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ON THE ASYMPTOTIC BEHAVIOUR OF ITERATES OF
AVERAGES OF UNITARY REPRESENTATIONS

WOJCIECH JAWORSKI

ABSTRACT. Let G be a locally compact group and p a probability mea-
sure on (. Given a unitary representation 7 of G, let P, denote the
p-average [ m(g) u(dg). w is called neat if for every unitary representa-
tion 7 and every a in the support of p, s-limy,—, o (P:L‘ — W(a)”Eu) =0,
where E, is a canonically defined orthogonal projection. G is called neat
if every almost aperiodic probability measure on G is neat. Previously
known results show that every almost aperiodic spread out probability
measure is neat, in particular, every discrete group is neat; furthermore,
identity excluding groups, in particular, compact groups and nilpotent
groups, are neat. In this work neatness of solvable Lie groups, connected
algebraic groups, Euclidian motion groups, [SIN] groups, and extensions
of abelian groups by discrete groups is established. Neatness of ergodic
probability measures on any locally compact group is also proven. The
key to these results is the result that when {X,}$ ; is the left ran-
dom walk of law p on G and 7 a unitary representation in a separable
Hilbert space, then for every k = 0,1, ..., the sequence W(Xn)’lP[f*k
converges almost surely in the strong operator topology.

1. Introduction

Let G be a locally compact (Hausdorff) group and p a regular probability
measure on (. Given a continuous unitary representation 7 of G in a Hilbert
space 9, let P, denote the u-average of 7, i.e., the contraction

P, = [ m(g) n(dg).
/

The goal of this article is to prove the following theorem describing the as-
ymptotic behaviour of the products P, P, _, ...P, of such averages when
n — oo, and then explore some of the applications of this result.

Received December 3, 2003; received in final form October 17, 2004.
2000 Mathematics Subject Classification. 22D10, 22D40, 43A05, 47A35, 60B15.
This research was supported by an NSERC Grant.

(©2004 University of Illinois

1117



1118 WOJCIECH JAWORSKI

THEOREM 1.1. Let w be a continuous unitary representation of a locally
compact group G in a separable Hilbert space $) and {p,}52 1 a sequence of
probability measures on G. Then there exists a sequence {a,}°2, of elements
of G such that for each k = 0,1,..., the sequence m(an)Pyu,Pyu,_, .. Py,
converges in the strong operator topology. When G is second countable and

{Y,}22, is a sequence of independent G-valued random variables such that i,

is the distribution of Y,, then for each k = 0,1,..., the sequence
(V. Yyo1... Y1) P, Py, ... P,,,, converges almost surely in the strong

operator topology.

Theorem 1.1 is motivated by a result of Csiszar on the asymptotic behaviour
of convolution products of probability measures [9], from which the first state-
ment of the theorem can be deduced when 7 is the regular representation in
L?(G). According to Theorem 3.1 in [9], when {u, }22; is a sequence of prob-
ability measures on a locally compact second countable group G, then either
for each compact set K C G, lim,,_, s supgec(,un *lp—1%...xu1)(gK) =0, or
there is a sequence {a, }22; in G such that for each k = 0,1, ... , the sequence
Oa,, ¥ [n * [bn—1%...% U1 converges in the weak topology on probability mea-
sures. Our first application of Theorem 1.1 is a new proof of Csiszar’s result,
simpler and less technical than the original one. The remaining applications
have to do with the case that u; = pus = ..., i.e., with the asymptotic
behaviour of the powers P of a single pi-average. This case has been of con-
siderable interest in ergodic theory, probability, and harmonic analysis, see,
e.g., [4], [5], [6], [11], [26], [27], [30], [31], [37], [38].

It is evident that when dealing with a single u-average, one may assume
without loss of generality that u be adapted, i.e., not supported on a proper
closed subgroup; we will assume so throughout the sequel. According to the
mean ergodic theorem, the Cesaro averages % Z?:l Pﬁ converge in the strong
operator topology to the orthogonal projection F), onto the subspace of the
fixed points of P,, which coincides (for adapted p) with the projection onto
the subspace of the fixed points of w. Motivated by this result Derriennic
and Lin [11] inquired whether under certain additional assumptions, aimed
at excluding obvious periodic behaviour, the powers P} themselves converge
strongly to the projection F),. They proved that this is indeed so when pu is
aperiodic and spread out; aperiodic means that u is adapted and not supported
on a coset of a proper closed normal subgroup of G and spread out means that
for some n the convolution power " is nonsingular with respect to the Haar
measure.

The assumption of aperiodicity is, in fact, necessary in order that the con-
vergence P/ % F 1. hold for every continuous unitary representation [31, The-
orem 2.1]. On the other hand, it is an open question whether the result of
Derriennic and Lin holds without the assumption that u be spread out. When
G is compact or abelian, the result is true without this assumption. It is also
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known that the assumption can disposed of for [SIN] groups [30], nilpotent
groups [31], and some solvable algebraic groups [34]. A sufficient condition
for the result to hold for every aperiodic probability measure is that G be an
identity excluding group [26]. However, the condition is by no means nec-
essary: compact groups and nilpotent groups are identity excluding but, in
general, neither solvable groups nor [SIN] groups are identity excluding.
Apart from the question about the spread out assumption it is natural to
inquire about the asymptotic behaviour of the powers P} when p is no longer
assumed aperiodic. In the course of our recent investigation of the identity
excluding groups [24] we obtained a universal asymptotic formula for Py, valid
when G is identity excluding [24, Theorem 3.2]. Let N, denote the smallest
closed normal subgroup of G' such that p is carried on a coset of N,, and
let E,, be the orthogonal projection onto the subspace M, = {z € H; 7(g)z
=z for every g € N, }. Our result was that for every a € G with p(aN,) =1,
(1.1) i—gg}(Pﬁ —7m(a)"E,) = 0.
We note that for any locally compact group and any (adapted) probability
measure p on G, the validity of Eq.(1.1) for every continuous unitary repre-
sentation is equivalent to having
(1.2) s-lim P =0

n—oo

for every continuous irreducible unitary representations of dimension greater
than 1 [24, Theorem 3.1]. Using Theorem 1.1 we will prove that Eqs (1.1)
and (1.2) hold for any locally compact group when the left random walk of
law p is ergodic.

It is known that the quotient G/N, is always an abelian group, either
compact or isomorphic to Z [11, Proposition 1.1]. Example 3.4 in [24] shows
that when G/N, = Z and G is not identity excluding, then Eq.(1.1) can
fail. However, in addition to the case of identity excluding groups and the
case of ergodic random walks, there is some further evidence supporting the
following conjecture. We call the probability measure p almost aperiodic if
G/N, is compact.

CONJECTURE 1.2. If u is an almost aperiodic probability measure on G
then for every continuous unitary representation m of G and every a € G with
n(aNy) =1, one has s-lim,_o (P — 7(a)"E,) = 0.

We note that when G is an almost connected locally compact group then
every adapted probability measure is automatically almost aperiodic.

The result of Derriennic and Lin [11] implies, in fact, that Conjecture 1.2 is
true for any locally compact group when p is spread out, see Corollary 3.14 in
the sequel. Hence, the conjecture is true for any discrete group. Example 3.4
in [24] shows that the assumption that G/N,, be compact cannot be removed
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even when G is discrete. Further evidence in favour of the conjecture comes
from our work on concentration functions [26]. By [26, Theorem 2.18 and
Proposition 3.3] the conjecture is true when G is any locally compact group
and 7 is the regular representation in L?(G). It is not difficult to see that the
regular representation can, in fact, be replaced by any unitary representation
whose matrix coefficients vanish at infinity. It follows from this via Eq.(1.2)
that Conjecture 1.2 is true for any locally compact group whose infinite di-
mensional continuous irreducible unitary representations have the property
that all their matrix coefficients vanish at infinity modulo the projective ker-
nel of the representation (see Section 5 below for details). Connected algebraic
groups, exponential solvable Lie groups, and Euclidian motion groups fall into
this category. However, it is not difficult to find examples of connected solv-
able Lie groups as well as discrete groups which do not. Using Theorem 1.1 we
will prove Conjecture 1.2 for all solvable Lie groups, for extensions of abelian
groups by discrete groups, and also for all [SIN] groups.

2. Products of Hilbert space contractions

In this section, as a prerequisite for our study of the u-averages, we prove
a number of useful results about the asymptotic behaviour of products and
powers of Hilbert space contractions. B($)) stands for the space of bounded
linear operators acting in the Hilbert space $ and By () for the closed unit
ball in B($). Ran A denotes the range of an operator A € B($)). By a
projection in B($)) we always mean an orthogonal projection.

Compactness of By ($)) with respect to the weak operator topology and the
following elementary fact about weak convergence are behind our first set of
results.

REMARK 2.1. (a) Let A, be a norm bounded net in B($) converging
weakly to A and x, a net in $ converging to x in norm. Then w-lim, A,xq
= Ax.

(b) Let A, be a norm bounded net in B($)) converging weakly to A and
B, a net in B($)) converging strongly to B. Then w-lim,, A,B, = AB.

LEMMA 2.2. If E € Bi(9) and E = E? then E is a projection.
Proof. See, e.g., [40, Theorem 3, p. 84]. O

PROPOSITION 2.3.  Let {T,,}32, be a sequence of contractions acting in a
Hilbert space $). Given nonnegative integers k and n let

I, when n < k,
Tnk = .
T.Th—1...Txt1, otherwise.
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(1) Suppose that there ewxists a sequence {Up}22, of unitary operators
such that for each k =0,1,... the limit Ly = s-lim,_ o U,Tni exists.
Then :

(1) Llle = Lk fOT all Z k 2 0,‘
(i) L = slimgooUkL} exists and is the projection onto
U;ozl Ran Lk .

(2) Suppose {Up 2, and {V,}22, are two sequences of unitary operators
such that for each k =0,1,..., the limits Ly = s-lim,, .o, U, Ty and
M, = slimy oo ViTor exist. Put L = s-limp_o UL}, and M =
s-limy oo VieM. It follows that K = s-limy, .o VL,USL exists and
18 a partial isometry with the initial projection equal to L and the
final projection equal to M. Furthermore, KLy = My for every k =
0,1,... and K* = s-limy o0 U, V* M.

Proof. (1): (i) follows from the identity T,x = ToTi, n > 1 > k > 0.
To prove (ii) consider a weak cluster point W of the sequence {L U}, C
B1($). Thus W = w-lim,, Ly, Uy for a subnet Ly U} . Note that by (i), for
each k > 0 and large enough o, Ly, = Ly, Uy Uy, Tk, k. Hence, by Remark 2.1,
Ly = WLg. This implies W = W2. Consequently, by Lemma 2.2, W is the
projection onto a subspace 20 of . Due to the identity Ly = WL, k > 0, it
is clear that | J;—, Ran Ly C 20. On the other hand, if L [ J,-, Ran L, then
for each k > 0, z € (RanLg)* = Ker L. But w-lim, Uk, Ly, =W*=W.
Hence, Wz = 0, i.e, « L 20. Thus (U,iil Ran Lk)J' C 20+. Combining
the two inclusions we get 20 = (Jr-, Ran Ly, and so W coincides with the
projection, L, onto |J;—, Ran L. Since this is true for every weak cluster
point of the sequence L, Uj’, we obtain that w-lim;_,o LU}, = L. Hence, we
also have L = w-limj_,oc U L}. It remains to show that L = s-limy_. UpLj.
This results from the inequality:

Uk Lix — La||* = | Ly | + || La|* — (Ux Lz, Lz) — (Lo, UpLia)
= ||LjLa|]* + ||Lz|* — (UpLjz, Lz) — (L, UyLjz)
<2||Lz||* = (UpLjx, Lx) — (L, Uy Ljx).

(2): Let W and W' be weak cluster points of the sequence V,,U. Since
My, = slimy oo ViTng = s-limy oo (VU (UpThi), using Remark 2.1 we
obtain M = WL, =W'L,. As LH = Uzozl Ran Ly, this implies that WL =
W'L. Using this result and the identity LLj, = Ly, it follows that the sequence
VUL converges in the weak operator topology to an operator K such that
My, = KLy, for every k=0,1,....

Note that for every z € $ and k = 0,1,... we have || Myz| = ||Liz||. This
is because ||Myz| = lim,— oo ||VaTnrz|] = imy— oo |UnThrz|| = || Lgz|]. Thus
|KLyz| = |Myz| = ||Lyz|. As L$ = Uj—yRan Ly, and K[(LH)L = 0, it
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follows that K is a partial isometry with the initial projection equal to L.
Using the identities KLy = My and M$ = U;O:O Ran M}, we conclude that
M is the final projection of K. That K = s-lim,,_, V,,U,; L follows from the
fact that |Kz| = ||KLx| = || Lz| = limp—oo ||[VaU;sLz|| and an elementary
result on weak convergence in §).

The same argument shows that K’ = s-lim, ., U, V,*M exists and is a
partial isometry with initial projection M and final projection L. On the
other hand, K* is also a partial isometry with initial projection M and fi-
nal projection L and K* = w-lim, .. LU,V. Hence, K* = K*M =
w-limy, oo LU,V M = LK' = K'. So K* = s-lim,,_,oc U, V5 M. O

For the rest of this section T' denotes a contraction acting in $. In the
special case that T, = T for every n, Proposition 2.3 has this complement:

COROLLARY 2.4. Let {U,}52, be a sequence of unitary operators such
that for each k = 0,1,..., the limit Lj, = s-lim,, o, U, 7" exists, and let
L = slimp_oo Uy L. Then V = s-limy_.oc Un11U; L exists and is a partial
isometry with the initial and final projections equal to L. Moreover, V* =
s-limy, oo U, Uy | L and for each k =0,1,..., VLy = L.

