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DECOMPOSITION OF THE (-DETERMINANT FOR THE
LAPLACIAN ON MANIFOLDS WITH CYLINDRICAL END

PAUL LOYA AND JINSUNG PARK

ABSTRACT. In this paper we combine elements of the b-calculus and
elliptic boundary problems to solve the decomposition problem for the
(regularized) ¢-determinant of the Laplacian on a manifold with cylin-
drical end into the (-determinants of the Laplacians with Dirichlet con-
ditions on the manifold with boundary and on the half infinite cylinder.
We also compute all the contributions to this formula explicitly.

1. Introduction

We investigate the ‘Mayer-Vietoris’ or ‘cut and paste’ decomposition for-
mula of the (-determinant for a Laplacian on a manifold with cylindrical end
into the (-determinants of the Laplacians with Dirichlet conditions on the
manifold with boundary and on the half infinite cylinder. We also introduce
a new method to attack such surgery problems by comparing the problem to
a corresponding model problem. This approach works for compact manifolds
as well as manifolds with cylindrical ends and will be used to solve related
decomposition problems for the spectral invariants of Dirac type operators in
[12], [13]. We remark that the noncompactness of the underlying manifold
introduces many new facets and obstacles not found in the compact case, as
we will explain later. We begin with a brief account of zeta determinants.

The (-determinant of a Laplace type operator was pioneered in the seminal
paper [21] by Ray and Singer. They were seeking an analytic version of the so-
called Reidemeister torsion, a combinatorial-topological invariant introduced
by Reidemeister [22] and Franz [6]. They conjectured that their analytic in-
variant was the same as the Reidemeister torsion. Later, this conjecture was
proved independently by Cheeger [4] and Miiller [17]. The (-determinants
have also been of great use in quantum field theory where they are being
used to develop rigorous models for Feynman path integral techniques [10].
Because of their use in differential topology and quantum field theory, much
work has been done on understanding the nature of (-determinants, especially
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their behavior under ‘cutting and pasting’ of manifolds. This was initiated
on compact manifolds by Burghelea, Friedlander, and Kappeler [2]. Their
method can be considered as a modification of Forman’s [5] variation argu-
ment of the (-determinant to the decomposition problem of the (-determinant.
Recently the second author and Wojciechowski proved the adiabatic decom-
position formula of the ¢-determinant [19], where adiabatic means that the
length of the neck near the cutting hypersurface is stretched longer and longer
and the limit of the ratio of the (-determinants of the whole manifold and the
decomposed manifolds under this process is investigated. This approach has
a close relation with scattering theory over the manifold with cylindrical end
obtained in the limit. In a similar way, one can examine (-determinants on
manifolds with boundary by attaching a half infinite cylinder to the boundary
and considering the corresponding invariant for the manifold with cylindrical
end; one must then be able to relate this new invariant to the invariant for
the original manifold with boundary. This approach was employed in the
seminal book of Melrose [15] in the framework of index theory for manifolds
with cylindrical end and further developed in joint work with Hassell and
Mazzeo [8] where extensive analytic tools were developed to study ‘analytic
surgery,” cf. [14]. Using these analytic tools, Piazza [20] derived surgery for-
mulas for determinant bundles and Hassell [7] proved a b-surgery formula for
the b-analytic torsion. The present paper falls into this ‘b-category’ approach,
as we now explain.

Let X be a manifold with cylindrical end of arbitrary dimension, that is,
we have a decomposition

X=MuUZ,

where M is a manifold with boundary Y and Z = [0,00) x Y is a half infinite
cylinder. We also assume that M has a tubular neighbourhood N = [—1,0]xY
of Y. Let Ax be a Laplace type operator acting on C°°(X, E), where E is
a Hermitian vector bundle over X. We assume that the Riemannian metric
over X and the Hermitian metric of E have product structures over Z :=
NUZ =[-1,00), x Y, where u is the cylindrical variable. Hence Ax has the
following form over Z:

Ax

where Ay is a Laplace type operator over Y. Then, by restriction, Ax in-
duces Laplace operators over M, Z and we denote these operators by Aps, Az,
respectively. For Ay;, Az, we impose Dirichlet boundary conditions and de-
note the resulting operators by Aps g, Az 4, respectively. Finally, we assume
that the Dirichlet operator on M, Ajy g, is invertible. This last assumption
is satisfied by many operators, for example, if X is connected and Ax is a
Dirac Laplacian such as the Hodge Laplacian acting on C*°(X,ANT*X ®@V,),
where (p,V,) is a unitary representation of m(X).
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The (-determinant of A,; 4 is defined in the standard way,
d
detCAM,d = exp ( — =

Is C(S,AM,d)),

where the (-function ((s,Apsq) is defined by means of the heat operator
through the integral

C(37AM,d) =

s=0

—1 /OO 51 Tr(e_m““) dt.
L'(s) Jo

Here the ¢-function ((s, Aps,q) is a priori defined for Rs > 0 and has a mero-
morphic extension over C with the origin as a regular point. For the manifold
with cylindrical end X, the heat operator e *2X is not of trace class. To define
the corresponding (-determinant, it is therefore necessary to introduce an ap-
propriate regularization of the trace. One natural regularization is Melrose’s
b-trace [15], which leads to the b-determinant. Thus, "Tr e *Ax is well-defined
and, see Section 2, this b-heat trace has asymptotic expansions in half-integer
powers of t as t — 0 and ¢ — oco. The %-function (s, Ay) is defined as the
sum of the meromorphic extensions of the functions

1 ! s—1 —tAx
m/ov t bTr(e ¢ )dt,

defined a priori for s > 0, and

1> CiAx
F(s)/l 571 MTr(etAX) dt,

defined a priori for Rs < 0. Then the (b-) (-determinant of Ax is defined as
d
detye Ax = exp ( - —

- bg(s,AX)).

Similarly, one can define the b-determinant det,:Az 4. An elementary intro-
duction to the b-trace is presented in Section 2.

The main concern of this paper is the decomposition of det, Ax in terms
of det¢Anrq and dety Az 4, which can be considered as a decomposition of
the (-determinant over X into contributions from the compact part M and
the cylindrical part Z in the spirit of Burghelea, Friedlander and Kappeler [2].
A related idea can be found in the paper of Hassell and Zelditch [9], where
they considered a similar problem for an exterior domain in R2.

To derive the decomposition formula of the (-determinant over X, we de-
velop a new method by introducing an auxiliary model problem over the cylin-
drical part. That is, we consider the corresponding problem for the decom-
position of Z = NUZ into N and Z and the core of our approach is to
compare the original problem with this model problem. One advantage of
our approach is that the difference of the operators on X and the operators
of the model problem is of trace class; this allows us to avoid certain trace
class issues in [2]. Moreover, the explicit computations of the (-determinants

s=0
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over the cylindrical part enable us to get the explicit value of the (a priori
unknown) BFK constant present in the original formula found in [2].

