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SPECTRAL MULTIPLIERS FOR SCHRODINGER
OPERATORS

SHIJUN ZHENG

ABSTRACT. We prove a sharp Hérmander multiplier theorem for
Schrédinger operators H = —A+V on R™. The result is obtained
under certain condition on a weighted L estimate, coupled with
a weighted L? estimate for H, which is a weaker condition than
that for nonnegative operators via the heat kernel approach. Our
approach is elaborated in one dimension with potential V' belong-
ing to certain critical weighted L' class. Namely, we assume that
J (1 + |z))|V(z)|dz is finite and H has no resonance at zero. In
the resonance case, we assume [(1+ |z|*)|V(z)|dz is finite.

1. Introduction

Let H=—A+V be a Schrodinger operator on R", where A = Z?zl %22
and V is real-valued. In this paper, we are concerned with proving a spectr:il
multiplier theorem on LP spaces for H and we then consider potentials in
some critical class L} in one dimension, where V may not be positive. As is
well known, spectral multiplier theorem plays a significant role in harmonic
analysis and PDEs [1, 2, 4, 5, 8, 10, 15, 16, 20, 25, 28].

For a Borel measurable function ¢ : R — C we define ¢(H) = [ ¢(\) dE)
by functional calculus, where H = [ AdE) is the spectral resolution of the
selfadjoint operator H acting in L*(R™). The spectral multiplier problem
is to find sufficient condition on a bounded function g on R (with minimal
smoothness) so that p(H) is bounded on LP(R™), 1 < p < 0.

In the Fourier case, i.e., V = 0, Hérmander [21] essentially proved (for radial
multipliers) the multiplier theorem on LP(R™), under the condition that the
scaling-invariant local Sobolev norm on y is finite for s >n/2,

(1) ellws ... = sup ()Xl ) < o0
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622 S. ZHENG

Here x € Cg°(R\ {0}) is a fixed C*°-smooth function with compact support
away from zero and W3 denotes the usual Sobolev space endowed with the
norm || f||w; = [[(L — A)*/2f|l>. The proof in [21] mainly requires that the
kernel K, (x,y) of u(—A) satisfy

(2) / Ku(z,y) — Ko(2,9) dz < C
|lz—7|>2|y—7|

for all y, § (for the weak (1,1) estimate). However, the regularity condition
in (2) is invalid for H when V #0.

For V >0, Hebisch [20] proved a multiplier theorem with s > %! based on
heat kernel estimates. His approach was essentially to control the low energy
part of u(H) by a pointwise decay of the kernel, see (5). This heat kernel
approach has been recently developed in proving sharp multiplier theorems
(with s > n/2) in various settings for positive elliptic operators on manifolds or
metric spaces [1, 7, 14], see [15] for a comprehensive survey and the references
therein.

The question remains open for general V' where the heat kernel estimates
may not hold. In this paper, we formulate a Hormander type spectral mul-
tiplier theorem (Theorem 1.2) for general H on R™. We show that The-
orem 1.2 is true if the two weighted estimates in Assumption 1.1, namely
a weighted L? estimate (in high energy) and an integral form of pointwise
decay estimate (in low energy), are satisfied for H. In Sections 3-5, we elab-
orate the approach in one dimension by considering potentials in the class
L= {f: [(1+[a)|f (@) do < oo}, 7 =1,2.

For a (continuous) function ¢, let ¢(H)(x,y) denote the kernel of ¢(H),
z,y € R™ and let A; =279/2 j€7Z. By ¢ € X(Q), where QCR and X is a
function space on R, we mean that ¢ € X and has support in 2. Throughout
this paper, ¢ or C' will denote an absolute constant and g the characteristic
function on the set €.

ASSUMPTION 1.1. Assume that H satisfies the following two estimates.

(a) (Weighted L? estimate) There exists some s >n/2 so that for all j and
o€ W3([5,1]V[-1,-3)),

3) supl[l2 = 410 T @) 5 < AT lllws-

(b) (Weighted L> estimate) There exist a finite measure d¢ and 0 <e <1
so that for all x,y, j and ¢ € W3<([-1,1]),

@ M < [ A ey~ d ),

where ¢ = c([|||yyp+e)-
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The assumption is intrinsic in the sense that it only depends on H and
does not depend on the multiplier u. Note that when V > 0, Hebisch [20]
essentially used in the proof the following pointwise decay

(5) [OOFH) (2,y)] < A" (L4 A7 o —yl) "%,

which is implied by the upper Gaussian bound for e *#(x,y). Assump-

tion 1.1(b) is a much weaker condition than (5). When V is negative, the
decay in (5) does not hold, not even for V' being a Schwartz function, cf. [24,
37].

THEOREM 1.2. Suppose H satisfies Assumption 1.1 for some s >n/2. If
lullws .. < oo, then u(H) is bounded on LP(R"), 1 <p < oo, and has weak
type (1,1). Moreover,

(6) () L2 —weak-2r < cllpllwsg .-

That the critical exponent % is sharp is well-known in the literature [6, 15,
29]. Note that the condition in (1) implies p € L by Sobolev embedding

(7) [l4lloo < ellpllw

sloc

whenever s >1/2. Also, note that one has an equivalent norm for || - [lw; ,
if in (1) x is replaced with any other ¢ in C§°(R\ {0}).

REMARK 1.3. From the proof given in Section 2, we easily observe that
Theorem 1.2 actually holds for any self-adjoint operator L in place of H that
satisfies Assumption 1.1(a) and

(b") There exist d¢x, € M, k € Z, M the set of finite measures, with 0 <
e<1land ), ||Ckllar < o0, so that for all z,y,j

(8) OO (@) < e STAT (L4 AT ) dGu (e £ ),
k,+

where ® € C*([—1,1]) is given as in (10), f*d{(z) = [ f(z — u)d{(u) is the
usual convolution.

Applying Theorem 1.2 to the one dimensional Hy := —d?/dz? +V, we
obtain the following theorem.

