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THE EXTENSIONS OF C*-ALGEBRAS WITH TRACIAL
TOPOLOGICAL RANK NO MORE THAN ONE

XIAOCHUN FANG AND YILE ZHAO

ABSTRACT. Let 0 = I — A — A/I — 0 be a short exact sequence
of C”-algebras with A unital. Suppose that I has tracial topolog-
ical rank no more than one and A/I is TAI (in particular, if A/T
is simple and has tracial topological rank no more than one). It
will be proved that A has tracial topological rank no more than
one if the extension is quasidiagonal, and A has the property (P1)
if the extension is tracially quasidiagonal.

1. Introduction

Recently, much progress has been made in the classification of C*-algebras
(see [1], [3], [4], [5], [6], [7], [15], [20], [24], [26], [29]). The notion of tra-
cial topological rank (denoted by TR) was first introduced by Lin (see [13],
[19]). The purpose to introduce this notion was motivated by Elliott’s pro-
gram of classification of nuclear C*-algebras. There are two previously known
noncommutative topological ranks which are widely used in the theory of C*-
algebras, namely the real rank and the stable rank. Tracial topological rank
is another analogy of the topological rank.

Simple C*-algebras with tracial topological rank zero, also called TAF (Tra-
cially Approximate Finite) C*-algebras, have real rank zero, stable rank one,
weakly unperforated ordered Ky-groups with the Rieze interpolation property
and are quasidiagonal (see [2], [11], [17], [18], [22], [28], [31]). The classification
theorem for unital nuclear separable simple C*-algebras with tracial topolog-
ical rank zero which satisfy the UCT was given in the paper [21] few years
ago. (The C*-algebras classified by Lin in [21] turn out to be all in the class
of Elliott—Gong in [8].) The simple C*-algebras with tracial topological rank
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no more than one have also stable rank one, weakly unperforated ordered
Ky-groups with the Rieze interpolation property and are also quasidiagonal.
Recently, the classification theorem for unital nuclear separable simple C*-
algebras with tracial topological rank no more than one which satisfy the
UCT has also been obtained by Lin in [23]. (The C*-algebras classified by
Lin in [23] are also all in the class of Elloitt—-Gong—Li in [9] and [12].) So it
is very interesting to find which C*-algebras are tracial topological rank zero
or tracial topological rank no more than one, and along this line, much effort
has been made until now (see [10], [25], [30]).

Let 0 -1 — A— A/I — 0 be a short exact sequence of separable C*-
algebras with A unital. In the paper [14], it is proved that A has tracial
topological rank zero if both I and A/I have tracial topological rank zero, and
if the extension is tracially quasidiagonal (see Definition 4.1). Inspired by this
result, we are interested in considering the C*-algebras with tracial topological
rank no more than one in a short exact sequence. Let 0 -1 — A — A/I —0
be a short exact sequence of C*-algebras with A unital. Suppose that I has
tracial topological rank no more than one and A/I is TAI (in particular if A/T
is simple and has tracial topological rank no more than one). In this paper,
it will be proved that A has tracial topological rank no more than one if the
extension is quasidiagonal, and A has the property (P;) (see Definition 4.2)
if the extension is tracially quasidiagonal.

This paper is organized as follows. In Section 2, we list some preliminar-
ies which will be used in the sections later. In Section 3, we consider the
quasidiagonal extension 0 — I — A — A/I — 0 with A unital. After several
lemmas are introduced, it will be proved that A has tracial topological rank
no more than one if I has tracial topological rank no more than one and A/T
is TAI (in particular if A/ is simple and has tracial topological rank no more
than one). In Section 4, we consider the tracially quasidiagonal extension
0—I—A— A/I— 0 with A unital. First, we introduce several definitions
and lemmas. Then it will be shown that A has the property (P;) if I has
tracial topological rank no more than one and A/I is TAI (in particular, if
A/I is simple and has tracial topological rank no more than one).

2. Preliminaries

In this paper, we assume that A is a unital C*-algebra and [ is a o-unital
closed ideal of A and m: A — A/I is the quotient map. Therefore, we have
the following short exact sequence:

(%) 0 I A—"— AJI 0.

We denote the extension () by the pair (A,I). In addition, we will use the
following conventions:

(1*) For a,be A, we write a=~: b if |ja — | <e.
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(2*) For a C*-subalgebra C of A, we write a €. C' if there is b € C such
that [ja — b|| <e.

(3*) Denote by Z) the class of all finite dimensional C*-algebras, and
denote by Z(®) the class of all the C*-algebras which are unital hereditary C*-
subalgebras of C*-algebras of the form C(X)® F, where X is a k-dimensional
finite CW complex and F' is a finite dimensional C*-algebra.

(4%) Let 0 <02 <oy <1. Define fZ! by

]-7 tZJh
t*O'Q
T1(t) = —, 009 <t<oy,
o (1) ooy 2 1
0, 0§t§0’2.

(5*) Suppose that A is a C*-algebra and a € A. We denote by Her(a) the
hereditary C*-subalgebra of A generated by a.

(6*) Let a,b be two positive elements of a C*-algebra A. We write [a] < [b]
if there is « € A such that z*x = a,xz2* € Her(b). We write n[a] < [b] if there
are xi,...,o, € A such that z;*z; = a,x;2;,* € Her(b) and z;z;* (1 <i<n)
are mutually orthogonal.

(7*) {pt} is the set of a single point.

DEFINITION 2.1. Let A be a unital C*-algebra. A is said to have tracial
topological rank no more than & (denoted by TR(A) < k) if for any £ > 0, any
finite subset F' of A containing a nonzero positive element a, any 0 < o4 <
03 < 03 <01 <1, and any integer n > 0, there exist a projection p € A and a
C*-subalgebra C' € Z) of A with 1¢ = p such that

(1) lep — pz|| <e forall x € F;
(2) prp €. C for all z € F;
(3) n[fer (L =pa(l —p))] <[f72(pap)]-

If TR(A) <k but TR(A) £ k — 1, we write TR(A) = k. If A has no unit, we
define TR(A) = TR(A™), where AT is the unitization of A.

