

]E(% —1>2 gm((% —1> — (Moo —1)>2+2]E(moo —1)2

1 2
=2FE ( - mm) + 2E(1100 )% — 4E(100 ) + 2.
rT
This time (2.6) and (2.5) give us the necessary bounds for each of the terms,
resulting in

1 2 1 1
E{——1) <2:-16—4+2(14+—)—4+2
T ab ab

1
=34—.
ab
Putting these back into our initial calculation, we can conclude that if ab > %,
E(In7p)? < 68— + SSL
=" a?b?
1
<C—.
~ ab O

Proof of (3.7). The following lemma together with Lemma 3.6 and the fact
that In(z) <In(1+ z) gives (3.7).

LEMMA 3.9. Let ab=¢ with ¢ < 3, and let s > b be given. If 0(s) is the

time the weight at 1 first reaches s, then,

E(In (7)) < c(m 5)2

Proof. We show that E(In(7s)))? < C(In1)? by showing

2
(3.28) Esup((In#)*)? < C (111 l) and

t>T

(3.29) Esup((In#)~)? <C(1n 1)2,

t>1
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where 7 is the first jump to 1. Note 6(s) > 7. To prove (3.28), we use
Proposition 2.2, which gives us

- 1 k C(l+e) C
) P —(1+= = S Sl A g >1
(3.30) (312117) Tt < s)‘ > 5) < 2 w2 k>1,

SO
E+1 C
P(supft >1+ L) <5, k=L
t>T € k
Now we use summation by parts to prove (3.28). Let Z := (sup;>, 7t)T. Let
ar, =1+ % We have

(3.31) E(InZ)? :/Oc(lnm)2dIP’(Z§x)

o0

< (Inag)? + Z(lnakH)QP(Z € [ag, art1))
k

Il
=)

M8

=(Inap)®+» (Inaps1)*(P(Z > ar) —P(Z > ag41)).

=
i
o

Summation by parts gives us, for sequences fr and gp such that lim f, g,
exists:

Z r(grer —gr) = nlij;o(fngn) — fogo — ng+1(fk+1 — fr)-
k=0 k=0

Letting f = (Inazy1)? and g, = —P(Z > a) and noticing that
2
2
lim(Inap1)2(P(Z > a,)) < lim <1n<1 + %)) (%) —0,
n
we get from (3.31),
E(InZ2)? < (Inag)? + (Inay)*P(Z > ag) + (Inaz)*P(Z > a;)

+ ZP(Z > app1) ((Inaky2)® — (Inapi1)?)
k=1

M8
P?'|Q

< 3(Inag)*+ 2(lnak+1)2

2
<ln<1+ —k+2>>
€
2
<1n k+3> (since e< 1>
€ 2

(m(k +3)+1n é) i

x>
I|
N

WK
Tl

=3(lnay)? +

b
[|
N

< 3(Inag)*+

NE
Tl

x>
[
N

=3(Inay)? +

M8
Ko

x>~
||
N
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> 2CIn(k +3)In L

C(In(
1na2 +Z nk+3)

12
k=2
= C’(ln%)2
2w
k=2

3\’ 1 1\?
:3 111 1+* +Cl+C’21n7+C’3 ln*
3 3 13
2
<C’<ln1> .
g

To prove (3.29), since

(In#I(7 < 1))° = <ln7:1t]1<7:1t N 1)>27

(3.29) follows from (3.28) and the fact that sup,~q 7 = sup;, 7+, and
1
(3.32) ]P’(sup - > )\> < P(sup T > /\) , A>0.
t>7 Tt t>0
The comments just after the proof of Theorem 2.3 imply that to prove (3.32),

we may assume a = b= /g, which we do. Since % =1,

1
pVEvE (sup - > A) —PpVEvE (sup — > )\)
t>7 Tt t>T wo
where the superscripts denote the initial weights on 0 and 1 respectively, while

wt
PVe Ve (sup >\ = x) pvertve <sup — > )\>
t>7 wo t>0 wl

Thus, (3.32) follows from

(3.33) pvE Ve (sup — > )\> > pvErtve (Sup — > A) if > 0.

t>0 wl t>0 w1

A proof of (3.33) follows by considering VRJP on the graph with vertices «,
B, and v and bonds («, 3) and (v, 3), started at 3, with initial weights /¢ at
«a and § and = at 7. Then

wt
]P’(sup — > A)
t>0 w

is the left-hand side of (3.33), while

wh
Pl sup ————> A\
<t>8wt +wkh )

is the right-hand side of (3.33). O
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4. Comparisons of Diaconis and Werner walks

Recall that two processes are said to be the same if they have the same
distributions. In this section, we prove the following theorem.

THEOREM 4.1. Let {w;,i € Z} be a set of positive numbers and let ¢ and d
be positive numbers. Define 0; = cw; if i is odd and 0; = dw; if i is even. Let
F9 and G° be Werner walks with reinforcement constant 6, started at 0, with
initial weights {w;,i € Z} and {0;,i € 7}, respectively. Then {F° § >0} =
{G?,6 > 0}.

Proof. We will prove the theorem by showing that the Werner walk cor-
responding to w;,i € Z, with reinforcement parameter § is the same as the
Werner walk corresponding to 6;,7 € Z, with reinforcement parameter cdd.