There are new features of our final result not present in the compact case
due to the noncompactness of X, but before explaining this we recall some
results in [2]. When the Laplacian A acting on functions over a compact 2-
dimensional manifold without boundary has a nontrivial kernel (which is auto-
matically an L?-solution over the compact manifold), the formula proved in [2]
contains an additional term originating from the kernel of A. The correspond-
ing phenomenon appears in the case considered in [9], where the bounded so-
lution of the Laplacian—the constant function over R?2—contributes to their
final formula. Hence one may conjecture that both L2-solutions and bounded
solutions of Ax would contribute to our formula; in fact, this conjecture is
indeed true. To discuss this phenomenon, we introduce some more nota-
tions. Let {u;} be an orthonormal basis for the kernel of Ax on L?(X, E)
and let {U;} be a basis of the ‘extended L?-solutions’ (bounded solutions of
AxU; = 0) such that at oo on the cylinder, {U;(c0)} are orthonormal in
L%(Y, Ey) where Ey := Ely. Let v; = u;|y and V; = U;|y be the restrictions
of u; and Uj, respectively, to the hypersurface {0} x Y. By Lemma A.3 to be
established in the Appendix, the sections {v;, V;} are linearly independent in
L2(Y, Ey); therefore both operators

(1.1) L=>vev, L=> VeV

J J
are nonnegative linear operators on the finite-dimensional vector space V =
span{v;, V;} C L?(Y, Ep). Since the set {v;, V;} is a linearly independent
set spanning V', the operator

L+L:V—V

is positive. In particular, det(L + Z) is nonzero.

The final ingredient we need is an operator R over Y, which is defined to be
the sum of the Dirichlet to Neumann operators for Ay, and Az. In Theorem
A.4, we prove that R is a nonnegative first order elliptic classical pseudodif-
ferential operator, so that its (-regularized determinant is well defined.

We can now state our main theorem:

THEOREM 1.1.  When Ay g is invertible, the following decomposition for-
mula holds:

detbCAX _ 2_C(O,AY)—hY detCR~ ,
det¢Apr,qg - detee Az g det(L + L)
where ((s, Ay) is the (-function of Ay and hy := dimker Ay .

(1.2)

There are a couple of ways to rewrite formula (1.2). First, one can explicitly
compute that dety Ay = e~ 108detcAv/4 (see Equation (2.6)), so our main
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formula can be written
detbCAX — 9-C(0,Ay)—hy detCR~ . e—% logdet¢Ay
det¢Apra det(L + L)
This theorem can be recast in terms of relative determinants studied by Miiller

[18]. Ome can show that detyAx /dete:Az g = det¢(Ax,Azq), the relative
determinant of the pair (Ax, Az 4). Thus, our main formula can be written

detC(Ax, AZ,d) _ 2—((0,Ay)—hy det<R~ )

det¢Anrd det(L + L)

In the recent preprint [16], Miiller and Miiller derived this relative version
using Carron’s relative determinant formula [3, Theorem 1.4] which implies
that there is a polynomial P such that for A ¢ (—o0, 0],

detC(AX + A, Az,d + )\)

det¢ (AM,d +A)
The formula (1.3) is derived in [16] from Carron’s formula by taking A — 0.
However, our proof is independent of this result and our proof can be adapted

to solve decomposition problems involving pseudodifferential boundary prob-
lems for Dirac operators [12], [13].

(1.3)

= PN detR(N).

REMARK 1.2.  We can modify the proof of Theorem 1.1 to derive a similar
formula when a manifold X with cylindrical ends is decomposed into two
manifolds with cylindrical ends. More precisely, suppose that the Laplace
type operator Ax over X is of product type on a collar neighbourhood of
a cutting hypersurface H. If Ay denotes the corresponding Laplacian with
Dirichlet boundary conditions over the decomposed manifolds with cylindrical
ends and has no bounded solutions, then

_ 9 CO0.Am)~hp detCR

detbcAX
detec Ay det(L+ L)’

where R, L and L are the corresponding operators on H defined as above.
This problem will be studied elsewhere.

We now explain the structure of this paper. In Section 2 we provide an ele-
mentary introduction to the b-integral and b-trace. In Section 3, we introduce
basic material about elliptic boundary problems for Laplace type operators.
In Section 4, we introduce the model operators over the cylindrical part and
study their relations with the original operators. In Section 5, we combine the
variation argument of the (-determinant and the comparison with the objects
on the cylinder to get the basic equality for our main result. In Section 6,
we state and combine all the ingredients necessary to prove our main result.
In Section 7, we explicitly compute the (-determinants over the cylindrical
part. In doing this, we get the explicit value of the BFK constant, that is,
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2-C(0.:Av)=hy in our case. In Section 8, for a parameter A € Rt we consider
the asymptotics of dete:(Ax + X), dete(Az g+ A), and detcR(A) as X — 07T,
where R(\) is the operator for Ax + A. The asymptotics of det;R(A) de-
termine the contribution det(L + f) Finally, in Appendix A, we discuss the
analytic properties of R(A) for A € [0,00) that are used in the main body of
the paper.

In conclusion, the authors thank the referee for corrections, suggestions
and simplifications, all of which considerably improved this paper.

2. Introduction to the b-integral and b-trace

The heat operator e **X has a simple structure on the collar of X described
as follows. On the collar Z = [0, 00),, x Y of X, we have

u, ',y y') = L
b b b 47Tt

where, for fixed t > 0, h(t,u, v, y,y') = O(e=*/2¢=%'/2). This can be proved
in various ways; for instance, one can construct the heat kernel ‘by hand’ as
in [1] or one can appeal to the theory of b-pseudodifferential operators [15].
Restricting this Schwartz kernel to the diagonal, we obtain

e_tAX( e—(u—ul)z/(4t)e—tAy + h(tau7u/ay7y,)7

(21) tr e_tAX |Diag = \/% tr e_tAY (ya y) + h(t7 u,u,y, y)

Although the second term h(t,u,u,y,y) = O(e™ ™), which is integrable on
the infinite cylinder Z, the first term is constant with respect to u, so is not
integrable on the infinite cylinder. In particular, the integral of (2.1) over
X diverges, so the heat trace defined via the Lidskii [11] trace formula is not
defined. This shows that in order to develop heat kernel methods on manifolds
with cylindrical ends, we need another notion of trace. One such notion was
provided by Melrose [15] and is called the b-trace described as follows. Let f
be a locally integrable function on X and suppose that on the infinite cylinder
Z we have f(u,y) = c+f(u, y), where ¢ is a constant and f is integrable. Then
we see that the constant c is exactly the obstruction to f being integrable on
X. We define the b-integral of f by simply killing this obstruction:

b/Xf:: /Mf+/zf(u,y)dud?/v

where dy is the measure on Y. The b-trace of the heat operator e *4x is
defined in terms of the b-integral via

Uy e~ tAX ::b/ tr e*tAX|Diag,
b'e
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that is, using the decomposition (2.1),

bTre_tAX :/ tre_tAX|Diag+/ h(tvuvu7y7y) du dy.
M A

In [15] it is proved that the b-trace of the heat operator has the usual short
time asymptotic expansion:

(2.2) Mre=tAx ~ Z ay, tkF=m/2 ast — 0,
k=0

where n = dim X; the pointwise trace of the heat kernel on the diagonal also
has such an expansion. There is a related long time asymptotic expansion
(see [7, Appendix]):

(2.3) MTre 1A% ~ Z by t=F/2 as t — oo,
k=0

where by = hx +5 — hTY with hx and p the dimensions of the L? and extended
L? kernels of Ay, respectively.