THEOREM 1.4. Suppose V is in L}(R) and assume that there is no res-
onance at zero. If for some s > 1/2, |lullw; . is finite, then the conclu-

sions of Theorem 1.2 hold. Furthermore, the conclusions also hold true for all
V e Li(R).

A typical example for p is p1(€) =|€|™, v € R. Hence, Hé;’ is bounded on
LP, 1< p< oo, and maps L' to weak-L'.
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Let {®,¢,} € C°(R) be a dyadic system satisfying supp® C {x : || <1},
suppyp C {z: § <|z| <1} and

(9) D wila)=1 Va0,
j=—00
(10) O(x)+ Y _pilx)=1 Va,
j=1
where ¢;(z) = ¢(277z), and note that ®(z) =1 on [—1,1].

Using the dyadic system above, we will make the high and low energy
cutoffs of u(H) in the proof of Theorem 1.2. As in [12, 22, 35], we can also
define By¢(H) and F3?(H), the Besov spaces and Triebel-Lizorkin spaces
associated with H. We can show that the sharp spectral multiplier theorem
also hold on these spaces, see the statement in Theorem 2.3.

1.1. Weighted estimates for the kernel of ¢(277Hy ). Let V € L1(R)
and assume 0 is not a resonance or let V € Li(R) in general. From [13] or
Section 3, Hy has resonance at 0 means that the Wronskian vanishes at 0,
that is, v := W (0) =0. From Theorem 1.2 and the remark that follows, we
know that the main technical difficulty in proving Theorem 1.4 is to verify
the two weighted estimates in Assumption 1.1(a), (b’).

The proofs of (3) and (8) for Hy require some new and refined formulas
and asymptotic estimates for mq (z, k), the modified Jost functions, and t(k),
r4(k), the associated transmission and reflection coefficients. The main tools
are Volterra integral equations for m4 (x, k) as well as its Fourier transforms.
These are motivated by and developed from the treatment in [13].

For the L estimates in (8) for the low energy, we use Wiener’s lemma
in order to prove the existence of finite measures d(x, which are actually
L' functions up to a delta measure, see [19] for a similar treatment when
considering the dispersive estimates for Hy, .

For the L? estimates in (3) for the high energy, we prove (3) for 1/2 < s < 1
by interpolating between the cases s =0 and s =1, which can be viewed as
Plancherel formula for D?¢; with respect to the Fourier transform associated
to Hv.

The remaining of the paper is organized as follows. In Section 2, we prove
the weak (1, 1) estimate for general H under the hypothesis in Assumption 1.1.
Sections 3-5 are devoted to the proof of Theorem 1.4, which is quite long
verification of the estimates in (3) and (8) in one dimension. In certain cases,
it involves delicate and subtle technicalities.

2. Proof of weak-(1,1) boundedness

In this section, we mainly give the proof of Theorem 1.2. Since pu € L,
w(H) is bounded on L2. Hence by interpolation and duality it is sufficient
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to show that p(H) has weak type (1,1), which will follow from Lemma 2.1,
Lemma 2.2 and Calderén—Zygmund decomposition. The proof is a modifica-
tion of the arguments in [20] and [14]. Let {®,¢;} be as in (9), (10). Write

pj = i, ®j(x)=®(277z), j €Z.

LEMMA 2.1. Let H satisfy Assumption 1.1(a) with s >n/2. Let y €1,
I CR" a cube with length t = ((I) =2"91/2, j; € Z. Then

(a) For all j > jy,
/ o0 =0 ) Uy e < @0 -
r—y|>2t

(b)

o0

/ >at Z |(Nj(1*¢j;))(H)($,y)|dz§c||u||W2.s’sloc.

oo

Proof. Inequality (a) is consequence of Assumption 1.1(a) and Schwarz
inequality. Let fi; = p;(1 — ®;,). We have for s >n/2, j > j,

[ e

—[ el () ) de
|z—y|>2t
< 0 (220"

,sloc

(b) is an easy consequence of (a). Note that since supp¢; C {2972 <[] <
27} and supp(l — ®;,) C {|¢| > 29771}, it follows that ;(£) =0 if j <j; — 1.
]

LEMMA 2.2. Let H satisfy Assumption 1.1(b) with some finite measure d¢
and € € (0,1]. Let y €I, I a cube with length t = 0(I) =2771/2 j; € 7 and
volume |I|. Then for all x and all y € 1

|<I>jI(H)(a:,y)|§c|I|_1/ / 2Im/2(1 4 901/2|3 — 5 u|) "¢ dzd((u).
weER" Jzel

Proof. Since ® € C>~([-1,1]) ¢ Wy ™([-1,1]), according to (4),
O, (H)(z,y) is dominated by

e [ N e =y - ) d(w)

< C\I\_l/ / 291m/2(1 4 29123 — z — )" dz d((u),
nJzel
VreR", yel,
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where \; =2771/2 and we observed that for all z and ¢ = £(1)
sup(1+ [z —y|/t)™""° < cmin(l + |z —y[/£)7""°
yel yel

< i/(1+|x_z|/t)*n*€dz.
] Jr
O

2.1. Proof of the weak-(1,1). Let f € L' N L2. For any given o > 0, apply
the C-Z decomposition to obtain that f = g+ b for some g € L' N L?, and
be L' with b= > bi, where supp by, C I, Ij, being disjoint cubes in R™ with
lengths £(I;,) equal to integer powers of /2 and:

(i) |g(z)| <ca ae. z,

mnm*[ummsm,

k
(i) 34 [kl < ca™ £
We will prove that there exists a constant C such that V.f € L N L2,

(1) {z: [u(H) f(@)] >} < Ca Y[ fll(lullws ., + l6lZ +1).