Proof. Put V,, = Up41. Then the sequences {U,}>2; and {V,}5, satisfy
the assumptions of Proposition 2.3(2) and using the notation of the proposi-
tion, My = Lyy1 and M = L. Put V = K. O

Recall that by elementary operator theory the sequences T*"7T" and T™T™*"
converge in the strong operator topology. Let S = s-lim,,_, o, T*"T™ and S =
s-limy, 0o T™T*™. Recall also that H7 = {z € H; [|[T"«x| = ||z| for every
n € N} is a closed subspace equal to (),—, Ker(I — T*"T™).

PROPOSITION 2.5.
(i) If S # 0 then ||S| = 1.
(i) If S is a projection then it is the projection onto §r.
(iii) If S = S then H7 = H7+ and S is the projection onto H = Hr=.

Proof. (i): Note that T*"ST™ = S for every n € N. Hence, for every x € §,

VST x| = \/(T*"ST"x, x) = ||v/Sx||. Therefore when Sz # 0, then
ATl _ VSl

neoe [Tl e [T T

Since v/S is a contraction this shows that ||v/S|| = 1, and so [|S| = 1 too.
(ii): Clearly, if z € $ then Sz = x. So x € 5. Conversely, if x € 59,

i.e., Sz =z, then ||z||? = (Sz, z) = lim, oo (T*"T"x, z) = lim, . || T"z|>.

Hence, ||[T"z|| = ||z| for all n because T is a contraction. So z € $. Thus

S9H = 9Hr.
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(iii): Observe that § = § = T*"ST™ = T™ST*" for all n € N. Hence,
S = T"T*"ST"T*". As the map By (§)x B1() > (A, B) — AB is continuous
in the strong operator topology, we obtain S = S3. Since 0 < S < I, an easy
application of the spectral theorem shows that S is a projection. Then Part
(ii) applied to both T" and T™* yields the desired conclusion. O

REMARK 2.6. The subspace H7NHr« reduces T and T'[ HrNH 7« is a uni-
tary operator. When dim § < co, H7 = 97+ = {x € H; lim,, oo T"2z = 0} =
{z € 9;lim, ... T*"z = 0}* and, as a result, we always have S = S. Tt is
well known that, in general, none of this remains in force when dim $ = co.

REMARK 2.7. Akcoglu and Boivin [1] proved that there exists an isometry
U € B($) such that s-lim,, (7" —U"V/S) = 0. However, there is no explicit
formula expressing U in terms of T'; furthermore, in general, U is not unique.

3. Unitary representations and their averages: notations and
preliminaries

Let G be a locally compact group. We will denote by M (G) the measure
algebra of G and by M;(G) C M(G) the subset of probability measures. Let
7 be a continuous unitary representation of G in a Hilbert space ). Given
pu € M(G), let P, or simply P, when 7 is understood, stand for the operator

P;ﬂr :PM: ﬂ-(g)/’('(dg)
/

We recall that the mapping 4 — P, is a *-representation of M(G). In
particular, when ¢ is a positive measure then P;. = Pur where [ is the
measure fi(A) = u(A~1).

Given p € M (G) let G, M, and N, be the closed subgroups generated
by the sets s, ,;—, s;,"s, and J,_,(s;,"s] U slis;; ™), respectively, where

s, denotes the support of . Furthermore, let &, 9, and 91, denote the
closed subspaces,

6, ={z € 9H;m(g)xr = for every g € G},
M, ={z € 9H; n(g)xr =z for every g € M,},
N, ={z € 9H; n(g)x =z for every g € N, }.
Let F},, D, and E,, be the corresponding projections.
The next lemma is an immediate consequence of strict convexity of $).
LEMMA 3.1. Ifz € 9 then ||Pyx| = ||z|| if and only if P,x = w(g)z for
every g € supp .

ProPOSITION 3.2.
(i) &, ={z€9; Pz =z}
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(ii) M, ={zx€H; Pz = n(a)x for every n€N and a € G with p"(aM,,)
=1} = {zef;|P)z| = |lz| for every n € N} = {x € 9; P;"Pjx
=z for every n € N}.

(iti) M, = {z € H; Plz = n(a)z and Pz = w(a~ ")z for every n €

Nand a € G with p"(aN,) = 1} = {z € 9; |Prz| = [Pz =
|z|| for every n € N} = {z € §; P;"Plz = P;" Pz =z for every
n € N}.

Proof. (i): The inclusion &, C {z € $; P,z = x} is obvious. The reversed
inclusion follows from Lemma 3.1.

(ii): Note that if u™(aM,,) = 1 then supp p” C aM,,. Hence, when z € M,,,
then 7(g)x = m(a)z for every g € supp u”, and so Pz = [, m(g) u"(dg) =
m(a)r. This yields the inclusion M, C {zx € H; Pz = 7(a)x for every
n € Nand a € G with p"(aM,) = 1}. The inclusion {z € 9; Pjzx =
m(a)z for every n € Nand a € G with p"(aM,) = 1} C {z € 9; ||P}z| =

|z]| for every n € N} is trivial. Next, the equality {z € 9; ||[Prz| = [z
for every n € N} = {z € §; P;" Pz = z for every n € N} follows from the
fact that if T is a contraction in a Hilbert space then ||Tz|| = ||z| if and only

it 7*Tx = z. Finally, if P;"Pjz = Pgn.nx = z for every n € N then using
(i) with p replaced by ™ x u™ we get that x € (- Sznepun. It is easily seen
that this intersection equals 90t,,.

The proof of (iii) is analogous; the result that N, is normal in G, [11, proof
of Proposition 1.1] is needed in the first step of the argument. O

For the next result see Propositions 1.1 and 1.6 in [11].

ProOPOSITION 3.3. When u is adapted then :

(i) N, is the smallest closed normal subgroup of G containing supp p
in one of its cosets, and is also the smallest closed normal subgroup
containing M,,.

(ii) G/N,, is a monothetic group, either compact or isomorphic to Z. The

cyclic group generated by the coset gN,, containing supp p is dense in
G/N,.

COROLLARY 3.4. When p is adapted then N, is a m-invariant subspace.
When p is adapted and 7 is irreducible of dimension greater than 1, then

N, = {0}.

Proof. The first statement is true because N, is normal. Next, when 7
is irreducible, it follows that 91, = $ or 91, = {0}. But if 9%, = $ then
N, C Ker7 and so the formula 7'(gN,) = 7(g), g € G, defines an irreducible
representation of the abelian group G/N,,; thus dim7 = 1. O

The following definition will facilitate the statement of our future results.
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DEFINITION 3.5. We will say that an adapted probability measure p on
G is m-neat if s-lim,,_, (P[f —m(a")E,) = 0 for every a € G with p(alN,) =
1. We will say that p is neat if it is 7m-neat for every continuous unitary
representation 7. We will say that G is neat if every almost aperiodic p €
M;(G) is neat (i.e., Conjecture 1.2 is true).

PROPOSITION 3.6. Let p be adapted. The following conditions are equiv-
alent :

(i) p is neat.
(ii) p is w-neat for every continuous irreducible unitary representation .
(iil) s-lim,— Py =0 for every continuous irreductble unitary represen-
tation of dimension greater than 1.
(iv) s-lim,— o0 P = 0 for every infinite dimensional continuous irreducible

n
unitary representation.

Proof. (i) implies (ii) trivially and (ii) implies (iii) by using the second
statement of Corollary 3.4. (iii) is equivalent to (i) by Theorem 3.1 in [24].
(iil) implies (iv) trivially. To see that (iv) implies (iii) suppose that dim 7 < co
and P7" = 0. Then by Remark 2.6 and Proposition 3.2, N, = Hp, # {0}. So
dim 7 = 1 by Corollary 3.4. O

Let H be a closed normal subgroup of G and p : G — G/H the canonical
homomorphism. We will write py for the measure pgy(A) = ,u(p_l(A)) on
G/H. When H C Kern, we will denote by 7y the representation of G/H
given by 7y (gH) = 7(g), g € G. We omit an obvious proof of the following
useful observation.

LEMMA 3.7. (G/H)u, =p(GL), Nuy = p(Ny), and if u is adapted (resp.,
almost aperiodic), then so is pg. Furthermore, if H C Kermw, then Py, =
P,

KHTH *

We note that adaptedness implies (owing to the regularity of ) that G be
o-compact. Thus in our study of the asymptotic behaviour of the powers Py,
G will always be a o-compact locally compact group. The next lemma along
with Proposition 3.6 and Lemma 3.7 show that to prove Conjecture 1.2 it
suffices to deal with second countable groups and infinite dimensional faithful

irreducible representations in separable Hilbert spaces.

LEMMA 3.8. Let G be o-compact and 7 irreducible. Then Tkerr 1S a
faithful irreducible representation of G/Kerw, G/Kern is second countable,
and $) is separable.

Proof. mKerr is trivially faithful and irreducible. To prove the remaining
statements recall that G, being o-compact, contains arbitrarily small compact
normal subgroups K with G/K second countable [16, Theorem 8.7]. Choose a
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unit vector z € §. Then there exists a compact normal subgroup K such that
G/K is second countable and ||z — m(k)z|| < & for every k € K. Let w be the
normalized Haar measure of K. Then P, is the projection onto the 7m-invariant
subspace, €)', of the fixed points of K. Furthermore, ||(I — P,)z| < 3 and so
P, # 0. Thus P, = I by irreducibility of w. Therefore, K C Kerm, and so
G/ Ker is second countable because G/K is. Since continuous irreducible
unitary representations of separable groups act in separable Hilbert spaces, $
is separable. O

We end this section with a few corollaries to Proposition 2.5.

COROLLARY 3.9. The following conditions are equivalent:
(i) s-limp, o0 P;" Py is a projection.
(ii) s-limy o Py" P = D,

(ili) s-limy, oo (P) — m(a)"D,) = 0 for every a € supp .

Proof. (i) = (ii): By Proposition 2.5, § = s-lim,,_.o P;" P} is the projec-
tion onto Hp,. By Proposition 3.2, Hp, = M,,.

(i) = (iii): If @ € suppp then a™ € suppu™. Therefore supp u™ C
a™(supp ")~ supp ™ C a”(supp p) " (supp p)® S a"M,, ie., p"(a"M,)
= 1. Hence, by Proposition 3.2, P D, = m(a)"D,. Thus it suffices to show
that lim, .., Pz = 0 for every x € (I — D,)$. But this follows from the
identity: lim,, ||P;La:|\2 = limnﬂoo<P/f”Pga:, z) = (Dyz, x).

(ili) = (i): As P; is a contraction, s-lim, .o (P;" P} — Pi"r(a)"D,) = 0.
OBut 7(a)"D, = PD, and P;"P'D, = D,,. So s-lim, .. (P:" P — D,

o

COROLLARY 3.10. p is m-neat if and only if s-lim, ..o P;" P} = E),.

Proof. =: By Proposition 3.2, P}E,, = 7m(a)"E), for every a € G with
p(aN,) = 1. Using m-neatness of p and the argument of the proof of the
implication (iii) = (i) of Corollary 3.9, we obtain that s-lim,, .. P;" P} = E,,.

«: By Corollary 3.9, £, = D, and s—limnﬁoo(Pl’] —7(a)"E,) = 0 for
every a € supp p. Since m(g)E, depends only on the coset gN,, it is clear
that p is m-neat. (]

REMARK 3.11. In Example 3.4 in [24] we constructed a countable solv-
able group G, an infinite dimensional irreducible unitary representation m of
G, and an adapted probability measure p on G such that the powers P}
fail to converge strongly to 0, i.e., p is not m-neat. However, straightforward
computations show that both s-lim,, P;”P;L and s-lim,,— o P;LP;;” are pro-
jections. Thus the equivalent conditions of Corollary 3.9 are strictly weaker
than m-neatness.
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COROLLARY 3.12. If s-limy—o0 P} = 0 then p is m-neat.

Proof. 1f s-limp, o P! = 0 then by Corollary 3.9, D, = 0. But E,, < D,,.
So p is m-neat. O

COROLLARY 3.13. Let p be adapted. The following conditions are equiv-
alent:
(i) s-limy,— oo PP} =s-limy, o PP,
(ii) s-limy,— oo PP} =slim, .o PIP™ = E,.
(iii) Both p and [i are w-neat.

Proof. (i) = (ii): By Proposition 2.5, s-lim,, ..o P;" P} = s-lim,, o P P;"
is the projection onto .Sﬁp“ N .6[-7; =MN,.

(ii) = (iii): If u(aN,) = 1 then P} E, = n(a)"Ey, and P;"E,, = m(a) " E),.
Then the proof is analogous to the proof of the implication (i) = (iii) of
Corollary 3.9.

(iii) = (i): Mimic the proof of the implication (iii) = (i) of Corollary
3.9. U

COROLLARY 3.14. Ewvery almost aperiodic spread out probability measure
s neat.

Proof. When p is spread out, N, is necessarily open. Hence, k = [G : N,,]
is finite when p is also almost aperiodic. Then by Theorem 2.9 in [11], for any
continuous unitary representation m, s-lim,, . PZf" exists and is the projec-
tion onto the subspace of the fixed points of Pl’f. Since the same remains true
for P[’f = P;]f* and Ker(I — P*) = Ker(I — P**) (because P}f is a contraction),
it follows that Condition (i) of Corollary 3.13. is satisfied. O

REMARK 3.15. (a) When dim7 < oo, Corollary 3.13 combined with Re-
mark 2.6 shows that every adapted p is m-neat.

