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ON THE FIRST EIGENVALUE OF THE LINEARIZED
OPERATOR OF THE HIGHER ORDER MEAN CURVATURE
FOR CLOSED HYPERSURFACES IN SPACE FORMS

LUIS J. ALIAS AND J. MIGUEL MALACARNE

ABSTRACT. In this paper we derive sharp upper bounds for the first
positive eigenvalue of the linearized operator of the higher order mean
curvature of a closed hypersurface immersed into a Riemannian space
form. Our bounds are extrinsic in the sense that they are given in
terms of the higher order mean curvatures and the center(s) of gravity
of the hypersurface, and they extend previous bounds recently given by
Veeravalli [24] for the first positive eigenvalue of the Laplacian operator.

1. Introduction

A classical result of Reilly [21] establishes that the first positive eigenvalue
A1 of the Laplacian operator A of a closed (that is, compact and without
boundary) hypersurface M™ immersed into the Euclidean space R" ™! satisfies

n
M < —— | H2dAM
' = vol(M) /M ’

where H denotes the mean curvature of M, with equality if and only if M is
a round sphere in R™*! (see also [7] for an earlier version due to Bleecker and
Weiner). More generally, Reilly obtained that

2
)\1( H,,dM> < n vol(M) / H? dM,
M M

for every 0 < r <n — 1, where H, stands for the r-th mean curvature of the
hypersurface, and equality holds precisely when M is a round sphere (recall
that Hy = 1 by definition, and H; = H). More recently, Veeravalli [24]
has extended Reilly’s inequalities to the case of hypersurfaces immersed into
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hyperbolic and spherical spaces. See also [16], [10], [14] and [11] for extensions
of Reilly’s inequalities to some other ambient spaces, including hyperbolic
space, given by Heintze, by El Soufi and Ilias, by Grosjean, and by Giménez,
Miquel and Orengo, respectively.

Let us recall that the Laplacian operator A of a hypersurface M immersed
into a Riemannian space form naturally arises as the linearized operator of
the mean curvature for normal variations of the hypersurface. From this
perspective, A can be thought of as the first of a sequence of n opera-
tors, Lg = A,Lq,...,L,_1, where L, stands for the linearized operator of
the (r 4+ 1)-th mean curvature arising from normal variations of the hyper-
surface (see, for instance, [20], [22] and [3]). These operators are given by
L.(f) = divp(T.Vf) for every smooth function f on M, where T, denotes
the r-th classical Newton transformation associated to the second fundamen-
tal form of the hypersurface. In general, the operators L, are not elliptic, but
under appropriate natural geometric hypotheses on the hypersurface, they are
elliptic, which makes it possible to consider the first positive eigenvalue )\1LT of
L,.. Inspired by Reilly’s inequalities and their subsequent generalizations and
extensions, our objective here is to derive sharp upper bounds for )\{“", not
only for hypersurfaces in Euclidean spaces but also in hyperbolic and spher-
ical spaces. Like Veeravalli’s bounds, our bounds are extrinsic in the sense
that they are given in terms of the total higher order mean curvatures and
the center(s) of gravity of the hypersurface. We refer the reader to [2], [12],
[13] and [1] for other previous work on the subject.

The main results of this paper are contained in Sections 4, 5, and 6. Specifi-
cally, in Section 4, Lemma 6, we establish a general version of a classical result
of Reilly (Main Lemma in [21]) for the case of the linearized operator L, of
the (r + 1)-th mean curvature of a hypersurface in Euclidean space R"*! in
the case when L, is elliptic (see also equation (1.7) in [2]). As an application
of this result, in Section 5, Theorem 9 and Theorem 10, we derive Reilly-type
inequalities for the case of the first positive eigenvalue of L,, which extend
Theorem 1.1 and Theorem 1.3 by Alencar, do Carmo and Rosenberg [2]. Our
inequalities are sharp, with equality holding if and only if the hypersurface is
a round sphere in R”*!. On the other hand, it is not difficult to see that, for
every r = 0,...,n—2, the (r+2)-th mean curvature of a round sphere S™(p) of
radius ¢ in the Euclidean space R™t! satisfies crHypqo = AlLT, cr=(n—r) (:f)
(see Remark 7). Motivated by this fact, in Section 5, Theorem 12, we prove
that the first positive eigenvalue of L, of a positively Ricci curved hypersur-
face in R"*! is bounded from above by ¢, max H, 2, and equality holds if and
only if the hypersurface is a round sphere in R?*1. This is a new upper bound
for the first positive eigenvalue of L, which, for the case of the Laplacian op-
erator (r = 0) and the scalar curvature S (recall that S = n(n — 1)H,), was
first given by Deshmukh [9].
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Finally, in Section 6, we consider the cases of hypersurfaces in the sphere
and hypersurfaces in the hyperbolic space. Using Veeravalli’s approach for a
center of gravity of the hypersurface [24], we are able to extend Lemma 6 to the
spherical and hyperbolic cases (see Lemma 13 and Lemma 14, respectively).
In particular, when r = 0 we recover the results of Veeravalli [24] for the
first positive eigenvalue of the Laplacian operator. As already observed by
Veeravalli in the case r = 0, the result is sharp for hypersurfaces in the sphere,
but not for hypersurfaces in the hyperbolic space. Observe that the same
holds for the upper bound for the first positive eigenvalue given by Alencar,
do Carmo and Rosenberg [2, Theorem 3.1] for hypersurfaces in hyperbolic
space. As an application of Lemma 13, we derive Reilly-type inequalities for
the first positive eigenvalue of the operator L, of a closed hypersurface in a
sphere S"*1. Our inequalities are sharp, with equality holding if and only if
the hypersurface is a geodesic sphere in S*+1.