2,sloc

Since p € L>°, Chebeshev inequality gives
{o:[u(H)g(x)| > a/2}| < (/2)72||u(H)g]3
< cllpllZea If 1l
The main task is to deal with the “bad” function b. Let ® be as in (10),
®;(z) =®(277x). Write

pH)b(x) =Y p(H)(1 = @ (H))bi(2) + Y p(H)®j, (H)by (),
k k

where 277% = ((I})?. Denote by I} the cube having length 5\/n times the
length of I, with the same center as I;;. We need to show

Hm € R”\Lkﬁ;; | u(H)b(z)| > a/Q}

< HxER”\UIZ : Z‘,u(H)(l —®;, (H))bg(z)] >a/4}’
k 3
+erR”\LkJI;;:
<cllullws

S P

(a) High energy cut-off. If x ¢ U, I}, then Iy C {y: |y — x| > 2y/nty},
tp = 279%/2 We have

mmu—%mmezf (1(1 = ©5,)) (H) ()i (9) dy.

ly—x|>2ty

> n(H)®,, (H)bi(z)
k

>oz/4}‘
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Applying Lemma 2.1(b) for s > n/2, we obtain

ngéU[,j:

<c(a/4)” /RH\UI;
ca—1/2|bk(y)|dy/l_ w0 e) ey
a £,

(1= @;,)) (H)bi ()

>a/4H

dx

D (1 —@5,)) (H)by(x)
k

< cf|pllw

2, slo(‘

where we note that

/| |>2t ’(N(l_q)jk))(H)(xay)‘dx

</ Z| M] jk H)(x?y)|d‘rSC”/‘L”W;,sloc'

T—y|>2t J

(b) Low energy cut-off. Since u(H) is bounded on L?, the proof is complete
if we can show

2
dz < cal| f]|1.

(12)

Jk k

To show this, let p; = 29"/2(1 4 27/2| . |)™"=¢.  According to Lemma 2.2,
Vh e L?,

(o)

v [ ) dy|
st1/|bk<y>|dy/|h(z>|dx/m/umzzu)dau)dz
<o | Sl o [ (Mieh) (s + ) dC(0)

ZXIk
k

1/2
SCO‘(ZWI) hll2 < ca™2| FI| s,

k

| Mpgph * dC||2 (dfz d¢(—-) a finite measure)
2

< ca
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which proves (12) by duality. We have used the fact that if p; =t "p(z/t) is
any approximation to the identity so that p € L'(R") is positive and decreas-
ing, then

sup |pg * f(z)| < Mpzf (=),
>0

where My, denotes the Hardy—Littlewood maximal function on R™.

Therefore, (11) is established. In view of (7), the weak-(1,1) bound in (6)
follows via the same argument above if, for given a > 0, instead of decompos-
ing f at height o, one decomposes f at height o/ max(||ullw; ., [|#lle), see
for example, [9] for details.

2.2. Besov and Triebel-Lizorkin spaces. For a general selfadjoint op-
erator acting on L?(R™), one can define the associated Besov and Triebel—
Lizorkin spaces [17, 22, 25]. Let H=—A 4V on R™. Under the same condi-
tions for H and p as in Theorem 1.2, we can show that u(H) is bounded on
these generalized spaces (cf. Theorem 2.3, where W3 is replaced with an ab-
stract space). Like in the Fourier case [3, 32], the spectral multiplier theorems
on them are closely related to some of the main results in Littlewood—Paley
theory for H (interpolation, embedding and identification) [12, 18, 22, 24, 36].

Let a € Rand 1 < p,q < oo. The homogeneous Besov space associated with
H, denoted by Bg"q(H ), is defined to be the completion of the Schwartz class

S(R™), where the norm || - ||Bg,q(H) is given by
00 1/q
(13) 1 oy = ( S anmfng) .
j=—o00

Similarly, the homogeneous Triebel-Lizorkin space F;‘*q(H ) is defined by

the norm
[e'e) l/q
( > 2j‘”qls%'(lLI)J‘lq>

j=—o0

”fHF;’q(H) =

P

For s € R let X° C S8’(R) be a Banach space endowed with a norm || - || x=,
where S’(R) is the space of tempered distributions on R. Further assume that
{X*}scr satisfies the following properties.

(a) C3°(R) C X*, Vs,

(b) X2 c L=®(R) N C(R), Ve >0,

(e) ||luv|xs <ellullxs|lvlxs, Vu,v € X3, s >n/2.
Examples of X* include W (R), p € (1,00), and B;“(R), p,q € (1,00), the
classical Sobolev and Besov spaces, see [3, Section 6.8] or [32].

THEOREM 2.3. Suppose H =—A+V verifies Assumption 1.1(a), (b) with
X3, X"F¢ replacing W§, W™T¢ respectively. Let pu satisfy for some s >n/2

1l x5 = sup || u(t-) x| x5 < oo,
t>0
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where x is a fized function in C§°(R\ {0}). Then u(H) extends to a bounded
operator on Byd(H) for 1 <p<oo, 1<q<oo, a €R and F;»I(H) for 1<
p<oo, 1<g<oo, aeR.

Note that Theorem 1.2 holds under the same hypothesis in Theorem 2.3
with the same proof given in this section. The statement for By?(H) follows
immediately from (13). To show the statement for F;"?(H ), we need to prove,
as a key step, that the operator T}, := {u;(H)} maps L*(¢9) continuously to
weak-L!(¢9), where p; = up; and T, is given by {f;} — {p;(H)f;}. This can
be achieved by a vector-valued version of the proof in Section 2.1. The details
are presented in [26].

Under additional smoothness condition on V', one can identify F;*9(H) =
F2*9(R™), which allows us to obtain the boundedness of pu(H) on F? and
By spaces on R according to Theorem 2.3, cf. [25, 32].

REMARK 2.4. We would like to mention that the boundedness of u(H) on
L?, 1 < p< oo, can also be obtained from wave operator method [11, 33, 34].
However our results give the endpoint estimate L' — weak-L!' and also the
boundedness for F? spaces (including Sobolev space), which consequently
lead to interpolation and embedding results. The reason is that wave oper-
ator method can transfer the integrability but somehow lose the pointwise
information.

