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ARGUMENT OF BOUNDED ANALYTIC FUNCTIONS AND
FROSTMAN’S TYPE CONDITIONS

IGOR CHYZHYKOV

ABSTRACT. We describe the growth of the naturally defined ar-
gument of a bounded analytic function in the unit disk in terms
of the complete measure introduced by A. Grishin. As a conse-
quence, we characterize the local behavior of a logarithm of an
analytic function. We also find necessary and sufficient conditions
for closeness of log f(z), f € H™, and the local concentration of
the zeros of f.

1. Introduction

One of the basic theorems in complex analysis is the Argument princi-
ple, which states that if f(z) is a meromorphic function inside and on some
closed contour -, with f having no zeros or poles on -, then the increase of
Arg f(z) along v divided over 27 is equal to N — P, where N and P denote
respectively, the number of zeros and poles of f(z) inside the contour ~y. It
seems reasonable to ask what can be said if the number of zeros (poles) of
f is infinite. Obviously, the contour should contain a singular point and the
increase of Arg f(z) along v need not be bounded in this case. Theorem 2 of
this paper can be considered as a generalization of the Argument principle for
bounded analytic functions in the unit disk D = {z € C: |z| < 1}. We compare
the growth of the naturally defined argument of a bounded analytic function
F with the distribution of its complete measure in the sense of Grishin ([11],
8)):

Let us introduce some notation. We write D((,p) ={{€C: | - (| < p}
The symbols C(-) and K(-) stand for some positive constants depending on
values in the parentheses, not necessarily the same in each occurrence. Let
H® be the class of bounded analytic functions in D. It is well known ([13],
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[6]) that f e H*®, |f(2)]<C, z€D, C >0, can be represented in the form
(1) f(2) = C2"B(2)g(2),

where p is nonnegative integer, B is the Blaschke product constructed by the
zeros of f,

@ B =T ey = TR ot0 S0 <o

n=1 n

and gy is an analytic function without zeros of the form

®) woe) =en{ -5 [ S 2 awr 0 +ic'),

YL

where ¥* is a nondecreasing function, and C’ is a real constant.
We shall also consider the product

(4) H Z,Gn)

which differs from B(z) by a constant factor, provided that the Blaschke
condition (2) holds. B(z) converges almost everywhere to a finite limit B(e'?)
as z tends to e’ nontangentially; moreover, |B(e)| = 1.

For a fixed 6y, the following theorem of Frostman ([6], [9]) gives necessary
and sufficient conditions for existence of the radial limit of B(z).

THEOREM A. Necessary and sufficient that
(5) lim f(re'%) =L
rTl

and |L| =1 for f = B, and every subproduct of B(z), is that

oo

1 — x|
(6) Z T — ay| < .

If we drop the condition |L| = 1, then the theorem holds for B instead of B
as well.

Theorem A was generalized and complemented by many authors ([2], [1],
[5]). Usually one uses the condition

1 — |ax|
7 <
(™) Z < Jeifo — a1 >

with v < 0 instead of (6). We note that if (7) holds with v < 0 and |a,, —e%| <
1, then there is only a finite number of zeros a, in any Stolz angle with the
vertex €' where the Stolz angle with the vertex ( is defined by

So(Q)={CeD:[1-2(<o(l-|z)}, o>1,
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provided that (7) is valid. We are interested in the case when (6) fails to hold,
but (7) hold, when v € (0,1]. The limit cases ¥ =1 and =0 correspond
to the Blaschke condition and the Frostman condition, respectively. In this
situation, the zeros of B can be accumulated on the radius ending at e,
which is impossible when v < 0. Thus, arg B(z) should be defined carefully.
If we want to obtain lower estimates for |B(z)|, z — €%, z € D, we must
exclude exceptional sets including the zero set.

Relations between conditions on the zeros of a Blaschke product B and
the membership of arg B(e*?) in LP spaces, 0 < p < 0o, were investigated in
[19]. Criteria for boundedness of pth integral means, 1 < p < oo, of log|B|
and log B were established in [18].

Since the proof of the necessity of Theorem A is based on estimates of the
argument, one may ask whether it is possible to describe the zero distribution
of a Blaschke product in terms of the behavior of arg B(z). A simple example
shows that it is not sufficient to know the radial behavior of the argument.