2. Preliminaries

Let M"*! be an (n+ 1)-dimensional Riemannian space form with constant
sectional curvature s, and let ¢ : M"™ — M"*! be a connected hypersurface
immersed into M1, Let A be the shape operator (or the second fundamental
form) of the hypersurface with respect to a (locally defined) normal unit vector
field N. As is well known, A,, is a self-adjoint linear operator on each tangent
plane T,M, for every p € M, and its eigenvalues, k1(p),...,kn(p), are the
principal curvatures of the hypersurface at the point p. Associated to the
shape operator there are n algebraic invariants given by

Sr(p) = or(k1(p), .-, kn(p)), 1<r<mn,

where o, is the elementary symmetric function defined on R™ by

or(T1, .., Tpn) = Z Ly o T, -

11 <<y

Observe that the characteristic polynomial of A, can be written in terms of
the S,’s as

n

det(t] — Ap) =Y (=1)"Sp(p)t" "

r=0
The r-th mean curvature H,.(p) of the hypersurface at p is then defined by

In particular, when r = 1, then Hi(p) = (1/n)trace(4,) = H(p) is the mean
curvature, which is the main extrinsic curvature of the hypersurface. On the
other hand, when r = 2, Ho(p) defines a geometric quantity which is related
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to the (intrinsic) scalar curvature of the hypersurface. Indeed, it follows from
the Gauss equation that the Ricci curvature of M is given by

(1) Ricy(v,w) = (n — 1)r({v,w) + nH (p)(Apv, w) — (Apv, Apw),

for v,w € T, M. Therefore, the scalar curvature S of the hypersurface M at p
is S(p) = trace(Ric,) = n(n — 1)(k + Ha(p)). In general, the Gauss equation
implies that when r is odd, H, is extrinsic (and its sign depends on the chosen
local orientation), while when r is even, H,. is intrinsic. H, is classically called
the Gauss-Kronecker curvature of M.

The classical Newton transformations T, (p) : T,M — T,M are defined
inductively from A, by

To(p) =I, and T,(p)=S:(p)I, — ApTr-1(p), 1<r=<mn,
where I, denotes the identity on T,,M, or equivalently by
T(p) = Sr(0)Ip = Sro1(p)Ap + -+ + (=1) T 1S1(p) Ay ™" + (=1)" A

Note that by the Cayley-Hamilton theorem, we have T,,(p) = 0. As each T}.(p)
is polynomial in A, these transformations are also self-adjoint linear opera-
tors which commute with A,. Indeed, A, and T,(p) can be simultaneously
diagonalized: if {ei1,...,e,} C T, M are eigenvectors of A, associated to the
eigenvalues k1(p), ..., kn(p), respectively, then they are also eigenvectors of
T, (p) associated to the eigenvalues p1 (D), ..., tinr(p) of T(p), where

(F1(p)s- k@) = Y. K (p)- ki (p),

i <o <y £E

780—7“4-1
@) ) =

for every 1 <4 < n. From this it can be easily seen that

trace(T;.(p)) = (n —r)S:(p) = ¢ Hr(p)
and
trace(A,17.(p)) = (r +1)Sr41(p) = erHria(p),
where ¢, = (n —7) (') = (r +1)(,"};). For the details, we refer the reader to
the classical paper by Reilly [20] (see also [5] and [22] for a more accessible
modern treatment).

In particular, when M is orientable we may choose a globally defined nor-
mal unit vector field N on M, and the shape operator A and its Newton trans-
formations 7, determine globally defined tensor fields A : X (M) — X(M) and
T, : X(M) — X(M).

On the other hand, the divergence of T, is defined by

divy T; = trace(VT,) = Z(VeiTT)(ei),
i=1
where {e1,...,e,} is a local orthonormal frame on M. Another interesting
property of the Newton transformations of a hypersurface in a space form is
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that they are divergence free, that is, divy; T, = 0 for each r, as shown by
Rosenberg [22]. We also refer the reader to [4] for a general computation of
divps T, in the case of a hypersurface immersed into an arbitrary Riemannian,
not necessarily with constant sectional curvature.

The Newton transformations 7. allow us to consider an interesting kind of
second order differential operators acting on the smooth functions on M. For
each r =0,...,n—1, consider L, : C>*(M) — C>*(M), the operator given by

L.(f) =divy (T, V).

As the Newton transformations are divergence free, it was shown in [22] that
the operator L, is the linearized operator of the (r 4+ 1)-th mean curvature
of M. Note that Ly = A is the Laplacian operator on M with respect to
the induced metric. As is well known, the Laplacian operator A is always an
elliptic operator on M. However, if r > 1, the operator L, does not in general
have this property. In the following section we will discuss several geometric
conditions which guarantee the ellipticity of L.

3. Ricci curvature, convexity and ellipticity

A classical theorem of Hadamard [15] gives three equivalent conditions on
a closed connected hypersurface M™ immersed into the Euclidean space R*+!
which imply that M is a convex hypersurface. Here, by a convex hypersurface
in R"*! we mean that M is embedded in R**'and is the boundary of a convex
body.