3. Weighted L*° estimates: High energy

Let V € L'(R). Then Hy has the form domain Wi (R), whose abso-
lute continuous spectrum o,.(Hy) = [0,00) and singular continuous spec-
trum is empty. The pure point spectrum op,(Hy ) is finite provided that
J(1+|z])|V]dz < co. Let Hpp, and H, denote the projections of Hy onto
the pure point and absolute continuous subspaces of L?(R), respectively.
From [30, Section C.3], we know that the eigenfunctions have exponential
decay Se~cl*l ¢ > 0.1 Tt follows that ||u(Hpp) || < ¢l fllp, 1 <p < oo. Hence,
in view of the remark following Theorem 1.2, it suffices to verify (3) and (8)
for H,. in place of H. As we will show, (8) is a result of Lemma 3.5 and
Lemma 4.3, and (3) is a result of interpolation between Lemmas 5.1 and 5.2.

3.1. Kernel formula. Let Ry (z) = (Hy — z)~! be the resolvent of Hy,
z€C\ [0,00). For ¢ € C(R), ¢(H) has the resolvent expression [27, Sec-
tion XIIL.6]

(14) ¢(Ha /¢ v(A+i0) fdX
2m/ SOV [Ry (A+i0) — Ry (A — i0)] f d\.

L4 < B stands for the usual notion A < ¢B for some absolute constant c.
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Let W(A) be the Wronskian of f, f_, then for A #0

fe(@ENf (y,£N)

Ry (A2 £i0)(z,y) = N )
LN led) -y oy,

x>,

where fi(z,z) are the Jost functions that solve for Sz >0

(15) —fl(x,2) + V() fo(m,2) = 22 fi (2, 2)
and satisfy the asymptotics

:i:v,zac T — iOO,

xV z T 4
fﬂ:( ) - { t(lz) izzw + }(())e:Flz:E x — Fo0,
t(z),7+(2z) being the transmission and reflection coefficients respectively, see
13, 19].

Let my(w,2) = eT#* f,(x,2) be the modified Jost functions. We obtain,
from formula (14) of the spectral measure of H,., that

(16 o) = 5= [ 60Hm (e - )
where t(\) = —2i\/W()), see e.g. [19, 25].2

3.2. Fourier transforms of my (x,k). The following lemma for m4, ¢, r4
are basically recorded from [13], see also [25]. Let Bi(x,y) be the pair of
functions satisfying the Marchenko equations in (28), (29).

LEMMA 3.1. Let V € Li. Then
mie k) =14 [ Bty
m_(z,k) —1—|—/ B_(x,y)e 2 dy,
1)~ _1——/ V()mes (b, ) dt
-2 L [Ty >dt/0 B (t,)(e — 1) dy

— 00

1 [~
re(k)t(k) ™t = o eFERY (Dm=(t, k) dt,

2 Since the kernel formula coincides with the one using Lippmann—Schwinger scattering
eigenfunctions, (16) is valid for both >y and = < y.
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o0
where Vg = an
h > V(t)dt and

(17) vi= W(O):/oo V(t)m+(t,0)dt:/oo V(t)dt(1+/oooB+(t,y)dy>,

— 00 — 0o

see [13, Remark 9, p. 152].

Let f(k) = [ f(z)e”** dz and gV (z) = [ g(k)e’* dk. The following lemma
gives estlmates on the Fourier transforms of mi, which is an easy consequence
of Lemmas 3.1 and 4.6(c).

LEMMA 3.2. Let V € L. Let x>0,y <0. Then there exists a constant
c=c(||V|lz1) independent of x,y such that Vu
|m+ (Iv :I:)V(u)| <27+ CX{j:u<O}p+(:Fu/2) € R+5 + Ll(R$)7
Im_(y,£)" (u)| <276 + cX{Lucorp” (£u/2) ERL 6+ L' (Ry),
where § is the Dirac measure at zero, p*(u) = [F|V(t)|dt, p~(u) =
Y V()] dt, Ry = (0,00) and R_ = (—00,0).

The next lemma provides series expansions for ¢(k), r+(k) in the high
energy, whose proofs will be postponed till the end of this section.

LEMMA 3.3. Let V € L}, then there are ar(R), b€ L'(R_) such that for
k| > ko :=ko([[V][L1) > 1

k) =1+ (2ik) ™" (vo + b(k))",

n=1
Ti(k) — (_V0+dj: Z 22]€ V0+B(k))n_17

where vy = [V (t)dt and ko is a fived constant depending on ||V|| 1 and [la |1,
16l < e(IVIIzy)-

We will also need the relations between m and m_ [13, Ch. 2, p. 144].
LEMMA 3.4. Let V € Li.

t(kym_(z, k) = e**r (K)my (z, k) + my (z, —k),

t(Eymy (z,k) = e 2% r_(KYm_(x, k) + m_(z, —k).

3.3. High energy cutoff for ®;(H,:)(x,y). We are ready to prove (8) for
the high energy.

LEMMA 3.5. Let V € L} and ® € C*°([-1,1]) as in (10). Then there ex-
ists a finite measure dlpign in R10+ L' such that for all x,y and j > jo :=
JoUIVIizy),

(18) |((1 - @jo)@j)(Hac)(x,y)| < Z(Po + pj) * dChign(£x £ y),
+



632 S. ZHENG
where jo is a fized number depending on ||[V||L1 only, 0 < po(w) < cn (1 +
2))N, 0 < pj () < en29/2(1 +2072|z)) =N, YN.

Proof. In the following we always assume x > y. The estimates for z <y
follow by symmetry. We divide the discussions into three cases. (a) x >0,y <
0, (b) x>0,y >0, and (c) z <0,y <0.

Let (k) = (1 — W, (k)¥,(k), V;(k) = ®;(k?). Let jo:= max(2 +
[21og, ko, 21logs ||da||ar), do = |vold + |b|, where ko,b are the same as in
Lemma 3.3.

