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NONCOMMUTATIVE EXTRAPOLATION THEOREMS
AND APPLICATIONS

YING HU

ABSTRACT. In this paper, we prove some noncommutative ana-
logues of Yano’s classical extrapolation theorem. Applying one
of them to noncommutative martingales, we obtain a maximal
inequality for noncommutative martingales from Llog® L to L.
Moreover, the exponent 2 is optimal. We also obtain the non-
commutative analogue of the classical theorem of Burkholder and
Chow on the iterations of two conditional expectations.

1. Introduction and preliminaries

We start by recalling the classical extrapolation theorem of Yano [Yan51].
Let (2, 1) be a probability space, and let T be a bounded sublinear map on
L,(Q) for all 1 <p <2, verifying the following norm estimate

ITflp < =51l ¥f € Ly(9),

where c is a positive constant independent of p and f. Then T can be extrap-
olated to a bounded map from Llog L into L;. This theorem was considerably
improved and extended. We mention here only the works [JM91] of Jawerth
and Milman, where among many other results, the links between Yano’s type
extrapolation and interpolation theory are fully studied, and the more recent
paper [Car00] by Carro, which gives an interesting improvement of Yano’s
theorem. Let us also point out that Tao [Tao01] proved that the converse to
Yano’s theorem holds for translation invariant maps.

We investigate in this paper noncommutative analogues of Yano’s theo-
rem for maps acting on noncommutative Ly-spaces. Finding such analogues
becomes natural after the recent developments on noncommutative martin-
gales and ergodic inequalities. Our starting point is the noncommutative
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Marcinkiewicz type interpolation theorem proved in [JX07] which can be
stated as follows: Let M be a von Neumann algebra equipped with a normal
faithful tracial state 7, let S = (S,),>0 be a sequence of subadditive maps
on L¥(M) for all 1 <p<oo. Assume that S is of type (co,00) and weak
type (1,1) (see Section 2 below for the definition). Then S is of type (p,p) for
any 1 <p < oo. More precisely, for any x € L, (M), there exists a € L, (M)
such that
(1.1) Su(x)<a ¥n>0 and |laf, < — ]|l

(p—1)?
where c is a constant depending only on S. Our extrapolation theorem asserts
that if S satisfies (1.1), then S extends to a sequence of bounded maps from
Llog® L(M) into Li(M). Recall that the order (p—1)~2 in (1.1) is optimal for
filtrations of conditional expectations. Accordingly, we prove that the space
Llog® L(M) in our extrapolation theorem cannot be replaced by Llog” L(M)
for r < 2.

A second extrapolation theorem for sublinear maps is proved by similar ar-
guments. The remainder of this paper is devoted to applications. The first one
concerns noncommutative maximal ergodic inequalities for factorable maps in
Anantharaman’s sense [AD06]. Anantharaman proved the noncommutative
Rota dilation theorem for these maps. Consequently, one gets the noncom-
mutative maximal ergodic inequalities by virtue of Junge’s Doob maximal
inequality [Jun02] with a norm estimate as in (1.1). Our first extrapola-
tion theorem then implies a maximal ergodic inequality from Llog? L(M)
into L1(M). Accordingly, we obtain an individual ergodic convergence for
operators in Llog? L(M). These results apply in particular to some free
group actions.

The second main application deals with the iterations of two noncommu-
tative conditional expectations. Namely, we prove the noncommutative ana-
logue of a classical theorem due to Burkholder and Chow [BC61].

In the rest of this introduction, we give some necessary preliminaries on
noncommutative L,-spaces. We refer, for instance, to [PX97] for more details.

We will mainly work on semifinite noncommutaitve L,-spaces, except in
the last section on applications. Thus, we confine our attention here to the
semifinite case. Let M be a von Neumann algebra equipped with a normal
semifinite faithful trace 7. For 0 < p < oo, let L,(M) be the associated non-
commutative L,-space. We will also need Llog" L(M) and its dual space,
which are Orlicz spaces. More generally, given an Orlicz function ¢, the Or-
licz space Ly(M) is defined as the space of all T-measurable operators x such

that gb(%) € Ly (M) for some A > 0. The norm ||z|/4 is then defined by

{4
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If ¢(t) =t(1 4+ log™ )" for some r >0, we get the space Llog” L(M), whose
norm is often denoted by || - ||z1gr . The dual space of Llog" L(M) is
exp L'/" (M), which is the Orlicz space associated to the function 1) defined
by ¥ (t) = exp(t*/7) — 1