We can also apply the b-trace to the heat operator e
we know that

1 "2 N2
9.4 othza — |:ef(ufu) /(at) _ o—(utu) /(4t):|€7tAy7
(24) vAart

where Ay denotes the Laplacian over Y as before. Thus, restricting to the
diagonal, we obtain

—tAza_ In this case,

_ 1 _u2t] —
TR = = L e e ().

Vart

The b-trace, by definition, kills the constant term in u, so

> 1 2 1
2.5 L O —— (/ e ™ /tdu) CTre tAY = —Z Tre 1Ay,
( ) o VAt 4

It follows that % (s, Azq) = f%C(s, Ay ), and hence

(2.6) detbcAZ)d =e log det(Ay/[l.

3. Elliptic boundary problems for Laplace type operators

In this section, we recall some basic material concerning elliptic boundary
problems for Laplace type operators that will be used in the following sections.
See [23] for a general account.

Let us consider our manifold M with boundary Y and a Laplace type
operator A acting on C*° (M, E), where E is a Hermitian vector bundle over
M. Imposing the Dirichlet boundary condition for A, we get the operator

Ag:= A:dom(Ay) ={ Fe H* (M,E) : Fly =0} — L*(M,E).
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We assume that Ay is invertible. We denote its Poisson operator by K4(A4),
which provides us with the unique solution of the Dirichlet boundary problem.
That is, for a given f € C*°(Y, Ep), the section F = Ky4(A)f is the unique
solution of the Dirichlet problem,

AF =0 and Fly = f.

Suppose that A has an L2-invertible extension A over a manifold M of
dim M which contains M as a closed submanifold in its interior. The manifold
M need not be compact and may even have boundary. Then we can define
A~! to be the restriction of A~ to M. More precisely, we define

(31) A_l = 7”+j_16+,
where e, : L(M,E) — LQ(M, E) is the extension map by 0 from M to M

and 74 : H*(M,E) — H*(M, E) is the restriction map back to M. We also
need to introduce the trace map -,

V(@) = (10(8),11(9)) : CF(M, E) — C=(Y, Eo) & C=(Y, Eo),

where vo(¢) := ¢|y and v1(¢) := dud|y. Then we can write the inverse of the
operator Ay in terms of A™1:

(3.2) At = AT = Ka(A)yoA~t

We now consider a family of Laplace type operators A()A) depending on a
parameter A € RT. Then we have:

PROPOSITION 3.1.  For A € R, the following equality holds:
MKa(AN) = —AN);" AN Ka(AN)).
Proof. We consider
ANKa(AR) =0, 0Ka(AN) =1d
and take the derivative 0 to both equalities. Then we obtain
ANONCa(AN) = —0rANKa(AR)) 7003 Ka(A(N)) = 0.

The second equality means that 9xKq(A(A)) maps into the domain of Ay.
Then the first equality implies the claim. O

We can apply the above constructions to the family of Laplace type opera-
tors Apr(N) :== Apr+Xand Az(\) := Az + ) for A € RT and get the Poisson
operator

Ka(A) := Ka(An () UKa(Az(N)).
The operator R(A) for Ax(A) := Ax + A is defined by

R(A) := DiviKa(A)Dy : C*(Y,Ey) — C™(Y, Ey).
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Here, the diagonal map D, and difference map Dy are defined by

Dy(¢) = (¢,¢) : CF(Y,Ey) — CF(Y,Ep) ® C*(Y, Ep),

Di(d,9) = ¢—9 + CF(Y,Ep) ® O (Y, Ep) — C(Y, Ep),
and the map 7, should be understood as two copies of the previously defined
one in the natural way. We remark that for A € RT the shifted Laplace
operator Ay (\) = Ay + ) is invertible on L?(X, E) and its pseudodifferential
structure is explained thoroughly in [15]. In particular, we can use Ax(\) as
an invertible extension to both Aps(A) and Az(XA). According to Theorem
A.2, we have

(3.3) RA) " =70(Ax + X)),

and R(A) is a positive self-adjoint elliptic pseudodifferential operator of order
1. Hence we can define its (-regularized determinant in the standard way.

4. Comparison with the cylinder

The restriction of the operator Ax (A) to Z := [—1,00) X Y defines a family
of Laplacians over Z,

As(\) = =02+ Ay + A
We impose the Dirichlet boundary condition for A, (X) at {—1} x Y and
denote the resulting operator by A°(X) := A, (X)g. We cut Z at {0} x Y

into N =[-1,0] x Y and Z = [0,00) X Y and we impose Dirichlet boundary
conditions over the two copies of {0} x Y in order to get the operator

AC()\)d = AN(A)d L AZ()\)d

over N U Z. Applying the results in the previous section, we obtain the
operator R¢(A) for A°(\).

By the natural embedding of L?(Z, E|;) into L*(X, E), we can extend the
operators A°(\)~1 AC()\)Jl as zero maps over the orthogonal complement
of LQ(Z,E\Z). Therefore we can regard the operators Ax(\) ™1, A(N);' =
AN UAZ(N) S, AS(N) Y, and AC(N); ! as defined over the same Hilbert
space L2(X, E). With respect to the decomposition of L?(X, E) into the sum
L?>(M,E|y) @ L*(Z, E|z), the operator Ax(\)~! has the matrix form

- Apr( M)t rzAx(\)"te
AX(A) b= (TMAA;(()\))_lez ZA};((/\))—l M)’

where ey, ez are the extension maps from M, Z and rj;, rz are the restriction
maps to M, Z defined in Section 3, and where Ay (A)~! := ryrAx(A) " ten
and Az(A\)7 :=rzAx(\)"tez. We denote the diagonal operator of A x(\)~!
by Ax aig(A) ™" = Ap(A) ' UAZ(A) " and similarly we denote by Ag;, (A) !
the corresponding diagonal operator for A°(A\)~!. The main result of this
section is the following proposition.
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PROPOSITION 4.1. The difference
R(A\) —R(\) : L*(Y,Ey) — L*(Y, Ey)
s a smoothing operator, and the difference