(b) In general, s-lim,, PP} need not be a projection, furthermore, f
can be m-neat while p is not : Let G be the semidirect product R x . Z where
7 is the homothety 7(z) = ex with 0 < e < 1. Let 4 = 0 X §_1 where ¢ is a
probability measure on R such that suppo = R and [, log(1+|z|) o(dx) < co.
It follows from Theorems 1.1, 3.6, and Lemma 3.4 in [12] that the sequence
"™« u™ converges weakly in M; (G) to a probability measure v which is not an
idempotent. Let 7 be the regular representation of G. By Lemma 5.1(ii) in
the sequel, we have s-lim;, .o, P;" P = P, and P, is not a projection because
v is not an idempotent. By Corollary 3.10, u is not m-neat. However, Theorem
4.5 in [23] and Lemma 5.4 in the sequel show that s-lim,, ... P’ = 0. So by
Corollary 3.12 fi is 7 neat.

COROLLARY 3.16. The following conditions are equivalent for a locally
compact group G :
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(i) G is neat.
(ii) s-limy,— o PP = s-limy, oo PP for every almost aperiodic prob-
ability measure u on G and every continuous unitary representation.
(iil) s-limy, oo (P} P} — P} P}) = 0 for every pair of almost aperiodic prob-
ability measures p,v on G and every continuous unitary representa-
tion.

Proof. (i) and (ii) are equivalent by Corollary 3.13. (iii) trivially implies
(ii). To prove that (i) implies (iii) observe that for every adapted o € M;(G)
and all g,h € G, w(gh)E, = ©(hg)E,, because [g,h] € N, by Proposition
3.3(ii). Hence, using Corollary 3.4 one obtains 7(g)w(h)E, = w(h)E,m(g). It
follows that

(3.1) Arm(h)E, = w(h)E; A

for every A in V. N(r), the von Neumann algebra generated by 7(G).

Let a,b € G be such that y(aN,) = v(bN,) = 1. Now, P,, P, € VN(7) and
neatness of G implies (via Corollary 3.13) that we also have E,,, E, € VN(7).
Then a straightforward computation using Eq. (3.1) yields

PP — P}PY = PP (P} —7(b")E,) + 7 (b")E, (P} — n(a")E,)
- P} (P;L —n(a")E,) — n(a™)E, (P} — n(b")E,).
Hence, s-lim,, o (P P} — P P}) = 0. O

4. Products of averages of unitary representations

In this section we prove a refined version of Theorem 1.1. Our proof relies
on the theory of random walks which intervenes also in some of the subsequent
applications of Theorem 1.1. We therefore begin with a brief review of the
relevant parts of the random walk theory.

4.1. Random walks. Let G be a locally compact group with B denoting
the o-algebra of Borel subsets of G. By a (not necessarily homogeneous)
random walk on G we mean a Markov chain with state space G and G-

invariant transition probabilities ITy,Il5,... . The G-invariance means that
either,

(4.1.1) I, (99", 9A) = I, (g', A)

foraln=1,2,...,9,¢ € G, and A € B, or,

(4.1.2) I1,(g'g, Ag) = I, (g', A)

forallm =1,2,...,9,9 € G, and A € B. In the first case we are dealing
with a right random walk, in the second case, with a left random walk. In any
case the random walk is determined by a sequence {p,}52; of probability
measures: if p,(A4) = I, (e, A) where e € G is the identity element, then
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I1,,(g,A) = pn(g~tA) for the right, and I1,,(g, A) = pn(Ag~1) for the left
random walk.

By G*° we denote the product space G = HZO:O G (the space of paths w =
{wn}22, of the random walk), by X,, : G* — G, n =0,1,..., the canonical
projections, and by B> the product o-algebra []° B = o(Xo, X1,...). G*™
is considered a G-space with the action of G given by g{wn}52, = {gwn}720
in the case of the right random walk, and g{w,}2, = {w,g~1}52, for the
left random walk.

By the theory of Markov chains [32, Proposition V.2.1], given a random
walk with transition probabilities {II,,}22 , for each k = 0, 1,... there exists a
unique transition probability Ry, from (G, B) to (G*,0(Xk, Xpt1,...)) such
that

k+m
(4.1.3) Ry (g, N X;l(A»)
1=k

=Xa,(9) / Mk41(9: drpt1) / Miyo(h41, dTpta) -

Apt1 Agy2

/ Hk+m (karmfl; dmk+m)
Ak+7n

forall g e G, m=0,1,..., and Ag, Ag+1,-.., Agtm € B. When G is second
countable, Ry can be also defined using a sequence {Y,,}52; of independent
G-valued random variables such that for each k = 0,1,..., ux = Ig(e,-) is
the distribution of Yy : Let go,g1,...,gx be any sequence of elements of G
with gr = g. In the case of the right random walk, Ry (g, A) is the probability
that the sequence

(4.1.4) (90,915 - -+ 9 Gk Va1, GuYe1Yieq2s - )

belongs to A; for the left random walk, Ry(g, A) is the probability that the
sequence

(4.1.5) (90,915 -+ 9ks Yer 19k, YeroYer1Gk, - - -)

belongs to A.!
When v is a measure on G, the measure 0, = VR,

(1.16) (vRo)(A) = [ v(dg) Rolg,4), A B,
G
1 Second countability ensures that the products Yiy1Yrio, Yit1YryoYkys,..., or
YitoYiet+1, Ye+3Ye42Ykt1,..., are measurable and that Fubini’s theorem can be used

without technical difficulties. The result can be proven for arbitrary locally compact groups
under certain additional technical regularity conditions imposed on the sequence {Yn}52 ;.
Techniques from the theory of measure on locally compact spaces show that there always

exists a sequence {Yn}52 ; with these extra conditions satisfied.
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is called the Markov measure of the random walk started with the initial
distribution v. The transition probabilities Ry satisfy

(41.7) Ri(g.A) = [ Misa(g,do) Rusa (2, 4)

G
forevery k =0,1,...,9 € G,and A € 0(Xj41, Xk+2,...). Furthermore, they
are G-invariant: forevery k =0,1,...,9,9' € G,and A € 0(Xy11, Xp12,-.-),
(4.1.8) Ri(99',94) = Ri(g', A)
in the case of the right random walk and,
(4.1.9) Ri(g'g™" gA) = Ri(g', A)

in the case of the left random walk.
The asymptotic (tail) o-algebra of the random walk is denoted by B(®),
(4.1.10) B = (Vo (Xe, Xeg1,- ).
k=0

An asymptotic set A € B(®) will be called universally null (resp., universally
conull) if Ry(g,A) =0 (resp., Ri(g, A) =1) forallk =0,1,... and all g € G.
We will say that a property dependent on w € G*° holds universally almost
surely (u.a.s.) if it holds for w in a universally conull set.

Let V,, denote the collection of the universally null sets. A B(*)-measurable
function f : G — C (asymptotic random variable) will be called universally
essentially bounded if

4.1.11 w = inf < 00.
1) 171 = . (_sw 7)) <o
It is easy to see that || - ||, is a norm on the vector space L>®(G*>,B(®)

of equivalence classes of universally essentially bounded asymptotic random
variables where two such random variables are equivalent when they coincide
u.a.s.. For each £k =0,1,..., the formula

(4.1.12) (Ref)(g) = / Ry, dw) (@)
G()O

defines a contraction Ry from L (G, B(®) into the space of bounded Borel
functions on G equipped with the sup-norm || - ||s. Moreover, since Eq.(4.1.7)
holds, in particular, for all g € G and A € B it follows that if hy = Ry f
then

(4.1.13) hi(g) = /Hk+1(g, dg’) hi+1(9")
G

for every k = 0,1,... and g € G. In general, a sequence h = {h;}32, of
bounded Borel functions hy : G — C which satisfies (4.1.13) for all & and
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for which supy, ||hr|leo < 00 is called a bounded space-time harmonic function
of the random walk. Bounded space-time harmonic functions form a vector
space H* and the formula ||h| = sup, ||hkllcoc = limg—oo ||Ak||cc defines a
norm on H*. By Eqs(4.1.12) and (4.1.13) we then have a contraction R :
L®(G>,B®) — H>® given by Rf = {ka},;“;o. Our proof of Theorem 1.1
relies on the following fundamental result [32, Proposition V.2.2].

PROPOSITION 4.1.1. R is an isometric isomorphism of L>(G*>,B@)
onto H*>. Moreover, for every h = {h,}7L, € H* the sequence {h,0X,}>2,
converges u.a.s. to R™1h.

Let ¥ : G — G denote the Markov shift, ¥({wn}52) = {wn+1}nZo-
The o-algebra B = {A € B>; 9~ (A) = A} is called the invariant o-
algebra. Elements of B are called invariant sets and B(")-measurable func-
tions, invariant random variables. Clearly, B(%") C B(®). For a homogeneous
random walk the transition probabilities Ry, cf. Eq.(4.1.3), satisfy

(4.1.14) Ri41(9,971(A)) = Ri(g, A)

for all g € G and A € o(Xg, Xg+1,--.), and so they coincide on G x B,
Therefore an invariant set A is universally null if and only if Ry(g, A) = 0 for
every g € G.

4.2. Borel structures in Hilbert space. Let $ be a separable Hilbert
space. By a measurable (or Borel) function from a Borel space (£2,.4) to $
we mean a function that is measurable with respect to the Borel structure
on $ given by the norm topology. It is well known that this Borel structure
coincides with the weak Borel structure generated by the functions (-, y),
y € $ [33, Chap.2]. Hence, a function f : 2 — $ is Borel if and only if
for each y € 9 the function 2 > = — (f(z),y) € C is Borel. It is also
a well known fact that given Borel functions f,g : £ — $, the function
N3z — (f(z), g(x)) is Borel.

A function f : 2 — B($) will be called measurable if it is measurable
with respect to the Borel structure on B($)) given by the strong operator
topology. This Borel structure is standard and coincides with the weak Borel
structure generated by the functions B($)) 3 A — (Az, y) € C, z,y € 9 [33,
Chap. 2]. Thus f is a Borel function if and only if for all z,y € §, the function
235w— (f(w)z, y) € C is Borel.

4.3. Products of averages. Let 7 be a continuous unitary representation
of the locally compact group G in a separable Hilbert space $ and {p,}52; a
sequence of probability measures on G. Given nonnegative integers k and n,
we will write P,y for the operator

I h <k
(4.3.1) Pup =1 whenm =,
P, P P otherwise.

nt Hn—1 """ Mk4+1)
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Let Q® denote the Markov measure of the left random walk given by {u,, }5,
and started from the identity element e (Eq.(4.1.6) with v = §, ) Let Q")
denote the Markov measure of the right random walk given by {/i,}%2 ; and
started from e. It is clear from our discussion of the left and right random
walks, cf. Eqs (4.1.4) and (4.1.5), that the second statement of Theorem 1.1
is equivalent to each of the following:

(1) QW{w € G*; s-limy, oo T(wy, }) Py exists} = 1forevery k =0,1,...

(2) Q(T){w € G s-limy, oo T(wp) Pk exists} =1 for every k =0,1,...
We will work with the right random walk and prove the following stronger
result:

THEOREM 4.3.1.  With respect to the right random walk defined by {fin }5 4
the set

I' = {w € G*°; the limit s-lim7(wy, )P, exists for each k =0,1,...}

n—oo

is a universally conull asymptotic set. In the case that p1 = ps = ..., I is
an tmvariant set.

Proof 2. Note that the last statement follows from the first one because in
the special case that 1 = ps =+ =, P = P”]_k for all n > k; using this
it is easy to see that 9~ (I") = I', so if I € B(® then I" € B®).

Now, it is routine to check that when {z;}32, is a dense sequence in § then

e} o
I = m ﬂ {w € G*°; the sequence {m(wn) Pk }oeq converges}.
k=0j=1

Next, since m(wy,)Pprz; is a sequence in the complete separable metric space
£, one obtains {w € G*; the sequence {m(wy)Pyiz;}52, converges} € B,
and so I' € B(%). Hence, to complete the proof it suffices to show that for each

z € fHandeachk =0,1,... , theset {w € G™; the sequence {m(wy,) Pz},
converges} is universally conull.
Given n > k consider the sequence P}, Pjn, j =n,n+1,.... Thisis a non-

increasing sequence of nonnegative operators, hence, by basic operator theory
the limit S, = s-lim;_ P;‘nPjn exists. Note that P Py, = P;. whenever
t > s > r. Therefore

(4.3.2) P SnPrm = Sm

whenever n > m > k. So,

2 This proof is essentially due Christophe Cuny. Our original proof was longer. The
weaker result that I" # & can be proven without involving the random walk theory.
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(4.3.3)  ||Sn Pk — Popzxl|?
= Sn Par|® + || Pzl — (PySnPa , 2) = (x, PyuSnPar)
< 2||Parx||® — 2(Spx, ) = 2(P’ Pugx, ) — 2(Skx, ).

n
Thus limy,— o ||7(wn ) Sn Prkx — 7 (wn) Prgx|| = limy,— oo ||SnPrkx — Porz|| = 0,
and so it suffices to show that the sequence m(wy,)S, Pyr2 converges u.a.s..
We will first show that this sequence converges weakly u.a.s.. Define x,, =
Sy Prgx for n > k and z, = P, Spx for k > n > 0. Since Py, Pu
Pot1n Pok = Putik, it follows from this definition and Eq.(4.3.2) that z,, =
P:7l+1xn+1 = Ps, . Tpyr for all n > 0. Fix y € § and define functions

h:G—-C,n=0,1,... , by h¥(g) = (m(g9)zn , y). Then
(4.3.4)  hi(g) = (m(9)Py, Tn+1,Y) = / (m(g)m(g)Tns1, Y) fins1(dg)
G