THEOREM 1 (Hadamard theorem). Let ¢ : M™ — R**L be a closed con-
nected hypersurface immersed into the Euclidean space. The following asser-
tions are equivalent:

(i) The second fundamental form is definite at every point of M.
(ii) M is orientable and its Gauss map is a diffeomorphism onto S™.
(iii) The Gauss-Kronecker curvature never vanishes on M.

Moreover, any of the above conditions implies that M is a convex hypersurface.

For a proof of the Hadamard theorem see [8]. Here we observe that the con-
vexity of a hypersurface in R"*! is also closely related to the Ricci curvature.
In fact, we have the following result.

THEOREM 2. Let ) : M™ — R"™! be a closed connected hypersurface im-
mersed into the Euclidean space. The following assertion is also equivalent to
any of the above assertions in the Hadamard theorem, and therefore it also
implies that M 1is a convexr hypersurface:

(iv) The Ricci curvature of M is positive everywhere on M.
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Proof. Let us show that condition (i) implies (iv), and that condition (iv)
implies (iii). In both proofs we will make use of the Gauss equation (1), which
in our case (k = 0) can be written as

(3) Ricy (v, w) = (4,11 (p)v, w).

First, suppose that condition (i) holds. At every point p € M, choose a unit
normal vector {, so that Ae is positive definite. Since the second funda-
mental form is definite everywhere, we conclude that such a vector field &
globally exists and is continuous on M. Therefore the principal curvatures
k1(p), ..., kn(p) of M are positive at each point p € M. Hence from (2) the
eigenvalues of T are also positive at each p € M. Let {e1,...,e,} C T, M be
an orthonormal basis of eigenvectors of A at a point p € M. From (3) we see
that

(4)  Ricp(ei, e5) = (ApTi(p)ei, ej) = ki(p)pi,1(p)dij, ,j=1,...,n,
which implies that the Ricci curvature tensor of M is positive definite at every
pE M.

Now, suppose that condition (iv) holds, and let us show that this implies
(iii), completing the proof. Let p € M and take an orthonormal basis of
eigenvectors of A in T,M with ordered eigenvalues k1(p) < --- < K,(p),
which are continuous functions on M. Using (3) again, we have

Ricp(eiaei) = Kz(p),uz,l(p) > 07 i= 17 s

so that k;(p) # 0 for every ¢ = 1,...,n. Therefore, the Gauss-Kronecker
curvature of M, H,(p) = k1(p) - - - kn(p), does not vanish on M. O

In particular, if the Ricci curvature of a closed hypersurface in R**! is
positive, then it is orientable and, after an appropriate choice of its orientation,
its second fundamental form is positive definite. By (2), this implies that
every Newton transformation 7, is also positive definite, and so we have the
following corollary.

COROLLARY 3. Let ¥ : M™ — R™! be a closed connected hypersurface
immersed into the Fuclidean space. If M has positive Ricci curvature, then
the operators L, are all elliptic and all the r-th mean curvatures are positive.

For the case of hypersurfaces immersed into M?*! with x # 0, equation

(3) becomes
Ricy (v, w) — k({v, w) = (ATyv, w).

Therefore, in that case it is also true that the operators L, are all elliptic,
under the assumption that the Ricci curvature of the hypersurface is greater
than the curvature of the ambient space, .

On the other hand, as observed by Barbosa and Colares in [5, Proposition
3.2), if ¢ : M™ — M2T! is a closed connected hypersurface immersed into a



ON THE FIRST EIGENVALUE OF THE LINEARIZED OPERATOR 225

Riemannian space form M2 (if k > 0, assume further that ¢(M) is con-
tained in an open hemisphere) such that H,; > 0 is positive for some r, then
each operator L; is elliptic for j =0,...,7.

REMARK 4. In what follows, when L, is elliptic on M (or, equivalently, T;.
is positive definite on M), we will always assume that the chosen orientation
on M is the one for which H, > 0.

4. First results. A Reilly-type inequality for the first eigenvalue
of L,

A classical result of Takahashi [23] establishes that the only immersed hy-
persurfaces in Euclidean space R™! whose coordinate functions are eigen-
functions of the Laplacian operator, associated to the same eigenvalue A,
are minimal hypersurfaces in R"*! (with A = 0) and open pieces of round
spheres S"(g) C R™*! of radius ¢ (with A\ = n/*> > 0). In other words,
if ¢ : M™ — R""! is an immersed hypersurface in Euclidean space, then
AY 4+ Mp = 0 for a real constant A if and only if either A = 0 and M is
a minimal hypersurface in R"*! or A > 0 and M is an open piece of a round
sphere of radius ¢ = /n/\ centered at the origin of R"*!. Below we estab-
lish the corresponding result for the case of the linearized operator L, of the
(r + 1)-th mean curvature (since Ly = A, taking r = 0 we recover classical
Takahashi theorem).

LEMMA 5. Let ¢ : M™ — R"" be an orientable connected hypersurface
immersed into the Fuclidean space, and let L, be the linearized operator of
the (r 4+ 1)-th mean curvature of M, for somer =0,...,n—1. Then

Lep+ 2 =0

for a real constant X\ if and only if either A =0 and M is (r + 1)-minimal in
R™*L (that is, H.41 =0 on M), or A\ # 0 and M is an open piece of a round
sphere S™(0) € R™ of radius o = (c,/I\|)"/"T2) centered at the origin of
R™F where ¢, = (n—r)(7).