(AxaisN) ™ = AN = (A4 = AN« LAXE) — L*(X,E)

is of trace class.
Proof. Let p(a,b) : [-1,1] — [0,1] equal to 0 for —a < u < a and equal to
1 for b < |u| . We use p(a,b) to define
o1 =1—p(5/7,6/7) , Y1 =1—1s ,
b2 = p(1/7,2/7) , P2 =p(3/7,4/7)

and then we extend these functions in the obvious way to define functions
over X. Now we define a parametrix Q()) for the operator Ax(A\)™" by

Q) (@, 2) = d1(2)A°(N) " (@, 2)e1(2) + b2 (@) Ax (N) ' (2, 2)¢ha(2).
Applying Ax(A) to both sides and using that d,¢1 and 9,¢2 have supports
disjoint to the supports of 11 and 15, respectively, it follows that

Ax(NQ(A) = Id+8()),
where S(\) is a smoothing operator. This equality allows us to write
Ax(NTH =00 = —Ax(\) IS,
where —Ax (\)71S()\) is a smoothing operator, which then implies that
(4.1) Ax(N)TH=A )T =S+ T,

where §’()) is a smoothing operator and 7()) is an integral operator whose
support does not reach {0} x Y . By (3.3), we have

RA)T =R = 10(Ax (N = AN = %S (W)

Hence R(A)~! — R¢(A\)~! is a smoothing operator, so that R(\) — R¢()) is
also a smoothing operator. This completes the proof of the first claim. For
the second claim, using the equality in (3.2), we obtain

(42)  AxaiMN) AN - (AN - AN
= Ka(M0Ax.aie(N) " = Ki(AN)10A5,(N)
= (Ka(A) = KiN) 10l x,dig(N) "

+ K(Ci()\)’yo (AX7dig<)\)_1 - Agig()‘)_l)a
where /CG(A) is the Poisson operator for the Dirichlet boundary condition of
the operator A¢(A)|ny UAS(N)|z. Applying the equality (4.1) again, it is easy
to see that Ka(A) — K5(N), 70(Ax.aig(A) ™" = A§iz(A)™") have regularizing
Schwartz kernels. Hence we conclude that the sum of the operators in (4.2)
is of trace class. This completes the proof of the second claim. O
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From the equality (4.1) and the corresponding equality for A(X); ' —A¢(\);!
it follows that Ax(A\)™t — A(\);' — A¢(N)~! + A¢(\); " has a continuous
Schwartz kernel. In particular, we have:

COROLLARY 4.2.  The operator Ax(A\)~' — AN\) ;1 — A°(A\) 7+ Ac(\);!
is of trace class over L?(X, E).

REMARK 4.3. Looking carefully at the proof of Proposition 4.1, one can
see that the proof works for A = 1 € C restricted to any sector I' not intersect-
ing the nonpositive real axis and for p € I', using results from the b-calculus
[15, Ch. 6], the operator Ax (u) ™! — A(p); ' — A°(u) ™t + A%(u); " has a con-
tinuous Schwartz kernel that vanishes exponentially along the cylinder and is
O(lul =) as || — oo in T

We can now apply the results of Proposition 4.1 and Corollary 4.2 to the
variation of (-determinants.

PROPOSITION 4.4. The following equalities hold:

(1) Ox log (det¢R(A) (detcR(A) ™)
= Tr( R()TTOARM) = REA) TR ),

(2) Oy [ log( detbCAx()\) (detbcAz()\)d . detgAM()\)d)_l )
- log( detquZ*()\)d (detbCAz()\)d . detgAN(A)d)71 ) ]
= Tr( Ax(\)7H =AM = A )T + AN ).

Proof. The proofs of these two formulas are similar, so we shall focus on
the proof of (2). Denote the difference of the logarithms in (2) by F(\). Then
according to Singer’s formula [24], we have

o0
F()\) — _/ 1oy (eftAX()\) _ eftA(A)d _ 67tAC(>\) _|_67tAC(>\)d,) dt.
0
Note that since the small time heat asymptotics are determined by local sym-
bols it follows that (cf. the proof of Proposition 4.1) the asymptotic expansion
as t — 0 of the integrand is trivial. Using that Oye™** = —te~**, we obtain

(4.3) O\F(\) = /OO b1y (eftAx()\) e tAMNa _ A 4 e*tAC(A)d) @t

0
_ /Oo 0, "Tr(f(t, \)) dt,
0

where
e tAX(N) oo tAN g~ tAS(N)  ,—tA%(A)g
flt,A) = - - + .
Ax(V T AM. Ay A
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Let T C C be the contour T = —A\/2 4+ {u € C | arg A = 37/4, 5n/4}. Then
by Cauchy’s formula we can write
i ettt -1 -1
(@) 760 = o [ S (Ax(4m) - A )
T Jr H
— AN +p) T A A+ u)d1>du.

Note that each resolvent on the right is L? invertible for all y ¢ (—oo, — )], so
each resolvent is well-defined on the contour Y, and that for 4 € T, Repy <
—)/2, so |et*| < e *M2 for all p € Y, which implies that the y integral
is well-defined. By Remark 4.3, it follows that the integrand in (4.4) has a
continuous Schwartz kernel that vanishes exponentially along the cylinder and
is O(e=*?/|u|?) as |u| — oo in Y. Thus, f(t,\) is a regularizing operator
that vanishes exponentially as ¢ — oo and is continuous at ¢ = 0, whose value
we obtain by substituting ¢ = 0 in (4.4) and using Cauchy’s formula:

FO0) =Ax ()7 =AM = AT+ AN,

The Schwartz kernel of this operator restricted to the diagonal is exponentially
decreasing along the cylinder, so has no constant term. Therefore the b-trace
of f(0,)\) equals the usual trace of f(0,\). Now applying the fundamental
theorem of calculus to (4.3) completes our proof. O

5. Variation of the (-determinant

In this section, we combine the comparison of the (-determinants on X
with that on the cylinder Z and the variation argument of the {-determinant
found in Proposition 4.4. We begin with the following lemma.

LEMMA 5.1. For A € RT, there is a constant C independent of \ such
that
' deteApr(N)g - detb<AZ()\)d

- (detcR(N)) ™

. detbCAz()\)d c —1
= ¢ detcAN()\)d . detbCAz()\)d ) (detCR (/\)) '

Proof. We start from the variation of logdet¢R(A). By the definition of
R(A) and Proposition 3.1, we have

AR = =D AN ;" OAx aig(A) Ka(A)Dy
= =D (Ax.aig(N) " = Ka(W)0Ax.aig(A)H)Ka(A) Dy,
where we used (3.2) and that 0x\Ax dig(A) = 1. Now we claim that
(5.2) Dy Ax aig(\)THCa(N) + C®(Y, Eg) — L*(Y, Ep)
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is the zero map. Indeed, by definition, Kgq(\) maps into H'/?(X, E), so that
image of 'ylAX)dig()\)_llCd()\) lies in H*(Y, Eyp). It follows that the concerned
map in (5.2) is the trivial map. Hence,