Case (a). x>0, y<0. According to (16) and Lemma 3.3, we have for

J > Jjo,
27 ((1— ®5,)®;) (Hac) (2, )

= 2(1/21)” /1/33 (k)k™" (1/0 + Z)(k))nm+ (x,k)m_(y, k)ei(mfy)k dk

By Lemma 3.2, if z >0, y <0,
ma(2,-)" *m_(y,) (u)] <do:=cd + p1 €R1.6 + L' (R-).
Ifn=0,

|IO(1'7 y)

‘:4_7]1-'2 \/qzj;/(xfyfu)an(xv')v*m*(ya')v(u)du

< [16}( -y - wldau),
where since ¥ € C§°, we have
95 ()] < 20/2(1 4+ 20/2a]) = o 23/2(1 4 23/~
by writing

(19) by () =5 (n) = V3, ()
= 29/2QV(29/2y)) — 230/2yV (290/2p)),

For n =1, observe that

20) @j(k)k1)V(§):%(/j@(u)du_/:%(u)du>

oo 3
1/5 iy(u)du:i[mﬁy(u)du,
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where fwv ) du = 2mip;(0) = 0. It is easy to see from (20) and (19) that for
each N ¢ N there exists a constant ¢y > 0 such that for all j > jo,

| Tl dn < en(1+ €)Y Ve
Thus,
)l = | [ 530987 (o + 80 G 3Ry
< [ 1551 (@ =y = w0l + o) diofa)
ch/<1+|x—y—u|>-Nd<1<u>,

Where dCl = (|I/0|5 + ‘b|) * dCO iS in R+5 + Ll(R_)
If n > 2, we have by integration by parts: for j > jo, N > 1,

’(1 +&M) /z/?j(k-)k—"eikf dk

/ e (14 N O [ (k) k™) dk
200—1)/2<|k|<24/2
Scijanle(jofl)n/Q vé-

Hence, with do = |vg|d + |b(u)],

> ()]
n=2

n

e .
< CNZnN_12_3°”/22_"/2/(1 +lz—y—u))Ndox - xdo*do(u)

n=2
ch/<1+|x—y—u|>-Nd§<u>,

where by our choice jo > 2log, ||do||ar — 1 so that

n

- b . —N—
d¢ := Z N —19=00n/29=1/2 15 s . x do * do(u)
n=2

is a finite measure in R;§ + L'. Combining the the above estimates for
I,(z,y), n=0,1 and > 2, we thus establish (18) in Case (a).
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Case (b). x>y >0. By (16) and Lemma 3.4
2 ((1 = @) @;) (Hac) (2, y)

- / DY (@ 4y — ) (e (Y (2, Yma (5, )Y () du

+/JJJV(Q”*?J*U)(m+(1”7')7714—(2177‘))v(u) du.
Similar to Case (a), using Lemma 3.2 and the formula for ry(k) in

Lemma 3.3 we obtain that there exists some finite measure d(, € R, 6+ L' so
that for all x >0,y >0 and j > jo,

| ((1 - (I)jo)q)j) (Hac)(xa y)‘

§/|LE;-/($7yfu)|dC2(u)+cNZ/(1+|x:i:y—u\)*NdC2(u).
+

Case c¢. 0>z >y. Similar to Case (b), we obtain that there exists some
finite measure d(3 € R;.6 + L' so that for all 0 >z >y and j > jo,

|((1_(bj0)¢)j)(Hac)(x;y)|
SCN/(1+\I+y+u|) N d¢s(u) /W) x—y—u)|ds(u). O

3.4. Proof of Lemma 3.3. By Lemma 3.1, if [k| > ko = ko(||V|| 1) large
enough, we have a geometric series expansion

o) —1
— _ - B 2iky
t(k) ( M dt/o +(ty)e dy>

= ;(Qik)_” (1/0 + / V(t)dt /0 h By (t,y)e*™ dy) n

= " (2ik) ™" (vo + b(k))",

n=0

where b(k) = B(—2k) and B(y = [ V(t)X(0,00)(y) B+ (t,y)dt, which is in
LY(R,) by Lemma 4.6(a).
Let
(21) ag (k)= (L+re(k)tk)~,
then there exist at € L!'(R) such that
[Z0) 1
(22) ar(k)=1— —+ —as+(k) Vk#O0.

2ik k



SPECTRAL MULTIPLIERS FOR SCHRODINGER OPERATORS 635

Indeed, similar to the way we deal with ¢(k), write

(k) =14 — [ (2% Z 1)V (tym_ (¢, k) dt

2ik
1 .
=1 = —2ikt 1
T W (t) dt
1 , 0 ,
+ L e - v ar / B_(t,y)e=2% dy
2ik o

1Z0) 1 -
= 1 _— _
2ik * 2ikv(2k)

TE [(X(_oo,oo><y> / VOB (ty—1) dt)A@k)

- (X(oo,O)(y)/V(t)B—(tvy) dt)A(%)]-

It is easy to see from Lemma 4.6(a) that the last two functions of y in the
parentheses are in L' if V € L}. Thus, (22) holds for a (k) with some a,. € L,
and so

ri(k) = ay (k)t(k) —1

= (—vo+ a4 (k) Y _(2ik) " (vo + (k)"
n=1
Similarly, we obtain the formulas for a_ (k) and r_(k).

4. Weighted L>° estimates: Low energy

In this section, we prove (8) for ®;(Hac)(x,y) for j < jo, where jg is taken to
be the same number as in Lemma 3.5. Recall that ¥; (k) = ®;(k?) = ®(277k?).
The following lemma gives Fourier transform formulas of ¢,r4 for the low
energy.

LEMMA 4.1. (a) Let V € L1 and v #0. Then there exist fi1,q1,+ € L' such
that for all j < jo,
(W (k)t(k))" (u) = ¥ * fi(u),
(0 (k)r (k)" (u) = T} * (g1,+ — 0)(u),
equivalently,
U (k)t(k) = 05 (k) f1 (k)
U;(k)re (k) = W;(k) (91,2 (k) — 1).
(b) Let V € L} and v=0. Then there exist f,g+ in L' such that
t(k) =1+ f(k),
r+(k) = gx (k).
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We postponed the proof till Sections 4.2 and 4.3. Combining Lemma 4.1
and Lemma 3.2, we readily obtain the following lemma.