Since we will study noncommutative maximal inequalities, we will need
the spaces L,(M;ls) and L,(M;05), 1 <p < oo. Recall that a sequence
= (Zn)n>0 C Lp(M) belongs to L,(M; ) if and only if « can be factored
as T, = ay,b with a,b € Ly,(M) and a bounded sequence (y,,) C Loo(M). We
then define

oz, vty = i€ {lallzpsup lyalloc bl }-
Tp=aynb n

Following [JX07], this norm is symbolically denoted by ||sup,, 2y |,. Simi-
larly, L,(M;¢5,) is defined by requiring that x can be factored as z, = ayp
with a € L,(M) and a bounded sequence (y,,) C Lo (M). Recall that a pos-
itive sequence x = (z,,), belongs to L,(M;ls) if and only if there exists
a € L} (M) such that z,, <a for all n>0. In this case,

“sup+xn =inf{|lall, : a € L} (M) s.t. 2, <a Vn>0}.

n p

Here and in the rest of the paper, L;‘ (M) denotes the positive cone of L, (M).
We refer to [Jun02] and [JXO07] for more information on L,(M;{lx).

2. Extrapolation theorems

Throughout this section, M denotes a von Neumann algebra equipped with
a normal faithful finite trace 7. For simplicity, we assume 7 is normalized,
ie., 7(1)=1.

Let S, : LT (M) — LT (M) be a positive map for n > 0. We suppose that
S = (S,) is subadditive in the following sense S, (z 4+ y) < S, (z) + Sn(y) for
z,y € L{ (M) and all n > 0. Our basic assumption is the following norm
estimate on S:

(H) There exist 1 <pg <oo,c>0 and r >0 such that

Namely, S is of type (p,p) with a constant ¢(p—1)~"

As already quoted in the Introduction, if S is of weak type (1,1) and type
(po,po), then S satisfies (H) with r = 2 (see [JX07]). Recall that the weak type
(1,1) of S means that there exists a constant ¢ such that for any x € L} (M)
and any A > 0 there is a projection e € M such that

sup H Hm||p Va € L (M), V1 <p<po.

e(Sp(z))e<A Vn>0 and T(EL)SC%.
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Recall that s+ As(z) denotes the distribution of an operator z € Li(M).
Namely, for s >0

)‘S(x) = T[X(S,OO)(MD] s
where X (s,00)(|2]) is the spectral projection of |x| corresponding to the interval
(5,00) and |z| = (z*z)'/2.
LEMMA 2.1. Assume S satisfies (H). Let 1 <p<po and x € L} (M). Let
ax € Lf (M) be an operator such that

Cc

2.1 Sp(z)<a, Vn and |agll, <—|z|,.
(2.1) (z) llazlp (p_l)rll lp
Then for every t >0

o0 PKtP
2.2 Tl(a, —t)4] = As(ag)ds < ——||z|?,
(22) (=t = [ Alan)ds < STl

where K = supp>1%(p—il)r(”’1).

Proof. We have
/ )\S(am)ds:/ s1TPsPTIN (ay) ds
t t

< tlfp/ spfl)\s(az) ds
t

ti-p v
< 7||ax||p

cPl—r
< ————||z||B.
< ol

It follows that

>0 PR
As(ag)ds < ——||z||P.
| Manis < Sl

On the other hand,

l(aw — )] :/ M[(an — 1)]ds :/ As(an) ds.
0 t
Then we deduce the desired inequality. O

LEMMA 2.2. Let ), € L1 (M) with x}, = zy. Then for everyt >0 andcy, >0
such that > cx, =1, we have

. KZ o — t) J <3 7l — b)),

E>1 E>1
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Proof. We have

|$k — th| +xp — th)

d

THEOREM 2.3. Let S = (S,,) satisfy (H). Then for x € Llog" L(M) with
x>0 we have

[supt @), < ¢llallzaog 1
n
where ¢’ is a constant depending only on pg,c and r in (H).

Proof. Fix a positive operator x in Llog” L(M). We can decompose = as
def
x= erk = erk + erkéxo +Zl’k7
kez k<0 k>1 k>1

where ey = X (gk or+17(7). Let pp =1+ ngz for k> 1. Applying Lemma 2.1
to xy, we find ay, € L (M) satisfying the properties there. In particular,
cPr Kok(pr—1)
— 1 lewlz

(pk —1)
= K2ms7 ¢!t riog k" (log2)" (")

< KT (ahF).

Tl(ar —27%)4] <

Similarly, we also find a corresponding majorant ag € L} (M) for zg. Set
a=73 ,>oar.- Then we have S, (z) <a for all n>0. On the other hand, by
Lemma 2.2,

(2.3) lally < llaoll +

S

k>1

< llaollp, +/01 As (Z%) der/loo As (Z%) ds

k>1 k>1

< ey ol +1+T[(Z“’f - 1”

k>1

1
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2e +1+cZkT

(po -1 E>1
< c’—l—c’ZkrT(x'k' )
k>1

Since
1 a2 2
afr < (2Rt ) Tz < oFHomerey, < 2' ez gy,
we deduce that

lally < ¢ +2 =2 S K (an)
E>1

<d+dr (Z xy log” xk>
k>1
< C/Hx”Llog”‘L-

Therefore, the theorem is proved. O

Using similar arguments, we can prove an extrapolation theorem for a single
sublinear map on L,(M). For our purpose, the sublinearity can be defined in
the following general sense.