MAR(A) = DnKa(A)10Ax.aig(A) " Ka(A)Dy
so that
RA)TIOAR(A) = (D11 Ka(A)Dy) " Dy Ka(A)10A x,dig(A) ™ Ka(A) D

We note that D, has a right inverse on the image of YA x dig(A) " Ka(A) Dy
since YA x,dig(\) 1 Ka(N) Dy € H2(Y, Ey) as we explained above. Therefore,

(5.3) R(A)T'OHRM)
= (DmKa(N)Dy) ' D1 Ka(My0Ax aig(A) " Ka(X) Dy
= (D1iKa(N)Dg) " (D Ka(N) Dg) Dy oA x aig (V)™ Ca(N) Dy
= D, '0Ax,aig(A) T Ka(A)D
A similar formula holds for R¢(A\)~19yR¢()\). Then by Equation (1) in Propo-
sition 4.4 and other equalities proved before, we have
O log (detcR(N)(detRE(N)™H)
= TY(R(/\)_laxR()\) —R(N)TTAR(N)
Tr(Ka(M)v0Ax,dig(A) ™ —’CQ(A)%AdIg(A) D) by (5.3)
= Tr(Ax, dlg( )T =AW - AR T AN by (32)
= Tr(Ax(\) 7 =AM = AN+ AN Y.
Equation (2) in Proposition 4.4 now completes our proof. O

We can compute the constant C' in (5.1) by taking logarithms of both sides
and then taking A\ — oco. By the proof of Proposition 4.4, we have

(5.4)  logdety: Ax()\) —logdetee Az(N)g —logdet;Apr(A)a
— log det1>CA2(A)d + log detbCAz()\)d + log detCAN()\)d

oo
_ _/ U Te(e HAX A o t(Bath) | o=tB5H) | o —HAGHA)Y gy,
0
The large time portion of the integral fooo dt on the right-hand side decays
exponentially as A — co. Hence, the asymptotics of the left-hand side of (5.4)
as A — oo is determined by the asymptotic expansion of
Te(e HAXHY) _ o=HAHN) _ o=tAzH+N) 4 o= t(AGH)

as t — 0, which, in view of the proof of Proposition 4.4, is trivial. This implies
that the asymptotic expansion of the left-hand side of (5.4) is also trivial. We
now consider the asymptotic expansions of log det;R()) and log det:R°(\) as
A — o0o. Let us recall the following result from [2].



1292 PAUL LOYA AND JINSUNG PARK

PROPOSITION 5.2.  For a positive elliptic pseudodifferential operator P()\)
with the parameter A of weight k on an m-dimensional manifold without
boundary, there is an asymptotic expansion

o0 m
(5.5)  logdetcP(A) ~ > a;AF 4> bA Flog A as A — oo,
j=—m Jj=0
where the coefficients a; and b; are determined by local formulas in terms of
the symbol of the operator P(1).

Applying Proposition 5.2 to log det:R(\) and logdet,R°()\) and denoting
the constant terms of these asymptotic expansions by ar, a%, we see that
logC = —(ar —a%).
Since the asymptotics of (5.5) are given in terms of the local symbol asymp-

totics of R(1) and R°(1), Proposition 4.1 implies that agx —a% = 0. Hence
we can conclude that C' = 1; in other words, we have:

PROPOSITION 5.3.  For any A € R, the following equality holds:

dety Ax ()

5.6
( ) detCAM()\)d . detbCAz()\)d

- (detR(N) !

- detbCAZ()\)d
o detCAN()\)d . detbCAz()\)d

- (det¢RE(N)) L

6. Proof of Theorem 1.1

In this section, we prove our main Theorem 1.1 by taking A — 0% in (5.6)
and combining key results that will be proved in the subsequent sections.
First, in Section 7 (see Theorem 7.4), we prove that

deti A, (A
(6.1) lim etic Az (V)

. (& —1 — 2—C(O,Ay)—hy.
A—0+ detCAN(A)d . detbCAz()\)d (detcR ()\))

Second, in Section 8 (see Theorem 8.1), we prove that as A — 07,

h
(6.2) log dets Ax (\) = (hx + g - Ty) log A + log dety: Ax + o(1),

where p is the number of linearly independent extended L2-solutions of Ax.
Third, (see Theorem 8.2) we prove that as A — 0%,

h
(6.3) logdety Az(N)g = —TY log A + logdety: Az 4 + o(1).
Fourth, (see Theorem 8.3) we prove that as A — 0T,

(6.4) logdet;R(N\) = (hX + g) log A — log det(L + L) + log det:R + o(1).
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Finally, to complete the proof of our main theorem, we note that as A — 0T,
(6.5) log det¢ (Anr,g + A) = logdete (Angq) + o(1),

since Ajpsq has discrete spectrum with no kernel. Combining (6.1), (6.2),
(6.3), (6.4), and (6.5), we get our main theorem.

7. Computations over the cylinder

Our goal in this section is to compute the right-hand side in (5.6) above. Let
us consider the finite cylinder Ng := [0, R] X Y and the half infinite cylinder
Zp = [R,00) x Y in Z. By restriction, we obtain Laplace type operators
AN, over Ng and Ay, over Zg of the form —92 + Ay, where Ay denotes
the Laplacian over Y as before. We impose Dirichlet boundary conditions at
{0,R} xY for Ay, and at {R} x Y for Az, and denote by Anp.d4, Az, .d
the resulting operators. For the cutting at {R} x Y of Z into Ny U Zg, we
can define the operator R%(A) for Az g+ A

We begin by computing det¢ Ay, 4 explicitly.

PROPOSITION 7.1.  The following equality holds:

(71) detCANR,d = (2R)hy . (detcx/ Ay)71

. RE(5) 7 C(s=1/2,4v)) (0) H (1 — e 2BVET),

I=hy+1

where {} are the eigenvalues of Ay

Proof. Since the spectrum of Ay, 4 is { 1 + % | I,k € N }, we have

o oo 27.2
C(SaANR,d) = Z Z (,Ul + WR];

l=hy+1k=1

)+ b (R/m)PC(29)

where ((s) is the Riemann-zeta function. We can rewrite the first term on
the right as

i 3 (e (- (0 () o) -

=hy+1 kez

Applying the Poisson summation formula

e 3 VT —rtk2a _ VT 12y VT ke
a a a ’

keZ kEZ keN
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where a is a positive real number, we can rewrite this term as

i (G ()

=hy+1
R
i 3 iy [ e e s an)
lh+1 0 ™

Now observe that the function

R mey s

keN
is regular at s = 0, and

i u’l - R\/_ 7&0 s 1d l
it 2 )y mz 2 7

Therefore, we conclude that

¢'(0, Anp.a) f Z \/—/ <Zexp( Rfk)) )1:3/2 da

l=hy+1 keN

+ %r( - %) <F(5)1C(5 - ;,Ay)) (0)
— 50, 8y) + hy (2log(R/7) ¢(0) +2¢(0)).
In other words, we have
¢'(0, Anpa) = Z Y Bl <F(s)1C(s — % Ay))/ (0)
l=hy+1keN
— 5C0,8y) — hy log(2F).
This completes the proof, O

PROPOSITION 7.2.  For X € [0,00), we have

(7.2) diif(fzzjdiy) — exp ( R(F(s)_1C<s - % Ay + A))'(o) ) .