= /h%+1(gg’) ﬂn+1(d9/)'
G

Thus {h¥}> , is a bounded space-time harmonic function. By Proposition
4.1.1 the set £2¥ = {w € G*; the sequence {hY(wy,)}3L, converges} is univer-
sally conull and there is an asymptotic random variable Z¥ such that for every
we Y, ZY(w) = limy o0 hY(wy) and that hY(g) = [, ZY(w) Ry(g, dw) for
every g € G and n > 0. A routine argument using separability of ) shows
that the set 2 = ves £2Y is also universally conull. Now, for every w € {2 the

function $ 3 y — Z¥(w) is a bounded linear functional on $. It follows that
there is a B(*)-measurable function f : G® — § such that for every w € 2,
the sequence 7(wy, )@, = m(wy)Sy Pura converges weakly to f(w) and

(4.3.5) w(g)x, = /f(w)Rn(g,dw)
GOO

for every n > 0 and g € G.
To complete the proof it suffices to show that the sequence 7(wy,)z, con-

verges in norm u.a.s. to f(w). Now, the sequence ||7(wy, )@y || = |||l is non-
decreasing and uniformly bounded. Let M = sup,,>¢ [|[znll = limy, oo [|25]-
Note that || f(w)| < M for w € §2. On the other hand, Eq.(4.3.5) yields
(4.3.6) lznll < / 1 (@)l Bn(g, dw) = (Rnl|f])(g)

G

for every ¢ € G and n > 0. Consider the asymptotic random variable
(M~ fl)(w) = M~|| f(w)|. Clearly, (R,(M~|[f[))(g) = M~(Rn| fl)(9) <
M — ||z, ||. Hence, ||R,(M — || f|])|lcc £ M — ||z, | and therefore using Propo-
sition 4.1.1, || M —||f]][[,, = limp o0 | Rn (M = f]})l|oc = 0. Thus || f(w)|| = M
u.a.s.. Since m(wy )z, converges weakly u.a.s. to f(w) and [|7(wy)z,| < M,
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we obtain, using an elementary result on weak convergence, that 7(wp)z,
converges in norm u.a.s. to f(w). O

Our applications of Theorem 4.3.1 rely on certain special properties of the
limit contractions Ly(w) = s-lim,— oo m(wy)Pyg, which readily follow from
Proposition 2.3 and Corollary 2.4.

COROLLARY 4.3.2. With the notation and assumptions of Theorem 4.3.1
define functions L : G — B(9), k=0,1,... and L : G™® — B($) by

Lu(w) s-limy, oo (wp ) Prk, when w € T
w) =
F 0, otherwise,

L(w) = the projection onto U Ran Ly (w).
k=1

Then Ly and L are B(*) -measurable functions. For every w € G, L w) =
s-limy oo T(wi ) Li(w). For every w € G*, g € G, andl > k > 0, we
have: Lj(w)Py = Li(w), L(w)Li(w) = Lg(w), Li(gw) = w(g9)Lr(w), and
L(gw) = n(9)L(w)m(g9) . Purthermore, given w',w € I', the limit

K(w,w) = slimr(wjw;, ") L(w)
k—o00

exists and is a partial isometry with initial projection L(w) and final projection
L(w"), such that K(w',w)Li(w) = Li(w') for every k = 0,1,... . Moreover,
K*(w,w) = K(w,w').

COROLLARY 4.3.3. Suppose that p1 = pe = ... . Then with the nota-
tion and assumptions of Theorem 4.3.1 and Corollary 4.3.2, the limit V(w) =
s-limy, — oo T(Wnt1wy, ) L(w) exists for every w € G and is a partial isome-
try with the initial and final projections equal to L(w). Moreover, V(gw) =
7(g)V (w)m(g) ! for everyw € G* and g € G, and V (w)Li(w) = Li11(w) for
every w € G* and k = 0,1,... . When G is second countable, the function
G® 3w — V() € B($) is BY-measurable.®

5. Convolution products, concentration functions, and
representations vanishing at infinity

Here as our first application of Theorem 1.1 we give a concise proof of
a result of Csiszar on the asymptotic behaviour of convolution products of
probability measures. Previously this result played a crucial role in the solu-
tion of the problem of convergence to zero of the concentration functions of
a probability measure on a noncompact group [18], [26]. Such convergence to
zero is equivalent to strong convergence to zero of the powers of the p-average
of the regular representation. After proving Csiszar’s result we explain how

3 Second countability ensures measurability of the products wn+1w;1.
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the result on concentration functions can be used to study the asymptotic be-
haviour of the powers P, for more general representations, leading, for certain
classes of locally compact groups, to a proof of Conjecture 1.2.

Let G be a locally compact group. Recall that by the weak topology on
M(G) one means the (M (G),Cy(G))-topology where Cy(G) is the algebra
of bounded continuous functions on G. The weak* topology on M(G) is the
o(M(G),Cy(G))-topology where Co(G) is the algebra of continuous functions
on G which vanish at infinity. We write Mg 1(G) for the set of positive
measures v € M(G) with v(G) < 1. The canonical norm on M(G) is the
total variation norm. Below in Lemmas 5.1, 5.2 and 5.4, and in the proof of
Theorem 5.3 all py-averages refer to the right regular representation 7, of G.

LEMMA 5.1.
(i) If po is a norm bounded net in M(G) and p € M(G) then
Loy v, w if and only if P, = P,.
(i) If po is a net in M1(G) and p € My (G) then pe ~ p if and only if
P,. > P,
(iii) The set {P,; p € My 1)(G)} € B(L*(G)) is weakly closed.
Proof. (i): This follows from the fact the matrix coefficients of 7, form a

uniformly dense subset of Cy(G).
(ii): =: Given z € L*(G),

(5.1)
Pyt — Puz|® = (Papspo @, &) + (Paup® , @) — (Paapo @, @) — (P sp® , T)
= [(mg).2) o))+ [(ro(g)e ) G ) (o)
G G
- [imlg)a ) 3+ pa)dg) - / ) (e 1) (dg).
G G

As the mappings M;(G) 3 v — v and M (G) x M1(G) 3 (v1,v2) — vy *1 are
continuous with respect to the weak topology, fia * fla, fla * [y fi* fla —> fi % [i.
Hence, the right hand side of Eq.(5.1) converges to 0.

«: If P,, = P, then P, — P,. Hence, by (i), fta , w. But the weak
and weak* topologies coincide on M1 (G).

(iii): Let P belong to the weak operator closure of {Pﬂ, p € Mg 1( }
Thus there is a net p, in M 1(G) with P = w-lim,, P,,,. Since My 1;(G) is
weak™ compact, we may assume that w*-lim,, u, = p for some p € M[O 1 (G)
Hence, P = P, by (i).

LEMMA 5.2.  Let {pn}32 be a sequence in M1(G). Then s-lim,, o P, =

0 if and only if lim,, .o SUp e fin(9K) = 0 for every compact subset K C G.
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Proof. Mimic the argument on p. 98 in [11]. O

Given a sequence {152, C M1(G) and nonnegative integers k, n let

{56, when n < k,
Hnk =

(5.2) .
[y % fhp—1 %+ % 11, otherwise.

When g € G and v € M(G), let gv = §, % v and vg = v * 4.

THEOREM 5.3 (Csiszar [9]). Let {u,}52, be a sequence in My(G) where
G is second countable. Then either lim,, o sup,cq pino(9K) = 0 for every
compact K C G, or there exists a sequence {an 2, in G such that for every
kE=0,1,..., the sequence {anpink 15>, converges weakly. Given a sequence
{an}22 with this property, let v, = w-limy, o0 Anpink. Then as k — oo, the
sequence {Vkalzl}iozl converges weakly to the normalized Haar measure v of a
compact subgroup. The measures vy satisfy Vi1 * pigr1 = Vi and v % v = Vg
for every k=0,1,....

Proof. By Theorem 4.3.1 there exists a sequence {a,}22; C G such that for
each k =0,1,..., Ly = s-limy oo m(an) Por = s-limp oo Pa,, p,,, exists. By
Lemma 5.1(iii), Ly = P, for some v}, € Mg 1)(G). Next, by Corollary 4.3.2,
L = slimp_oo m(ar) L}, = s-limp_oo Pa,p, also exists and is the projection
onto | J,—; Ran Lj,. By Lemma 5.1(iii), L = P, for some v € Mg 1)(G).

Suppose that it is not the case that lim, .. sup,cq fino(9K) = 0. Then
by Lemma 5.2, Ly = P,, # 0. Consequently, L = P, # 0 and so v must be
a nonzero idempotent in Mo 1)(G), i.e, the normalized Haar measures of a
compact subgroup. Furthermore, by Lemma 5.1(i), v = w*-limg_ o0 ax 7.

Now, the convolution identities vg41 * pr+1 = vx and v x v, = vy, k =
0,1,..., follow immediately from the identities Ly41P,,,, and LLy = Ly (cf.
Corollary 4.3.2). Next, note that vg41 * g1 = vi implies that vi41(G) =
vk (G). Hence, as v = w*-limy_,, ax 7 is a probability measure, each 7y, must

be a probability measure. = Then, as s-lim, .o Py,p,, = P, and
s-limy oo Payp, = Py, Lemma 5.1(ii) yields w-lim, oo Gnpinky = v and
w-limy_, o arp;r = v. The latter is equivalent to w-limg_, o z/kalzl = . But
v = U because v is the Haar measure of a compact subgroup. O

Let K£(G) denote the family of compact subsets of G. Given p € M;(G)
the function f, : K(G) — [0, 1] defined by

fn(K) = sup p"(gK)
geG
is called the n-th concentration function of u.

LEMMA 5.4. The following conditions are equivalent:
(i) limy— oo fr(K) =0 for every K € K(G).
(ii) s-lim, . P} = 0.
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(iil) w*-lim, oo (2" * u™) = 0.
(iv) limy,— oo (@™ * p™)(K) = 0 for every K € K(G).

Proof. (i) < (ii) by Lemma 5.2. Next, slim,..P; = 0 &
s-limp oo ;" P = 0 & w-lim, oo PP = 0. Since P;"PP = Pynyyn,
by Lemma 5.1(i), (ii) is then equivalent (iii). It is easy to see that (iii) <
(iv). O

The following theorem was proven in [26].

THEOREM 5.5. If u is almost aperiodic and G is not compact then for
every K € K(G), lim,_ frn(K)=0.

COROLLARY 5.6. FEwvery almost aperiodic probability measure is m.-neat.

Proof. Compact groups are neat (by, e.g., [24, Theorem 3.2]). For noncom-
pact groups use Theorem 5.5, Lemma 5.4, and Corollary 3.12. O

We note that there exist examples of adapted probability measures on non-
compact locally compact groups whose concentration functions fail to converge
to zero. Such measures must satisfy certain rather restrictive conditions and
can exist only on semidirect products G = N x Z where Z acts on N via an
automorphism which contracts N modulo a compact subgroup, see [22], [23]
for details. The fact that the concentration functions of u fail to converge
to zero does not imply that p fails to be m.-neat (cf. [23, Proposition 3.14]
and Lemma 5.1). An example of an adapted probability measure which is not
mpy-neat was mentioned in Remark 3.15(b).

Corollary 5.6 turns out to be a special case of a more general consequence
of Theorem 5.5. Let m be a continuous unitary representation of G in §) and
H a closed normal subgroup of G. We will say that a function f : G — C
vanishes at infinity modulo H if for every € > 0 there exists a compact set
K C G/H such that |f(g)] < ¢ whenever gH ¢ K. This is equivalent to
having lim, f(go) = 0 for every net g, in G with goH — oo in G/H. We
will say that the unitary representation 7 vanishes at infinity modulo H if the
matrix coeflicients of 7 vanish at infinity modulo H.

REMARK 5.7. By Corollary 3.12, p is m-neat whenever s-lim, .., P = 0.
Suppose 7 vanishes at infinity modulo H where G/H is not compact, and let
p € Mi(G) be almost aperiodic. It is easy to verify that then 91, = {0}.
Hence, p is m-neat if and only if s-lim,, . P} = 0.

COROLLARY 5.8. Let G be second countable and let ™ vanish at infinity
modulo a closed normal subgroup H with G/H is noncompact. Then every
almost aperiodic probability measure on G is w-neat.
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Proof. Let o, = i" % u™ and consider the quotient measures pg and o, g
on G/H. Then ppy is almost aperiodic and o,y = % * p%. Since G/H is
not compact, the concentration functions of pgy converge to zero and thus by
Lemma 5.4, lim, o0 atppy (K) = 0 for every compact K C G/H.

Now, by [33, Theorem 4.5], for each n there exists a transition probability
¢ from G/H to G such that

(1) gu(&,6) =1 for apy-ae. &€ G/H;
(2) for every bounded Borel function f : G — C,

[antan s0) = [ awnta) [ ants.do) 10

G G/H G
Let x €  and f(g) = (n(g)x, =), g € G. Since 7 vanishes at infinity modulo
H, given ¢ > 0 there is a compact K C G/H such that |f(g)| < %5 for every

g € G with gH ¢ K. Hence, using (1) and (2) above, for large enough n we
obtain

|Pra]? = / anldg) f(9) < / s (dE) / 4n(€.dg) 11(9)

G G/H G
_ / 1 (d€) / gnl&,dg) o]+ / i (d€) / gn(&,dg) | £(g)]
K G G/H-K £

< anp(K)|z|| + %5 <e.
Hence, s-lim, .o, P’ =0, and so by Corollary 3.12 p is 7-neat. O

COROLLARY 5.9. Let G be a locally compact o-compact group with the
property that every continuous infinite dimensional irreducible unitary rep-
resentation of G vanishes at infinity modulo a closed normal subgroup with
noncompact quotient. Then G is neat.