DEFINITION 2.4. A map T on L,(M) is called sublinear if it satisfies the
following conditions:

o |T'(A\x)| =|\||T(z)| for all Ae C and x € L,(M);
e For any pair (z,y) in L,(M), there exist two contractions v and v in M
such that |T(z 4+ y)| < u|T(z)|u* + v|T (y)|v*.

By virtue of the famous inequality of Akemann, Anderson and Pederson
[AAP82], we see that any linear map is sublinear.

THEOREM 2.5. Let T be a sublinear map on L,(M) for any 1 <p < pg.
Assume that there exist two positive constants ¢ and r such that
c
_71)T||$Hp Vo € Ly(M).

1T ()]l < »

Then T extends to a bounded map from Llog" L(M) into Li(M).

Proof. Since any operator in Llog" L(M) is a linear combination of four
positive ones, it suffices to consider the positive operators in Llog” L(M). Fix
such an operator . Decompose z as in the proof of Theorem 2.3, i.e.,

ng xek—i—g xek:xo—i—g Tk.
k<0 E>1 k>1

We can also assume that the series above is a finite sum for it converges in
Llog" L(M). Using the sublinearity of T, we find a sequence of contractions
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(uk)k>0 C M such that

(S| < Z i

k>0 k>0
Therefore,
1T (@)1 < ol T (o) ug ||, + || D urlT(zk \Uk
k>1
<TG + 1+ [0Sl m]
k>1
By Lemma 2.2,
/ Al [Z ukT(mk)uZ] ds = TKZ i T (@) el — 1) }
1 E>1 E>1 +
< Z (up|T (k) uf, — 2*’“)+]
k>1
=3 [ Tl as
k>1727F
< Z/ ds.
k>1

Now let py, be as in the proof of Theorem 2.3. Then by assumption and as in
the proof of Lemma 2.1, we deduce

o0 pr [ ok(pe—1)
/ Ao[T ()] ds < 7 (ab*) < B 7 ().
2k (pr— 1)
Then we conclude the proof as before. O

3. The martingale case

In this section, M still denotes a von Neumann algebra with a normal
faithful normalized trace 7. Let (M,) be an increasing sequence of von
Neumann subalgebras of M. Let (E,) be the associated sequence of trace
preserving conditional expectations. As usual, each E,, extends to a contrac-
tive projection from L,(M) onto L,(M,) V1 < p < oco. The extended map is
still denoted by E,. By Junge’s noncommutative Doob maximal inequality
[Jun02], we have that for 1 <p <oo

(3.1 sup* Enta)| <pllall, veeLy(r),

where §, < c¢(p—1)~2 with a universal constant c.

THEOREM 3.1. Let (E,,) be as above.
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(i) We have
Hsupwn(x)Hl <clallpiogzr Vo€ Llog? L(M),z > 0.

(ii) The exponent 2 in the inequality above cannot be replaced by any 0 < r < 2.
More precisely, if there is a constant ¢ such that

HsupﬂEn(x)H1 <clz|pwogr. Vz € Llog" L(M), x>0,

then r > 2.

Proof. The first part immediately follows from Theorem 2.3. Thus, it re-
mains to prove (ii). Suppose that there is a ¢ > 0, such that

[sup*Ea(@)]|, < cllallziogr e
n

Then by duality, for any finite sequence (a,),>1 in LI (M),

Z Enan Z Qp,

n>1 n>1

Recall that exp(L'/")(M) is the Orlicz space associated to the function
b(t) = exp(t'/7) — 1

Let 1o(t) = ¢ (t?). By Kadison’s Cauchy-Schwarz inequality and (3.2), for
any finite sequence (a,) C LI (M), we have

03 (SEar)”],

(3.2) <c

exp(L1/7)

oo

1/2

I DILES D WG

v (zﬂ;w)m

oo oo

Now we specialize to matrix algebras. Namely, let M =M, for an arbitrary
large integer m, where M,,, denotes the algebra of m x m matrices, equipped
with the usual trace Tr (which becomes normalized if we wish). For n <m,
M,, is viewed as the subalgebra of M, at the upper left corner. Note that
M, does not contain thg unit of M,,,. However, there still exis‘gvs a natural
conditional expectation E,, from M, to M,,, which is defined by E,, = e, xe,,
where e,, projects a vector in £5* into its first n coordinates. Thus, we still have
a finite increasing filtration (En)lgngm of conditional expectations. The only
difference is that E, is no longer faithful. However, using the arguments
in [JX03], we can easily make E,, faithful. Then we deduce that (3.4) holds

for E,,. Consequently, for any a,, € M,,,

m 1/2 m 1/2
(Z |En(an)|2> <Ve <Z|an|2>

P2

oo
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We are now in a position of using the lower triangular projection T as in
[JX05]. Recall that T is defined by