Proof. Using the well-known formulas for e #(A2.4+) and e~ #(A7r.atX) (cf,
Equation (2.4)), it is straightforward to prove that for any A € [0, o),

PTr(e (B2 tA)) — MTp(e= (B2 atN)) = R(4rt) =2 Tr(e=HAY V),
For X # 0, this gives us

R 1 e 3
b oy _ s—3 ZH(Ay+A)
C(S,AZ,d + )\) C(S,Azmd + )\) ZWF(S) / t Tr(e ) dt,
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from which we can get the claimed equality for A > 0. When A = 0,
%(s,Aza) — %(s,Az,.q) is the sum of the meromorphic extensions of the
following functions which are a priori defined by

R 1 (' s
_ 573 Tr(e tAY) dt

s, )
for s > 0, and

R 1 > 3
[ T2 Tr(e”AY) dt
5T ), He™)

for s < 0. Hence we get the claimed equality even when A = 0. O
Finally, we compute the (-determinant of R%(A).

ProrosITION 7.3.  The following equality holds:

det¢R%(N)

B 2€08v+) . det /Ay + A - detp(l — e 2BVAYTN =1 yr A oL,
B { R=Mv2¢0.AY) . dete/Ay - detp(1 — e 2BVA -1 g\ =,
where detp () denotes the Fredholm determinant and A3, denotes the restric-

tion of Ay to (ker Ay)t. In particular, the function A — det:R%(N) is
continuous at A = 0.

Proof. By elementary computations, we find that
RG(\) = 2VAy FA(1 — e 2BVAY TN =L if )\ £ (),
R 2V/Ay (1 — e 2BVA)=1p L R-1Py if A =0,

where Py, Py are the orthogonal projections onto (ker Ay )+ and ker Ay, re-
spectively. The claim follows from this explicit formula for R% (). O

THEOREM 7.4. The following equality holds:
. detbCAz()\)d
lim
A—0+ detCAN()\)d . detbCAz(/\)d

(det¢RE(N)TH = 27¢(0AY)=hy,

Proof. Setting R = 1, making the change of variables u — v — 1 (which
changes Z to Z), then using Propositions 7.1, 7.2, and 7.3 proves our theorem.
We note that det¢ An(A)q is continuous at A = 0 since Ay (A)q has no kernel
for any A € [0, 00). O

8. Asymptotics as A — 0T

In this section, we prove our main results concerning the asymptotic ex-
pansions of our various determinants as A — 0%.
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THEOREM 8.1. We have the following asymptotic relation: As X — 0t

h
log dety: Ax (A) = (hX + g - Ty) log A + log dete: Ax + o(1).
Proof. From the definition of the b-zeta function, we can write (s, Ax(\))

=1 (5, \) + %a(s,\) + boA~*, where by = hy + £ — b
1 ' 1 —tA
—— [ e (PTreTtAY — by dt
T(s) /0 e ( re 0)
is meromorphically extended from s > 0, and
1 oo
b s—1 _—tA —tA
N=—~ [ t T X —bg) dt.
CZ(Sv ) F(S)/l e ( re O)

Using that "Tre 'A% — by = O(t~/?) as t — oo by (2.3), it follows that
%1 (s, A) +%a(s, \) converges uniformly to % (s, Ax) as A — 0T for s € C near
zero. Taking derivatives of these functions at s = 0, we get our result. O

bCl (87 )\) =

THEOREM 8.2. We have the following asymptotic relation: As X — 0T,
h
log dety Az (A\)g = _TY log A + log dety- Az 4 + o(1).

Proof. By (2.5) we can write

—tA
by e tAz(Na — _c ' Tre Ay = —1<hy e 4 E e_t(/\JrM))
4 4 ’
k

where {uy} are the positive eigenvalues of Ay. This equality implies that
1
b _ —s —s
(s, Az(N)a) = = (hy - A~ + ) )
Taking the derivative with respect to s, multiplying by —1, and using that
the ug’s are positive, proves our theorem. O

The following theorem is the last ingredient needed to prove our main
theorem, Theorem 1.1.

THEOREM 8.3. As A — 01, we have
log detcR(A) = (hX + g) log A — log det(L + L) + log det¢R + o(1),
where L and L are defined in (1.1).

Proof. If P : L*(Y,Ey) — V denotes the orthogonal projection onto V,
then

C(s,R(\) = Tr(R(A\) ™) = Te(PR(A) %) + Te(PTR(N) ).
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Theorem A.4 implies that as A — 07,
—% - Tr(PTR(N\) ™) = logdetR + o(1).
Since Tr(PR(A)~%) = Tr(PR(X)~*P), it follows that

_a
ds

Thus, we are left to prove that as A — 07T,

_ I(PR() ™) = ~ log det (PR(A)_IP).

log det (PR(/\)*IP) =- (hX + ‘g) log A + log det(L + L) + o(1),
or after exponentiating and setting A = v/2, it remains to prove that
(8.1) det (PR(VQ)‘lP) - V_th_p(det(L + 1)+ 0(1)).

To prove this we replace A with v in the formula (A.3) to get
— 1 * 1 *
PR() P = b > v @)+ - > VeV + E®v),

where E(v) = PyQ(v?)y; P is an operator that depends continuously on
v € [0,00). This implies that

det (PR(VQ)’IP) = 7 2hx =2 et (L +vL + 1/2E(V)>.

To compute the determinant on the right, consider the linear map S, : V. — V/
defined by v; — v; and V; — v~'V;. Clearly, S,L = L, S,(vL) = L, and
S,(v?E(v)) = O(v). Thus,

L+vL+12E(v) = S, YL+ L+ O(v)),
which, together with the fact that det S, ! = v?, immediately gives (8.1). O

Appendix A. Some analytic properties of R(\) for X € [0, 00)

Throughout this section we let A denote a parameter in [0,00). For any
A € [0,00) and ¢ € C=(Y, Ey), there is a unique smooth bounded solution
D =d(\) = (P1,D3) € C°(M,E)® C*>(Z,E) that is continuous at Y with
value ¢ such that (Ax + A)® =0 off of Y. (See below for the uniqueness on
Z.) The usual theory of elliptic boundary value problems shows that ®;(\)
is a continuous (even smooth) function of A € [0,00). To see that ®o(A) is
continuous in A, let {¢;} be a basis of Ay with the eigenvalues {1} for each
J- It =73, a;p;, then one can check that the unique solution ®5(A) is given
explicitly by

Dy(N) = Y azem VI g,
i
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Hence, ®3(\) is a continuous function of A and this formula shows that
0uP2(A) is also a continuous function of A too. Then

R(A) ¢ := 0,P1(N) v OuP2(N) .
This discussion implies the following lemma.
LEMMA A.l. R(}) is a continuous function of A € [0,00).