Proof. When G is second countable, the result is clear by Proposition 3.6.
In the general case, consider the representation mker» of G/ Kerm given by
TKern(gKerm) = mw(g). We leave it is an exercise to verify that ke also
vanishes at infinity modulo a closed normal subgroup with noncompact quo-
tient. Then the desired conclusion follows with the aid of Lemmas 3.7 and
3.8. O

COROLLARY 5.10. Connected algebraic groups over a local field of charac-
teristic zero, connected semisimple Lie groups, exponential solvable Lie groups,
and Euclidian motion groups are neat.

Proof. Recall that by the projective kernel of a continuous unitary repre-
sentation 7 one means the closed normal subgroup PKer 7 of G consisting of
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the elements g € G for which 7(g) is a scalar multiple of the identity oper-
ator. It is known that continuous irreducible unitary representations of the
groups in question vanish at infinity modulo their projective kernels [3], [19].
Therefore in view of the preceding corollary it suffices to show that G/ PKer
cannot be compact when = is irreducible and infinite dimensional. To see this
suppose that G/PKerw is compact where 7 is irreducible. By passing to a
quotient group we may assume that 7 is faithful. But then PKer 7 coincides
with the centre of G. Hence, by [15], dim7 < oco. O

We note that for H = PKerx, Corollary 5.8 can be easily proven without
involving the fibration of i * u™ over G/H and without the restriction that
G be second countable or G/H noncompact. The following is an example of
an application of Corollary 5.8 with H # PKer .

EXAMPLE 5.11. Let G be the Mautner group: G = C x C x R with the
multiplication (21, 22,t)(2], 25, ') = (21 + 2le®, 2o + 25> t + /). Let 7 be
the unitary representation of G in L?(T?) given by (w(zl,ZQ,t)f) ((1,¢) =
el Re(10+2:G) £(Cre™ (he~2™), Tt is well known that 7 is irreducible and
does not vanish at infinity [3]. The projective kernel of 7 is trivial and so
Corollary 5.8 cannot be applied here with H = PKerw. However, let H =
Cx{0}xZ. H is a closed normal subgroup of G with G/H noncompact and we
claim that 7 vanishes at infinity modulo H. Let for m,n € Z, ey, : T2 — C
be the function e, ((1,¢2) = ¢{*¢y. Then {emn}mnez is an orthonormal
basis in L?(T?). To show that m vanishes at infinity modulo H, it suffices
to show that the matrix coeflicients (7 (-)ex;, €mn), k,l,m,n € Z, vanish at
infinity modulo H. But an elementary computation shows that

(5.1) [(m(21, 22, t)ert , €mn)| < | fin(|22])]

where

fln(m) = ; . m

As the Fourier transform of an integrable function, fi, € Co(R). Now, when
Jo = (Z1a, 220, to) is @ net in G with g, H — oo in G/H, then |z24] — o0 in
R. So by (5.1), lima{(7(ga)eki s €mn) = 0. Thus 7 indeed vanishes at infinity
modulo H and Corollary 5.8 shows that every adapted p € M;(G) is m-neat.

1 /1 '™ cos((I — n) arccos(s)) s, zcR.

We are not aware of any study of the concept of a representation vanishing
at infinity modulo a closed normal subgroup not contained in the projective
kernel and, as a result, we have not found any general applications of Corollary
5.8 or 5.9 when H is different from PKer 7. Nevertheless, these corollaries are
interesting in that they seem to be the strongest results about the asymptotic
behaviour of the powers of the p-averages, possible to derive using the result on
concentration functions. The two examples that follow indicate that Corollary
5.9 is not enough to prove Conjecture 1.2 for general locally compact groups.
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We do not know of similar examples involving connected or almost connected
groups.

EXAMPLE 5.12. Let G be the alternating groupon N = {1,2,...}, i.e., the
group of finite even permutations of N. Denote by {e,, }5; the standard basis
in 1?(N) and define a unitary representation = of G in I*(N) by 7(g)en, = eg(n)-
Then 7 is irreducible and does not vanish at infinity. But G is a simple group
and so there is no proper normal subgroup H such that w vanishes at infinity
modulo H. Nevertheless G is neat because by Corollary 3.14 every discrete
group is neat.

EXAMPLE 5.13. Let G = CxZ with the product (z,n)(2',n') = (2 +€"2,
n+n’). G is a solvable Lie group called the discrete Mautner group [2]. Let 7
denote the representation in L?(T) given by (m(z,n)f)(¢) = e?Re= f(e~"().
m is irreducible [2]. Tt is an easy exercise to verify that the only nontrivial
closed normal subgroups of G are the subgroups C x kZ where k = 0,1,... .
Using this it can be readily seen that 7 does not vanish at infinity modulo any
closed normal subgroup with noncompact quotient. Nevertheless G is neat
because, as we prove it in the sequel, every solvable Lie group is neat.

6. m-neatness versus mw-regularity

Throughout this section G denotes a locally compact second countable
(lesc) group, 7 a continuous unitary representation of G in a separable Hilbert
space 9, and p an adapted probability measure on G. We freely use the
notation and results of Sections 3 and 4.

DEFINITION 6.1. A p-harmonic sequence in ) is a sequence {2,152, C $
such that sup,,> [|[z.|| < co and z,, = P,x,,41 for each n. p is called 7-regular
if for every p-harmonic sequence {z, }52, one has ||zo|| = [|z1]| = ||z2|| = - - . .

The main result of this section, that m-neatness of p is equivalent to 7-
regularity of fi, will be very useful in our subsequent investigations.

PROPOSITION 6.2. Let {z,}2%, be a fi-harmonic sequence and let v =
{52y € I'. Then there exists a unique x € L(y)$9 such that xy, = L}(y)x
for every k=0,1,....

Proof. Given y € $ and n = 0,1,..., let h¥ : G — C be the function
h¥(g) = (7(g)xn , y). Then h¥ = {h¥}°2, € H> and it follows as in the proof
of Theorem 4.3.1 that there exists a universally conull asymptotic set {2 and an
asymptotic random variable f : G* — $ such that f(w) = lim,—co m(wp)Zn
for every w € £2. Pick anw € I'N{2. Since L} (w) = w-lim,, o P/ m(w;, ) and
z, = Pha, = PYom(w, )m(wy )T, for n > k, using Remark 2.1(a) and taking

n

the weak limit in §), we obtain z; = Lj(w)f(w). But by Corollary 4.3.2,
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Lj(w) = Li(v)K*(w,~). Therefore z, = Lj(v)xr where z = K*(w,v)f(w)
€ L()$. The uniqueness of z is clear because 7 (v )z, = 7(v) L5 (7)x —

(7)x = z. O

LEMMA 6.3. Suppose that s-lim,, _, (7r(g)P P”‘H“) =0 for someg € G
andk > 0. Then for everyw € G, V*(w)L(w) = s-lim, o0 m(wpgw;, ) L(w).

Proof. The claim is trivial when w € G — I'. Fix w € I' and let j =
0,1,.... Then for n > k + 7,

(6.1)  m(wngw, )WV*w)L;j(w) — L;j(w)
w )Lk (w) — Lj(w)
wi ") (L (w) = m(wn) P ~H7)

7(wn (71'( P" k=3 PS j)+ W(wn)Pg_j—Lj(w).

= m(wpgw

Wng
(wng
Using our assumption that s-lim, . (W(g)P[} —P;”‘k) = 0, and the definition
of L;(w), we can see that each term on the right hand side of Eq.(6.1) converges
strongly to 0 as n — oo. Thus L;(w) = s-limy,—e T(wpgw,, )VF(w)L;j(w).
Recalling that L(w) is the projection onto [J;Z,Ran L;(w), we obtain that
L(w) = s-limy, o0 m(wpgw; V(W) L(w). But VF(w)L(w) (= V*(w) when
k > 0) is a partial isometry with the initial and final projections equal to L(w).
So V*¥(w)L(w) = L(w)V*(w) = s-limy, oo T(wpgw;, HVF (W) L(w)V*H*(w) =
s-limy, o0 T(wWngw, 1) L(w). O

Given a subset A of a group let gp(A) denote the subgroup generated by
A and ngp(A) the smallest normal subgroup of gp(A) containing A in one of
its cosets.

LEMMA 6.4. ngp(A) = gp(Up_(A7FAR U AR A7F)).
Proof. See the proof of Proposition 1.1 in [11]. O

LEMMA 6.5. There exists a o-compact subgroup N of G such that:

(ii) pw(zN) =1 for some z € G, and zNz~' = N for every z € G with
p(zN)=1.

(iii) If p(zN) = 1 then s-lim, o0 (w(g)P]} - P[}“‘k) = 0 for every k =
0,1,... and every g € zFN.
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Proof. Let x € $. Then

(6.2) / ()Pl — PP ]2 u(dg)
G

— P 4 | Pra]? — / (r(g) P, P2y u(dg)

G
+1 _ 2 +112
- [Brtin wg)p) udg) = |Pal - |l
G
Hence,
03) [ 3 lInto)Pe = p+ial utdg) = S (172 ~ 72 +a]?) < o
a n=1 n=1

This implies that there exists a Borel set B, with u(B,) =1 and
(6.4) nh_)n@lo m(g)Pyx — P;l"'lx” =0

for every g € B,. Let B = (]2, B,, where {x;}32, is a sequence dense in $.
B is then a Borel set with u(B) = 1 and it is easy to see that for each g € B,
Eq.(6.4) holds for every = € 9, i.e.,

(6.5) s-lim (m(g)Pr — P =0

for every g € B. This implies that we also have

(6.6) s-lim (7 (g) P} — P/ ™) =0

for every g € B~!. Then straightforward induction yields

(6.7) slim (n(g) Py — P+ =0

for every k € Z and g € B*. It follows that for g € Uiz, (B_kBk U BkB_k),
(6.8) %—Lig)l(w(g)Pﬁ - Pr)=0.

But {g € G;slim, .o (n(g9)P — P}}) = 0} is a subgroup of G and thus
Eq. (6.8) holds for all g € gp(Uy—;(B~*B* U B*B7F)).

Now, due to the regularity of u, B contains a o-compact subset A with
1(A) = 1. Then N = gp(Up—;(A""AF U AFA~F)) is a o-compact subgroup
and Eq.(6.8) holds for all ¢ € N. Moreover, for every a € A, A C aN and
therefore u(aN) = 1.

Next, D = gp(A) is dense in G by the adaptedness of . By Lemma 6.4,
N < D and, hence, N < G. Since u(aN) = 1 whenever a € A, N must
contain IN,,, by the definition of N,. It remains to prove the second statement
of (ii) and statement (iii). Choose an a € A and suppose that u(zN) = 1. As
u(aN) =1, we must have z € aN. Since a € D, zNz~! = aNa~! = N. This
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completes the proof of (ii). Next, we have zF N = a* N and so if g € z* N then
g = a*h with h € N. Therefore using Eq.(6.7) and the definition of N we get

ﬂ(g)PS — P;H'k = W(ak)ﬂ'(h)PS — P;H'k'
= W(ak)(ﬂ'(h)P[LL - P;]) + W(ak)P;} - PS'H“ — 0.

n—oo

This proves (iii). O

LEMMA 6.6. Suppose that fi is w-reqular. Let w € I' be such that wg = e
and wy, € supp i for every n > 1. Then L(w) = D, and for every k =

0,1,..., Ly(w) = Dyn(wy). Furthermore, for every g € supppu, V*(w) =
m(9) Dy
Proof. We have Ly (w) = P; L}, 1 (w) = PiL;, ;(w) for every n > 0. Hence,

if z € § then x, = L} (w)z is a fi-harmonic sequence. Since xg = Pyny,
Lemma 3.1 and 7w-regularity yield g = 7(wn)@n, i.€., Li(w)z = 7(w,) L (w)z.
Thus Lf(w) = 7(wy)L}(w) and therefore L(w) = s-limy, oo m(wy )L (w) =
L§(w). This implies Ly (w) = L(w)m(wy,) for every n > 0. We need to show
that L(w) = D,.

Suppose that D,z = z, ie., x € M,. Then, by Proposition 3.2(ii),
m(wn) Pz = m(wp)m(w, ")z = x and, hence, L(w)z = Lo(w)z = x. Thus
D, < L(w). Conversely, suppose that L(w)xr = z. Then z = L(w)z =
Lo(w)x = lim,_ W(wn)P/’]a:. Since P, is a contraction, we must have
[Ppx|| = |lz|| for all n > 0. So by Proposition 3.2(ii), z € M,. Thus
L(w) < D,, and we conclude that L(w) = D,,.

It remains to prove the last statement. Let N be the subgroup described in
Lemma 6.5 and z € G be such that u(zN) = 1. Clearly, u(zN Nsuppp) =1
and so zN N suppp is dense in supp . Hence, it suffices to prove that
V*(w) = w(g9)D, for every g € zN Nsuppu. But by Lemmas 6.5 and
6.3, for such g, V*(w) = s-lim,,—co m(wngw,, ) D,. Now, g € supp u implies
wpgw, ' = glw,'g) tgw, ! € g(supp p )" (supp )"t C gM,,. Hence,
m(wpgwy, ) D, = 7(g)D,, and we are done. O

PROPOSITION 6.7. u is m-neat if and only if i is w-reqular.

Proof. Let a € G be an element with p(aN,) = 1.

=: Note that o = {a "}, € I, Lg(a) = m(a~*)E,, and using the fact
that E,, commutes with every 7(g), g € G, we obtain L(a) = E,. Hence, by
Proposition 6.2, given a fi-harmonic sequence {z,}>2, there exists z € E,$
such that , = Lj(a)z for every k = 0,1,.... But Lj(a)z = E,m(a")x =
m(a®)E,z = m(ak)z, and so ||zg|| = ||z|| for every k.

