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1. Let G4 and G: be locally compact abelian groups, let J be a closed ideal
in the group algebra L'(G,), and let T be a homomorphism of the ideal J into
the algebra M (G:) of bounded and regular Borel measures on G>. The pur-
pose of this paper is to show that when || T || < 1, then 7 must come from
an affine transformation of the dual group I's of G, into the dual group Iy of
G.. When J = L'(G,), this is known and is due to Helson [3]. Helson
assumes also that 7' is an isomorphism onto L'(G.), but with a certain modi-
fication his argument works without this additional assumption. That T
comes from an affine transformation when J = L'(Gy) and || T || < 1is also
a corollary of the deep result of Cohen [1], [4, ch. 4] that every homomorphism
of L'(G,) into M(G:) comes from a piecewise affine transformation of Ty into
T;. Although our extension of Helson’s theorem is very modest and the
proof we offer is not difficult, it does not seem to be possible to obtain this
extension from either the results or the arguments of Helson and Cohen.

Let A; be the open set of x in T'; such that f(x) s 0 for some f in J, where
f is the Fourier transform of f. Then A, can be identified with the maximal
ideal space of J. Each x in A; defines a nontrivial complex homomorphism
of J whose value at f in J is f(x), and every such homomorphism of J is ob-
tained in this way. Moreover, J separates points on A; as J contains every
f in L'(G,) such that the support of f is contained in A; [4, p. 161], and the
topology of A; as a subspace of T'; is the same as the topology induced on
A; by the functions inJ. Let A, be the open set of x in T, such
that (Tf)"(x) 5% 0 for some f in J, where (Tf)" is the Fourier-Stieltjes trans-
form of the measure Tf. Each x in A, defines a nontrivial complex homo-
morphism of J whose value at f in J is (T)"(x), and therefore there is ¢(x)
in A; such that (Tf)*(x) = f(e(x)). The map ¢ from A, into A, defined
in this way is continuous and we have for f in J,

(Tf)A =0 on I‘g\Az

(T)* = f(e) on A, .
Let Z; be the coset in T'; generated by A:. A map 7 from 2, into T} is said
to be affine if
m(afy”) = w(a)m(B)w(v)”
for all @, 8, v in Z,. Because the norm of a multiplicative linear functional

on J is 1, we always have || 7| > 1 (unless T = 0, and we will always as-
sume T % 0). We will show:
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TuEOREM 1. Suppose | T || = 1. Then there is an affine transformation
w from Zz into Ty such that ¢ s the restriction of w to A, and such that w(Z:\Az) s
contained in T1\A; .

The affine transformation = induces a homomorphism S of M (@) into
M (G,) such that

(Suw)* =0 on TH\Z,
(8p)" = a(w) on I,
and || S| = 1[4, p. 79]. Therefore we have as a corollary of Theorem 1:

THEOREM 2. Every homomorphism with norm 1 of an ideal in L'(Gy) into
M (Gs) can be extended to a homomorphism with norm 1 of M(G1) into M(Gs).

Although a homomorphism of L'(G:) must come from a piecewise affine
transformation of the dual groups, this is not true when J is smaller than
L'(G,), and some additional condition, such as || T || = 1, is necessary to
know that T comes from an affine or even a piecewise affine transformation
of the dual groups. To give an example, let G; and G. be compact, let A; be
a Sidon set in Ty, and let J be the ideal of all f in L'(G:) with f = 0 on T;\A; .
Then J is contained in L*(G:) [4, p. 128], and all maps from sets in T into
A; that are one-one induce homomorphisms of J into L'(Gy).

2. We will show that Theorem 1 is true when G, and G, are compact, and
then use an idea of Cohen’s [1] to remove this restriction. The argument
that we will give for compact groups is similar in some ways to one given in
[2]. Assume then that G; and G, are compact, J is a closed ideal in L'(G,),
and T is a homomorphism of J into M(G,) with || T || = 1. Haar measure
on G will be denoted by o+ (£ = 1,2). Haar measures on compact groups
will always be such that the measure of the group is 1. We wish to point
out that assuming o7 G4 = 1 is not an additional assumption about 7.

LEmMmA 1. Let x1, -+, Xn belong to Ty and Y1, -+, ¥m to Ts. Suppose
that for all complex numbers ¢y, + -+ , cn
(1) f > ot d02ﬁf 2 ¢ xu | doy .
k=1 k=1
Then both sides of (1) are the same for all choices of ¢y« , Cn .