DEFINITION 2.2. Let I and A be as in (x). An approximate unit {u, }52
of I is called quasicentral if lim, .o [|unz — zuy| =0 for any x € A, and the
extension (A,T) is said to be quasidiagonal if there is a quasicentral approxi-
mate unit {r, }22; of I consisting of projections.

DEFINITION 2.3. A unital C*-algebra A is TAI if for any € > 0, any finite
subset F' of A containing a nonzero positive element a € A, any 0 < 04 < 03 <
09 < 01 <1, and any integer n > 0, there exist a projection p € A and a C*-
subalgebra C' = @2:1 M,,, C(Yy) of A with 1¢ =p, where Yj, = {pt} or [0,1],
such that

(1) lpz —xp|| <e forall x € F;
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(2) prp €. C for all z € F;
(3) nlfor (L=pla(l —p)] <[£7: (pap)]-

LEMMA 2.4 ([14], Lemma 2.5). Let a,b be two positive elements in a C*-
algebra A and p be a projection in A.

(1) If a < Ab for some A >0, then [a] < [b];

(2) If there is x € A such that a = z*z and b= za*, then [a] = [b] and

(£33 (@)] = [f53 ()] for any 0 <oz < o1 < |al|;
(3) [a] =[a%];
(4) If lla—=b]| < &, then [f3!(a)] <[b] for any 0 < 6y <y < 1;

~ —

(5) Suppose that ||la]] < 1,]|b]| < 1. Then for any 0 < 64 < 3 < 2 <1 <1,
there is 6 = 6(d3,04) > 0 such that |ja — b|| < ¢ implies that [fg;(a)] < [fgf(b)];

(6) If0<a<b, then [f(a)] < [f32(b)] for any 0 <y < 03 < d2 <& < 1.

LeMMA 2.5 ([19], Theorem 5.3 and Theorem 5.8). Let A be a unital C*-

algebra with TR(A) <k. Then TR(M,(A)) <k forn>1 and TR(C) <k for
any unital hereditary C*-subalgebra C of A.

LEMMA 2.6 ([14], Corollary 2.7). Let a € A with 0<a <1 and p be a
nonzero projection of A. Then for any 0 < 04 < 03 < 02 < 01 < 1, there is
0 =108(03,04) >0 such that ||ap — pal| < & implies
(1) 52 (a)] < [£52 (pap)] + [£52 (1 = p)a(l —p))];

(2) (g2 (pap)] + [f52 (1 = p)a(l —p))] < [f53(a)]-

LEMMA 2.7 ([14], Lemma 2.12). Let 0<og<o7<---<o2 <01 <1 and
n be a positive integer. There is a 6 =d(n,01,...,08) > 0 satisfying the fol-
lowing: Suppose that A is a C*-algebra and a,b,x; € A (i=1,...,n) with
0<a<1 such that x;*x; = fJ%(a), z;2;* € Her(fJ2(b)), and z;2;* (1<i<n)

4

are mutually orthogonal. If there is a projection p € A such that ||py —ypl|| < ¢
forye{a,b,x;,z;*li=1,...,n}, then

nlfg; (pap)] < (7] (pbp)]-
3. Quasidiagonal extensions of C*-algebras
The following two lemmas are taken from [14].

LEMMA 3.1 ([14], Corollary 3.3). Let I and A be as in (x) and 0 < 04 < 03 <
0g < 5 < 3 < 61 < 09 < 01 < 1. Suppose the extension (A,I) is quasidiagonal.
Ifae A with0<a<1 and

nlf5: (1=m(p)m(a)(L = 7(p)))] < [f52 (w(p)m(a)m(p))]
for some projection p € A and any integer n > 0, then there is a projection
re(1—p)I(1—p) such that

n[f3((L=p—r)a(l —p—r))] < [f73(pap)].
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Moreover, for any finite subset F C A and € >0, if ||[px — ap| < e for all
x € FU{a}, we can require that |[rx — zr|| < 3e for all x € F U {a}.

The following lemma is from Lemma 3.1 in [14] with a little change, and
their proofs are the same.

LEMMA 3.2. Let I and A be as in (x). If the extension (A,I) is quasidiag-
onal, then for any finite dimensional C*-subalgebra C of A/I, there is a finite
dimensional C*-subalgebra C of A such that C = C and 7(C) = C. More-
over, there exists a quasicentral approzimate unit {r,}5, of I consisting of

projections such that r,x = xr,,Vor € C,n>1.

LEMMA 3.3. Let I and A be as in (x). Suppose the extension (A,I) is quasi-
diagonal. If D is a C*-subalgebra of A/T which is isomorphic to C[0,1] ® M,,
then there is a C*-subalgebra C' of A such that 7|¢ is the isomorphism from C
onto D.

Proof. Let ¢ be the isomorphism from C[0,1] ® M,, onto D and D; = ¢
(1cp,1) ® My), then Dy is isomorphic to M,. By Lemma 3.2, there is a
C*-subalgebra C; of A such that 7|c, is the isomorphism from Cy onto D;.
Let Cy = {l‘ S 1clAlcl |7T(l‘) € D}, then lc, = 101,01 C (Cp and 7T(Co) =D.
Let {eij}lgid‘gn, {Cij}lgi,jgn; {dij}1§i7j§n be the matrix units of Mn,Cl,Dl
respectively such that 7(c;;) =di; = p(1®e;5). Let Cy. =c11Coci1 and D, =
di11Ddyy, then ¢(C[0,1] ® e11) = D.. Since ©(Co) = D, 7|¢c,, is surjective
from Cy. onto D,.

By Theorem 6.1.2 and Remark 6.1.3 in [27], there are canonical isomor-
phisms a. : Cp ® M,, = Cy and ag : D ® M,, — D such that the following
diagram

Co T D ~ % C0,1] ® M,
aeT adT S®2dT
7r|c0)e®id ¢|C[011]®611®id

CO,e 0y Mn

De@ My, <———(C[0,1]®en) ® M,

commutes, where s is the canonical isomorphism from C|0, 1]®e1; onto C10, 1]
with s(f ® e11) = f for any f € C[0,1], ac(c® e;;) = ci1cerj for any c € Cy .,
and agq(d ® e;5) = d;1ddyj for any d € D, 1 <4i,j <n.