<: Let @ be the Markov measure of the right random walk of law f started
from e. Note that the set IV = {w € I'; wg = e and w,, € supp " for every
n > 1} has Q-measure 1, in particular, is nonempty. Pick an w € I".



1144 WOJCIECH JAWORSKI

By Lemma 6.6 we have Lo(w) = s-lim, oo m(wn) P} = Dy, equivalently,

s-limy, o0 (P — m(w, ) D,) = 0. Since w,, ! € supp p™ C a™ N, w(w, ') E, =
7(a)"E,. Hence, it suffices to show that £, = D,,. It is clear that E, < D,,.
We will prove that £, > D,,.

By Lemma 6.6, L(w) = D, and n(g9)D, = V*(w) for every g € supp p.
Hence, 7(9)D,m(g9)~* = V*(w)V(w) = L(w) = D,,, and by adaptedness of p
we get m(g)D,m(g)~" = D, for every g € G. This means that 9, = D, is
a m-invariant subspace. The subrepresentation 7’ of m on 9, has M, in its
kernel. Since by Proposition 3.3 IN,, is the smallest closed normal subgroup
of G containing M, , it follows that N, C Kern’. Consequently, M, C N,

ie., D, < E,. m

REMARK 6.8. It may be of interest to note how neatness of every almost
aperiodic spread out probability measure (Corollary 3.14) follows from Lemma
6.5 without using the work of Derriennic and Lin [11]: When p is spread
out then the subgroup N of Lemma 6.5 and the subgroup N, must have
nonzero Haar measure and, hence, be open. Thus when p is almost aperiodic
and k = [G : N, it follows from Parts (i) and (iii) of the lemma that
s-limy, o0 (P — P;H’k) = 0. Having this one can use the decomposition $) =
Ker(I — P}) @ Ran(I — P¥) to conclude that s-lim,, o PJ* is the projection
onto Ker(I — Pl’j) As we saw in the proof of Corollary 3.14, this implies
m-neatness of . Alternatively, one could use Lemma 6.3 to conclude that
V*¥(w) = L(w); this implies that every ji-harmonic sequence in § is periodic
and Proposition 6.7 applies.

7. Ergodic probability measures

Given a locally compact group G, we shall denote by L'(G) the space of
regular complex measures on G, absolutely continuous with respect to the
Haar measure, and by L}(G) the subspace consisting of those ¢ € L*(G) for
which ¢(G) = 0. A probability measure p on G is called left (resp., right)
ergodic if

lim
n—oo

=0).

I 1< :
z J — i z J
nZu >k<pH =0 (resp., nh_)néo nng*M
j=1 j=1
for every ¢ € L}(G). Ergodic probability measures are necessarily adapted
and can exists only on o-compact amenable locally compact groups [28], [36].
Of course, left ergodicity of u is equivalent to right ergodicity of ji. We note
that left ergodicity of p does not imply right ergodicity of u [28, Proposition
6.5].
Consider a random walk of law p on a o-compact locally compact group G.
Let « denote the Markov measure of the random walk started with an initial
distribution equivalent to the Haar measure. Left (resp., right) ergodicity of u
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is equivalent to the condition that every invariant random variable f : G —
C of the left (resp., right) random walk be constant a-a.e. [10]. We note that
« is quasiinvariant with respect to the canonical action of G on G*°, as follows
from Eqs (4.1.6), and (4.1.8) or (4.1.9).

THEOREM 7.1.  Every left ergodic probability measure on a locally compact
group s neat.

Proof. Let u be a left ergodic probability measure on G. It is easy to
see that if H is a closed normal subgroup of G then the quotient measure
pr(A) on G/H is left ergodic too. Therefore in view of Lemmas 3.7, 3.8, and
Proposition 3.6, we may assume that G is second countable and that 7 acts
in a separable Hilbert space ). Then by Proposition 6.7 it suffices to show
that f is w-regular.

Consider the right random walk of law i on G. Recall that by Corollary
4.3.3 there exists a B()-measurable function V : G>® — B($)) such that for
each w € G, V(w) is a partial isometry with the initial and final projection
equal to L(w), V(w)Li(w) = Liy1(w) for every k = 0,1,..., and V(gw) =
7(g)V (w)m(g)~! for every g € G. Now, since fi is right ergodic and B($)) is
a standard Borel space [33, Chap. 2], there is an a-conull Borel set 2 C G
and a partial isometry W with V(w) = W for all w € £2. Let g € G. Since
« is quasiinvariant, 2 N g~ 102 # @. With v € 2N g~ 12 we then obtain
W = V(gy) = n(g)V(y)n(9)~! = n(g)Wmr(g)~!. Thus W commutes with
every m(g), g € G. Hence, it commutes also with P, and, consequently, also
with Lo(w), w € G*°. The same is true for the projection E = W*W = WW*,
equal to L(w) for each w € £2.

Note that the set I' of Theorem 4.3.1, being universally conull, is also
a-conull. So I'N 2 # @. Let {x,}32, C $H be a f-harmonic sequence.
Choose any w € I'N 2. By Proposition 6.2 there exists « € L(w)$H = EH
such that x,, = L¥(w)z for every n > 0. But L,(w) = W"Lg(w) and as W
and F commute with Lo(w), and ELg(w) = Lo(w), we obtain that L,(w) =
Lo(w)W™ = Lo(w)EW™. Consequently, z, = W*"EL{(w)x. Since W is a
partial isometry with the initial and final projections equal to F, we conclude
that ||z,| = ||zo|| for every n > 0. O

REMARK 7.2. (a) Theorem 7.1 does not follow from the assumption that
G be neat. This is because ergodic probability measures, while automatically
adapted, need not be almost aperiodic. Recall that there are examples of
adapted measures which fail to be m-neat for some 7. By Theorem 7.1 such
measures cannot be left ergodic.

(b) For spread out measures, in particular, for every probability measure
on a discrete group, Theorem 7.1 can be proven by more elementary means,
using the connection between ergodicity and mixing [14], [25], [20], [21]. Given
a closed normal subgroup H of G let L{(G,H) = {p € LY(G); o(p~1(A)) =
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0 for every Borel set A C G/H}, where p : G — G/H denotes the canonical
homomorphism. It can be shown that for an adapted spread out probability
measure u left ergodicity is equivalent to the condition that

(7.1) lim [|u" * ¢|| = 0 for every ¢ € L(G, N,).A
n—oo
Condition (7.1) implies that lim,, . || P} P, || = 0 for every continuous unitary

representation m. Hence, SP, = 0 where S = s-lim,, . P;"P]. Let €; be an
approximate identity in L'(G). Then for every g € N,,, ge; — &; € L{(G,N,,)
and it easily follows that Sm(g) = S. Next, since the measure g™ * u™ is
carried on N, we obtain SP;" P} = SPyn,,» = S and, hence, S = 52, ie.,
S is a projection. By Corollary 3.9, S = D,. So S > E,,. But as n(g)S = S
for every g € N,, it is clear that S < E,. Thus S = E,, and p is m-neat by
Corollary 3.10.

It is not known whether the characterization of ergodicity by means of
Condition (7.1) remains generally true when p is not spread out. Theorem
7.1 is consistent with the conjecture that this is so.

8. [SIN] groups are neat

Recall that [SIN] denotes the class of those locally compact groups which
admit a neighbourhood base at e consisting of neighbourhoods invariant under
the group Int(G) of the inner automorphisms of G. A result of Lin and
Wittmann [30, Theorem 3.6] shows that every aperiodic probability measure
on G € [SIN] is neat. The goal of the present section is to prove that every
almost aperiodic probability measure on G € [SIN] is neat, i.e., that every
[SIN] group is neat.

By an invariant set in G we shall mean a set invariant under Int(G).

LEMMA 8.1. Let p be an adapted probability measure on a second count-
able [SIN] group G and 7w a continuous unitary representation of G in a sep-
arable Hilbert space $. Then there exists a closed normal subgroup H such
that :

(i) N, CH.
(ii) u(zH) =1 for some z € G.
(iii) If p(zH) = 1 then s-lim,_,o0 (w(g)P]} - Pﬁ“‘k) = 0 for every k =
0,1,... and every g € z*H.

Proof. Let N denote the subgroup described in Lemma 6.5. Put H = N.
Then H is normal and satisfies (i). It is also immediate that (ii) holds for any
z € G with p(2N,) = 1.

4 When p aperiodic, i.e., Ny, = G, then L} (G, N,) = L} (G) and Condition (7.1) defines
a left mixing probability measure. In this case the result is due to Glasner [14]; in the
general case it follow from [21, Theorem 4.4 and Remark 3 on p. 214] and [20, Theorem
1.3]; see [25] for more details.
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Let u(z1N) = 1. If u(zH) = 1 then 2y H = zH, and hence, by Lemma
6.5, to prove (iii) it suffices to prove that for each k = 0,1,..., the set
A = {g € G;slimy, oo (W(g)P,’] — P;H‘k) = O} is closed in G. Suppose
g € Ap. Let 2 € § and € > 0 be given. Choose a symmetric invariant
neighbourhood U of e such that ||7(u)z — z|| < 3e for every u € U. Clearly,
Ug contains an element a € Ay, thus g = ua for some v € U. Using the
invariance of U, for large enough n we obtain,

Iw(9) e = Pirtha| = |ln(u)r(a) Piw — Pit*a

< |lr(u)m(a)Pra — w(u)PiFa|| + ||n(u) Ppthe — PI4Fg)|

< |lm(a) Bix — Pythall + / I (uh)z — m(h)z|| ™" (dh)
G

<ie+ / |w(h~ uh)z — z|| p"tF(dh) < de + Le =e.
G

Since € and x are arbitrary, g € Ay. (]

LEMMA 8.2. Let B be an open subgroup of a locally compact group G
and p € My(G) almost aperiodic. If BN N, = {e} then B is compact and
monothetic.

Proof. Let p : G — G/N, denote the canonical homomorphism. Since B
is open, p[B is an open mapping and as B N N, = {e}, it follows that B is
topologically isomorphic to p(B). Now, p(B) is an open subgroup of G/N,,
and G/N, is compact and monothetic, cf. Proposition 3.3. Hence, p(B) is
itself compact and monothetic. Therefore so is B. O

LEMMA 8.3. Let u be an almost aperiodic probability measure on a locally
compact group G and g € G. Then for every neighbourhood U of e and every
k € N there exists j > k such that ¢’ N, NU # @.

Proof. Let U’ be the image of U in G/N, under the canonical homomor-
phism. By compactness of G/N,,, {g"N,}52; is a subgroup of G/N,,. Hence,
there is a net j, in N with lim, ¢N, = N, and j, — oo. So ¢'N, € U’,
equivalently, ¢/ N, N U # & for some j > k. O

LEMMA 8.4. Let p be an almost aperiodic probability measure on a lcsc
group G and suppose that G has an open normal subgroup B such that B N
N, = {e}. Then p is neat.

Proof. Given a continuous unitary representation 7 in a separable Hilbert
space $) let N denote the subgroup described in Lemma 6.5 and let z € G
be an element with yu(zN) = 1. By Lemma 8.3, BN 2*N, # @ for some
k > 1. Since N, C N, BN z*N # @ too. Choose g € BN z*N and
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v eI ={we G®;slim, .o m(wn) P~ F exists for each k=0,1,...}. By
Lemmas 6.5 and 6.3, V**(v) = s-lim, o 7(1.97, ) L(y). But by Lemma
8.2, B is compact. Hence, g has precompact conjugacy class and it follows
that V**(vy) = w(b)L(7) for some b € B. Again by compactness of B there is
a sequence {n;}32, of positive integers with n; — oo and lim;_,. b™ = e.
Note that 7(b)L(7)n(b~') = V*¥(y)Vk(y) = L(y). Hence, V*¥(y) =
m(bY)L(y) = L(y)w(b?) for every i > 1. Therefore L% (v) = Li(7)V**(y) =
Ly(v)L(y)m(b*) = Li(y)m(b). Let {,}%, be a fi-harmonic sequence in $).
By Proposition 6.2, z, = L7, (y)z for some © € L(7)9. So xn,x = L}, 1 (v)z =
Li() e e — Ly()z = 0. Now, if n > 0 then |lzol] < [[zall < llone]
for large enough j. Thus ||z,|| = ||zo]|. It follows that i is m-regular and so
m-neat. O

THEOREM 8.5. Ewvery [SIN] group is neat.

Proof. Note that the quotient of a [SIN] group by a closed normal subgroup
is a [SIN] group. Hence, by Proposition 3.6 and Lemmas 3.7 and 3.8, it
suffices to prove that if a second countable [SIN] group G admits an almost
aperiodic probability measure p and a faithful continuous irreducible unitary
representation 7 such that P} fails to converge strongly to 0, then dim7 = 1.

Pick a v € I'. Then L(7y) # 0. Let = be a unit vector in L(7)$. Let H be
the subgroup described in Lemma 8.1 and denote by Ay the Haar measure
of H extended to G (so that Ay(G — H) = 0). It is easy to see that Ay is
invariant under Int(G). Choose an open invariant neighbourhood U of e with
compact closure and let dv = Ay (U) ' x dAg. It follows that gv = vg for
every g € GG and, hence, the v-average P, commutes with every 7 (g), g € G.
So by irreducibility of 7, P, = ¢I for some ¢ € C. But for every n > 0,

(8'1) c= <PV7T('7;1)‘T7 7T(’7;1)$>

- / (g ), w(vy D)) w(dg) = / (r(rmgri Ve, ) v(dg).