LEMMA 4.2. (a) Let V € L} and v#0. Then there exist positive functions
hi, he and hs in L' independent of x,y such that:

(i) V2 >0,y <0,
(W5 (k)Y xmep ()Y xme (y, )Y ()] S [P | (0 + ha)(w),

(ii) Vz >0,y >0,
(W (k) )Y omay () 5 ma(y, )Y (w)] S W5 ] (8 + ha) (u),

(iii) Vz <0,y <0,
(W (k)r—) xm (@, )Y xm—(y, )" (u)| S [T | (0 + ha)(u).

(b) Let V € L} and v =0. Then there exist positive functions fi, fo and
fa in L', independent of x,y, such that:

(i) V2>0,y <0,
£ s (2, )Yk m (5, (W) S8+ fi(w),

(i) Yz >0,y >0,
Py xeme (2,0)Y xma (y, )Y (W) S0+ fa(u),

(iii) Vz <0,y <0,
IrY s m_(x, )Y xm_(y, )Y (u)] 5+ f3(u).

Thus, the estimate in (8) for the low energy cutoff follows from Lemma 4.2
by proceeding the way similar to (but much simpler than) the high energy
case in Section 3.3.

LEMMA 4.3. Let V € L1 and Hy has no resonance at zero or V € L. Then
there exist a finite measure d(jo, € RS+ LY such that for all j < jo

(o) ()] <3 / WY (4 — )| dions (1),
+

The detail of the proof is straightforward and hence omitted.

4.1. Fourier transforms of ¢(k), r4 (k). Lemma 4.1 tells that in the cases
of Ve L}, v#0and V € L}, low energy cut-offs of t(k),r+ (k) are the Fourier
transforms of L! functions up to ¢§. We will show that this is true by Wiener’s
lemma [23, Lemma 6.3].

LEMMA 4.4 (Wiener). Let f,h € L*(R). Suppose supp f is compact and h
is nonzero on supp f. Then there exists some g € L*(R) such that f = hg or

f/h=2g.
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The following variant of Wiener’s lemma can be found in, for example, [31,
Ch. V, S3].

LEMMA 4.5. Let g € LY(R) such that §(z) + 1 is nonzero for all z. Then
there ezists a function f € L*(R) such that
f) 1=
x = .
g(x) +1

Recall from [13, Theorem 1] that (i) if v =0, then t(k) # 0, Vk. (ii) if v # 0,
then t(0) =0 but t(k) #0, Vk #0 (cf. also Lemma 4.8).
Since W (k) = —2ik/t(k), by Lemma 3.1

(23) (k)z—?zk(l———/v dt/ B (ty) leyk 1dy>

22ky
(24) = —2ikz(1 -0 —/ dt/ B.(t,y)— dy)

4.2. Proof of Lemma 4.1(a). In this case v =W (0) # 0, hence W (k) # 0,
Vk. Write

—2ikW;, (k)
X(k)W (k)

where we take x € C§° with x(z) =1 on supp ¥;,. From (24), we have

(25) W, (R)i(k) =

W(k) = -2k + v+ <X(0,oo)(') / V(t)B+(t, ) dt) (2k),

where we note that in terms of Lemma 4.6(a), the function y+— x(0,00)(y) X
JV(#)B4(t,y)dt is in L' provided V € L}. Thus, we find that xW, which
is nonzero on the support of ¥, , is the Fourier transform of an L' function.
According to Wiener’s lemma (Lemma 4.4),

(26) Wy, (k) (k) = fu(k)
for some f; € L'. Hence, for j < jo
(5 (R)H(R))¥ = W (W5,t(K)" = W) fu,

where note that ®;, (k) =1 on support of ®,(k).
Let ax (k)= (1+7+(k))t(k)~!, then

U (k)re (k) = (k)ax(k)t(k) — U (k).

It is sufficient to deal with the first term. By (22), there exist a4 € L' such
that

9ikery (k) = 2ik — vy + au (k).
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Thus, ¥}, (k)(—2ik)ax (k) = go,+ (k) for some go + € L*. We have for j < jo,

(05 (0008 =+ (43,0250 ) (03 (1) 20y ()"

=W * <\I‘;j/“((kk)))v*go,i

V
=W xg1+, g1,+=cfo*gox,

where in view of (25), the same way as showing (26) we see that \I{/{,‘J(Sck)) = fo

for some fo € L'. This proves that for j < jg
W (k)re (k) =W (k) (g1,+(k) — 1).

4.3. Proof of Lemma 4.1(b). First, we observe the following formula when
v =0,

27) tk)rP-1= —/ dt/ (/ B, (t,y) dy) 2ikE q¢
~(vor(® vwméémww@Y@m

Indeed, since v =0, we have by (23)

21ky 1
k)—1:1—/ dt/ B, (t,y)—— i dy.

2iky _q

Then (27) follows by using <=t = [/ €**¢ d¢ and Fubini theorem.

Since V € L}, Lemma 4.6(b) implies that the function given by &
X(0,00) (&) [V (t)dt fgoo B (t,y)dy belongs to L'. Hence, t(k)™' — 1= go(k)
for some go € L*.

Now by Lemma 4.5 there exists h € L' (evidently 1+ go(k) =t(k)~! #0,
VEk) so that

1
1+ go(k)
A similar argument shows that there exists some wy € L' so that a. (k) =
(1 +ri(k))t(k)* =1+4+w4 (k) by applying Lemma 4.6. Therefore, 74 = ayt —
1=01 4 h+&h are in (LY.

t(k) = =1+ h(k).

4.4. Marchenko equation. From Lemma 3.1, we know that for each =,
B (z,y) are the Fourier transforms of my (xz,+k) — 1. They are real-valued,
supported in Ry and belong to L?(R.) [13, 33]. Moreover, By (x,y) satisfy
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the Marchenko equations

oo y oo
28)  Bi(wy) = | vEydi+ / dz / V()By(t, ) dt,
T4y 0 t=z+y—=z

xT

(29)  B_(z,y) = / )i+ / D /_ Bt d.

—0oQ

The following lemma is mainly on certain weighted L' inequalities for By,
which contributes to several kernel estimates as we have seen.