Let ¢ =so (‘P|C[O,1]®611)71 oT|c,., then ¢ is the unital surjective homo-
morphism from Cp . onto C[0,1]. Let g be the identity function on [0,1] and h
be any element in Cy . such that 0 <h <¢q7 and ¢ (h) =g, then c11 ¢ C*(h),
where C*(h) is the C*-algebra generated by h. Let C. = C*(h,c11) C Cope,
then 1¢, = c11 =1¢,.. So ¢ is the isomorphism from C, onto C[0,1] and
¥ ®id is the isomorphism from C, ® M,, onto C[0,1] ® M,,. From the com-
mutative diagram above, we have 7(h) =7 oa.(h® c11) = ¢(g ® e11). Let
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C=a.(C,®M,)CCy, we have 1¢ =1¢, = 1¢, and 7|¢ is the isomorphism
from C onto D. O

From the proof of Lemma 3.3, we have the following corollary.

COROLLARY 3.4. Let I and A be as in (x). Suppose the extension (A,I)
is quasidiagonal. If @ is an isomorphism from C[0,1] ® M, onto a C*-
subalgebra D of A/I and Cy is a C*-subalgebra of A satisfying that m|c,
is an isomorphism from Cy onto ¢(lcio1) @ M), then we can find a C*-
subalgebra C' of A such that 1o = 1¢, and 7|c is the isomorphism from C
onto D.

THEOREM 3.5. Let I and A be as in (x). Suppose that (A,I) is quasidiago-
nal, then for any C*-subalgebra D of A/I and D = @5@:1 M, (C(Yy)), where
Yy is {pt} or [0,1], there is a C*-subalgebra C' of A such that 7|c is an iso-
morphism from C onto D. Moreover, we can find a quasicentral approzimate
unit {rn}o2 1 of I consisting of projections such that rpx = xr, for any x € C
and any n > 1.

Proof. Let ¢ be the isomorphism from @Lzl C(Yx) ® My, onto D. Set
Dy = @(@2:1 le(y,) ® Mp,,), then Dy is a finite dimensional C*-subalgebra
of D. By Lemma 3.2, there exist a finite dimensional C*-subalgebra C; of A
such that 7|, is the isomorphism from C; onto D; and a quasicentral ap-
proximate unit {r,}$2; of I consisting of projections such that

rpx =xr, for any x € C; and any n > 1.

Without loss of generality, we may assume there exists an integer lp > 0
such that Yy, = {pt} if lop <k <land Y} = [0,1] if 1 <k <ly. Then (7|c,) Loy
is the isomorphism from @2:1 lo(v,) @ My, onto Cy. Let eg be the unit of
My, ax = ¢(logy,) @ ex) and pp = (7lc,) " H(gr), 1 <k <1 Setting Cip =
prC1pr, we have Cp = (@;:1 pk)C1(@2:1pk) = @221 Cir. Let @i be the
isomorphism from C(Y;) ® M, onto g;Dgy which is defined by ¢, then 7|¢,,
is the isomorphism from Cyx onto ¢ (lo(y,) ® My,).

In the case Yy = {pt} (lo <k <), then we have C(Yy) ® M, = lc(y,) ®
M,,, . Therefore, (|c,)~! o ¢ is the isomorphism from

! ! ! !
@ C(Yr) @ My, 0nt0< @ pk>C’1< @ pk>: @ Cik.

k=lo+1 k=lo+1 k=lo+1 k=lo+1

In the case Yk = [07 1] (1 S k S lo), let {Clc,ij}lgi,jgnk and {ek’ij‘}lgi’jgnk be
the matrix units in C; and M, , respectively. From the proof of Lemma 3.3,
we have:

(1) Let Cox = {x € 1¢, Alc,, = peApi|m(x) € g Dqi}, then Coi O Cig
with ]‘Cok = 101k = Pk and W(Cok) = quqk;
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(2) Let Cok,e = ck,11Co0kCk 11, there is an isomorphism oy from Cop . ®
M, onto Coi, with agc(c® e;;) = cp1cck,1; for any c € Cope 1 <1,5 < ng;

(3) For any hy € Co e with 0 < hy, < ¢y 11 satisfying w(hy) = pr(gQ ek 11),
where g is the identity function on [0,1]. Let C~*k7e =C*(hg,cx,11) € Cok,e and
ék = ak)e(ék’e ® M, ), then 7r|6k is the isomorphism from ék onto qxDqr =
0 (C(Yi) ® My, ). Moreover, there exists hy, € Coy, . with the properties above.

Now let us consider the following commutative diagram
0——1——>=M() Q1) 0

S

0 I A—"= AJT 0,

T

where p is the C*-homomorphism with p|; = id; defined by the extension
(A, I), and 7 is the Busby invariant of the extension (A, I). Since the approx-
imate unit {r,}52, of I is quasicentral, then

lim ||rphe — herpl| =0, 1<k <l.

So limy, 00 ||rnp(hi) — p(hi)ry| = 0 since p|; =idy. For any € >0, we can
find a subsequence {r,, }$2; of {r,}52, such that for all hy (1 <k <lp),

”(rni - Tni—l)p(hk)(rni - Tni—l) - (rni - Tn1171)p(hk)|| < 5/21’
where 7,, = 0.

It is easy to see that Z?:l[(rm - Tm—l)p(hk) - (Tm - Tni—l)p(hk)(rni -
Tni:_,)] s convergent in the norm topology as n — oo. Let ap =Y o [(7n, —
rni—l)p(hk?) - (rni - rni—l) (hk)< —Tn;_ 1)] then ay € 1.