H H

By Lemmas 8.1 and 6.3, L(y) = s-lim,, oo m(1n97;, 1) L(7) for every g € H.
Since L(y)x = =z, it follows that as n — oo, the right hand side of (8.1)
converges to 1. Thus ¢ =1, i.e., P, = I. Then by Proposition 3.2(i), suppv C
Kerm. But suppr 2 HNU. Hence, as 7 is faithful, we conclude that H is
discrete.

Let B(G) = {g € G; g has precompact conjugacy class}. B(G) is an open
characteristic subgroup. Let g € B(G) N H. As H is discrete, the conjugacy
class Cy of g is finite (and contained in H). Put T' = \C}ﬁ Zcecg 7(c). Since
each inner automorphism permutes the elements of C,, w(g)Tw(g~') =T for
every g € (G. Hence, by irreducibility, T' = ¢I for some t € C. An argument
analogous to that of Eq. (8.1) shows that T'= I, which, in turn, implies that
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m(g) = I. Thus g = e by faithfulness of 7. It follows that H N B(G) = {e},
and hence we also have N, N B(G) = {e}. By Lemma 8.4, p is neat. Hence,
as P, ~ 0, Proposition 3.6 yields dim7 = 1. O

9. Extensions of abelian groups

Neatness of solvable locally compact groups would follow by trivial induc-
tion if one could prove that a locally compact group G which admits a closed
normal abelian subgroup A with neat quotient G/A, is itself neat. We did not
succeed in proving such a result. Instead, in this section we obtain a weaker
result in the same direction, which combined with the results of Section 6
and special properties of solvable Lie groups, will be sufficient to prove that
solvable Lie groups are neat.

Our main tool is a rather basic result about systems of imprimitivity which
will be familiar to readers versed in Mackey’s analysis of group extensions,
especially in the special case of transitive systems. However, we have not
found this result explicitly stated and proven in the literature. Therefore we
will give it with a proof. Our main reference on systems of imprimitivity is
[39, Chap. VI].

Let G be a lesc group. By a standard G-space we shall mean a G-space S
where S is a standard Borel space and the mapping G x § 3 (g,s) > gs € S
is Borel. Let $ be a separable Hilbert space and 7 a continuous unitary
representation of G in §. Let A be a projection valued measure on the Borel
subsets of S, taking values in the set of projections of $. The pair (7, A) is
called a system of imprimitivity based on S and acting in $) if for each g € G
and each Borel set B C X,

(9-1) m(9)A(B)m(9)~" = AlgB).

The system (m, A) is called ergodic if for every G-invariant Borel set B C S
one has A(B) = 0 or A(B) = I. Tt is clear that (m,A) is ergodic whenever
m is irreducible. Two systems of imprimitivity based on the same G-space
S, (m,A) acting in $, and (7', A’) acting in §)’, are called equivalent if there
exists a unitary isomorphism U of $) onto $’ such that

(9.2) 7'(9) = Un(g)U™' and A'(B)=UAB)U™*

for every g € GG and every Borel set B C S.

Given a measure v on S and g € G, we will write gv for the measure
(gv)(B) = v(g7'B). Let a be a o-finite quasiinvariant measure on the stan-
dard G-space S. For each g € G, let 4 denote a version of the Radon-Nikodym

derivative Cg’—s‘. Then the formula

(9-3) (p(9)2)(s) = ry*(s)a(g"s)

defines a continuous unitary representation p of G in L*(S, «).
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Let & be a separable Hilbert space and consider the Hilbert space L?(S, &, a)
of square integrable Borel functions z : S — & modulo . We will write (-, -)
and | - || for the inner product and norm in L?(S, &, ) (this will apply also
when 8 = C); (-,-)4 and || - || will denote the inner product and norm in f&.
Thus given z1, 72 € L*(S, &, ),

(21, 22) = / (1(5), 22(5)) 5 (ds).

S

Next, for each Borel set B C S let A,(B) be the projection in L?(S, &, a)
given by multiplication by the characteristic function of B, i.e., (Aa (B)x) ()=
xs()z(-), € L*(S,R,a). Then A, is a projection valued measure on S,
acting in L?(S, &, «). It is clear that A,(B) = 0 if and only if a(B) = 0.
Given z € L%*(S,9,a), let ||z]|4 denote the element of L?(S, ) defined by

2]l a(s) = [lz(s)ll -

LEMMA 9.1. Let (m,A) be an ergodic system of imprimitivity based on S
and acting in ). Then there exists an ergodic o-finite quasitnvariant measure
a on S, a separable Hilbert space R, and a continuous unitary representa-
tion ' of G in L*(S, R, «), such that (7', A,) is a system of imprimitivity
equivalent to (m, ) and

(9.4) 17" (9)zllg = p(9)llzll g
for every g € G and x € L*(S, &, ).

Proof. By [39, Lemma 6.10] there exists a o-finite measure @ on S, a sep-
arable Hilbert space &, and a unitary isomorphism U of §) onto L?(S, &, a)
such that UA(B)U~! = A,(B) for every Borel set B C S. « has the same
null sets as A, hence, is ergodic, and by Eq.(9.1) is quasiinvariant. Define
7'(g) = Un(g)U~!, g € G. Then (7', A,) is a system of imprimitivity equiv-
alent to (m,A), and it remains to verify Eq. (9.4).

Now, with € L%(S, &, a), Eq.(9.3) can be used to define a continuous
unitary representation of G in L?(S, &, a). We will denote this representation
by p®. The pair (p%,A,) is another system of imprimitivity. Hence, with
n(g) = p*(g~ ")’ (g) we have
(9.5) 1(9)Aa(B)n(g) ™! = Aa(B)
for every g € GG and every Borel set B C S.

Given a bounded Borel function ¢ : & — B(R) let A, € B(L*(S, &, «))
denote the operator (Ayx)(-) = ¢(-)z(-). When f : S — C is a bounded Borel
function, then Ay = [ fdAq, and so Eq.(9.5) implies that 7)(g)Af177(g)*1

= Ayy for every g € G. Then by [33, Theorem 6.2], n(g) = A, for a bounded
Borel function ¢, : S — B(R). But since 7(g) is unitary, ¢4(s) must be
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unitary for a-a.e. s € S [33, Proposition 6.1]. Therefore given z € L?(S, &, o),
we obtain

17" (9)2)(s)ll = 1 (2™ (9)n(9)z) ()l g = llrg > () g (97 8)2(9 ™ 8)
=1y *(s)llz(g™"8)llq = (p(9)llz]l ) (5)

for a-a.e. s € S. This proves (9.4). O

Let A be a closed normal abelian subgroup of G. As is well known, A
can be used to associate in a canonical way a system of imprimitivity to any
continuous unitary representation of G. Let A denote the character group of
A. When g € G, write int(g) for the inner automorphism int(g)(g') = g¢’g ™.
Recall that the canonical action of G on A is given by

g =CEoint(g7!), g€G, €A

This action is continuous in the sense that the mapping G x A 3 (g,£) —
g€ € A is continuous. Let 7 be a continuous unitary representation of G in
a separable Hilbert space $). By [13, Theorem 4.44], there exists a unique
projection valued measure A on A, acting in §), such that for every a € A,

= [; &(a) A(d€). Tt follows that (m,A) is a system of imprimitivity
based on A, which is ergodic whenever 7 is irreducible. Moreover, when
§ =LA, & a) and A = A, for a o-finite quasiinvariant measure on A and
a separable Hilbert space &, then (m(a)z)(§) = £(a)z(€) for every a € A and
x € 9. Hence, Lemma 9.1 has this corollary:

LEMMA 9.2. Let w be a continuous irreducible unitary representation of
the lcsc group G in a Hilbert space $ and A a closed normal abelian subgroup
of G. Then there exists an ergodic o-finite quasiinvariant measure o on A a
separable Hilbert space R, and a continuous unitary representation © of G in
L?(A, & a) such that:

(i) T is e quwalent to m'.
) (7 (a)) (&) = &(a)z(§) for every a € A and x € L*(A, R, a).
(111) 17" (9)x]lq = P( )|l for every g € G and x € L*(A, &, ).

Lemma 9.2 can be useful in the study of the p-averages because
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(9.6) ||PJ:T'9U||2 = / (' (g1)x, 7' (g2)x) (" x u")(dg1, dga)
GxG
< / (' (1), 7(g2)2)] (4" % 1) (don, dge)
GxG

= [ |[ (@100, (@ @) a@)] (<o, o)

GxG A

</ ( J 1 @02l 1 (02)2)€)l a(dﬁ)) (W ™) (dgn, dgs)

GxG A

= [ ([0l (plaw)lell )€ ) ) ") . o)

GxG A
= || Pl |-

Now, since A stabilizes every point of A, p is the representation p4 of G/A
lifted to G, and so Ppllz|s = P, llzlg Thus if E,,,, = 0 and pa
is pa-neat (in particular, when G/A is neat and p almost aperiodic), then
s-lim;, . P, = 0. The problem is that it may happen that E,,,, # 0.
Fortunately, this case can be often handled by a careful use of the results of

Section 6 combined with structural properties of G.

LEMMA 9.3. Let S be a standard ergodic G-space with a o-finite quasiin-
variant measure o, and H a normal subgroup of G. Consider the canonical
representation p of G in L?(S,a). It follows that p admits a nonzero H-
inwvariant vector if and only if there exists an H-invariant probability measure
equivalent to a.

Proof. If v < ais an H-invariant probability measure on S then j—; is an

H-invariant unit vector in L?(S, ). Conversely, suppose that z € L?*(S, a)
is an H-invariant unit vector. Let vy be the probability measure given by
dvy = |z|?da. vy is H-invariant. Put v = A1 * v; where \; is a probability
measure equivalent to the Haar measure (A\; * vy is defined by (A; % 11)(B) =
/. a1 (g7'B) A1(dg)). Then v is an H-invariant, G-quasiinvariant probability
measure absolutely continuous with respect to a. Let f be a version of j—;
and let 8’ = {s € §; f(s) > 0}. The quasiinvariance of v requires that
a(gS’ A S§') = 0 for every ¢ € G. Hence, as S is a standard G space,
ergodicity yields a(§ —&’) = 0, which means that v ~ a. O

Recall that when S is a locally compact space, by the weak topology on the
space M (S) of regular complex measures on S one means the o (M (S), Cy(S))-
topology where C(S) is the algebra of bounded continuous functions on S.
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LEMMA 9.4. Let S be a lesc G-space where G is a lcsc group and the
function G x S 3 (g,8) — gs € S is continuous. Suppose H is a closed
cocompact normal subgroup of G and o an H-invariant probability measure
on S. Then for every probability measure v < a, the family {gv; g € G} is
weakly relatively compact.

Proof. By Prohorov’s theorem [17, Theorem 1.1.11] it suffices to show that
for every € > 0 there exists a compact K C § with (gv)(S — K) < ¢ for
every g € G. But given € > 0, by absolute continuity we can find 6 > 0
such that v(A) < ¢ whenever a(A) < §. Choose a compact K; C S with
oS — K1) < 4. As G/H is compact, G = CH for a compact C C G. Put
K =CK;. K is compact. Given g € G, write g = ch with c€ C and h € H.
Then a(971(S = K)) = (90)(S — K) = (ca)(§ = K) = a(S — ¢7'CK;) <
(S — K1) < 6. Hence, (gv)(S — K) =v(97 (S — K)) <e. O

ProproSITION 9.5. Let p be an almost aperiodic probability measure on
a lese group G, A a closed normal abelian subgroup, and m a continuous
irreducible unitary representation of G in a Hilbert space $). If the quotient
measure pa on G/A is neat and the sequence {P;;}3°, fails to converge
strongly to zero then:

(1) For every sequence {gn}>2, in G and every x € $§) there exists a
uniformly continuous function f : A — C and a subsequence {gn, }72
such that f(a) =limg_oo(m(gn,ag,t )z, x) for every a € A.

(2) If a € A and lim,,_.o gnag, ' = e for a sequence {9}, in G, then
a € Kerm.

Proof. By Lemma 9.2 we may assume that 7 is the representation 7’ in
L?(A, &, ) described in the lemma.

Suppose that there exists no NN,-invariant probability measure equivalent
to a. Then by Lemma 9.3 the canonical representation p of G in L? (/i,a)
has no nonzero N,-invariant vectors. By Lemma 3.7 the representation p4
of G/A also has no nonzero N, ,-invariant vectors. Thus F,,,, = 0 and as
fa is assumed neat, it follows from Eq.(9.6) that s-lim, P =0, which
contradicts our assumption. So there must exist an N,-invariant probabil-
ity measure o', equivalent to a. Passing to the equivalent representation in
L?(A, & a’) we may as well assume that o = /. To prove (1) it suffices to
show that for each sequence {g,}>>, C G and each z € L2(A, &, «a) with
lz]| =1, there exists a uniformly continuous function f: A — C and a subse-
quence {gn, }72, such that f(a) = limp—oe(7(gn, ag, )z, x) for every a € A.
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Now, using Lemma 9.2 we obtain
(9.7) (m(gnagy H)a . x) = (w(ag, )z, (g, "))

~ [{(rtag)o)(©) (r(a)2)(€)) ()

A
- / &) (n(g2)2) €] alde)

/ €(0) (plor ) lell) ) o(ae)

- / E@)r,1 ©)]|o(mO)| alde).
A
If dv = ||z||% dov, then

dg, v
W(O =7,-1( &) ||z(9a8) ||ﬁ,

and so Eq.(9.7) becomes

(r(gnagy o a) = [ €(a) (g v)(de).
A

Since the weak topology of Ml(fl) is metrizable, by Lemma 9.4 there exists
a subsequence {gn, }7>, such that the sequence g,, Ly converges weakly to a
probability measure vy. It is clear that the function f(a) = [; & i ) vo(d),
a € A (the Fourier-Stieltjes transform of 1) has the des1red propertles

We proceed to prove (2). Since G/N,, is compact, we have G = CN,, for a
compact C' C G. Hence, we can write g, = cyhy, with ¢, € C and h,, € N,.
It follows that lim,, .. hnah,! = e. Consequently, lim,, o (h,'¢)(a) =
for every ¢ € A, and so 1imn_,Oo fA - f)( ) ( d¢) = 1. But due to the

N, invariance of a, [;(h;*¢)(a = [41&(a) a(d€) for every n, and thus
Jié(a)a(dE) = 1. This 1mphes that 5( y=1 for a-ae. £ € A. Consequently,
m(a) = I by Lemma 9.2(ii). Thus a € Ker . O

THEOREM 9.6. A locally compact group which admits an open normal
abelian subgroup is neat.