(T(@))i; = {

0, otherwise.

if j <1,

Let a € M,,, and let a,, denote the matrix whose nth row is that of a and all
others are zero. It is clear that

m 1/2
(Z lanl2> —|al.
n=1

On the other hand, one easily sees that En(an) is the matrix whose nth row
is that of T'a and all other rows are zero. Then we deduce

(3.4) I Tally, < cllalloo-
Consider the Hilbert matrix h = (h;;):

hij:{(i—jrl, if i # ],

0, if 5 = j.
It is well known that (cf. e.g., [KP70])
(3.5) |h]o <c and ||Th| s =~ logm.

Thus by (3.4), [|Th|y, <c. Therefore, there is a constant v such that

1 |Th‘ 2n/r
sa(z) ]
n>1
Thus, Tr(|Th|?>"/7) <~4**/"n!, so I Thl2n/r < y(n!)™/ ") Since I Thlon/r =
|Th||s, if 2% ~logm, then
| Thlloo <5(n))/CM x~n™? < y(logm)"/2.

From (3.5), we have logm < y(logm)"/2, so r > 2. O

We end this section by a remark on applications of Theorem 2.5. Using it,
we can give new proofs of some inequalities in [Ran02]. For instance, let us

consider martingale transforms. Let o= (ay)n, C C be a bounded sequence,
and let T, be the associated martingale transform:

Ta(x) = Z ApdnTy,
n>0
where d,, =E,, —E,_; (with E_; =0). It is proved in [Ran02] that for any
1<p<oo,

2
p
[T ()]l <

—sup a2l Ve € Ly(M).
n>0
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Moreover, Ty, is also of weak type (1,1), which implies that T,, : Llog L(M) —
L1(M) is bounded. This latter result is also a consequence of Theorem 2.5.

4. Applications

4.1. Noncommutative Rota theorem. In this subsection, we consider
general von Neumann algebras. To simplify terminology, we call a noncom-
mutative probability space a pair (M, ¢), where M is a von Neumann algebra
and ¢ is a normal faithful state on M.

Let (Mg, po) and (Mj, 1) be two noncommutative probability spaces.
A Markov operator T': (Mg, po) — (M1,¢1) is a normal unital completely
positive map. T is (p1,0)-preserving if ¢1 0T =@y and T o of° =o' o
T for all t € R, where of denotes the modular automorphism group of a
state ¢. All maps in what follows are assumed to be @-preserving in this
sense.

DEFINITION 4.1. Let T': (Mg, o) — (M1,91) be a (¢1,¢0)-preserving
Markov operator. We call T factorable if there exist a noncommutative proba-
bility space (Ma, p2) and two normal unital homomorphisms V' : (Mg, pg) —
(Mo, 2), U: (Ma,ps) — (Mi,p1) such that V and U are respectively,
(p2,00)- and (p1,p2)-preserving and T=U o V.

Recall that for a @-preserving Markov operator T' on (M, ), there exists
a unital completely positive map T such that

p(T*(b)a) = ¢ (bT(a))-
The following noncommutative Rota dilation theorem for factorable maps is

proved in [ADO6].

THEOREM 4.2. Let T' be a factorable operator on (M, ). Then
T*"T" —E o,

where B, and E are normal faithful conditional expectations on M and (E,)
is decreasing.

We will use Haagerup noncommutative L,-spaces in the type III case (see
[Haa79]). Thus, for M as above its noncommutative L,-spaces are denoted
by L,(M), 1 <p < oo. The noncommutative maximal martingale and ergodic
inequalities remain true for the type III von Neumann algebras (see [Jun02]
and [JX07]). Using Junge’s Doob maximal inequality, we obtain

COROLLARY 4.3. Let T be a factorable operator on (M, ).
(i) For 1< p< oo, we have

Vr € L,(M),

*M mn c
Sl:lp+T T (m)Hp < m”ﬂfﬂp
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where ¢ is a universal constant.

(ii) If additionally T is @-symmetric (i.e.,o(T(y)*x) = o(y*T(x))), then
+n c
suTacHS—x Ve e L,(M).
st @], < = galel p(M)

We specialize to the case of a tracial state. Applying Theorem 3.1 and
Corollary 4.3, we obtain the following theorem.