Let (ay) be an arbitrary Blaschke sequence with nonreal elements. We
define co,,—1 = ap, Cop = a@y. Then

- - |an|®|an — |
B(r):Hb(r,cn):H i—ra, 2 0<r<1
n=1 n=1

Thus,

arg B(r) e Z argb(r,c,) =0, 0<r<1.
n=1

But a situation is quite different if we consider the behavior of arg B(z)
in a Stolz angle S,(¢), ¢ €ID, 1 <o < +00, S; = S,(1). Then we are able
to describe the zero distribution, and even the distribution of the so-called
complete measure in the sense of Grishin ([11], [8]).

Let SH>*(D) be the class of subharmonic functions in D bounded from
above. In particular, log|f| € SH>®(D) if f € H>®. Every function u €
SH® (D) which is harmonic in a neighborhood of the origin can be repre-
sented in the form (cf. [14, Chapter 3.7])

z — Z2
®) u(z)/@log'b( N g0) -/ = (o),

< 27 Jo 1€ — 2P
where p,, is the Riesz measure of u [14], and 1 is a Borel measure on the unit
circle. A complete measure A, of u in the sense of Grishin is defined ([11],
[8]) by the boundary measure and the Riesz measure of u(z). But, since [6]

02 i0
lim /logMd,uu(C)(w:O, —m <01 <0<,
11 .Je, Jp [q

i.e., the boundary values of the first integral in (8) do not contribute to the
boundary measure, we can define A\, of a Borel set M C D such that M N oD
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is measurable with respect to the Lebesgue measure on 0D by

(9) Ma(M) = / (1= [ dpa(O) + ¥ 19D).

The measure A = A\, has the following properties:

(1) \ is finite on D;

(2) A is nonnegative;

(3) A is a zero measure outside D;

(4) d\on(C) = di(C);

(5) dAl(C) = (1 - [C]) dpra(©).

If u=log|f|, f€ H>, then we shall write \; instead of Ajgf. If Bisa
Blaschke product of form (2), then Az(M) =3, 3,(1 —|an|).

We shall say that g is a divisor of f e H>® if g € H*> and there exists
an h € H* such that f =gh. It is easy to see, that in this case we have
Ag(M) + A\p (M) = Ay (M) for an arbitrary Borel subset M of D such that
M N oD is measurable.

The following generalization of Frostman’s result on bounded functions is
valid.

THEOREM B (Lemma 3, [1]). Let F € H*®, and Ap({C}) =0 for some
¢ €0D. The following are equivalent.
(1) dAr(§)
F
< 0.
5 ¢ —¢
(2) FEvery divisor of F' has a radial limit at C.

2. Main results and examples

Without loss of generality, we can consider the local asymptotic behavior in
2
a neighborhood of { =1 (8 =0). Let A(z,§) = 11_J§|£— , argw be the principal
branch of Argw.

LEMMA 1. Let £€D, ze D\ {¢}. Then |argb(z,£)| < mmin{|A(z,€)|,1}.

Consider the product B(z) defined by (4). We make radial cuts I, = {C €
D: (=r7ay,7>1}. The region D* =D\ [J2, I, contains no zeros of B(z).
Due to Lemma 1, we define (cf. [19]) a continuous branch

oo
log B(z) def Z logh(z,a,), z€D*,

n=1

arg B(z) o Slog B(z). In particular, we have log B(0) =0 and arg(BBs) =

arg By, + arg By, where By, By are Blaschke products. Later, in the proof of
Lemma 1, we also define arg B(z) on the cuts except zeros. But the resulting
function will not be continuous there.
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In order to formulate our results, we need some information on fractional
derivatives [7, Chapter IX], [21, Chapter 8]. For h € L(0,a) (integrable in the
sense of Lebesgue on (0,a)), the fractional integral of Riemann-Liouville h,,
of order & > 0 is defined by the formula ([12], [7], [21])

ho(r) = D="h(r) = %a) /Or(r — o) h(z)dz, e (0,a),
Doh(r) = h(r), D%h(r) = %{D_(p_“)h(r)}, a€(p—1,p,peN,

where I'(«) is the Gamma function. The function h,, is continuous for o > 1,
and coincides with a primary function of the correspondent order when a € N.
We note that for a < 0 the operator D% is associative and commutative as a
function of a. When writing D~ f(z), we always mean that the operator is
taken on the variable r = |z|.