Proof. We may assume that G is o-compact. Now, if G has an open normal
abelian subgroup then the same is true about every quotient of G. Hence, in
view of Proposition 3.6 and Lemmas 3.7 and 3.8, it suffices to show that if
a lcsc group G with an open normal abelian subgroup A admits an almost
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aperiodic probability measure p and a faithful continuous irreducible unitary
representation m such that Py % 0, then G is itself abelian.

Let N be the subgroup described in Lemma 6.5 and z € G an element
with p(zN) = 1. By Lemma 8.3, for every neighbourhood U of e and every
k € N there exists j > k with U N 2z/N, # @. Since N, C N, the same is
true with N, replaced by N. Let {U;}?2, be a nonincreasing sequence of
neighbourhoods of e, contained in A and forming a base at e. It follows that
for each k € N there exists jy > k such that Uy N 27" N # &. Let {hy}$2, be
a sequence in N with z/*hy, € Uy, for every k € N. Clearly, limy_ oo 27*hs, = e.

Choose an w € I'. By Lemma 6.5, s-lim,,— (w(zjkhk)PZLL — P;H'jk) =0,
and so Lemma 6.3 yields V*J* (w) = s-lim,, o0 T(wn 2" hw, 1) L(w) for every
k € N. Let {z;}32, be a fi-harmonic sequence in §. By Proposition 6.2 and
Corollary 4.3.3 there exists r € L(w)$) with z; = L} (w)z = Lj(w)V*!(w)x for
every ¢ > 0.

Note that the quotient measure p4 is neat because G/A is discrete. Since
Py % 0, by Proposition 9.5 there exists a continuous function f : A — C and a
subsequence wy, such that f(a) = limy_ e (m(wn,aw, )z, x) for every a € A.

So f(z9%hi) = limy_ oo (m(wp, 2" hxwy N, 2) = (V¥E(w)x, z) for every k.
As limy_, o 27%hy = e and f(e) = ||z||?, it follows that limy_ . (V** (W), z)
= [jz]|?. Since ||[V**(w)z| = |lz||, we obtain that limg . V**(w)z = z.

Therefore g = Li(w)z = limg 00 L (w)V** (w)z = limg 00 7, . Now, given
i > 0, for large enough k we have ||zg|| < |lzi]] < ||zj.]l. Consequently,

lzoll = |lz:l]. We conclude that fi is m-regular, and so p is m-neat. Since
P} %0, N, # {0}. By irreducibility, M,, = $, and therefore N,, C Ker. So
N,, = {e} by faithfulness. Hence, G = G/N, is indeed abelian. O

10. Solvable Lie groups are neat

Proposition 9.5 suggests that a detailed knowledge of the action of the
group of inner automorphisms of G on A can play an important role in de-
ducing neatness of G given neatness of the quotient G/A. In the case of Lie
groups the study of this action can be to a large extent reduced to the study of
the adjoint action of G on the Lie algebra of G. To proceed we will need a few
auxiliary results about finite dimensional representations. Although our focus
is the adjoint representation of a solvable Lie group, it seems convenient to
work in the setting of continuous finite dimensional representations of locally
compact groups.

Let G be a locally compact group and p a continuous representation of G
in GL(V') where V is a real finite dimensional vector space. Let V denote the
complexification of V' and p the complexification of p. We will write — for
the complex conjugation in V (and in C).
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Let H be a closed normal subgroup of G. We will denote by ,p and jp the
restrictions of p and p to H. Let W be a G-invariant subspace of V. Given a
function A : G — C, let Wy =W N gy Ker(;0(9) — Ag)). If Wx # {0},

we will call A a weight of p in W. Clearly, every weight is a continuous
homomorphism of H into the multiplicative group C — {0}. Furthermore, if
W = W then W; = WA, and so A is a weight if and only if the conjugate
X is. The set of all weights of P in W, denoted Ay, is finite because the
subspaces ﬁ//,\, A € Ay, are linearly independent [8, Chap. VII, §1.1].

DEFINITION 10.1. The invariant subspace W will be called an H -primitive
invariant subspace if:

() W # {0).
i w=w.
(iil) W = @/\eAW Wi.
We will say that W is of type R, if each A € Ay is a character of H. Otherwise,
we will say that W is of type FE.

Note that condition (ii) ensures that there exists a unique subspace W of
V such that W =W @ iW. W is a G-invariant subspace which will be called
the R-H -primitive invariant subspace associated with W.

LEMMA 10.2. Suppose that the operators p(h), h € H, admit a common
eigenvector. Then there exists an H-primitive invariant subspace.

Proof. Let z be the common eigenvector. Define W to be the subspace of
V spanned (over C) by the set 5(G)z U p(G)z. W is clearly a G-invariant
subspace satisfying (i) and (ii). Next, observe that every vector in p(G)z U
p(G)Z is an eigenvector of every p(h), h € H. Let S be a maximal linearly
independent subset of 5(G)z U p(G)z. Then S is a basis for W, diagonalizing

the subrepresentation of ,p on W. Hence, (iii) is true. O

LEMMA 10.3. Let W be an H -primitive invariant subspace and W the
associated R-H -primitive invariant subspace. If W is of type E then there
exists a nonzero vector x € W and h € H, such that lim,_,o, p(h™")x = 0. If
W is of type R and G/H is compact then the closure of {p(g)[W; g € G} in
GL(W) is compact.

Proof. Type E means that one of the weights of ;p in W, say A1, fails to

be a character. So there exists h € H with |A1(h)| < 1. Let & € Wy, — {0}.
Since p(h™)Z = A\ (h)"Z, it is clear that lim, . p(R™)Z = 0. If Z € W, put

x = &, otherwise put z = 5 (& — ) = Im .
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To prove the second statement, it suffices to show that for every € W the
orbit p(G)x has compact closure in W, or, what is equivalent, in W =WaiW.
But as z = Z)\GAW z, where 2y € Wy, p(h)z = Z)\GAW A(h)zy for every
h € H. Since all the X’s are characters, it follows that p(H)z is contained in
a compact K C W. But G = CH where C C G is compact. Hence, p(G)x is
contained in the compact set p(C)K. O

THEOREM 10.4. FEwvery solvable Lie group is neat.

Proof. Let G be a solvable Lie group with Lie algebra g. We proceed by
induction on d = dim G. When d = 0, the result is true because G is discrete.
So assume that all solvable Lie groups of dimension at most d are neat and
consider G of dimension d + 1. By Proposition 3.6 it suffices to prove that if
p is an almost aperiodic probability measure on G, then s-lim, . P, = 0
for every continuous irreducible unitary representation of G in a Hilbert space
$ of dimension greater than 1. Recall that P, = Py, mxe, (Lemma 3.7).
So it suffices to consider the faithful representation mkerr of G/ Ker 7 and the
almost aperiodic measure pker» on G/ Kern. If dim(G/Kern) < d, we are
done by induction. So we suppose that dim(G/Ker ) = d+ 1. Of course, we
may as well work with G assuming that « is a faithful representation. We will
write B, for the connected component of the identity of a subgroup B C G.

Let N be the subgroup described in Lemma 6.5.

Case I. N NG, is discrete. As G. is open, this means that N itself is
discrete, and therefore closed. Hence, N, is discrete too, because IV, C N.
So there exists a neighbourhood U of e with UNN,, = {e}. Let p: G — G/N,,
denote the canonical homomorphism, and let Uy be a neighbourhood of e with
Ul_lUl C U. Note that p[U; is injective. Let Us be a neighbourhood of e
with U2 C U;. Since G/N,, is abelian, it follows that st = ts for all s,t € Us.
Consequently, gp(Us) is an abelian subgroup. Since gp(Us) is open, it contains
G, and so G, is an open normal abelian subgroup. Hence, by Theorem 9.6,

G is neat and so s-lim,,_, P =0, as required.

Case II. NNG, is not discrete. Then J = N N G, is not discrete either, so
being closed, J is then a Lie subgroup with nontrivial connected component
of the identity J.. Note that J = N NG, because G, is open in G. Therefore,
as N is normal (cf. Lemma 6.5), so is J. Let D'J, i = 0,1,..., denote the
i-th commutator subgroup of J. Since J is solvable there exists the largest
nonnegative integer k such that A = (D*.J), is nontrivial. Clearly, A is
normal in G and DA C DD*J. But by [8, Chap.IIl, §9.1], DDk.J = Dk+1]
and DA is connected. Hence, DA C (D*+1J), = {e}, and thus A is abelian.
Concluding, A is a nontrivial connected closed normal abelian Lie subgroup
of G. Let a C g be the Lie algebra of A. a is invariant under the adjoint
representation Ad of G. We let p denote the subrepresentation of Ad on
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a, and p the complexification of p acting in the complexification a of a. By
Kolchin-Malcev theorem [29, Theorem 21.1.5, p. 152], p(G) admits a subgroup
S of finite index, such that S is triangularizable. It follows that there exists a
subgroup H < G of finite index such that g(H) is triangularizable. We may
assume that H is normal and closed. Then by Lemma 10.2 there exists an
H-primitive invariant subspace W C a.

Case II(i). W s of type E. Then by Lemma 10.3, the associated R-
H-primitive invariant subspace W contains a nonzero vector X such that
lim,, o p(h™)X = 0 for some h € H. Clearly, lim, o h"exp(X)h " =
lim,, o exp(p(h™)X) = e and we may assume that exp(X) # e. Now, by in-
duction, the quotient G/A is neat. Hence, Proposition 9.5 forces s-lim,, —, oo P
= 0, for otherwise Part (2) of the proposition would contradict our assumption
that 7 be faithful.

Case I(ii). W is of type R. We will suppose that the sequence P fails
to converge strongly to 0 and arrive at a contradiction using Part (1) of
Proposition 9.5.

Let p1 denote the subrepresentation of p in W. By Lemma 10.3, the closure
K of p1(G) in GL(W) is a compact subgroup of GL(W). Let v be the measure
v() = u(pfl(-)) on K. Consider the right random walk of law i on G. The
image of this random walk under the homomorphism p; : G — K is the right
random walk of law 7 on K. Let @ and @’ denote the Markov measures of the
two random walks, started from the identity elements of G and K, respectively
(cf. Section 4.1). Then Q'(B) = Q(F~*(B)) for every Borel subset of K>
(the space of paths of the random walk on K), where F' : G™® — K is the
mapping F ({wn}52,) = {p1(wn)},. Now, since pi(G) is dense in K, the
measure U is adapted and therefore the random walk on K is topologically
recurrent, i.e., there exists a Borel subset {2 of K with Q'({2) = 1, such that
for every w = {wp }22, € 2 and every nonempty open set U C K, w,, € U for
infinitely many values of n [35, Chap. 3,§3]. Since Q(F~1(2)) =1 = Q(I'),
F=1(Q)NI" # @ (I is defined in Theorem 4.3.1). Pick an w € F~1(2)NI" and
let {U; };‘;1 be a nonincreasing sequence of neighbourhoods of e in K forming
a base at e. It follows that there exists an increasing sequence {n;}?2, in N
such that p;(w,,) € U; for each j. Thus

(10.2) ]ILI:SO p1(wn,) = 1.

Now, asw € I" and Py} 0, L(w) # 0. Pick a nonzero = € §) with L(w)z = =.
If g € N then by Lemmas 6.5 and 6.3, lim,, o m(w,gw, )z = . This
holds, in particular, for every g € AN N. Thus lim; .o 7(wy, gw;jl)x =z
for every ¢ € AN N. But by Proposition 9.5(i) there exists a continuous
function f : A — C and a further subsequence {w,; }32; with f(g) =
limk_>oo<7r(wnjkgw;j1k )z, x) for every g € A. Clearly, f(g) = [z|* for all
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g € AN N. So by continuity the same remains true for all g € AN N. Thus
f is constant, equal to ||z||?, on AN N.

Now, trivially, A 2 ANN 2 AN D*NNG,). But by [8, Chap.I1I, §9.1],
DE(NNG.)=DFNNG, = DFJ and as A is open in DkJ, AN DF(N N G,)
D A. Hence, AN N = A, and we conclude that f(g) = ||z||? for every g € A.

Let X € W. Then using Eq.(10.2) we obtain

2 = F(exp(X)) = lim (m(us, exp(X)wr) . o)
kllr&<w(exp(p1(wnjk )X))z, z) = (m(exp(X))z, z).

Consequently, w(exp(X):r) =z forevery X € W. Let Hw = {y € 9; n(g)y =
y for every g € exp(W)}. Since exp(W) is a normal subgroup of G, Hy is
then a nonzero closed w-invariant subspace. Thus Hy = $ by irreducibility
of m. So exp(W) C Ker 7, contradicting the faithfulness of . O
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