THEOREM 4.4. Let T' be a factorable map on (M, p) with ¢ tracial.
(i) For x € Llog® L(M),

(ii) If additionally T is p-symmetric,

sup* 7T (2| < elfolp g2 1
n

Hsup*T" (z) ’

L < CH5‘7||Llog2 L

As a consequence of this theorem, we deduce the corresponding individual
ergodic theorem. Let us first recall the relevant notions of individual conver-
gence in the noncommutative setting. We restrict ourselves for the moment
to the case where the state ¢ is tracial. A sequence (z,) C Ly(M) with
1 <p < oo is said to converge to x € L,(M) almost uniformly (in short a.u.)
if for every € > 0 there is a projection e € M such that

plet)<e and lim ||(z, —2)efo =0.
n—oo

In a similar way, the bilateral almost uniform convergence is defined by re-
quiring that lim|le(x, — z)e|looc = 0. In the proof of the following corollary,
we will use the space L,(M;co). It is the subspace of L,(M;ls;) consisting
of all sequences (z,)n,>0 which admit a factorization as follows: there are
a,b € Lop(M) and (y,) C M such that z,, = ay,b and lim, o [|Yn]|ec = 0.
The subspace L,(M;c) of L,(M;LS) is defined similarly.

COROLLARY 4.5. Let T be a factorable operator on (M, ).

(i) For x € Llog® L(M), T*"T"(z) converges b.a.u. to EoE.(x).

(ii) Moreover, if T is @-symmetric, for x € Llog® L(M), T™(x) converges
b.a.u. to F(x), where F is the projection onto {x € Llog* L(M):
T(z)=x}.

Proof. (i) Due to [ADO06], we know that for p > 1 and x € L,(M), T*"T"(z)
converges b.a.u. to EoEy(z). We can suppose that EoE.(z) =0. Since
Ly(M) is dense in Llog? L(M), then for = € Llog® L(M), there are (z1,)x>1 C
Ly(M) such that ||z — z||p1g2r — 0 as k — oco. By the first part, we
know that for every k, (T*"T"(xx))n € La(M;co) C L1(M;co). Therefore, by
Corollary 4.3, we have (T*"T"(x)),, € L1(M;cp). So from [JXO07], T*"T"(x)
converges b.a.u. to 0.
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(ii) By [JX07], we can know that T2"(x) converges b.a.u. to F(zx) for
x € Ly(M),p> 1. Using similar arguments, we get part (ii) of the proof. O

4.2. Maximal ergodic theorems for free group actions. In this sub-
section, M will be a von Neumann algebra with a normal tracial state 7.
We will consider noncommutative ergodic theorems for free group actions.
We will follow Bufetov [Buf02] and refer to [NS94] for history and more ref-
erences in the commutative case. Many of Bufetov’s results were extended
to the noncommutative setting by Anantharaman [AD06]. We also refer
to [Hu08] for a different approach which is modeled on Nevo-Stein’s argu-
ments [NS94].
Let IF,,, be a free group on m generators {ly,...,ln}. Set

I={-m,...,—1,1,...,m}.

For 1 <i<m, let T; be a normal unital automorphism of M corresponding
to the generator [; such that 7oT; =7 and we set T_; = Ti_l. Let Q7 be the
set of all finite words over the alphabet I, that is,

Qr={w=wjws-wplw; €I,1<i<n,neN}

Let P = (pij)i,jer be a Markov matrix and (p;)icr a stationary distribution
with p; >0 for i € I. Denote by |w| the length of a word w. For w =w; -+ wy,
set

P(W) =Durws * Pun_rwnr  HW) =Ppu,p(w)
and define
T, =Ty, T, T,
Consider the maps
on = Z w(w)T,,
|w|=n

and their Cesaro averages

1 n
U, = .
n+1’;)ak

Set N = 02" (M) = {§ = (vi)ier : yi € M} and define a normal unital positive
map

P(y)i = ZpijTi(yj)'
J
Given x € M, let T = (x;)ie; € N with z; =z for all i € I. Then

Pr@i=— Y )T

i
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The adjoint of P is given by
.~ 1
P ()i =—> pipiiT—;(y)).
Pier

Consider a unitary operator

Then VP*V = P. Therefore,
1 - ko~
Uy, (z) = — Z ZpiP (Z);.
i€l k=0
From [JX07], [Hu08], we know that

‘ n

1

+ Pk 5

Sl7le e Z (2)
k=0

Therefore, Theorem 2.3 and an argument similar to that in Corollary 4.5 yield

the following theorem.