Proof. For a fixed arbitrary vector a € R™*!, let us consider the height

function (¢, a) defined on M. Observe that its gradient is given by V (¢, a) =
T

a', where a' = a— (N,a)N € X(M) denotes the tangent component of a

along the immersion. Therefore, for every X € X(M) we have
Vx(V(y,a)) = (N,a)AX,

so that

(5) L.(¢,a) = (N,a) tr(AoT,) = ¢, Hr+1 (N, a).

In other words,

(6) Ly = ¢, H, 1 N.
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In particular, L1 = 0 for every (r + 1)-minimal hypersurface in R"*1. On
the other hand, for a round sphere in R™*! of radius p centered at a point
c € R"! we have N = +(1/0)(¢) —¢) and H, 1 = (F1)" 1 /0", so that by
(6) we see that

LH/) + A’(/} = )‘07

where |A| = ¢,/0"T2 > 0. Therefore, a round sphere in R"*! satisfies L,.¢) +
A = 0 if and only if it is centered at the origin of R"*1,

Conversely, assume that L9+ A = 0 for a real constant A. Then it follows
from (6) that

e e AN+ Ay = 0.
By taking the covariant derivative here, we obtain that
CTX(HT+1)N - CTHT_;'_lAX + AX =0

for every tangent vector field X € X (M), which implies both that H,; is
necessarily constant on M and that

(7) e Hy 1 AX = AX

for every X € X(M). If H,4; = 0, then M is (r + 1)-minimal and there
is nothing else to prove. If H,,; is a non-zero constant, then by (7) M is
totally umbilical with non-zero umbilicity factor given by A/(c.Hy+1) # 0.
Therefore, M is contained in a round sphere of R"*!, necessarily centered at
the origin of R"*!, of radius o = (¢,./|A|)Y/("+2), O

As a first application of Lemma 5, we establish a general version of a
classical result of Reilly (Main Lemma in [21]) for the case of the linearized
operator L, of the (r + 1)-th mean curvature of a hypersurface in R"*!, in
the case when L, is elliptic (see also equation (1.7) in [2]).

LEMMA 6. Let 1 : M™ — R be an orientable closed connected hyper-
surface tmmersed into the Euclidean space, and let c be its center of gravity,

1
= — dM € R+l
¢ vol(M) /Mw < ’

where vol(M) denotes the n-dimensional volume of M. Assume that L, is
elliptic on M for some r = 0,...,n — 1, and let AlL"' be the first positive
etgenvalue of L,.. Then

r

8) Afr/ W —cl2dM < ¢, [ H.dM, ¢ =(n—r) <”)
M

M

and equality holds if and only if M is a round sphere in R*T1 centered at c.



ON THE FIRST EIGENVALUE OF THE LINEARIZED OPERATOR 227

Proof. Since L, is assumed to be elliptic, we can use the minimax charac-
terization of A7, as

— L.(f)dM
9) AL = inf{M; / FAM = 0}.
fo dM M
For every 1 < i < n+1, let f; = (¢ —c,a;) be i-th coordinate function
of ¥ — c on M, where {ay,...,a,+1} is the standard orthonormal basis of

R, a; = (O,...,O,i,O...,O). Then for every i = 1,...,n + 1 we have
Joy fidM =0, and by (5) we also get

L'rfi = Lr<¢7ai> = CTHT+1<N7a’i>‘
Therefore, using (9) we obtain that

)\f"' ffdM < - szrfsz = —Cr/ HT+1fi<N7ai>dM.
M M M

Now we sum from 7 =1 to n + 1. Since
n+1 n+1

S ff=l—cf and Y fi(N,a;) = (¥ —c,N),
i=1 i=1
we get

(10) Mo [ —c]?dM < fcr/ H,y1(¢p — ¢, N)YdM.
M M
On the other hand, let us consider now the function f = 1| — c|? defined
on M. Observe that its gradient is given by Vf = (¢ — c) ", where
(—0)T = ¢ —c— (- e, N)N € X(M)

denotes the tangent component of 1) — ¢ along the immersion 1. Therefore,
for every X € X (M) we have

Vx(Vf) =X+ —c,N)AX,
so that
(11) Lyf=tr(T)+ & —c,N)Ytr(AoT}) = ¢ (Hy + Hr11(¢) — ¢, N)).

Integrating this equality over M, the divergence theorem implies the well-
known Minkowski formulae, which were first obtained by Hsiung [17],

(12) /M(Hr+Hr+1<¢—c,N>)dM=0, r=0,...,n—1.

We will refer to (12) as the r-th Minkowski formula, and the integrand in (12)
will be called the r-th Minkowski-Hsiung integrand.
Finally, using the r-th Minkowski formula in (10), we conclude that

)\f"/ [ — c|2dM < cr/ H,dM,
M M
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as desired. Moreover, equality holds if and only if
Lp(i = e,ai) + A" (4 — ¢, a;) = 0

for every i = 1,...,n+ 1, that is, if and only if L,.(¢¥ —c) + Af*(i/) —c) =0,
which by Lemma 5 means that v is a round sphere centered at c. O

REMARK 7. As a first consequence of Lemma 6 and its proof, observe that,

for every r = 0,...,n — 1, the first positive eigenvalue of the operator L, on a
round sphere S™(g) € R™*! of radius g is given by A" = ¢, /0" = ¢, H, 42,
where ¢, = (n —7)("), and the n 4+ 1 coordinate functions on S"(p) are

eigenfunctions of L, associated to AL

In fact, since S"(p) C R™*! is totally umbilical with A = (1/0)I, the
r-th Newton transformation is simply T, = (¢./ne")I and L, is a multiple
of the Laplacian operator, L, = (¢,/no")A. Now, using the fact that the
first positive eigenvalue of the Laplacian operator of an Euclidean n-sphere of
radius g is A\ = n/0?, we easily conclude that AL = (¢,/no")AD = ¢, H, 1o

In view of Corollary 3, Lemma 6 holds in particular for positively Ricci
curved hypersurfaces in R"*!, which are necessarily embedded.