Let S2(¢) = S,(¢)ND((, 3). The following theorem yields a necessary and
sufficient condition for the local growth of arg f in terms of the generalized
Frostman’s condition for the complete measure in the sense of Grishin of a
bounded analytic function in the unit disk.

THEOREM 2. Let F be a bounded analytic function inD, 0 <~y <1, {y € OD.
In order that for every divisor f of F and every o > 1 there exist a constant
K=K(v,0,F)>0 such that

(10) sup |D Varg f(2)| < K,
2€83(Co)

it is necessary and sufficient that

dAr(C)
11 —_—
() D 1o — ¢
REMARK 3. Since (10) must hold for every divisor f of F', (10) is equivalent
to
(12) sup D7 7|arg f(2)| < K

ZES; (Co)

for every divisor f and every o > 1. In fact, we shall prove that (10) = (11) =
(12). Since it is evident that (12) implies (10), this will prove Theorem 2.

REMARK 4. As we shall see, in order that (11) hold it is sufficient that (10)
holds for a finite number of divisors of a special form. Moreover, it is enough
to require that

lim  |D Yarg f(2)| < 400,
Hgo,zer,-l gf(2)] <+

for two particular segments I'; ending at (o, I'; CDU{(o}, j € {1,2}.
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COROLLARY 5. Let B be a Blaschke product defined by (4), 0 <~y <1,
Co € OD. In order that for every subproduct B* of B and every o > 1 there
exist a constant K = K(v,0,B) >0 such that

(13) sup |D 7argB*(z)| < K,
z€85% (o)

it is necessary and sufficient that

1 — |ay|
14
14 Z “ [Co — ar['

COROLLARY 6. Let F € H>®,0<~ < 1. If (11) holds, then for every divisor
f of F the function arg f(r) is bounded if v =0, and belongs to the convergence
class of order v if v € (0,1), i.e.

1
/(1—7‘)”Y Yarg f(r)| dr < +oc0.
0

Proof. In fact, if 0 <~y < 1, then

“7|ar = su 1 Tr—x"’_lar )| dx
sup D77 asg f(1)] = sup g [ (=)~ s (@)

0<r<1 o<r<1 T

17 -

> sp po [ (10 (o) o
1! o1

:ﬂ/o (1 —2)"" | arg f(z)| dx.

The case v =0 follows from Theorem A. (|

Since for any o >1 we have D C ¢, S5(¢) U D(0,3), from Theorem 2
we get the following corollary.

COROLLARY 7. Let F be a bounded analytic function in D, 0 <y <1, and
Co € ID. Then for

sup |D™"arg f(2)] < o0
z€eD

to hold, it is necessary and sufficient that

sup dAr(C)
cean Jo [Go — ¢

ExAMPLE 8. The analytic function

1
F(z):exp{—1+z}, zeD,

—Z

shows that the condition Ap({¢}) =0 in Theorem B is essential. In fact, we
have Ap(¢) =0(¢ — 1) where §(¢ — 1) is the unit mass supported at ( =1. The
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function F' has the nontangential limit 0 as z — 1, z € D, but

dAr(§)
(15) ﬁ7|£_1|177—007 v <1
We have _
; 14re¥ 2rsin ¢
iy — -
arg F(re )—\s{ 1—rei¢}_ o2’

It is clear that arg F(re’*"=1) — 400 as r 11 for any positive constant f3.
Theorem 2 yields that D~ arg F'(z) is unbounded for any v < 1, consequently

argF(z)#O(ﬁ), z—1,z€8,,0>1,v<1.

The last relation follows from the fact that A(r) =O((1 —7r)~7) (r T 1) implies
D="h(r)=0(1) (rT1) provided v <y <1 (cf. Lemma 14 and the lemma
from [4]).

EXAMPLE 9. Let @ €[0,1),

) = {tla, te 0,7,

—|ft=e, te[-m,0).