Cm

C
< —Zllp £ ——5 |17llp-
) (pfl)ZH ||p (pfl)ZH ||p

supt U, () H <
P

n

THEOREM 4.6. Let U,, be as above. Then for x € Llog® L(M),

and Uy (z) converges bilaterally almost uniformly.

sup" Un (@) || < eml2ll 1052 1
n

In fact, P is factorable (see [AD06]), P*"P™ =E o E,, where E,, and E
are normal faithful conditional expectations and (E,) is decreasing. By the
noncommutative Doob’s inequality, we have

*NPN [~ ~ ¢ ~
S‘;1LP+P P"(7) ) < ‘ Sl,ller]E"(y)Hp < m”yﬂp

Then by Theorem 2.5, for § € Llog® L(N),

sup"'P*"P"(gj)H < ‘
1

n

sup*En (3) || < el piog 1
n

Let us now consider the special case where p; = ﬁ and p;; = ﬁ for
1,5 € I. Then
1
on(z) = Im@m — 1)1 Z T ().
|w|=n
Accordingly,
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for z € M, &= (x;);e; € N with z; =z for every 7 € I. In this special situa-

tion, we have
2m —1
P2n71 — m VP*nPn _
2m — 2 2m — 2

Then, for §j € Llog L?(N),

VP*n71Pn71 .

2m —1
+P2n71 ~ H < +P*nPn ~ H
‘sgp @), =5, 2|7 @],
+P*n—1Pn—1 ~ H
+ o g |5 @],
< 1C\|Z7||Llog2L < )|l L1og? 1-
Therefore,
(4.1) sup P ()| < [|sup™ P2 (@) |+ [sup P> 3) |
n 1

<Pl p1ogz . +cllFllL10g2 1

<cllgllnrog? 1.-

THEOREM 4.7. In this special setting, for x € Llog? L(M),
[sup*on @), < emllzlpiop .
n

and oo (x) converges bilaterally almost uniformly to F(x), where F' is the
projection onto {x € Llog? L(M) : 03(z) = z}.

Proof. By inequality (4.2)
Jsuponta)], < 5 |
" er

< C||33HL10g2L <cemll®lprog2 1

suptP"™(2);|| < sup+P”(3E)H
n 1 n 1

The rest of the proof is similar to the one of Corollary 4.5. (|

4.3. Group von Neumann algebra. Let G be a discrete group, and let
VN(G) denote its group von Neumann algebra. We are interested here in
the case where G =F,, is a free group on m generators {ly,...,l,,}. Let |-|
denote the associated length function on F,,. For ¢t >0, let T; be the Herz—
Schur multiplier defined by exp(—t|-|). T} is a normal completely positive
trace preserving unital map on VN(F,,). (Ti):>o is called the free Poisson
semigroup of F,,. It is proved in [JLMXO06] that each T; admits a Rota type
dilation. On the other hand, each T; can be extended to the L,-space. Still
denote it by T;. Consequently, we have for any t,

n C
SlrllerTt (@Hp < WHJCH;},
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where c is a universal constant. Therefore, by Theorem 2.3,

(4.2) Jsup 77 (@)

1 < cHanlogzL'
THEOREM 4.8. Let (T})i>0 be the free Poisson semigroup. Then for x €
Llog® L(VN(F.,)),
Hsngth(x)Hl < CHﬂ”HLlog? L
Proof. To prove this inequality, we only need to consider Ti(z) for all ¢ in

a dense subset of (0,00), for instance, the subset {27"'n,m,n € N}. Using
Proposition 2.1 from [JX07] and inequality (4.2), we have

sup T ()|
n,1<k<m 1

SUp* T (1)

sup ™ Tho-m ( H sup

n,m m

supTTo ., () H
n

1
< c||xHLlog2L'

Then we deduce the desired inequality. O

THEOREM 4.9. Let {T}}1>0 be the free Poisson semigroup.

(i) When t — oo, Ty(x) converges b.a.u. to T(x)1 for x € Llog® L(VN(F,,)).
(ii) When t — 0, Ty(z) converges b.a.u. to z for x € Llog® L(VN(F,,)).

Proof. (i) In [JX07], we know that for all x € L,(VN(F,,)) (p> 1), T;(z)
converges bilaterally almost uniformly to F(z), where F' is the projection
onto { € L,(VN(F,,)) : Ty(x) = ¥t > 0}. It is easy to see that Ti(y) =y for
all ¢ if and only if y =c1 for some ¢ € C. Therefore, F(x) = 7(x)1. By the
same discussion as in Corollary 4.5, for z € Llog® L(VN(F,,)), T;(z) converges
b.a.u. to 7(z)1.

(ii) We know when ¢t — 0, T3(x) converges b.a.u. to z for x € LP(VN(IF,,))
(see [JXO07]). Ty(z) converges b.a.u. to z for x € Llog® L(VN(F,)) by the
same way as in Corollary 4.5. (]

The previous theorem is also valid for some other semigroups considered
in [JLMXO06], for instance, the free Uhlenbeck—Ornstein semigroup and more
generally, the ¢g-Uhlenbeck—Ornstein semigroups.