Since Y .2 (rn;, — T,y )p(hy) is convergent to p(hg) in the strict topology
in M(I), then Y22 (rn, —7n;_, ) p(hie) (T, — T, ) is convergent to p(hy) — ay
in the strict topology. Let p(hg) = oo (rn; — Tni 1) p(hi) (T, — T, ), then

p(hi) = p(hg) + ak. It is clear that r,, p(hg)’ = p(hy)'ry,. Since hy < cp11,
then p(hg) < p(ck.11). So we have

(rni - T‘ni—l)p(hk)<rni - rni—l) < (rm - rni—l)p(ck,ll)(rni - Tni—l)'

Since ry,; k11 = Ck,11Tn,; and p(ry,) =1y, (Yn), then (v, — 7y, ,)p(ck11) (T, —
Tn; 1) = p(ck11)("n; —Tn;_, ). Therefore, we have

p(hk)/ = (Tni - T'ﬂi—l)p(hk)(rni - rni—l)

i

©
I
=

(rni “Tniy )p(ckyll)(rni - T"i—l)

L,

«
Il
-

M

P(Ck,ll)(Tm —Tni_y )

.
Il
_
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Since Yoo p(ck,11)(rn; —Tn;_,) is convergent to p(cy,11) in the strict topol-

ogy, then we have
p(hi) < p(ckat)-

It is known that the pullback E(1)={x @be M(I)® A/I|m(x) =7(b)}
is isomorphic to A. We denote this isomorphism by ~y, then v(a) = p(a) @
m(a) for any a € A. Since w1 (p(hi)’) = m1(p(hi)) = 7(7(hi)), then we have
p(hi) @ m(hy) € E(1). Let

hi, =" (p(hr) & 7(ha)).
Since
Y(rnhy) = v(rn,)y(hy,) = (r, ©0) (p(he) @ 7(hy))
= rnip(hk)/ @©0= p(hk)/’l“m ©0= (p(hk)/ D W(hk)) (rni D O)
= ’Y(h;c)’Y(an) = V(h;crm),
and
Y(hy) = p(he)' & m(hi) < p(era1) ® m(cka1) = y(Cr,11),
we have
Ty =Ny, By < cean < p.
Since m(h},) =m (v~ (p(hr) ® 7(hi))) = 7(h) = pk(g @ ex,11), where g is the
identity function on [0,1], then A} € Coy. Therefore, we have hj €
ck,11C0kCk,11 = Cog e
Let Ck,e = C*(h},, ck,11) and C(k) = ag,e(Cr e ® My, ). Since r,, commutes
with b} and ¢ 11, we have r,, & = ry, for any x € Cj . Since o (c®e;5) =
crii1cck,1; for any c € Cy . and 7,, commutes with ci;; and Cy ., we have
Ty, C = cry, for any ¢ € C(k). By (3), which is from the proof of Lemma 3.3,
we have 1oy = pr and 7|c () is an isomorphism from C(k) onto grDgg.

Therefore, we have that 7T|®l is the isomorphism from EBL(’:I C(k)

ey C(k)
onto (D 1) DDy i) = Di_y xDax.  Setting C = (B, C(k) @
(EB?C lo+1 C1k), we have that 7|c is the isomorphism from C' onto D and
Ty, commutes with every element of C. Since {ry,,}2, is also a quasicentral
approximate unit of I, it completes the proof. O

THEOREM 3.6. Suppose the extension (A,I) is quasidiagonal. Then for
any € > 0, any finite subset F' of A containing a nonzero positive element a,
any 0 < o4 <o3<og <oy <1, and any integer n > 0, if there exist §;,i =
1,2,3,4, satisfying 0 < 04 < 03 < §4 < 03 < Jo < 01 < 02 < 01, a projection
ge A/l and C = @2:1 M, (C(Yy)) with 15 =g, where Yy, is {pt} or [0,1],
such that

(1) lgm () — m(x)
(2) gr(z
(3) n[f2 (1= @)m(a)(1—q)

q| <e forallzeF,
)q €.C  for all x € F;

< [f2(qm(a)q)),
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then there exist a projection q € A and a C*-subalgebra C € T of A with
lc =q, 7(q) =4 and a projection v € (1 — q)I(1 — q) such that

(1" lgz — zq|| <8 and |rx —ar| <24e for all x € F,;
(2")  qrq€a C and (q+7)x(g+7)E€18: C+rIr for all x € F,

(3) n[for (1—q—r)a(l —q—r)] <[f3(qaq)].

Proof. Since the extension (4,7) is quasidiagonal, by Theorem 3.5, there
exist a projection ¢ € A, a C*-subalgebra C' of A with 15 = ¢ such that
7(§) = q, 7|5 is an isomorphism from C onto C, and an approximate unit
{rn}22, of I consisting of projections which commutes with every element
of C. ~

By (1) and (2), for any = € F', we can find a,,b, € I and ¢, € C which
depend on x such that

|2d — Gz —az]| <e and ||gxd — by — c.|| <e.

Let G = {ay,b,|x € F}. Since G is finite, we can choose some 7, such
that [[(1—r,)yll <e and [ly(1 —ry)[| <e for all y€ G. Let ¢ =4q(1 —ry)q
and C =qCq=(1—-r,)C(1 —ry,), then we have m(q) = ¢ and 7(C) = C.

Since 7, € I and commutes with C, we may define a map ¢ from C to C =
(1=7,)C(1 —=7,) =1 —=r,)C by p(a) = (1 —r,)a (Ya e C). It is routine
to check that v is a surjective homomorphism. Suppose there is a € C' such
that (1 —7,)a=0, then a =r,a € I and 7|s(a) = 7(a) = 0. Since 7|5 is an
isomorphism from C onto C, we have a =0, that is, 1 is injective. Therefore,
1 is an isomorphism from C onto C. Since C' € Z(M, then we have C' € 7).
For any x € F', since
g —zq =q4(1 —rn)qz —zq(1 —rn)q

~2e (1 —10)d(2q — ag) — (G2 + az)q(1 —10)q

=q(1=ry)qzq — 4(1 — ryp)das — qrg(l —rn)q — az(l —10)G

~2e (j(l - Tn)(bx + Cx) - ‘j(l - Tn)aa: - (bx + Cx)(l - Tn)q

—az(1—71p)q
= (j(l - Tn)b?" - (j(l - Tn)am - b’I‘(l - Tn)(j - am(l - rn)q

then
llgz — 2q|| < 4e +[|G(1 — 70)bs || + |G(1 — 7y ) a ||
+ 1162 (L = 70) gl + [las (1 = 72)q]|
<de+e+e+e+e=8e.
We have

(4) |lgz — zq|| < 8 for all x € F.
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Since
qrq =q(1 —ry)qzq(l —rm)q

~e G(1—7n)q(bs + c2)G(1 —14)q

=q(1 —rn)qbeq(l —15)q + q(1 — rn)qcaq(l —rn)g

=q(1 = 70)gbsq(1 —70)G + gezq

=q(1 —73)bs(1 —10)G + qczq
then

lgzq — qezqll <e +|g(1 — rn)Gbaq(l — ry)q|| < 2e.