Proof. Replace ¢, in (1) by ¢, e'™. Reversing the order of integration in

2r 2r n
f s f f ch e”" Xk d(fl d:cl e dil)n
0 0 k=1
shows that this integral is
2w 2r| n .
f f > cr € | day - daa.
0 0 k=1
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Therefore both sides of (1) as continuous functions of (x;, --- , 2.) have the
same mean value over the n-torus, and thus are the same.

There is a closed subgroup H in G, such that the range of T 1is contained in
L'(H). Because G is compact, A; is contained in J and J is the closed linear
span of A;. Let x in A; be such that Tx > 0. As x is an idempotent in
J, T'x is an idempotent in M (G;). Moreover

I 7x 0 < [1x|don = 1,

and thus Tx = yu where ¢ belongs to I'; and x is Haar measure on a closed
subgroup H of G, [4, p. 62]. We will show that H does not depend on x.

To this end let x; in A; besuchthat T'xx % 0 (k = 1,2). Then Txx = ¥r uz
where ¥, belongs to I's and u; is Haar measure on a closed subgroup Hj, of G .
Let H = H 1N H. 2.

Suppose H has infinite index in either H; or H,. Then u; and u, are mu-
tually singular and

M+ dope ] = 2.
On the other hand

| Y1 4 Yo e || Sfl x1 + x| doy

and so

f‘X1+X2ld0'1=2-
This in turn implies |x1 + x2| = 2 and therefore x; = x.. But
now H; = H,, and this contradicts the infinite index assumption.

We have shown that H must have finite index in both H; and H,. Let
m + 1 be the index of H in H; and n + 1 the index of H in H,, and let u be
Haar measure on H. Then, as the trace of u; on H is u/(m + 1) and the trace
of ypon Hisu/(n + 1), || ety us + cadope || is given by

@ [ law/(m+1) +ag/(n+ 1| du+ | eafm/on+1) + || n/0+ 1),
and therefore (2) does not exceed

(3) f\clx1+02x2\dal.

On the other hand (3) does not exceed

@ [lax/on+ 1 +ax/00+1) o+ el m/m+1) + | aln/@+1),
and thus the integral in (2) does not exceed the integral in (4) for all complex

numbers ¢; and ¢;. Then both integrals are the same (Lemma 1 with G, re-
placed by H), and therefore (3) and (4) are the same. This in turn implies
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161X1+62X2] = ,01X1/(m+1) +02X2/(n+1)|
+la|m/(m+1) +|e|n/(n+1)

for all ¢; and ¢, , and this is possible only if m = n = 0.

We have shown that there is a closed subgroup H of G; such that the range
of T is contained in L'(H). Because of the homomorphism of T; onto the
dual group of H obtained by restricting I's to H, we can and will assume that
T takes J into L'(G:). Let II; be the set of x in A; such that Tx # 0. Then
T1, is contained in T, and because the Fourier transform of a character is
the characteristic function of the character, T’ takes II; in a one-one way onto
Asand ¢ = T " on A,. To show that ¢ can be extended to an affine trans-
formation of 2, into Ty, we can and will assume that A, and A; contain the
identities of Ty and I'; and that these identities correspond with respect to
¢. Then =, becomes the subgroup generated by Az, and our problem is to
show that ¢ can be extended to a group homomorphism = of 2, into I'y and
that 7(Z,\Az) is contained in Ty\A; .

T carries P(IL;), the linear span of II; , onto the linear span of A, , and when
fis in P(II;)

(5) [V 75]dos < [ 15 don.

Therefore (Lemma 1) both sides of (5) are the same. Let f be in P(IL;).
Then

(6) [11+21f ] dos = [ 1+ of | don

for all complex numbers 2z since T(1 + zf) = 1 + 2Tf. As f is a bounded
function on G1, when |z | is sufficiently small

|14 2] = @ +2)"Q +2H)™"

- Z0)()eeer

and the integral on the right side of (6) is given by

o () ()s# [rram

Also, as Tf is a bounded function on G., when |z | is sufficiently small the
integral on the left side of (6) is given by (7) with f replaced by Tf and o, re-
placed by o;. Because these two series are the same when |z | is small,
they must have the same coefficients, and we find

(8) [ (@537 das = [ 77 o

for all nonnegative integers j and k. Let fi, --- , fs be in P(IL;), and replace
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fin 8)byaifi+ -+ + zfoand Tfby 2. Tfi + -+ + 2. Tfn. Both sides
of (8) are now polynomialsinz;, --- , 2., 21, -+, 2., and we find by identi-
fying coeflicients that

[yt gy (@R (TR dow

(9)