Consider the function g(z) = gy(z) defined by (3), where C/ =0. Then g
is analytic, bounded and has no zeros in ID. In this case, A4|p is the zero
measure, and d\,(e'*) = di(t), t € [-m,7]. We have

(16) d)‘g(C) _ /ﬂ- dW(t) — 2(1 _ Oé) /OW ta‘ dt

SIS Je 1P 1

Since |e® — 1| ~ ¢ as ¢ | 0 the integral from (16) is convergent if and only if
the integral foﬂ t~1=2*7dt is convergent.
Thus, if v > o we have

D™V arggy(2) =0(1), z—1,2€ S,,0>1.

In the limit case v = a =0, one can show that
1

1—7r’

Now we consider the local behavior of the logarithm of a bounded function.

Following Linden [17], we introduce characteristics of concentration of zeros.
Let n,(h) be the number of zeros of an analytic function f in D(z, h(1—|z])),

— |z (I=1zDh (s
N.(h) = Z mM_/O Lds

an—sizh(sy 1270l s

arg g(r) < log r 1.

These quantities are usually used for characterizing the local behavior of the
modulus of an analytic function ([15], [16]).
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THEOREM 10. Let Fe H*®, 0<y<1,0<h<1, and {y € OD. In order
that for every divisor f of F' and every o > 1, there exist a constant K =
K(v,0,F) >0 such that

(17) sup |D_7 (log f(z) + Nz(h))} <K,
2€8%(Co)
it is necessary and sufficient that
dAr(()
V= <
p G — ¢t
COROLLARY 11. Let B be a Blaschke product defined by (2), 0 <~ <1,

Co €D, 0 < h< 1. In order that for every subproduct B* of B and every
o > 1, there exist a constant K = K(v,0,B) >0 such that

sup |D77(log B(z) + N.(h))| < K
2€85.(Co)

it is necessary and sufficient that
S ot <
< [Co — ax['
Statements of such type can be used for obtaining estimates for the mini-
mum modulus of analytic and subharmonic functions ([15], [16], [17]), but we

omit this topic here.
If F' has no zeros, we easily obtain the following corollary.

(18)

COROLLARY 12. Let g € H*® be of the form (3), 0 <~y <1, (o €ID. In
order that for every divisor g* of g and every o > 1, there exist a constant
K =K(v,0,g9) >0 such that

sup |D 7logg(2)| < K,
2€5%(¢o)
it is necessary and sufficient that
d
(19) / _WO)
ap 1o — ¢

where 1 is the Stieltjes measure generated by *.

Let ¢ and x be Borel measures on dD. We shall write that xy < ¢ if
X(M) < (M) for an arbitrary Borel set M C 0D. Note that g, is a divisor
of gy if and only if x < 9.

Applying Corollary 12 and Theorem 2 to the function gy(z) = exp{hy(2)}
of form (3), we obtain the following theorem.

THEOREM 13. Let

(20) hater= [ S,

_p et
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where ¥* is a monotone function on [—m,7]. Let 0 <~y <1, and (o € OD.
Let v be the Stieltjes measure generated by ¥*. The following conditions are
equivalent:

(1) For every Borel measure x on 0D such that x < and every o > 1,
there exists a constant K = K(v,0,1) >0 such that

sup |D77hy(2)] < K.
ZES;(C())

(2) For every Borel measure x on 0D such that x < and every o > 1,

there exists a constant K = K (v,0,v) >0 such that

sup |D77Qhy(2)] < K.
z€5%(Co)

(3) Condition (19) holds.

3. Proof of Theorem 2

We may assume that (y = 1. We restrict ourself to the case 0 <~y < 1. Let
f be a divisor of F, and f of form (1). First, we consider arg B(z), and start
with proof of Lemma 1.

Proof of Lemma 1. We consider the triangle with the vertices A = 26, B=
I€]2, C=1; AB=1—|¢|?, BC = ||¢|*> — z£|, AC = |1 — &z|. The quantity

€17 — =€
1—2z2£
is the value of the angle between the vectors AB and AC. The cut {¢=

7€:1<7< %} corresponds to BC. Thus, |¢¢| < 7 if 2 ¢ BC. For z€ €

BC, i.e., for z laying on the cut, we define by the semicontinuity ¢ def
Therefore, argb(z,£) is defined in D\ {£} but, obviously, not continuous on
the cut.