We have
(5) qrq €2 C.

By Lemma 3.1, (3) and (4), there is a projection r € (1 — p)I(1 — p) such that
|lre —ar|| <24e for all z € F

and

(6) n[fe (1 —q—ra(l —q—r))] <[f7(qaq)].
Then together with (4), we have

(1) llgz — xzq|]| <8 and |rz—ar|| <24e for all x € F.
Since

(g+7r)x(q+71)=qrqg+ qer + req + rer ~6: qrq + rar,
together with (5), we have
(2" qrq €z C and (q+r)x(q+7)€15c C+rIr for all z € F.
(3) is from (6), and then we complete the proof. O

THEOREM 3.7. Suppose the extension (A, I) is quasidiagonal. If TR(I) <1
and A/I is TAI then TR(A) <1.

Proof. For any € > 0, any finite subset F' of A containing a nonzero positive
element a, any 0 < 04 < 03 < 02 < 01 <0, and any integer n > 0, we choose
d;i 0;,1=1,2,3,4, satisfying

0<04<03<04<03<dys<d3<do<d; << <o9<oy<l1.

Since A/I is TAI, there exist a projection g in A/I and a C*-subalgebra C
of A/I which is isomorphic to @;zl M, C(Yy) with 15, = g, where Y, = {pt}
or [0,1], such that
(1) lm(z)g — gr(z)|| <e/64 for all z € F;

(2) qr(z)q €c/64 C, forallzcF;

(3) nlfi (L=am(a)(1-7)] <[f5(ar(a)q)].
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By Theorem 3.6, there exist a projection ¢ € A and a C*-subalgebra ¢, € Z()
of A with 1¢, =¢, m(q) =, and a projection r € (1 — q)I(1 — ¢) such that

(4) llgz — zq|| <e/8, |rz —ar|| < 3/8¢ for all z € F;
(5)  qwq €1/32: Ch, (q+7)x(q+7) Cgey32 Cr+rIr for all x € F
(6) n[f5 (1 —a—r)a(l —q—r)] < [f3(gaq)].

Let G = {rar|z € F}. Since TR(I) <1, by Lemma 2.5 we have TR(rIr) <
1. Then there exist a projection p € 7Ir and a C*-subalgebra Co € (1) of rIr
with 1¢, = p such that

(7) |lprar —rarp|| <e/8 for all z € F;
(8) prp €.8 Co for all x € F;
(9) nlfs: ((r=pa(r =p))] <[5 (pap))-

Now let s =g+ p and C = Cy + Cs. 1t is easy to see that C e ZW and 1o =s.
Since

st —axs =(q¢+p)r—x(q+p)
= qx — xq+pr — TP
R./s PT — TP
=prre — Trrp
Rlge /8 DTLT — TTTP
~e /8 0,
we have
(1) |[sx —zs|| <e for all x € F.
Since
szs = (q+p)r(q+p)
= qxq -+ prp + prq + qITp
Re/1 qrq + pIp,
by (8) and (5), we have
(2" sxs €3.3 C forall z € F.
Finally, with e small enough, by Lemma 2.6, (4), (6), (7) and (9), we have
n[f2((1—s)a(l—s))]
<n[f3(1=q—r)a(l —q—7)] +n[f3:((r—pa(r —p))]
< [f5 (qaq)] + [£5 (pap)]
< [f53 (sas)].
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Then
(3 n[fi (1= s)a(l —s))] < [f72(sas)].
We complete the proof from (1), (2'), (3’) above. O

COROLLARY 3.8. Suppose the extension (A, 1) is quasidiagonal and A/T is
a unital simple C*-algebra. If TR(I) <1 and TR(A/I) <1, then TR(A) < 1.

Proof. Suppose A/I is a unital simple C*-algebra. By Theorem 7.1(b) in
[19], TR(A/I) <1if and only if A/I is TAI Then the conclusion follows from
Theorem 3.7. O

4. Tracially quasidiagonal extensions of C'*-algebras

DEFINITION 4.1. Let I and A be as in (x). The extension (A, I) is said to
be tracially quasidiagonal if for any ¢ > 0, any 0 < 04 < 03 < 02 < 01 < 1, any
finite subset F' C A containing a nonzero positive element a, and any inte-
ger n > 0, there exist a projection p € A and a C*-subalgebra C of A with
1¢ = p such that

(1) lpz — zp|| <e for all z € F;

(2) prp €. C for all x € F

(3) n[fes (L =pa(l—p))] <[f7:(pap)];

(4) CNI =plp and the extension (C,plp)
is quasidiagonal.

The following definition was first given by Hu-Lin—Xue, which can be found
in [14].

DEFINITION 4.2. Let A be a unital C*-algebra. We say that A has the
property (P) if the following holds: for any e > 0, any integer n > 0, any
finite subset F' C A containing a nonzero positive element a, and any 0 <
04 < 03 < 09 <01 <1, there exist a projection p € A and a C*-subalgebra C
of A with 1¢ =p and TR(C) <k such that

(1) |lpx —zp|| <e forall x € F;
(2) prp €. C forall x € F;
(3) n[fe (L =pla(l —p))] <2([f5 (pap)]-

LEMMA 4.3. Suppose that D is a compact subset of [0,1]. For any € >0
and h € C(D) with h(z) =x if x € D, then there is h' € C(D) such that
lh — R'|| < e and the spectrum of h' is the finite disjoint union of sets of a
single point or closed intervals (possibly the finite disjoint union is one set of
a single point or one closed interval).
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Proof. Fix € > 0. Let ag = inf D and b= sup D, then ag,b € D. Without
loss of generality, we assume that ag 4+ <b.

Case (1). If ag is the left interior point of D, that is, there exists ¢ > 0 such
that [ag,t] C D. Let a; = sup{t|[ao,t] C D}, then a; € D and ay is not the
left interior point of D. We define h{, on [ag,a;] by

ho(z) =z, ap<z<a.