We now find a formula for R(\). Fix A € [0,00). On a neighbourhood of
Y, define the function ¥(u,y) by the formula

0@ = —R(N¢ H(u) + ¥(u,y),
where H(u) is the Heaviside function. Then ¥(0~,y) = 9, P and
V01, y) = 0, P2 + R(N)p = 0, P2 + (0, @1 — 0,P2) = 0, P1,
hence ¥(u,y) is continuous at Y. Since ¥(u,y) is smooth up to Y from each

side, it follows that 0, ¥ has at most a jump discontinuity at Y. On the collar,
Ax + X = —02 + Ay + \; therefore
(A1) (Ax + NP = -920+ (Ay + \)® = R(\)p @6y — 0,V + (Ay + \)D,
where dy is the delta distribution concentrated at Y. Off of the hypersurface
Y, we know that (Ax +A)® = 0, thus (A.1) implies that —9, ¥+ (Ay +A)® =
0 off of Y. Since —9,, ¥ has at most a jump discontinuity at ¥ and (Ay + \)®
is smooth at Y, it follows that —9, ¥ + (Ay + A)® must be identically zero
since it is zero off of Y with at most a jump discontinuity at Y. Therefore,
(A.1) implies that

(Ax + )0 =R(N)p @ dy =g R(A)p.

If A > 0, then we can multiply both sides by (Ax 4+ A)~! and then restrict to
Y, obtaining

(A.2) v =70(Ax +X) 715 R,

where 7§ = (- ® dy) is the adjoint to 7g. This formula is the basis for estab-
lishing the following theorem.

THEOREM A.2. For A\ > 0, R()\) is a positive definite first order elliptic
classical pseudodifferential operator such that

R()\)_l = 'VO(AX + )\)_1’76.

Proof. Fix A > 0. We begin by proving that A(\) = v (Ax + \) 714 is
an elliptic classical pseudodifferential operator of order —1. Note that A(\)
is self-adjoint and therefore its kernel and cokernel have the same dimension.
This fact, together with the formula (A.2), immediately imply that A(\) must
in fact be invertible with inverse R(\). Hence, R(\) = A(\)~! is a classical
elliptic operator of order 1. At the end of this proof we show that R()) is
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positive definite. To see that A(A) is a classical elliptic operator of order —1
we choose a partition of unity of Y in order to work in local coordinates. In
a coordinate patch [—1,1], x R"! on X, where n = dim X and where the
factor R is a coordinate patch on Y, we can write

(Bx + N (g9) = / GOV g,y 70 ) () (7 m) dr i,

n

where a(u, y, 7,7; \) = o((Ax+A) 1) is an elliptic classical symbol of order —2

and d is d divided by as many 27’s as there are variables. Since @(T, n) =
?(n), we see that

AN = 0(Ax + 07 (50) = [ e by ) B
where b(y,m; \) = [ a(0,y,7,m;X)dr. One can check that b(y,n;A) is an
elliptic classical symbol of order —1 in n. This proves that A(\) is an elliptic
classical pseudodifferential operator of order —1.
To prove that R(\) is positive definite, let x(u) € C°((—1,1)) be such
that [ x(u)du =1 and for j =1,2,..., define 9;(u,y) := j x(ju) ¢(y). Then
it is straightforward to check that

(RO)THr0) = (ro(Ax +X) 50 9) = lim (Ax +X)745,4y).

Since the operator (Ax + \)~! is positive definite, the last limit involves only
nonnegative real numbers; therefore the limit (R(\)"1¢p, ) is nonnegative.
Of course, (R(A)~1y, ) cannot be zero unless ¢ = 0, so R(\)~! is positive
definite. Thus, R(A) is also positive definite. O

We now analyze R = R(0). To do so, we use the formula
RN =70(Ax + 1)1,

where 7 is the restriction map to the boundary Y and 7§ = (- ® dy’). Ac-
cording to Proposition 6.28 in [15] we have

— 1 * 1 *
(Ax + ) 1=XZuj®uj+ﬁ ZUj®Uj +Q(\),
J J

where Q()) is a b-pseudodifferential operator of order —2 depending contin-
uously on A € [0,00), {u;} is an orthonormal basis for the kernel of Ax on
L?*(X,E), and {U,} is a basis of the extended L?-solutions, the bounded solu-
tions AxU; = 0 such that at co on the cylinder, {U;(c0)} is an orthonormal
set in L2(Y, Ep). Thus,

— 1 * %k 1 * % *
RN = Y E You; @ ujvg + 7 E YU; @ Ui g +7Q () 7o-
J J
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If v; = uj|y and V; = Uj|y are the restrictions of u; and U; to Y, respectively,
then setting L =3 v; ®vj and L =3, V; ® V", we have

1 1
A3 RN '=<-L+—
(A3) W= 5it s

In the following lemma we collect various facts concerning the sections {v;, V;}
and the operator y9Q(\) g .

L+%QM\) .

LEMMA A.3. The sections {vj,V;} are linearly independent in L*(Y, Ey)
and the kernel of R = R(0) is exactly the subspace V' = span{v;,V;} C
L3(Y, Ey). The operator voQ(A\) g is a self-adjoint classical elliptic pseudo-
differential operator of order —1 depending continuously on X € [0,00).

Proof. Suppose there is a linear relation
(A.4) > ajvj+b;V; =0, aj,b;€C.
Consider the section
=Y aju;+b;U; € C(X,E).

Then ® is an extended L2-solution of Ax and by (A.4), ®|y = 0; therefore
by the uniqueness of the solutions to the Dirichlet problems on M and on Z,
® must be identically zero on all of X. This implies that a; = b; = 0 for each
J.

The fact that V' C ker R follows almost from the definition of R, so assume
that R¢ = 0. By definition of R we can choose a smooth bounded function
b = ((I)l, q)g) S COO(M, E)@COO(Z, E) such that CI)1|Y = (I)Q‘y = ©, AX(I) =0
off of Y, and

0=Rp=0,D1 —0,Ps

u=0
This implies that ® defines a continuously differentiable bounded function on
all of X such that Ax® = 0. By elliptic regularity, ® must actually be smooth
on all of X and hence ® € span{u;,U;}. Therefore, ¢ = |y € V.