Let D¢ be the disk constructed on AB as on the diameter. We consider
two cases.

If C = 2€ € D¢, then /2 < |pg| < mand |26 —1| < 1—[£]%, ie., |A(z,€)] > 1.
Therefore, |argb(z,£)| < 7 =min{n,|A(z,€)|} as required

If € ¢ Dg, then |p¢| < /2. Thus, @ = arcsin |b(z E . Since

pe = argh(z,§) = arg

2
Sb(z,€) = —SA(z, §)—\s(z§)| 5|2’
we have
(21) el = arcsin|§;(zf) 1 |¢f?
2
< mesinmin{ 1, 7= < Zmin{1, 4G 91} _
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LEMMA 14. Let 0 <y < a<oo. Then there exists a constant C(v,a) >0
such that

- 1 C(’\/va) in)
22 D™ < , (eD,0<r<l1.
2 T rce =T rc
Proof. Let arg( =6. Then
(23) |1 —xC| > |1 —r(|cos(8/2), 0<z<r<l.

In fact, geometric arguments yield that if |r¢| < cos8, then |1 —xz¢| > |1 —7r(|.
Otherwise, cosf < |r¢| < 1, and we deduce

|1 —2¢| > |1 —e?cosf] = |1 —e?|cos(6/2) > |1 — (| cos(8/2)

as required.
Without loss of generality, we may assume that

1
0] <m/4, §<r<1, 211 —r(| <.

Using (23), we obtain

—_

D7
1=l

1 " (r—az)7 7t
‘NwA 1a ™

_ ;(/’”2'”(+/T )(r—x)7_1 "

L'(v) \Jo r—2)1—r¢)/) |1 —aC|*
. 1(/r2|1r< (r—z)71 d$+/r (r—z)~1 dx)

I'(v) \Jo (1—z|¢]) r—2(1—rc| |1 —7¢|* cos® %
- L (/r2|1r< dr B (r—x)? r >
—T(v) \Jo (1 —z[¢[)t=7te 7\1*r<|acosa§ r—2|1—Cr|

1 1 1 r—2[1—r| 97
- T(v) ((04 =PI A ==zl¢) 7, TS cos" 6721 - rg|a—v)
1 ( 2 1 N 27+e /241 ) C(v,) '
T \e=y A =r+2=rfic)*r AL =r¢l*m7) T 1 =rle
The lemma is proved. O

In order to finish the proof of the sufficiency, we need the following lemma
([10, Lemma 1]).

LEMMA B. Given o > 1, there exists a constant C(o) > 0 such that

1-¢<Clo)1-2(], ¢eD,zeS5,.
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By Lemma 1, we have

jan > _ C(F)
|arg B(z |<7r§:|1 zan|2§1—7“'

Using Lemmas 1, 14, B and (11), we obtain for z € S,

(24) D 7] argB(z) |<ZD 7| argb(z,an)|
n=1
|an| 1 —an|?
g |lfzan|_ Z|1fza 1=
o~ 1 —an|?
<7C(y,0 Z|1—a = < C(v,0,F) < 4o0.

We now consider arg g(z). In view of (3), we have (z = re'¥)

@) awgla) = [ S a0} -5 [ TR Davw.

27 ) et — 2P

Using Lemmas 14 and B for z € S,;, we deduce
1 xsin(yp
— _ _ Fy 1 *
D |argg(z)|_‘—m)/ r—z)ylds / en_mwdw (t)’

" sin(p — 1) eyt
<[ TG w0 [ i
<co) [ de*@)

_ et —ret 2=

us 1 .
<) | s )

g 1
<C(v,0) [ﬂmdw*(ﬂ-

The sufficiency is proved.
Necessity. First, we consider the subproduct B* of B constructed by the
zeros a, satisfying Sa, >0, |1 —a,| < % We denote such a, by a.
Let 2 = re'¥ satisfy arg(1—z) = /4, ( € [0, 2], ( = p. In particular, ¢ < 0.
Then
S(ail) = —SCRa + SaiR¢ >0,

and consequently (see (21))

S(Cap) (1 — |ay?)