Case (2). If ag is not the left interior point of D and ¢ = ag+¢/2 is the left
interior point of D, then we can choose sufficiently small § with 0 < § <&/2
such that ap +d < ¢ and ag+ d € D. Since D€ is an open set, we can find an
interval [a, 8] C D€ such that ap <a<ap+d<f<ec.

Let a; = sup {t|[c,t] C D} = max{t|[c,t] C D}, then a; € D and a; — ag >
£/2. We define h} on [ag, a;1] by

ao, CLOS.’I}<Q7
() = linear, a<x<pg,

c, B<x<ec,

x, c<z<aj.

Case (3). If both ap and ¢ =ag + /2 are not the left interior points
of D, then we can choose 0 with 0 < § < &/2 such that ¢+ 6 € D°. Let a1 =
sup{t|(c+ 6,t) N D = ¢}, then a1 € D and a; — ag > /2. We define h} on
[aO’ al] by

agp, ag<zc<c+d,
hi(t) = linear, c+6<z<ay,
ai, xr=aj.

In any case above, h{, is a continuous function on [ag,a;] with h{(ag) =
ao, hi(ar) = ar and ||h|pAjag,ai] — Mol Djag,ai]ll < €. Moreover, the spectrum
of hg|pAfag,a,] is the finite disjoint union of sets of a single point or closed
intervals.

If a; + e < b, replacing ag by a; and repeating the process above, then
we have as € D and continuous function h} on [a1,as] with h)(a;) = aq,
R (az) = az and ||h|pnja;,as] — P1lDAjay,e0)ll < € Moreover, az — ag > ¢/2
and the spectrum of h}|pn[q,,q,] is the finite disjoint union of sets of a sin-
gle point or closed intervals. We may continue the process above, for ex-
ample n times, and have ag,...,a, with a, € D and a,_1 +¢ <b, and
continuous functions h} on [a;,a;+1] with hl(a;) = a;, hi(ait1) = ai+1 and
||h|Dﬂ[ai,ai+1] - hli'Dﬁ[ai,aHl]H <€ (0 <1< TL) such that ag; — Ag(i—1) > 6/2
(i > 1) and the spectrum of hj|pn[a,,q,,,] is the finite disjoint union of sets of
a single point or closed intervals for each ¢ with 0 <7 <n.
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Since agz; — as;—1) >¢€/2 (i > 1) and |[ag,b]| =b — ag < 1, then we can find
a positive integer n such that a,, < b and a, + € >b. Then we define h on
[a03 b] by

h(t) = hi_y, a1 <x<a;1<i<n,
A, ap <z <b.

Let h' = h|p, then h/ € C(D) and ||h — || < &. Moreover, the spectrum of
h' is the finite disjoint union of sets of a single point or closed intervals, and
this completes the proof. O

NOTE. The result of Lemma 4.3 is also obtained from Lemma 2.4 of [23].
But the proof here is different from that one.

THEOREM 4.4. Suppose the extension (A,I) is tracially quasidiagonal. If
TR(I) <1 and A/I is TAI then A has the property (Py).

Proof. Let € be a positive number, F' be a finite subset of A containing a
nonzero positive element a, o; (i = 1,2, 3,4) be positive numbers with 0 < o4 <
03 < 09 <01 <1, and n be a positive integer. We choose aq,...,a15,d1,ds
satisfying o3 < dy < dj < a8 < -+- < a1 < 02. Without loss of generality, we
assume that F' is contained in the unit ball of A. Let v be a positive number
which will be decided later.

Since A/I is TAI, there exist a projection p in A/I and a C*-subalgebra C
of A/I with 15 =p and C = @Zzl(C(Xk) ® M, ), where X}, is {pt} or [0,1],
such that

(1) |m(z)p — pr(x)|| <~ forall ze F;
(2) pr(z)p €,C forall x € F;
(3) [faa (L =p)m(a)(1—D)] <[fa1 (pr(a)D)].

Let ¢ be the isomorphism from @k:l( (X1)® M,,) onto C. Without
loss of generality, we may assume that there exists an integer {y > 0 such that
Xi=1[0,1] if1<k<ly and X,={pt} iflp<k<l
For any k with 1 <k <1, let {d};}1<i j<n, be the matrix units of M,,. Let
Dy, = ¢(1c(x,) ® Mn,), then 90(@2:1(10 () © My,)) = @)y Dy Let ef; =
e(le(x,) ©dy;), then p= P (P, ). Let af; be the element in A such

i=1 Cii

that m(aj;) = e};. Moreover, for 1 <k <lo, we let hy = @(he @ (31, dv)),

where hy, € C0,1] is the identity function. Then

lo
C=(@C*(hk,ezrlsz‘,j§nk> (@O* 1<Zj<nk)>

k=1 k=lo+1

By (3), there exist the elements T, (1 <s<mn+1)in A/I such that Z*z, =
ats (L =p)m(a)(1 = p)), z,75 € Her(f513 (pap)), and z,z7 (1 <s<n+1)
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are mutually orthogonal. Let x4 (1 <s<mn+1) be the elements in A with
lzs|| <1 such that w(xs) = Zs. Let p’ be the element in A with 0 <p' <14
such that m(p') = p, and by (1 <k <lp) be the positive elements in A such
that 7(bg) = hy. Let
F'=FU{aj1<k<l,1<ij<m}U{z,ai[l<s<n+1}
U b, bpl1 <k <lo}U{p'},

and let 77 be a positive number with 0 < ; < 1/54 which will be decided
later.

Since the extension (A, I) is tracially quasidiagonal, there exist a projection

q in A and a C*-subalgebra B of A with 15 = ¢ such that BN I = qlq, the
extension (B, qlq) is quasidiagonal, and

(4) llgx — zq|| <y1 for all z € F';
(5) qrq €, B forall x € F';
(6) nlfor (1 =q)a(l — )] <[fai(gaq)].
For any k with 1 <k <1, we can choose Efj (1<1i,j <nyg) of m(B) such that
[ei |l <1, & is a positive element and 7 (q)ef;m(q) ~, ;. Since
() — el man cim(@)esim(q) — m(@)elim(q)
~ m()egm(@)esm(q) — m(g)efm(a)
~o m(a)egm(q) — m(a)esm(q)

then we have
I1(5:)? = €iill < 4.