LEMMA 4.6. (a) If V € Ly, then there exists ¢ = c(||V||11) so that for all
zeR

(o)
(30) / |B+(z,y)|dy < ¢(1 + max(0,Fz)).
(b) If V € L, then there exists c = c([V[lzy) so that for all x € R
o
2
(1) | 1oliBa(o) dy < (1 + max(0, 7))

(c) Let V € L}, then for all z,y € R
(32) [Be(r.y) <&@ p* (e +y),
where v (x) = [t — )|V (@) dt, v~ (x) = [T (x — )|V (t)|dt, p* are as in
Lemma 3.2.

Estimate (c) is known, see, for example, [13] or [19]. The estimates in (a),
(b) were obtained in [11, Lemma 3.2, Lemma 3.3] using Gronwall’s inequality.

See also [25, Lemma 4.5] for a generalized version of these inequalities for
TLEN():{O,LQ,...}

(33) / ly|™| B+ (x,y)| dy < c(l + max(0, Zlia:))"+1,

c=c(||V|lz: ), which follows from direct iterations of (28) and (29).
n+1

4.5. Modified Jost functions. Let h(z, k) = ezi;;_l. It is well known that
mq (z, k) satisfy the equations

(34) my(x,k)=1 Jr/ h(t —z, k)V (t)m4(t, k) dt,

(35) m_(z,k)=1 —|—/ hz —t, k)V(t)m_(t, k) dt.

LEMMA 4.7. Let V € L. Then
Im (z, k)| < ¢(1 4+ max(0, Fz)),

1+ max(0, Fz)

[y (2, k)| <ec
|k

Yk #£ 0,
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where ¢ = c(||V||1).

LEMMA 4.8. (a) Let V€ Li. Then: (i) |t(k)| < 1,|r+ (k)| < 1. (ii) #(k) =
O(1/k),7+(k)=O(1/k) as |k| — oco. (iii) If v #0, then t(k) =O(k) as k — 0.
(b) Let Ve Ll and v#0 or V € LY. Then

i(k)=0/k),  74(k)=0(1/k) ask—0.

The asymptotics in Lemmas 4.7 and 4.8(a) are known, see [13, Lemma 1,
p. 130] or [33]. We will give the proof of Lemma 4.8(b) below.

4.6. Proof of Lemma 4.8(b). (A) Let V € L1 and v # 0. By Lemma 3.1,
we have

tk)yt=1- ﬁ V(t)my (t,k)dt.
Taking derivative in k£ and applying Lemma 4.7 give
k()1 < /K2 VA0,
thus,

o), [kl <1,

(36) i(k) = —t(k)* 0y, (t(k) 1) = {0(1/k2) k[ >1

where we used t(k) = O(k), k — 0 if v #0, by Lemma 4.8(a). From (21) and
Lemma 3.1, we see

ry (k) =t(k) (1 +/h($t,k)V(t)mi(t,k‘) dt) —1.
Now the estimate
|7+ ()| < ¢/|k|
can be established by using (36), the estimates
|h(t, k)| < min([t], 1/[k]),

; 4
h(t7k) < 2_7
| =2

Lemma 4.7 and Lemma 3.4.
(B) Let V € L and v =0. By (27), integrating by parts we have

kg (t(k) 1) :—/V(t)dt/ooo (/:O B+(t,n)dn>§ds(62““5)

/v(zt)dt/ooo e?ihe (/:O B(t,n) dn§B+(t75)> ds,
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where note that |¢ fgoo By (t,n)dn| < fgoo [nB.(t,m)|dn— 0 as £ — oo by virtue
of Lemma 4.6(b). Then Fubini theorem and again Lemma 4.6(b) give

ae(ew 1 < [ Ve |dt(/ ([OB+<t,n>|dn+s|B+<t,f>|)dg)

c/(1+|t|)2|V(t)|dt.
Thus,
(37) t(k) = —t(k)*0r(t(k) ") = O(1/k).
Finally, the estimate 74 (k) = O(1/k) follows from those routine asymptotics
for h(t,k),my(z,k) and (37).
REMARK 4.9. The proof in Part A actually has shown the asymptotics for
t(k),r+ (k) for both k — 0 and |k| — oo, for the latter we only require V € Li.

5. Weighted L? estimates

We will prove (3) for H,. with s=1 and s =0 (Lemmas 5.1 and 5.2).
Then the case 1/2 < s < 1 follows via interpolation. The case s =1 requires
certain improved asymptotics for k-derivatives of m4 (z,k) ¢(k),r+(k) than
(13, p. 134]. In the most difficult (and subtle) case (Case ¢), we use the Volterra
type expansions for 14 (z,k)? in order to deal with the inconsistency of the
weight and distorted phase.

In the following, we use the abbreviations H® = W3, Hs = WQS, and so,

11 ers @y = [1(2 +A|£\2)S/2fH2,
1 | gs @y = NIEP fll2 = 1(=2)° fl2-

LEMMA 5.1. Let V.€ L}, v#0 or V € L}. Then for all y, j € Z and
¢ € H'([3,1]),

(39) (2 = )5 (Hac) (2, 9)llz2 < 2|1 l| 11 (2 17

Proof. Let ¢;(k) := ¢;(k*) = ¢(277k?). By symmetry, we will only need to
show (39) in the following three cases:

(39a)  Vy <O, HX{$>0}($_y)¢j(H)(x>y)HLi SCQ_j/4||¢\|H1([i,1])7

(39D) V>0, [xgesyy (@ =) (H)(@,9)]| p < 27l i1 )y,

(39c) Vy <O, HX{y<x<o}(9«"—y)¢j(H)(33:y)HLg < C27j/4||¢\|H1([i,1])-
Case (a) >0, y < 0. Using the formula in Lemma 3.1

(38)

o0
(40) my(z,k)=1+ / B, (z,u)e?™ du,
0

3 We will follow the convention that f(k) =y f(k).
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we write

27T¢j(Hac)(33,y) = /¢j(k‘)t(k)m7(y7k;)ei(x—y)k dk

oo
/ p;(k _(y, k)et@Vk gk / B (z,u)e** du
0
= Il (x7y) + 12 (mvy)
In view of (38), we have
1@ = y) I (@)l L2 = v (R)t(k)m—(y, k)l g < 02_j/4|‘¢”H1([%,1])>

where we have used the following estimates by Lemmas 4.7 and 4.8: For
1=0,1, v

1085112 < 275021l g1 g2 17

Ojt(k) = O(1/k"),

oim_(y, k) =0(1/k), Vy<O0.