COROLLARY 8. Let ) : M"™ — R"! be a closed connected hypersurface in
Euclidean space with positive Ricci curvature (hence, necessarily embedded),
and let ¢ be its center of gravity. Then for every r = 0,...,n — 1 it follows

that
Afr/ W — c[2dM < cr/ H,dM, ¢ =(n—r) (”)
M M r

and equality holds if and only if M is a round sphere in R" ™1 centered at c.

5. Upper bounds for the first eigenvalue of L,

Let ¢ : M™ — R™*! be an orientable closed connected hypersurface im-
mersed into the Euclidean space, and let A1 be the first positive eigenvalue of
its Laplacian operator. In [21] Reilly proved that for every 0 < s < mn — 1 it

follows that )
A ( / HSdM> < nvol(M) / H? ,dM,
M M

where vol(M) denotes the n-dimensional volume of M, and that equality holds
if and only if M is a round sphere in R"*!. Lemma 6 allows us to derive the
following Reilly-type inequalities for the case of the first positive eigenvalue of
L,., which extend Theorem 1.1 and Theorem 1.3 by Alencar, do Carmo and
Rosenberg [2].

THEOREM 9. Let ¥ : M™ — R"! be an orientable closed connected hy-
persurface immersed into the Fuclidean space. Assume that L, is elliptic on
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M, for some 0 <r <n-—1, and let )\{” be the first positive eigenvalue of L.
Then, for every 0 < s <n —1 it follows that

2
(13) /\1LT </ Hde) SCT/ HTdM/ H82+1dM, cT:(n—r)(TL)7
M M M r

and equality holds if and only if M is a round sphere in R™T1.

THEOREM 10. Let ¢ : M™ — R™*L be an orientable closed connected hy-

persurface immersed into the Fuclidean space, and let ¢ be its center of gravity,
1
=— dM € R"H1,
€ Sol(M) /Mw

where vol(M) denotes the n-dimensional volume of M. Assume that L, is
elliptic on M, for some 0 < r < n —1, and let AlLT be the first positive
eigenvalue of L,.. Then

(14) AEr ( /M (Y —c, N>dM)2 < ¢, vol(M) /M H,dM,

and equality holds if and only if M is a round sphere in R™t! centered at c.
In particular, if M is embedded in R"1, then

¢ vol(M)

15 Mr< —T

1) T (n+1)2vol(Q)? Sy
with equality if and only if M is a round sphere in R"T1. Here Q is the compact
domain in R" 1 bounded by M, and vol(Q?) denotes its (n + 1)-dimensional

volume.

H,dM,

Proof of Theorem 9. Let ¢ be the center of gravity of M. If we multiply
both sides of (8) by [,, H2,,dM and use the Cauchy-Schwarz inequality, then
we obtain

o [ mant [ azaarzob [ -cpar [ 2 au
M M M M

2
> AL ( / |¢c||Hs+1|dM)
M

2
> AT (/M Hy 1 (Y — CaN>dM> :

Using now the s-th Minkowski formula we can replace the last integral above
by [,; HsdM, yielding

2
AL ( / Hde) <e, / H,.dM / HZ, ,dM.
M M M

Moreover, if equality occurs in (13), then equality occurs also in (8), which
implies that M is a round sphere centered at c. O
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Proof of Theorem 10. Multiply both sides of (8) by vol(M) = [;, 12dM
and use the Cauchy-Schwarz inequality to obtain

CTVOI(M)/ H,dM > /\1L7‘/ |z/;fc|2dM/ 12dM
M M M

2
> \Er ( [ - c|dM>

2
L, _
> AL (/Mw c,N>dM> ,

which yields (14). Furthermore, if equality occurs in (14), then equality occurs
also in (8), which implies that M is a round sphere centered at c.

Moreover, in the case when M is embedded in R™*, let us denote by © the
compact domain in R"*! bounded by M, so that M = 9. Let us consider
the vector field Y (p) = p — ¢ defined on Q, with Euclidean divergence given
by DivY = (n + 1). Therefore

(n+1)vol(Q2) = / DivYdQl = / (¢ — ¢, N)dM.

Q M
Using this in (14) yields (15). O

Because of Corollary 3, Theorems 9 and 10 apply in particular to positively
Ricci curved hypersurfaces in R?+1,

COROLLARY 11. Let ¢ : M™ — R"™! be a closed connected hypersurface
in Buclidean space with positive Ricci curvature (hence, necessarily embedded),
let ¢ be its center of gravity, and let Q be the convex body in R™ ! bounded by
M. Then for every r =0,...,n—1 it follows that

2
AL (/ HSdM) Scr/ H,,dM/ H2,,dM, 0<s<n-1,
M M M

2
AL — ¢, N)dM .vol(M) | H,dM,
(o) <eoan |

and
A < ¢ vol(M) / H.AM,
(n+1)2vol(2)? Jus
where vol(M) denotes the n-dimensional volume of M and vol(Q)) denotes the
(n 4+ 1)-dimensional volume of Q. Moreover, equality holds in one of these
three inequalities if and only if M is a round sphere in R 1.