Since 1 < 1/108, then we have

I(e)? = eill < 4m < 1/4.
By Lemma 2.5.5 in [16], there exists a projection pf, in 7(B) such that ||c¥ —
P%|| < 8y1. Then we have

Im(@)egm(q) — il < 9m
and

Héfi _ﬁfi - (1 - W(Q))éfi(l - W(‘I)) || < 107;.
Let s and t be integers with 1 <t <[ and 1 < s <ny, then we have a

projection p, in 7(B) such that [|r(g)em(g) — Pisl| <9 and &g, — pis —
(1—7(q))ety(1 —m(q))|| <107v1. If k#t¢, or k=t but i # s, then we have

Piibls ~1sy, m(@)Ehm(g)m(q)el m(q)

~o ()€} e, (9)
—0.
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That is, ||prpL,]| < 197:. By Lemma 2.5.6 in [16], with v, sufficiently small,
we may assume that ;EZ and pt, are mutually orthogonal if k #¢, or k=t but
1% s.
For any k with 1 <k <[, since
eyj ~ m(@)erm(q) + (1 —m(q))er; (1 —7(q))
R élfj +(1- W(Q))é]fj(l —(q)),

then
é’fj 2y élfj + (1 - W(Q))élfj (1 - W(Q))
and
é?l Roy, (Elfj)* +(1- W(Q))é?1 (1—7(q)).
So we have

el; = ehe;el;
R0y, (P11 + (1-7(g))e
~104, (P11 + (1= 7(q))
Moy (ﬁ]fl + (1—7(q))e
(ﬁ?j (1 (Q))
=pheypy; + (1—m(g)et, (1 —n(q))ey; (1 —n(q))ef; (1 —7(q)).

Set le :ﬁnéljﬁjj and f1kj =(1—7(q))er (1 _W(Q))élfj(l _W(Q))éﬁj(l —-7(q)),
then we have

= )—‘ET

(
(q))€
ey

— T
— T

_k k k "
(7) €1 R22y, 215+ i) €)1 R22y, (21]) (fl]) .

Therefore, we have

~k ~k k k
€11 = €1€51 N4y, z13<zlg) + flg(flg)

and
é?j = é?lélfj 44y, (ng) 21] (fl]) flj
Since
Py + (1- W(Q))élfl (1—7(q)) =10, &) Naay, Z]fg (213) + flj(fl])
and

ﬁ?ﬂ + (1 - ﬂ-(q))é?J (1 - W(Q)) %1071 é?j Q’J44’Yl (ij) 21] (fl]) flj’
then we have

155, — Z{C](le) | <54y: and Hﬁ_];j (21]) Z1g||<5471

Since 1 < 1/54, then we have

1951 — 23 (1) < By <1 and - [p5; — (21) 21y < 5 < 1.
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By Lemma 2.5.3 of [16], we have p¥; and ﬁ?j are Murray—von Neumann equiv-
alent. Since
k k k k o\ k
0 <pj; — |15 < b5 — (215) 7215 <54,
then [2};| is invertible in p¥;w(B)pk;. Set 0f; = zf;|2f;| !, then
~ ~ 54’}/1
k (~k _f; k k k
oy (01;)" =P, (075)" Ul] p]] and  [|97; — 295 < m

For 1 <i,j <ng, set &f; = (0f;)*0};, then {€};}1<i j<n, (1 <k <) are mutu-

ally orthogonal matrix units in 7(B). Since

<k ~k \x~k
€i; = (Ulz)*vlg

A 108y, (Zfz)*zfj
1

Ry, 1(q)(€5;) w(q)m(g)ey;m(q)  (by (7))
1)elm ()
(

then we have

_ N 108~
®)  Im(q)elm(q) — &kl <457 + ———

for 1 <k<Il, 1<14,j<ng.
1_5471 or lsr=it, S1,) SNk

For any k with 1 <k <ly, by (5), we can find an element g, in B with
0 < g < ¢ such that ||gbkg — gk|| < 1. Let

nk
ge=7(gr) and hy= @éﬁgkéﬁ for any k with 1 <k <lj,
i=1

then gx, hy € 7(B) and hy < @*, &k = é, < m(q), where & is the unit of the
finite dimensional C*- subalgebra spanned by {e 1 <i,j <ng}. It is easy to
check that hj commutes with eij (1<14,j<ng). Since

~k
hk - @ezlgkelz ~7 @6“71' )elz

%HmﬁmeEZ ehm(@)hir(a)ekima)  (by (8))

ng

Roney Y m(@)eh hrelym(q) = m(q)hum(q)  (by (4)),
=1

then for any k£ with 1 <k <[y we have

(9) MkﬂWﬂm@m<m<%%+fmwl)

1-— 54’71
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For any k with 1 <k <y, let A = C*(ﬁkffj :1<4,5 <ng) and
Apo = C* (¥ hyék, é¥)). Since {df;}1<ij<n, is a matrix unit for M,, and
{éfj}lgi,agnk is a matrix unit in Ay, then we define a map «ay, from Ay . @ M,
to A by

ar(a®df )= ezlaelfj
By Theorem 6.1.2 and Remark 6.1.3 in [27], oy, is an isomorphism from Ay . ®
M, onto Ai. By the Gelfand theorem for commutative C*-algebras, there
is an isomorphism S from Ay . onto C(o (euhkeu)) such that By "' (fx) =
ek hieb,, where fi the identity function on o(é¥ hpék,).