Applying Minkowski inequality and Lemma 4.6(c) for « > 0, we obtain by
(38) that for each y <0,

X (z>0y(z — ) I3 (z,y)| 22
/ By (z,u) du(z —y /1/}] _(y, k)et@Emv 2wk g

s/o *(u) du

o0
< [ 0@ aul 6k m- (Bl < 2 gy

So combining the estimates for I{ and I$ gives (39a).
Case (b) x>y >0. By Lemma 3.4, we write

210¢;(Hae)(,y) = /'(/}j(k)T‘Jr(k)er(x,]{;)er(y?k)ei(w-H/)k dk

2
Lieso0y

(x —y +2u) /1/@ m_(y, k)e!@—v+2uwk g,

L%x>0}

i / i (k)my (@, k)my. (y, —k)e'"~V" dk.

By (40), we see that (39b) can be proved as in Case a by applying Lemmas
4.6(c), 4.7 and 4.8.
Case (¢) y <z < 0. Using Lemma 3.4, we write

21¢j(Hac)(z,y) = /wj(k)r,(k)m,(x,k)m,(y’k)e—mw)kdk

/% Ky (y, k)@ Vk gk
= I¢(ey) + IE(2y).
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The term I{ can be dealt with in a way similar to Case (a) or (b). We can
estimate ||x{y<z<0}( —y)I{(z,y)[]2 by writing

0
m_(x,k)=1 —I—/ B_(x,u)e” 2" dy

(cf. Lemma 3.1, [13, p. 137] or [33]) and using Lemma 4.6(c) and the estimates

for m_(y,k), r—(k) in Lemmas 4.7 and 4.8, where we have observed if y <
x <0, then |z —y| < |z +y| and

|z —y| <|r+y+2ul Yu<O.

For I5, if following the same line one would have to require for all y <z <0
and u <0

|z —y| < |z +y—2ul,

which is unfortunately not valid. Here, we proceed by exploiting the expansion
of m_(z,—k) as follows. Iterating (35), we write with o =«

%S} to
k) =143 [ it - 0BV (n) dn
n=1v ~°
ty
X / h(tl —tz,—k’)V(tg)dtQ'-'

tn—1
x/ h(tn_1 — tn, —k)V (tn) dtn

— 00

= Z M, (x,k).
n=0
Observe that

r—1
(41) h(z—t,—k) = / e~ 2k gy,
0

1 . r—t .
(42) Ol —t.—k) = <<x — p)e2ikla—t) _ / o—2iku du)
0

We have by integration by parts

i — )5, y) = /mwj )M (z, K)o d

= ZA;(x,y)
n=0
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For y <0, j € Z it is easy to see from Lemma 4.7 that
Ao (@ 9)llzz = 1v;(R)ym—(y, k)l g < C27j/4||¢”H1([i,1])'

For n > 1 using (41) and exchanging order of integration give that

to—t1 tn—1 tn—1—1tn
A (x,y) / Vit dtl/ du1-~-/ V(tn)dtn/ duy,
0 —0o0 0

/ak ¢j y’ } i(z—y— 2u17~~»72u”)kdk

/1/11 R)OM,; (2, k)e TN dk =T (2, y) + a2, ),

where
8an_ (l‘, k‘)

:/ Ok (h(to —t1,—k) - h(tn_1 —tn, —k))
to>t1>t2> >ty

X V(tr) - V(ta)dty - dtn = Jy + o+ 4 o,

J,,; denoting the integral involving dxh(ti—1 —t;, fk:), i=1,...,n
We estimate by Minkowski inequality

HX{y<a:<O}H1 (l‘, y) HL%

0 _tl tnfl _tn
g/ \V(tl)\dtl/ dul-../ |V(tn)|dtn/ du,
— 00 0 —00 0

[ aulum etk g

Lg
0 tn—1
< 21 g1 / (—t)[V(t2)|dt - / (=tw)IV (tn ) ditn

(Vi)™
<27 |l g 2 1 R

For II, we estimate the first term by using (42), Minkowski inequality and
Plancherel theorem to obtain

X{y<m<0}/lZ’j(k)m_(y,k)J;l(z,k)ei(z*y)k dk
L3

0 t1 t1—t2
< / (—t0) [V (t2)]dts / IV (ta)] dt / du -

—00 — 00

tn—1 tn—1—1ln
« / |V(tn)|dtn/ du,
—o00 0

« H/ wjlik) mi(y,k)e—i(w-l-y—%l+2uz+~~+2un)k dk

L3
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0 —t1 t1 t1—t2
+/ tl |dt1/ dul/ tg |dt2/ dUQ
tn—1 n—1—t
></ [V (t n)|dtn/ dun
—00 0

% H/ wjlik) m_(y7k)ei(zfy72u172u27---72un)k dk

L3
- Vi)™
< @ gl g
The same estimate holds for other terms involving J, ;. .,n. And so,
- - (HtVH "
X {y<z<03An (ﬂfvy)Hz <271+ n) (|| g NERNE
It follows that for all j € Z
X {y<z<oy(@ =) I5(@,y)|, < 274V ||g| g1 1([1,1))
which proves (39c). O

LEMMA 5.2. Let V € L1. Then for all y, j € Z and ¢ € L*([3,1])
5 (Hac) (@ 9)ll 22 < c22/*|ll 212 1))-

4

The proof is straightforward and follows the same line as in the weighted
case s =1 but much simpler, where we only need Lemma 4.6(a) and the
following asymptotics in Lemma 4.7 and Lemma 4.8: If V € L}, then

Im4 (y,k)| < c(1+max(0, Fy)),
t(k) = O(1),
r+(k)=0(1).

‘We omit the details.
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