On the other hand, as observed in Remark 7, for every r = 0,...,n—2, the
(r+2)-th mean curvature of a round sphere S™(p) of radius ¢ in the Euclidean
space R"t1 satisfies crHpqpo = AlLT'. Because of this, it is natural to ask if a
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closed connected hypersurface in R"*! with positive Ricci curvature (hence,
necessarily embedded) whose (r + 2)-mean curvature H, o satisfies

o Hopo < Xm0 e =(n—v) <TTL),
for some r = 0,...,n — 2, AlLT being the first positive eigenvalue of L., is
necessarily a round sphere in R™*!. This question was positively answered
by Deshmukh [9] in the case when r = 0, that is, for the case of the scalar
curvature S (recall that S = n(n — 1)Hsy) and the Laplacian operator. Below
we will see that there is also an affirmative answer to this question in the
general case. This allows us to derive a new upper bound for the first positive
eigenvalue of L,.

THEOREM 12. Let ¢ : M™ — R be a closed connected hypersurface in
Euclidean space with positive Ricci curvature (hence, necessarily embedded).
Assume that, for some r =0,...,n — 2, the (r + 2)-th mean curvature H, 4o
of M and the first positive eigenvalue )\1LT of L, satisfy

crHypo < )\lLr, er=(n—r) (n>
r

Then M is a round sphere in R"*1 (and equality necessarily holds). Equiva-
lently, for every 0 <r < n —2, it follows that
/\1LT <c¢,max Hyyo,

and equality holds if and only if M is a round sphere in R"T1.

Proof. As in the proof of Lemma 6, let us consider the function f = %WJ —
c|? defined on M, and let g = (¢ — ¢, N) be the support function on M, with
respect to its center of gravity c. We already know (see equation (11)) that

Lsf = Cs (Hs + gHs+1)

for every s = 0,...,n — 1. On the other hand, the gradient of g is given by
Vg=—-A((¢p —¢c)") = —A(Vf), so that

div(9Tr41(Vf)) = =(Ao L1 (V), V) + gLrsr f
= —(AoT41(VS), V) + crpa (gHr+1 + 92Hr+2) .
Then,

(16) /]V AT (V). VM = ey /M (Hy 1+ g° Hyio) dM.

Since M has positive Ricci curvature, we have H,.,o > 0 on M (see Corollary 3
and Remark 4) and from our hypothesis we also have H, o < /\1L'f /¢r. Then,
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taking into account that [y — c|? = |V f|? + ¢g? > ¢?, we obtain that

A

Cr

92H7'+2 < Y — C|2

on M, and by Corollary 8 we have

/ G*H, odM < / H,dM.
M M

Putting this into the integral formula (16), and using the r-th Minkowski
formula (12), we conclude that

/ (Ao T, 1(Vf),VHAM < ¢ryq / (H, + gH,41)dM = 0.
M M

On the other hand, since the Ricci curvature of M is positive, it follows from
Remark 4 that the operator A o T, is positive definite on M, from which
we conclude that Vf =0 on M. That is, |1 —c|? = constant = ¢?> > 0 on M,
and M is a round sphere in R?*1. O

6. Hypersurfaces in the sphere and in the hyperbolic space

In this section we will consider both the case of hypersurfaces immersed
into the Euclidean sphere

S = {z = (20,...,Tnyp1) € R"?: (2,2) = 1},

and the case of hypersurfaces immersed into the hyperbolic space H**!. In
this last case, it will be appropriate to use the Minkowski space model of
hyperbolic space. Write R’f” for R"2 with coordinates (xo, ..., Znt1), en-
dowed with the Lorentzian metric

(,) = —dag +daf + - +dap .

Then
H* ! = {z € R}?: (x,2) = —1,20 > 0}

is a complete spacelike hypersurface in R;L+2 with constant sectional curvature
—1. This provides the Minkowski space model for the hyperbolic space.

In order to simplify our notation, let us denote by M?*! either the sphere
S*+t c R**2 if k = 1, or the hyperbolic space H**! ¢ R}*? if k = —1, and
let ¢ : M™ — M?t! C R"*2 be an orientable closed connected hypersurface
immersed into M+, We will also denote by (, ), without distinction, both the
Euclidean metric on R"*2 and the Lorentzian metric on R} %2, as well as the
corresponding (Riemannian) metrics induced on M7?*! and on M. Following
Veeravalli’s approach [24], we define a center of gravity of M as a critical point
of the smooth function & : M7 — R given by

E(p) = /M (W, p)dM, p e M.



ON THE FIRST EIGENVALUE OF THE LINEARIZED OPERATOR 233

Observe that our definition of a center of gravity is equivalent to Veeravalli’s,
because in our model for M?*! we have (in Veeravalli’s notation) h,; o dp, =
k — (¢, p) on M.