- ffi" eI P gy
for all nonnegative integers ji, «+* ,Ju, k1, -+ , k. Nowlet x1, -+, xn be
characters in II; and let k;, --- , k. be any integers. Then because of (9)

f\(Txl)’“ s (Txa)™ — 1P doy = flx’{l e =1 de

and therefore

(Tx)™ -+ (Txa)™ = 1 on G,
if and only if

Xt X =1 on Gy .
This shows that ¢ can be extended to a group isomorphism w of =, onto Z; , where

2 is the subgroup of I'; generated by II;. There remains to show that

m(2:\A;) is contained in TI')\A;, and this amounts to showing that
21N Al = Hl .
Suppose f is in P(II;) and ¢ is in P(A\II;). Then

/\f\dcnﬁf\f+glda1

since Tg = 0 and

flf\ola1 [\ 17| dao

~[17¢ +0ldon < [17+0]dan.

Suppose in addition that f 0 on Gy. Then

(10) [1517 13 o = 0
as the function

[l5+14)dn

of the real variable ¢ has a minimum at { = 0 and the derivative of this func-
tion at ¢ = 0 is

3 [ 1517 + 7o) don.
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Dropping the assumption that f % 0 on G; and replacing f in (10) by 1 + 2f
we have when | z| is sufficiently small

[11 4270+ angde = 0.

Also when |z | is sufficiently small
-1 _ AV AR E:
|1+ | —j§0<j L )2 ErT

|1+ 2f | 7'+ of) = XZjikmocn 2T
where none of the cj; are 0. Therefore
E Cik z’é"ff’f"ﬁ doy =0
k=0
when | z | is small, and we find that
(11) [FFadn =0

for all nonnegative integers j and k. Replacing fin (11) by z1fi + -+ + 2u fa
we find that

and

f 7 f;nf’;l ---f’,‘."gdal=0

for fi, -+, fuin P(IL;), g in P(A\IL1), and all nonnegative integers ji, - -+ ,
Jnyki, -+, k.. Thisshows that no character in A;\II; can belong to the group
generated by II, , and this completes the proof of Theorem 1 when G; and G,
are compact.

3. We will now drop the assumption that G; and G» are compact and
imitate Cohen [1], [4, p. 85] to complete the proof of Theorem 1. Let G; be
the Bohr compactification of G5 . The dual group of Gy is T, with the discrete
topology and so associated with the set A; is another ideal J that consists of
all fin L'(G,) with f = 0 on I')\A,. What is true is that the map ¢ from
A; tnto Ay induces a homomorphism S of J into M(Gz) with norm 1 such that

S =0 on T\A
(12) (Sf ) 2\,
(8" = (o) on A
Let u be Haar measure on G; .
LemMa 2. Let A be an open set in Ty, let

(13) f= Z;c;l Cr Xk

where the xi are distinct characters in A, and let ¢ > 0. Then there is ¢ in
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L'(Gy) such that § has compact support contained in A, §(x) = ¢ (k =1, -+,
n), and

[loldn<a+e [|f]dn

Proof. For each compact neighborhood N of the identity in Ty choose a
nonnegative function gy in L'(Gy) such that §x(1) = 1 and §y = 0 on T;,\N.
The net of positive measures gy do; converges in the weak star topology of
M(G,) to the Haar measure of G, , and therefore there is a compact neighbor-
hood N’ such that N contained in N’ implies

flf\gNd01S(1+£)f‘f|du.

Choose N contained in N’ such that for £ = 1, - - - , n the sets x; N are pair-
wise disjoint and xx N is contained in A. Then the function g = fgy will
have the desired properties as

§(x) = 2= gn(x%e).

Let f be in P(A), the linear span of A, , and define a linear functional L on

P(Ty) by
L(F) = 22, F()f(e(x)).

With f given by (13), let A be the open set in I'; obtained by removing from
A; the finitely many points of the form ¢(x) where x is in A, F(x) # 0, and
o(x) # xx (k =1,---,n). Now choose ¢ as in Lemma 2. Then

L(F) = 28, PO0§(e(x))-
As § has compact support contained in A, g belongs to J, and therefore
L(F) = Z PG (0 = [ F(=2) d(T) (@)

and this shows that

|| < | F e + o) [ |1] du.

Thus L is a bounded linear functional on P(T;) with norm not exceeding the
L'(G,) norm of f, and therefore there is a measure » in M(G,) with

vl < [1£] du

and
L(F) = f F(—2) dv(z).
The definition of L shows that # = 0 on T'\\A; and # = f(¢) on As, and thus

there is a homomorphism S of J into M(G,) with norm 1 given by (12).
This completes the proof of Theorem 1.
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