4.4. Conditional expectation. We first recall the classical Burkholder—
Chow theorem on the iterations of two conditional expectations. Let E and F
be the conditional expectations on a probability space (Q,F,P) relative to
two o-subalgebras §; and §2 of §, respectively. Then for any f € La(Q)

| sup 1&EY" ()], < el



478 Y. HU

Moreover, (EF)™(f) converges to E AF(f) almost everywhere and in norm,
where EAF denotes the conditional expectation relative to §1 NF2. Our goal
here is to prove the noncommutative analogue of Burkholder-Chow theorem.
In the sequel, M will denote a von Neumann algebra equipped with a normal
faithful state ¢. If E is a p-preserving normal faithful conditional expectation
on M, E automatically extends to a contractive projection on L, (M) for every
1 <p < oo (see the discussion in Section 4.1). We start with the following
lemma.

LEMMA 4.10. Let T and S be two factorable maps on (M, ). Then T o S
is also factorable.

Proof. There are (Np,v¢r), (Ns,1¥s) and the normal unital homomor-
phisms ig : (M, ) — (N7, 97), i1: (M, ) = (N1, ¥7), jo: (M,p) — (Ns,
¥s), j1: (M,p) = (Ng,1s) such that T =48 oi; and S = j§ o j1. There-
fore, T oS =i} oi10450j1. By [ADO6], iy o j5 is factorable. Thus, there
are (N,4) and the normal unital homomorphisms kg : (N7, 97) — (N, 4),
k1: (Ns,vs) — (N,9) such that iy 0 j§ = ki oky. Thus T oS = (kgoig)* o
k10j1, 80 T oS is factorable. O

COROLLARY 4.11. Let E and F be p-preserving normal faithful conditional
expectations on M. Then EFE is factorable.

Proof. This is an immediate consequence of the preceding lemma for state
preserving normal conditional expectations are factorable. O

Recall that L,(M;{) is the dual space of L, (M;¢1) if p’ < oo, where p’ is
the index conjugate to p (cf. [Jun02]). Given 1 <p < oo, L,(M;¢;) is defined
as the space of all sequences x = (x,,),>0 which admit a factorization of the
following form: Jugy, ks € Lap(M) such that

Ty = Z UppVkn VN >0
k>0
and
Z Upp Ukn € Lp(M), Z Vjor Ukn € Lp(M),
k,n>0 k,n>0
where these series are required to be convergent in L,(M) (if p = oo, then
both series are convergent relative to the w*-topology). We then define the

norm of L,(M;tq):
p }7

where the infimum runs over all factorization as above. In the following
proof, the subspaces L,(M;¢%) and L,(M;¢7) will be used. Recall that
L,(M; ) is the subspace of L,(M;{) consisting of all finite sequences

1
2

*
§ Upey, Ukn

k,n>0

*
E Vken, Vkn

k,n>0

lzllz, (Mse0) inf{

p
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(0,21, -y Tn—1,0,...). Ly(M; L) is defined in a similar way. The following
result is certainly known to experts.

LEMMA 4.12. Let T be a completely positive contractive map on (M, )
with poT <@ and of oT =T oo} .
(i) For 1<p<oo,
1T ()L, M) SN2l Mty V= (70) € Lp(M;ls)
and for 2 <p < oo,
1T @), Mmie) S N2l miee) Vo= (zn) € Lp(M;LS).
(ii) For 1<p< oo,
IT() |z, (Mico) S 2l (Mico) V= (2n) € Lp(M;co)
and for 2 <p< oo,
1T (@)L, (Micg) S 2lln,(Mieg) Vo= (20) € Lp(M; ).
Proof. (i) Let = (z,,) € L,(M;ls) with 1 <p <oco. For any y = (y,) €
LP'(M;€1)7 ||y||Lp/(M;€1) <1, we have
(4.3) (T(z),y) = (2, T"(v)) <1zl 2, Miec) 1T W) 2, (Mi1)-

Since T is completely positive, then we can find a representation 7 and a
bounded linear operator V' such that

VI <IT*|'?,  T*(a)=V*m(a)V Vae€L,(M).
Therefore, for uy ,, vk, € Loy (M) in the factorization of y,
T (yn) = Z V' (ug, vpn)V = Z V*r(ug, )7 (Vgn ) V.
k>0 k>0
Thus, by the contraction of T,

Z V*m(ug, )7 (ukn )V
k,n>0

From the inequality above and the definition of L,(M;¥;), we know that
||T*(y)||Lp,(M;el) < ||y||Lp,(M;gl) < 1. Therefore, by duality and from (4.3),

<

’