As for the existence and uniqueness of centers of gravity, observe that when
k = 1, then every closed hypersurface in S**! admits at least two different
centers of gravity (the values where £ attains its maximum and minimum
values). For instance, it can be easily seen that every geodesic sphere in S"*!
of radius ¢ < 7/2 centered at a point ¢ € S"*! has exactly two centers of
gravity, ¢ and —c. In fact, it is well-known that the position vector field of
every oriented hypersurface ¢ : M"™ — S"*1 C R"*2 immersed into the sphere
satisfies

(17) Ay =nHN — ni,

which implies that
18 £ = ,p)dM = H{(N,p)dM
(18) ®) /M (4, ) /M (N,p)

for every p € S**1. In particular, if M is a geodesic sphere in S**! of radius
0 < m/2 centered at a point ¢ € S"*!, then

1
N =——(c— cosgv)
sin o

and H = cot g, so that by (18)

£(p) = cos ¢ vol(M)(c,p)

for every p € S"*1. Now, it is clear that the function £ has exactly two critical
points on S**1, which correspond to the points ¢ and —c, where £ attains its
maximum and minimum values, respectively. On the other hand, (18) also
implies that for every closed minimal hypersurface M in S**! we have £ = 0 so
that every point of S™*! is a center of gravity of M. In particular, this holds
when the radius of the geodesic sphere is ¢ = 7/2 (that is, for an equator
of S"*1). More generally, this also holds for every closed (not necessarily
minimal) hypersurface of the sphere for which fM wdM =0 € R**2, such as,
for example, the family of tori S(r) x S1(v/1—1r2) C S3, with 0 <7 < 1.

On the other hand, as observed by Veeravalli, when x = —1 the function
—& is strictly convex on H"*!, which implies that M admits a unique center
of gravity. Even more, let ¢ : M"™ — M"+1 C R"*2 be an oriented closed
connected hypersurface immersed into Mz‘*‘l, k = £1. Then a point ¢ € MQH
is a center of gravity of M if and only if

déc(v) = /M (¥, v)dM = (f,, vdM,v) =0
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for every v € T.MH = ¢t = {z € R"*?%: (z,c) = 0}. That is, c € M1 is
a center of gravity of M if and only if [ 2 YdM is a multiple of c,

/M YdM = k([,, vdM,c)c =k (/M (b, c>dM) ..

Therefore, when = 1, then every closed hypersurface in S"*! with [ A YAM #
0 € R"*2 has exactly two centers of gravity, ¢ and —c, where

i,
c=——— [ ¢dM e S*H.
|wadM‘ M

On the other hand, when k = —1, then (1, 4¢) = —1 implies that

(Jar $AM, [y, pdM) <0,
so that the unique center of gravity of M is given by

c »dM € Hr L,

1

where

‘/M de‘ = /= v, f, wdM) > 0.

Using this terminology, we can extend Lemma 6 to the spherical and hy-
perbolic cases as follows. (When r = 0 we recover the results of Veeravalli for
the first eigenvalue of the Laplacian operator.)

LEMMA 13. Lett : M"™ — STt C R"*2 be an orientable closed connected
hypersurface immersed into the sphere, and let ¢ € S**1 be a center of gravity
of M. Assume that L, is elliptic on M, for some 0 <r <n—1, and let )\f"
be the first positive eigenvalue of L,.. Then

a9 [ a-wehar<a [ ma, cT=<n—r><”),

r

and equality holds if and only if M is a geodesic sphere in S*T1 centered at c.

LEMMA 14. Letv: M™ — H" ! € R} be an orientable closed connected
hypersurface immersed into the hyperbolic space, and let ¢ € H" T be its center
of gravity. Assume that L, is elliptic on M, for some 0 <r <n—1, and let
)\1LT be the first positive eigenvalue of L. Then

(20) AEr /M(<¢,c>2 —1)dM < ¢, /M H,dM + /M (T(cT),cT)dM,

cr=(n—7")<7:>7

where ¢ = V (1), c) is the tangent component of ¢ along the immersion.
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As already observed by Veeravalli (in the case r = 0), the inequality (20)
is not sharp. The same holds for the upper bound for )leT given by Alencar,
do Carmo and Rosenberg in [2, Theorem 3.1] for hypersurfaces in H" 1.

Proof of Lemma 18 and Lemma 14. As in the proof of Lemma 6, since L,
is assumed to be elliptic, we can use the minimax characterization of AlLr
given by (9). In this case, observe that for a fixed arbitrary vector a € R"*+2,
the gradient of the function (i, a) defined on M is given by V(¢,a) = a',
where

a' =a— (N,a)N — k(¢,a) € X(M)

is the tangent component of a along the immersion. Therefore, for every
X € X(M) we have

Vx(V(p,a)) = (N,a)AX — ks, 2) X,

and

(21) L.(¢,a) = (N,a) tr(AoT,) — k{1, a) tr(T})
=c¢.(Hr41(N,a) — kH,. (1, a)).

That is,

(22) Lyt = ¢, Hpy 1N — ¢,k Hyp1p,

forevery 0 <r <n-—1.

Let us consider an orthonormal basis {ai,...,a,.1} C R"*2 of T,M"+! =
ct, and forevery 1 <i < n+1, let f; = (¥,a;). Then for everyi=1,...,n+1
we have [, fidM =0, and by (21) we also get

L,.fi= Lr<¢7ai> = Cr(Hr+1<N>ai> - KHT<¢7 a>)

Therefore, using (9) we obtain that
A / faM < - / filrfidM
M M
=ck [ HyffdM — cr/ Hyy1fi(N, a;)dM.
M M

Now we sum from ¢ = 1 to n + 1. First, observe that

n+1
U= fia; + k¥, c)e,

i=1

and
n+1

N = Z (N, a;)a; + x(N, c)c,
i=1
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so that S0 f2 = k(1 — (,¢)?) and Y77 fi(N,a;) = —k(N,c) (¥, c).
Therefore, using (21) with a = ¢, we obtain that