Once again the Poisson construction described after the statement of Propo-
sition 3.2 provides the simplest proof. Let Féi’iH) and I‘éi+1’i>,i €7, be a
collection of independent Poisson processes. Use these processes both to con-
struct Werner walk (described just above) started at 0, with initial weights
0; (call this walk Y'), and to construct Werner walk started at 0 with initial
weights w;, denoted X. Construct X and Y exactly as prescribed in Section 3,
with the obvious modification to cover the cases where the reinforcement pa-
rameter is not equal to 1. Now, using the notation right after the statement
of Proposition 3.2 with superscripts X and Y added,

1 1
TiX = Inin{ w_1T<00,1>’ w—_1T<007_1> }
and the direction of the first jump of X is determined by which of the two
random variables is this minimum. Also
1 1 1
le = min{ETgM), ET&)’D} = ETl)c,

and the direction of the first jump of Y is similarly determined. Thus {X; =
1} = {¥; = 1}. Furthermore, L;"" = cL;™ if j is odd, and L;" =dL;™ if
j is even. This is immediate unless j = 0, since the weights are unchanged,
while if j =0 we have

X
L(l)’Y = dwg + dc dle =d {wo + 60%} = dL(l)’X_

Now, conditioned on, say, min{w%T<071> LTo-1} = wile’l) and on the

Y w_q

value of Tig 1y, we can repeat the entire reasoning above, and in fact we can
iterate forever, inductively showing the two Werner walks are exactly the
same, not only in the sense of having the same distribution but for each point

in the probability space being the same. O
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Diaconis walks on Z and on trees are random walks in a random envi-
ronment (RWRE), by which we mean they have the distribution of a mix-
ture of nearest neighbor Markov processes where the transition probabili-
ties pi i+1,% € Z, are independent (but not necessarily identically distributed).
Werner walk is not a RWRE. Suppose however, that we start a recurrent
Werner walk X; on Z at 0. Then using the results of Section 2, we easily get
that lim;_, % exists and is positive and finite which immediately implies

t

ZJT;) :=w; is positive and finite. We call the random Markov process
with weights equal to w; the limiting Werner walk, a reasonable terminology
since, if Gy = o(Xo, X1,...,X) then if 7; is the time of the ith jump of the

associated VRJP,

limtﬂoo

Tr Wit
. . Wiiq wok
]P)(XkJrl:]""l‘Xk:]agk): T T 7k TR
Wity + Wiy Wit + Wit
w, k w, k
0 0

Thus, this limiting walk is a mixture of Markov chains, and while the transi-
tion probabilities

Wj+1 .
Pjj+1 = = — VA=Y
75 wj+1 T wjfl 9
are not independent, by the Poisson construction and the fact that
Wi
wt
i = lim —2——
Pj.j+1 t—00 w;—l + w§+1

t t
wj wj

we see that p; ;11 depends only on ]."(()771’”, FSJ’FD, I‘é]"]H), and 1"(<)J+1’j>.
Thus {p2;—1,2i,% € Z} are independent. This is of no help whatsoever in study-
ing Werner walk not known to be recurrent, in contradistinction to the Dia-
conis walk situation. However it is potentially useful if all initial weights are
1, especially since the distributions of p; ;41 are explicitly derived in [DV02].
We note in passing that when a Diaconis walk is recurrent the (independent)
Dj,j+1, which in this case govern the motion of the process from the beginning,

can be recovered as lim; #%7&’ where B/* is the weight of (i —1,%)
after the kth jump. ’ ’

Finally, we discuss some similarities and differences of Werner walk and
Diaconis walk on Z and on the binary tree, in the setting where all initial
bond weights or vertex weights equal 1. Diaconis walk on Z is a mixture
of positive recurrent Markov chains while the limiting Werner walk, with
the transition probabilities p; ;1 defined above, is also a mixture of positive
recurrent Markov chains. This follows from the fact that the limiting weights
w; described above are shown in [DV02] to decrease more or less geometrically
both as i increases from 0 and as ¢ decreases from 0, together with the fact



892 B. DAVIS AND N. DEAN

that an unreinforced Markov process on Z described by positive vertex weights
w;, © € Z, is positive recurrent if and only if

o0
g W;W; 1 < Q0.

The proof is easy, and we omit it.

On the binary tree (or more generally any b-ary tree, b > 2), both Werner
walk and Diaconis walk are transient for small § and recurrent for large
([DV04] and [Pem88]). But Pemantle’s Diaconis walk result is much stronger:
an explicit cutoff is provided. Davis and Volkov could not even prove that
there are not 0 < d; < do < d3 such that d;-Werner walk and d3-Werner walk
are recurrent and do-Werner walk is transient. Furthermore, below Pemantle’s
cutoff Diaconis walk is a mixture of positive recurrent Markov processes. It
is probably true that for large enough ¢ the limiting Werner walk is also
such a mixture. Also, on the b-ary tree, if ¢ is small enough (depending
on b), Collevecchio has shown in [Col06a], [Col09] that both Diaconis walk
and Werner walk approach oo at a limiting constant speed. In addition,
Collevecchio shows that a central limit theorem holds for both processes for
small enough §. We remark that in [Col06b] Collevecchio employed techniques
used in [Col06a] and [Col09] to very good effect in the study of (ordinary)
random walk on Galton-Watson trees.

REMARK. After this paper was submitted, the preprint Continuous time
vertex reinforced jump processes on Galton—Watson Trees by Anne-Laure Bas-
devant and Arvind Singh came to our attention. One of the results of their
paper gives for VRJP the analog of the Pemantle result for Diaconis walk on
trees which was mentioned just above in the last paragraph of this paper, by
finding an explicit cutoff for recurrence/transience.
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