Let > 0 which will be decided later, by Lemma 4.3, there exists f; €
C(o (¥ hiék,)) such that ||, — fi| <7 and the spectrum of f;, is the finite
disjoint union of sets of a single point or closed intervals. Then we have

ﬁk_l(fllg) € Age, lle 11hk€11 ﬁ;l(fé)ll <,
and
C*(Br~ " (fo),e01) = C(a (B (1))-

Since o(3;, ' (f})) is the finite disjoint union of sets of a single point or closed
intervals, we may assume there exist an integer mj >0 and disjoint sets Y}*
(1 <i < my) which are single points or closed intervals such that o(3; ' (f1)) =
Uims Y&, then C(o(B3;, ' (f}))) is isomorphic to @~ C(Y}). Since a closed
interval is homeomorphic to [0, 1], we have

C* (B (fr), 1) © My, = (@C (XF) ) @ My, ,

where each Xf is a single point or [0,1]. For any k with 1 <k <l, let

ngk

Ck*ak( (B (1), 611)®Mn) and E/,:Zéi‘clﬂk (fi)el;.

=1

Since [l — hll = | 0%, &4 (87 (F) — B2 (F))Ek ]| <, together with (9),
we have

- ~ 216
10)  |Im(@)hem(q) — Byll < mu (9371 + —— 1) 4y for 1< k<.
1-— 54’71
Since
(e}, ® dy D) =€ nenel = ekg
and

o (gk (Zd )) S (e (5 () @ )

=1

- Zézlﬁk fk elz k
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we have

Cr=C* (R} el s 1<i,j<ny), 1<k<lp.
k 1,]

Let

lo

C= (@Ck> ® < P cr@yi<i ]<nk)>
k=1 k=lp+1

then C C 7(C). Let =1, then =@} _, (B, &%) <7(q) = 1x(c)- By (8)

and p= @, (B}, &), we have

P 10871

11 k5 _ ekl <45 o
(11) lpeip — el < 4571 + — I
and

_ _ 108y,

12 — M| 45 —_—
(12) @) - 1l < 31 (457 + 1)
where M =ny +ng + -+ -+ n;. Moreover, by (4) and (12), we have

o 10871
_ M4 o
(13) It gl < 21 (46 + 050 )

For any x € F, by (13), we have

pr(g)m(z)m(q) — m(g)m(z)7(q)p

oM (46, + 20871 ) m(q)pr(2)7(q) — m(q)m(2)pm(q)

T—54~7

=, 0.
Therefore, with «; and - sufficiently small, we have
(14) 1Py —ypll <e for all y € m(qFq).

For any = € F, by (2) there exists Z € C such that |pr(2)p — Z|| <. Then
by (13), we have

()7 (@) (@)D Ropr(agy, + 20y T(@)pm(x)pm(q)

T—54~y]

~y T(q)TT(q).
By (8), (10), and the definitions of C' and C, for any X > 0, with ~; and 7 suf-

ficiently small, we can find # € C such that ||7(¢)Z7(q) — Z|| < A. Therefore,
with 1,7, n and A sufficiently small, we have

( pype.C forallye m(qFq).

15)
By (13), we may choose sufficiently small v such that
16)

( [(7(q) =) 7(a)(m(q) = §) — 7(q)(1 = P)m(a)(1 = p)(q) || < (a9, ar0);
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and
(17) |7 (q)pm(a)pm(q) — pr(a)pl| < d(air, cus),

where §(ag,a19) and §(ay7,a18) are given by Lemma 2.4(5). Then by (16)
and Lemma 2.4(5), we have

(18)  [f8I((m(@)—p)7(a)(w(q)—p))] < [f32, (7(a) (1 =p)m(a)(1—p)7(q))].
By (4), we may choose sufficiently small v; such that for any y € {Z;]1 < s <
n+1}U{pr(a)p, (1 —p)m(a)(1 —p)}
(19) ||7T(q)y - yﬂ-(Q)” < 6(” + 1,0&9,0[10, -, 005, 0416)7
where 6(n+ 1, a9, 10, . . ., 15, 1) is given by Lemma 2.7. Since
(n+ 1) [fen (1 =p)m(a)(1 - p))] < [f31 (pr(a)p)],
we have
(n+1)[fa7, (7(0)(1 = p)7(a) (1 — p)7(q))]
< /835 (m(@)pm(a)pm(q))]  (by (19) and Lemma 2.7)
<[feE(r(a)p)]  (by (17) and Lemma 2.4(5)).
So we have
(20) (n+1)[f37 ((n(q) = p)m(a)(m(q) — §))] < [fa1 (Pr(a)p)]-

By (5), without loss of generality, we may assume ¢Fq C B. Since the
extension (B, ¢lq) is quasidiagonal, by (14), (15), (20) and Theorem 3.6 there
exist a projection p and a C*-subalgebra C' € T of B with 1¢ = p, 7(p) =
and 7(C) = C, and a projection r € (¢ — p)I(qg — p) such that

(21) lpz — zp|| <8 and |ra —ar| <24e for all z € ¢Fyq;

(22) pzpe€s. C and (p+r)x(p+r) €. C+rir forall x € qFg;

(23) (n+1)[f2((q—p—mr)alg—p—7))] <[f3 (pap))-

Let Co =C + rIr. Since TR(I) <1 and r € I, we have TR(rIr) < 1. Set
po=p+ 7, we have TR(Cp) <1 and 1¢, = po. Since

n[fZH((1 = po)a(l —po))]

<n[fei((1—q)a(l —q)] +n[fl((q—po)alg — po))]

[fa (qaq)] +n[ £33 ((a = po)ala — po))]

[fa2(poapo)] + (n+ 1) [f52 ((¢ — po)alg — po))]

(/52 (poapo)] + [£4! (pap)]  (by Lemma 2.4(2) and 2.4(6))

2153 (poapo)],

then it follows that A has the property (P;) and it completes the proof. O

<
<
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NoOTE. If the Cuntz semi-group of A is weakly unperforated, then n =2m
and nfa] < 2[b] imply that m[a] < [b]. Therefore, (3) of Definition 4.2 will be
the same as (3) in the definition of TR(A) < 1. That is, Theorem 4.4 implies
TR(A) < 1.

COROLLARY 4.5. Suppose that (A,I) is tracially quasidiagonal, A is unital
and A/T is a unital simple C*-algebra. If TR(I) <1 and TR(A/I) <1, then A
has the property (Py).

Proof. Suppose A/I is a unital simple C*-algebra. By Theorem 7.1(b) in
[19], it was shown that TR(A/I) <1 if and only if A/I is TAIL Then the
conclusion follows from the Theorem 4.4. O
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