@) A [ - @M <a [ A b [ 0L (we)in
/ H dM—/{/ (T (cT),cT)dM,

where ¢ = V (¢, c).
When k = —1, then (23) directly gives (20). On the other hand, when
k =1, then (23) becomes

Ly — (. c)? c — c'),c .
AL /M<1 (6, ¢/)dM < ¢, /MHrdM /M<Tr< T),eT)dM

We now remark that the ellipticity of L, is equivalent to the positiveness of
the quadratic form associated to T;.. Therefore it follows that

Afr/ (1—(p,c)*)dM < ¢, | H,dM,
M M

with equality if and only if ¢” = V{(i,c) = 0, that is, if and only if M is a
geodesic sphere in S™*! centered at the point c. O

REMARK 15. Integrating (21) over M, the divergence theorem implies the
corresponding Minkowski formulae for hypersurfaces immersed in the sphere
and in the hyperbolic space, first obtained by Bivens [6] (see also [19] for
another approach that is closer to ours, but with a different proof),

(24) / H, 1 (N,a)dM = & 5 H, (i, a)dM

foreach r =0,...,n —1 and a € R**2 arbitrary.

As an application of Lemma 13, we derive the following Reilly-type inequal-
ities for the first positive eigenvalue of the operator L, of a closed hypersurface
in sphere, which extend the Theorem in [24].

THEOREM 16. Let ¢ : M™ — S C R"*2 be an orientable closed con-
nected hypersurface immersed into the sphere, and let ¢ € S"*! be a center
of gravity of M. Assume that L, is elliptic on M, for some 0 < r <n—1,
and let AlL* be the first positive eigenvalue of L,.. Then we have the following
inequalities:

2
(25) /\1L’"< Hs(w,c>dM> Scr/ HTdM/ HZ dM,
M M M

for every0 < s <n-—1, and

(26) AEr ( /M <N,c>dM>2 < ¢ vol(M) /M H,dM,
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where vol(M) denotes the n-dimensional volume of M. In particular, if M is
embedded in S"TL, then (26) becomes

(27) AL ( /Q (p, c>dQ(p)>2 < (nfrirl)Qvol(M) /M H,dM,

where Q0 is any one of the two compact domains in S*T' bounded by M.
Moreover, equality occurs in one of these three inequalities if and only if M
is a geodesic sphere in S*T1 centered at c.

Proof. If we multiply both sides of (19) by [,, H2,;dM and use the Cauchy-
Schwarz inequality, then we obtain

o [ tant [ mziavz ol [ - oo [ #2,au
M M M M
2
> b ( [ - <w,c>2|Hs+1|dM) .
M

Observe now that ¢ = ¢ + (N, ¢)N+ (16, ¢)tb, which implies that 1— (1, ¢)? =
lcT|2 4 (N, c)? and

(29) 1—{4,¢)” 2 [{N,c),

with equality if and only if ¢” = V(1,¢) = 0, that is, if and only if M is a
geodesic sphere in S"*! centered at the point c. Putting this into (28), we

obtain
2
/HdM/ H2, ,dM > A\ (/ (N |HS+1|dM)
> \br < / H, (N dM>
2
=\ (/ Hs(qp,c>dM> ,
M

where in the last equality we have used the s-th Minkowski formula (24) with
a = c. This finishes the proof of inequality (25).

As for the proof of (26), multiply both sides of (19) by vol(M) = [, 12dM
and use the Cauchy-Schwarz inequality and (29) to obtain

¢ vol(M) MHTdM>)\L / (1— (1, c) dM/ 12dM
oot ([ i=ioeion)
> A (/M (N,c)dM) ,
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which yields (26). Moreover, if equality occurs either in (25) or in (26), then
equality occurs also in (19), and M is a geodesic sphere in S"*! centered at
the point c.

Moreover, in the case when M is embedded in S™*!, let us consider the
vector field on S"*! defined by Y (p) = c— (p,c)p,p € S"T1. Observe that Y is
a conformal vector field on S"! with singularities at ¢ and —c, with spherical
divergence given by DivY (p) = —(n+1)(p, c). Therefore, if 2 denotes one of
the two compact domains in S"*! bounded by M, then

—(n—f—l)/ﬂ(p, c)dQ(p) :/QDideQ: j:/M v, N}dM:j:/M (e, N)dM,

since (Y, N)|p = (¢, N) — (¢, ¢){¢), N) = (¢, N). Thus

(/M <N,c>dM)2 = (n+1)? (/Q (p, C>dQ(p))27

which together with (26) yields (27). O

Finally, let us remark that equation (21) (or, equivalently, (22)) is the gen-
eralization of the well-known formula Ay = nHN —nk1, which holds true for
the position vector of every hypersurface ¢ : M"™ — M?H C R"*2 immersed
into S"*1 ¢ R"*2 or H**! ¢ R}*2. This allows us to extend the spheri-
cal and hyperbolic versions of Takahashi’s theorem, given by Markvorsen [18,
Corollaries A and BJ, as follows.

COROLLARY 17. Let 1 : M"™ — M"Y C R"*2 be an orientable connected
hypersurface immersed into M1 and let L, be the linearized operator of the
(r + 1)-th mean curvature of M, for somer =0,...,n— 1. Then

Lo+ =0

for a smooth function f € C°(M) if and only if M is (r + 1)-minimal in
M2+ (and f = c,kH, necessarily).
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