Finally, since near Y the operator Q(0) has the structure of a usual classical
pseudodifferential operator of order —2 on a closed manifold [15], the argument
in Theorem A.2 can be used to show that voQ(X)~g is an elliptic classical
pseudodifferential operator on Y of order —1. O

u=0

THEOREM A.4. The operator R = R(0) is a nonnegative self-adjoint first
order elliptic classical pseudodifferential operator such that

0 on V.
R = ’
{A‘l on V*,

where A = Py0Q(0)yg P.
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Proof. If A(\) = v0(Ax+)\) "1, then we know that R(\)~1 = A()), so in
particular, given a smooth section ¢ € V1, for A > 0 we have ¢ = R(A) A(\)¢p.
Since ¢ € V4, we have Ly = 0 = Ly, so according to (A.3),

AW = (5 2+ 72 L+9Q)5 ) » = Q050

which is continuous at A = 0. Therefore, taking A — 0% in the equation

¢ = R(A)A(N)p and using that R(A) is continuous at A = 0, RP = 0, and
@ = PLy, we get

(Id = P)p = ¢ = R(0) A(O)¢
=R(P+ PH)A(0)p = RPTA(0)Prp =R Ap,
where A = PTA(0)P+ = Pt4Q(0)ys P+ is, by Lemma A.3, a self-adjoint
elliptic classical pseudodifferential operator on Y of order —1. Since A van-

ishes on V, the equation (Id — P)p = R Ay holds for any smooth section ¢,
SO

(A.5) [d—-P=RA

on all smooth sections on Y. Since A is a self-adjoint elliptic operator of order
—1, it has a Green’s operator, an elliptic self-adjoint operator B of order 1 on
Y such that

AB=1d-K=BA, K=Y ;@1
J

where {¢;} C C*°(Y, Ey) is an orthonormal basis for the kernel of A. Hence,

(14— P)B=RAB=R(ld= Y ¢;@v]) =R -3 (Riy) @ 1},
J J

which implies that

R=B-PB+)Y (Ri;)®¢;.

J

Since P is a finite rank smoothing operator, the operator to the right of B in
this equation is also a finite rank smoothing operator. Thus, R differs from
B by a smoothing operator, so R is a first order elliptic pseudodifferential
operator. Since R(\) is positive definite for A > 0 and is continuous as a
function of \, taking A — 0% shows that R = R(0) is nonnegative. Since the
kernel of R is exactly V, the equation (A.5) implies that A must in fact be
the Green’s operator of R. This completes the proof of our theorem. O



1302 PAUL LOYA AND JINSUNG PARK

REFERENCES

[1] M. F. Atiyah, V. K. Patodi, and I. M. Singer, Spectral asymmetry and Riemannian
geometry, Bull. London Math. Soc. 5 (1973), 229-234. MR 0331443 (48 #9776)

[2] D. Burghelea, L. Friedlander, and T. Kappeler, Meyer-Vietoris type formula for
determinants of elliptic differential operators, J. Funct. Anal. 107 (1992), 34-65.
MR 1165865 (93f:58242)

[3] G. Carron, Déterminant relatif et la fonction Xi, Amer. J. Math. 124 (2002), 307—-352.
MR 1890995 (2003c:58023)

[4] J. Cheeger, Analytic torsion and the heat equation, Ann. of Math. (2) 109 (1979),
259-322. MR 528965 (80j:58065a)

[5] R. Forman, Functional determinants and geometry, Invent. Math. 88 (1987), 447-493.
MR 884797 (89b:58212)

[6] W. Franz, Uber die Torsion einer Uberdeckung, J. Reine Angew. Math. 173 (1935),
245-254.

[7] A. Hassell, Analytic surgery and analytic torsion, Comm. Anal. Geom. 6 (1998), 255—
289. MR 1651417 (2000c:58061)

[8] A. Hassell, R. Mazzeo, and R. B. Melrose, Analytic surgery and the accumulation of
eigenvalues, Comm. Anal. Geom. 3 (1995), 115-222. MR 1362650 (97f:58132)

[9] A. Hassell and S. Zelditch, Determinants of Laplacians in exterior domains, Internat.
Math. Res. Notices (1999), 971-1004. MR 1722360 (2001a:58045)

[10] S. Levit and U. Smilansky, A theorem on infinite products of eigenvalues of Sturm-
Liouville type operators, Proc. Amer. Math. Soc. 65 (1977), 299-302. MR 0457836 (56
#16040)

[11] V. B. Lidskil, Non-selfadjoint operators with a trace, Dokl. Akad. Nauk SSSR 125
(1959), 485—487. MR 0105023 (21 #3769)

[12] P. Loya and J. Park, On the gluing problem for the spectral invariants of Dirac oper-
ators, Adv. in Math., to appear.

, On the gluing problem for Dirac operators on manifolds with cylindrical ends,
preprint, 2004.

[14] R. Mazzeo and P. Piazza, Dirac operators, heat kernels and microlocal analysis. II.
Analytic surgery, Rend. Mat. Appl. (7) 18 (1998), 221-288. MR 1659838 (2000a:58065)

[15] R. B. Melrose, The Atiyah-Patodi-Singer index theorem, Research Notes in Mathe-
matics, vol. 4, A K Peters Ltd., Wellesley, MA, 1993. MR 1348401 (96g:58180)

[16] J. Miiller and W. Miiller, Regularized determinants of Laplace type operators, analytic
surgery and relative determinants, preprint, 2004.

[17] W. Miiller, Analytic torsion and R-torsion of Riemannian manifolds, Adv. in Math.
28 (1978), 233-305. MR 498252 (80j:58065b)

, Relative zeta functions, relative determinants and scattering theory, Comm.
Math. Phys. 192 (1998), 309-347. MR 1617554 (99k:58189)

[19] J. Park and K. P. Wojciechowski, Scattering theory and adiabatic decomposition of the
¢-determinant of the Dirac Laplacian, Math. Res. Lett. 9 (2002), 17-25. MR 1892311
(2003¢:58024)

[20] P. Piazza, Determinant bundles, manifolds with boundary and surgery. II. Spectral
sections and surgery rules for anomalies, Comm. Math. Phys. 193 (1998), 105-124.
MR 1620305 (2000a:58087)

[21] D. B. Ray and I. M. Singer, R-torsion and the Laplacian on Riemannian manifolds,
Advances in Math. 7 (1971), 145-210. MR 0295381 (45 #4447)

[22] K. Reidemeister, Homotopieringe und Linsenrdume, Hamburger Abhandl. 11 (1935),
102-109.




DECOMPOSITION OF THE ¢(-DETERMINANT 1303

[23] R. T. Seeley, Singular integrals and boundary value problems, Amer. J. Math. 88
(1966), 781-809. MR 0209915 (35 #810)

[24] I. M. Singer, Families of Dirac operators with applications to physics, Astérisque
(1985), 323-340. MR 837207 (88a:58192)

PAuL LovyA, DEPARTMENT OF MATHEMATICS, BINGHAMTON UNIVERSITY, VESTAL PARK-
WAY EAST, BINGHAMTON, NY 13902, USA
E-mail address: paul@math.binghamton.edu

JINSUNG PARK, MATHEMATISCHES INSTITUT, UNIVERSITAT BONN, BERINGSTRASSE 1, D-
53115 BONN, GERMANY
E-mail address: jpark@math.uni-bonn.de