Z W(uzn)ﬂ(“kn)

k,n>0

i

p p

1T ()L, msee) S 2l Mty VT € Lp(M;ls),1 < p < o0

For the case p=1, we have Li(M;0%)* = Loo(M;0}) (see [JX07]). A same
discussion then shows that || T'(z)[|z, a0y < 12 Ly (M) -
From the Cauchy—Schwarz inequality and the fact that

r=(x,) € Ly(M;£5) ifand only if 2%z = (z),2,) € Lp/2(M;ls),
we have for x = (x,,) € L,(M;£5,) with 2 <p < oo
HT(x)HLp(M;EgQ) < HJ?HLP(M;egC)-

(ii) In consequence, we know (ii) similarly. O
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With the help of the preceding lemma, we obtain the following theorem.
THEOREM 4.13. Let E and F be @-preserving normal faithful conditional
expectations on M.
(i) For 1< p< oo, we have

[sup* @F)" (@) <

C
S Wﬂxﬂp Vi € Ly(M),

where ¢ is a universal constant.
(ii) If additionally ¢ is tracial, then
Hsup+(m)n(x)H1 <clollpgr Vo€ Llog? LIM).
n
Proof. (i) Set T =TFEF. T is a state preserving completely positive map on
(M, ). From Corollary 4.11, T is factorable. Moreover, T is p-symmetric.

Therefore, T satisfies the noncommutative Rota’s dilation property. Thus, for
1<p<oo,

So by Lemma 4.12, we have
Jsup* (BF)" @)

sup” 7 (a) Sllall, Vo€ L(M).

pg(p_l)

= ’ supﬂET”fl(x)H
p n p
<|

sup T (1)

P
< el
GRS

(ii) This follows from (i) and Theorem 2.3. O

Theorem 4.13 allows us to deduce the corresponding individual ergodic
theorem. To this end, we first recall the almost sure convergence for operators
in Haagerup noncommutative L,-spaces. As a normal faithful state ¢ on M,
¢ corresponds to a positive element in L;(M). In the sequel, this element
will be denoted by D, which is called the density of ¢ in L;(M). A sequence
(xn) C Lp(M) with p < 0o is said to converge to z € L,(M) almost surely (in
short a.s.) if for every € > 0 there is a projection e € M and a family (ay, k)

in M such that
<p(eJ‘) < g, Ty — T = Z(an,kD%> and hm ‘ Z(an’ke)
k

n—oo
k

=0.

oo

Similarly, the bilateral almost sure (in short b.a.s.) convergence is defined by
the symmetric injection of M into L,(M) : a s DY/ (2P)q D1/ (),

THEOREM 4.14. Let E and F be p-preserving normal faithful conditional
expectations on M.

(i) If 1<p<2, (EF)™(z) converges b.a.s. to (EATF)(z) for x € L,(M).
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(i) If2<p<oo, (EF)*(x) converges a.s. to (EATF)(z) for x € L,(M).

(iii) If p= oo, (EF)™(z) converges a.u. to (EATF)(x) for x € M.

(iv) If additionally ¢ is tracial, (EF)"™(x) converges b.a.u. to (EAF)(x) for
z € Llog® L(M).

Proof. Set T =TFEF. Then T is a completely positive unital ¢-preserving
map on M. So T extends to a contraction on L,(M) for every p>1. More-
over, T is symmetric, i.e., self-adjoint as an operator on Ly(M). By [JX07],
we have
o if 1<p<2, (T"™(x) — F(x))n € Ly(M;co) for z € L,(M);

e if 2<p<oo, (T"(z) — F(x))n € Lp(M;cf) for z € Lp(M),

where F is the projection onto {z € L,(M) : T(z) = z}. For x € M, we have
((T™(z) — F(z))DY?),, € L,(M;c§) with p > 2. Therefore, T™(z) converges
a.u. to F(z) for x € M.

On the other hand, it is clear that E(L2(M))NF(La(M)) ={x € La(M) :
T(z) =x}. Therefore,

E(L,(M)NF(L,(M))={z € L,(M):T(z)=z}, 1<p<oco.

That is FF=EATF. In the following, we only consider the case 1 < p < 2. From
Lemma 4.12,

H sup TET"(x) —EATF(z)

m<n<k p
<|| sup TT"(x) —EAF(z)|| —0 asn,k— oo.
m<n<k p

That is (ET"(z) — EAF(z)), € L,(M;co) for x € L,(M). So (EF)"(z) con-
verges bilaterally almost surely to E AF(x) for o € L,(M). In the same way,
we can deal with the other cases.

Finally, if additionally ¢ is tracial, by Corollary 4.5, a similar discussion
shows that (EF)"(z) converges b.a.u. to (EAF)(z) for z € Llog? L(M). O

REMARK 4.15. The case p =2 of Theorem 4.14 was also proved by Jajte
(see [Jajol, Theorem 4.2.2]).
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