>0.
|| n|2 Can”l_anﬂ

argb((,a’) > arcsin
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By our assumption,

(26) C>D TargB*(z) = Z D™V argb(z,a})

T Cx t _i‘P * 1 . %12
= Z/o (T_t)y_l arcsin I *\s( e ay)( lay,|?)
n

ak|? —tetear ||l — axte |
For every af satisfying 1 —|a| >2(1 —r) and ¢ € [0, z] such that

—ay<r—p<2ll—a})

we have
>r—2\1—a*|>7ﬂ—g>1 rT1
p= nl = 371 .
Thus,
IS¢ > |S2|/4 > (1—7r)/4
Hence,
* * %a’;
Similarly,
* * éRZ * *
(28) S(C{'nC) > ERC%CE” > 7‘1 - an|7 Qy, ¢ SQ'
Further,
(29) lay, = ¢l <1 —ap| +21 = [¢|| =1 —ap| +2(r = [¢| +1—7)

1
< |1—afl|+2(2+§>|1—afl =6|1 —a}|,
(30) 1 —a, |l <1 —ap|+la, —a,¢l <6]1—agl.
Thus, for af € Sy using (27), (29), and (30) we have

r XN(art ip 1—la* 2
(31) / (r —t)Y L arcsin (@, ‘ 2( |a?| )
0 |lay[? — tetay[|1 —agtet|
L [ =R 00 i)
0 144[1 — ag; *[a7;]

r—|l1—a}| A *
> C('y)/ % dt
r—2|1—a?]| ‘anl(l - ‘an‘)

1 r—|1—aj|

dt

> CO(y) ——— r—t)) dt
( )1_ |a’:7,| r72|17a;|( )

> C(y)(1 = ag))™.
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If a¥ € D\ Ss, then using (28)—(30) we obtain

(32) L/%T—QVJamﬁn S(apte?)(1 — Jag|*)
0 |laz 2 — teteay |1 — ajtet|

s [T 0,
0 72— a Plos]

r=I1=anl (r _ =101 — |g*

—2[1—az| lay|[1 —az|
1—|ag* r—|1—a}| 1—|a*
Mﬁ (r—ﬂ*”dtzC———¥%%<
|].*(ln| r—2|1—az| |17a'n,| v
Hence,
|
C > D "arg B¥( ZD Targb(z,a,) > C Z 1—ar| =7

lay|<1-2(1—r)

Since the constants C' are independent of r, tending r T 1 we get the statement
of the necessity for arg B*, and consequently for arg B.

Now, we have to estimate D7 (arg gy ) from below. Let 11 be the restricted
function of ¥* on [0,71'/2]. Let arg(1l — z) = 7. Then

r—p)? " tsin(t — ¢
D™ Sgy, (2) = /ﬂ/ ei£|2 )dpdwl(t)

wﬁw

R -
‘r(w/o st~ )00 [ o oo

In order to estimate the inner integral, we may assume that r > 2|z — e
without loss of generality. For |z — | <r — p < 2|z — €', we have

it

|9’ — ] < |z — pe?| + |z — e
<(I4o)|r—pl+z—e|<4lz—€", r1l
Moreover, since argz ~ 1 —1, we have t —p > (1+0(1))(1 —7) as r T 1. Then,
z— el = |r—ei(t**0)| <1l—r+4+1—cos(p—1t)+sin(p —1t)
< (14o0(1))sin(1 —r) + 2sin’ t—Tgo +sin(t — @)
< (4+o(1))sin(t—¢), rTl
Using the latter estimates, we deduce

C>D77Yg(z)
= pp!

1 /77/2 ' r—|z—e
> — sin(t — ¢ dw*t/ - dp
F(’Y) 0 ( ) ( ) r—2|z—e’t| |peup - €Zt|2
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/2 sin(t—<p) . r—|z—e't| R
> | wo [ =

16|Z*€it‘2 —2|z—eit|

/2 in(t — Z_eit'y w/2 *
zawA sin(t — )| 'wﬂwzawA (1)

|z — et ]2 |z — eit[1=7"

Tending r to 1 and using Fatou’s lemma, we conclude that

/2 *
osct dy* (1)

= |1 —eit|l=7

dy(t)
w/2 |[1—eft|1=7

i

et

Similarly, it can be shown that f_o < C, and consequently,

Theorem 2 is proved.

4. Proof of Theorem 10 and final remarks

Proof of Theorem 10. The necessity of the theorem follows from Theo-
rem 2.

Sufficiency. Let f be a divisor of F. Without loss of generality, we may
assume that f = Bg, where B and g are defined as above. Let L(z,h, f) =
log f(z) + N.(h). We have

(33)  RL(z,h,f)

1 (7 etz
anh(l—r1) an(z —an)
= In|——= In|——=
Z . 1-—za, Z . 1-—za,

lan—z|<h(1—7)

1 /7T idd)”‘@) <0.

T or et — 2|2

|an—z|>h(1—7)

Let us estimate RL(z,h, f) from the below. For |a, — z| < h(1 —r), we
have

|1—z&n|:’1—|z|2+z(2—an)‘ <1—r24+rh(1—=7)<(2+h)(1—-7),

and

1—h
(34) |an|27’*h(1*T’)ZT, r>

DN =
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Hence,

(35) >

|an—z|<h(1—7)

|an|h
> 1
= D iy
lan—z|<h(1-r)
1
>-C(h) > [Alz,an)l, 723,
lan—2|<h(1-7)
because C1 < |A(z,a,,)| < Cy if |a, — 2| <h(1 —1).
On the other hand, (see [20, p. 13])

(36) Y —hb(zan)[ <2 Y Az a0l

|A(2,an)|< 3 [A(z,an) <3

It is known that a pseudohyperbolic disk D(z,s) = {¢: |1Z__ZC<—| < s} is the
disk D(z*, p.(s)), where

(1—s%)z (1—z%)s
= 20,2’ p=(s) = 21,2 "

1— 27| 1— 27|

*

We are going to prove that

(37) D(z,ﬂ%) C D(z, (1= [z])h).

It is sufficient to show that |z* — z| + p.(s) < h(1l —|z|) for s< h/(2+ h). We
have (|z| =)
(1—7r?)(rs®+s) _2(1—r)s
< .
1—s%r2 - 1-s
Thus, we arrive to the inequality 2s < h(1 — s), which is equivalent to —1 <
s < 51 Inclusion (37) is proved. Therefore, for a, ¢ D(z,h(1 — 1)) we have

2" = 2| + p(s) =

2+h"
2+h
—In|b(z,a,)| <ln h\—gn\'
Hence, using (34)
2+ h
(38) > —h(zan)<2 > I alh
|A(z,an)|> 5 |A(z,a0) 1> 5
|an—z|>h(1—7) |an—z|>h(1—7)
4+ 2h
<4ln — A(z,an)].
Camph Y lAGa)
[A(z,an)> 5

|an—z|>h(1—7)
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It follows from (33)—(39) that
RL(z,h,B) > —C(h Z|Azan

Hence, as in the proof of the sufficiency of Theorem 2 (see (26)) we deduce
for ze S,

|an|

(39) D YRL(z,h, B) > —C(h,~ }:Tf:zf____>

z|t=r T

1 [™ 1—r 1 [ dyt(t)
%/ |eit — z|2dw()_27r/,,r|e“—z|'
Applying Lemma 2 for z laymg in the Stolz angle S,, we obtain
[ o)< [ o) e
. let—z|? e le?t — 2|

<ot [ 21

A

SC(%U)/_wwﬂﬂ<O@

1=

_C(h’a Y0, B)

Further,

(40) D™

Together with (39) this yields D™YRL(z, h, f) > —C. And, in view of (33) we
finally, have |D™YRL(z,h, F)| < C.
It remains to apply Theorem 2. Theorem 10 is proved. (]

REMARK 15. Frostman type condition (11) can be rewritten in terms of the

modulus of continuity of the complete measure. Let Ap((,7) P\ (D(¢,1)).
Then (11) is equivalent to

2 2 .
/ dAr(Co,T) <400 o / dw(7;Co, AF) < +o0,
0 0

Tl=v Tl=v

where w(7;(p,Ar) is the modulus of continuity of the measure Ap at the
point (p.

From this point of view, it is interesting to compare Theorem 13 with
results from [4], where necessary and sufficient conditions for growth of the
maximum modulus and the maximum of the real part of hy is established
in terms of the modulus of continuity of the function ¥*. Similar results for
LP-metrics are obtained in [3].
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