THE SINGULARITIES, Sf

BY
Harorp I. LEVINE!

Introduction

In this paper all manifolds and maps are either real C* or complex analytic.
A submanifold is always a regularly embedded submanifold, that is, the in-
clusion map into the ambient manifold is a homeomorphism into (real C* or
complex analytic).

Let V and M be manifolds of dimensions n and p respectively, and let s =
min (n, p). If fis a map of V in M, let S;(f) be the set of all v ¢ V such that
rank fx = s — 1 at v; here fx means the induced map on tangent spaces. If
Si(f) is a submanifold of V, we define S(f) to be Si(f| Si(f)). In this way,
for “sufficiently nice” maps, we may proceed letting Si(f) = Si(f| SI(f)).
This is the definition of Thom [7].

In Theorem 1, Si are described ‘“‘universally” independent of the map.
That is, S{ are submanifolds of J?, the space of ¢-jets at the origin of maps of
n-space in p-space, such that if f maps V in M and the induced jet mapping
JUf) : V— JY(V, M) is transversal to all the S{(V, M), then

S1(f) = (J* M) (SUV, M)).

Here J?(V, M) is the bundle over V' X M with fibre J? and group the group
of ¢-jets of coordinate changes in n-space and p-space; Si(V, M) is the sub-
bundle of J*(V, M) induced by the inclusion 8§ < J?. Jet normal forms are
given which show that whenever Si is nonempty, then Si either is the orbit
of a single point if n < p, or is the orbit of [(n — p)/2] + 1 distinct points
if n = p. The codimensions of S in J* and the local equations of S(f) are
given. The proof of Theorem 1 for n = p is given in Section 3. The proof
for the case n < p is omitted since it parallels but is somewhat simpler than
the proof for n = p.

Suppose now that ¥V and M are both n-dimensional manifolds, and that
f maps V in M with rank fx = n — 1 everywhere. Further assume that
JU(f) is transversal to the singularities Si(V, M) forall g. The object of Sec-
tion 2 is to prove that under these conditions, the total characteristic class
(Stiefel-Whitney class (mod 2) in the real case, and Chern class in the com-
plex case) of V, ¢(V), and the “pulled back” total characteristic class of M,
f¥e(M), are related by

(V) = fre(M) — g (o) e(SH(Y)),

where 7, is the inclusion of Si(f) in V and (j,) ¢ is the Gysin homomorphism
of the cohomology of Si(f) into that of V.
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This result is along the same lines as Theorem 5.5 of [4] in which holomor-
phic maps of V into complex projective space are studied. There the dimen-
sion of the projective space is strictly larger than that of V, and the expected
dependence of ¢(V) on the Chern classes of the singular manifolds does not
appear explicitly; the assumption on the maps is that their induced first
order jet maps are transversal to the first order singularities.

Except for 2.3, Section 2 may be read without reference to Sections 1 and
3. In 2.3, we refer to Theorem 1 for the existence of the singularities Si,
and for the jet-normal form of f at points of S{(f).

1. The singularities, Si

Let A = R or C. TUsing the notation of [3], we let J? denote the space of
g-jets at the origin of (real C* or complex analytic) maps of A" into A” which
take the origin into the origin. The group of ¢-jets of germs of (real C* or
complex analytic) diffeomorphisms at the origin of the source, A", and the
target, A”, leaving the respective origins fixed, acts on J* by the “chain rule”.
For r £ q, let m,,» be the projection of J* onto J'.

Given any map F from A" into A” we let F? be the induced map of 4™
into J% The components of F? are computed relative to fixed product
coordinate systems in the source and target. Also given any element f e JY,
we let P; be the map of A" into A” taking the origin into the origin such that
(P;)?(0) = f; the components of P; are polynomials of degree at most g.

If S is a submanifold of J% we let »S < J**' be the set of all (¢ + 1)-jets
at the origin of maps F of A" into A” such that F?(0) ¢ S, and such that F*
is transversal to S at 0. By S(F) we mean (F%)7(S).

Following Thom (see [3], [7], and [9]), we propose to define the ¢** order
singularity, Si, in J? as follows:

(1) feSi = 8 if and only if rank(P;)x(0) = min (n, p) — L.
Assuming Si~" is defined and is a submanifold of J¢7,

(2) feSiif and only if f e 87" and

rank (P; | S17(Py))«(0) = min (p, dim S17(Py)) — 1,

where the inferior asterisk means the induced mapping of tangent
spaces.

A priori it is not clear that this definition for S makes sense for ¢ > 2,
since we must know that Si is a submanifold of J*. In [3] it is proved
that all S, S, are submanifolds of J%, so in particular S; S; = Siis. Thus we
know that Si are defined for ¢ = 1, 2, 3 and are submanifolds for ¢ = 1, 2.

TuroreM 1. S are submanifolds of J? for all q.
A. Forn=p+t,
(i) If q > p, then S = 0.
(i) Ifq < p, then codim Si = ¢ +n — p.
(i) Ifq = p,thenf e oS and f ¢ S if and only if it is in the orbit (under
the group defined by the diffeomorphisms of neighborhoods of the origins in the
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source and target) of the (¢ + 1)-jet at the origin of one of the maps, F, given by
UoF(x,y,u) = u,
(¥) YoF(x,y,u) = Dt Y5 + D001 2'us/i!
+ @/ (¢ + D! + R(z, w),
where the order of R is greater than q + 1, and
(@ Y1, s Yoy Uy ooy Upr) = (2,9, ), (Y, U, -+, Upa) = (¥, 0)

are coordinate systems in the source and target.
(iv) For a map F given by (x), the submanifold Si(F) is defined in a
netghborhood of 0 by the equations:

dY o F ) 'Y oF
= <7<
o 0, 1=s5j=t and e

B. Forp=n-+m-—1,
1) If(g— D(p—n-+1) = n,then St =0, and if g(p — n + 1) > n,
i) If (gq— 1)(p—n—+1) <n, then codim S =gq(p —n+ 1).
(i) If g(p — n 4+ 1) £ n, then g e oS{ and g ¢ S if and only if it is
in the orbit of the (q + 1)-jet at the origin of a map G given by
UoGz, u) = u,
(#%) Yo G(z,u) = 22450 (a"7/(5 4+ D)DUjrim + Ry(z, u),
1=j=m-—1,
Yo Gz, u) = 22101 (2%/i)uim + 277/(¢ + 1)! + S(z, u),
where the orders of R; and S are greater than q¢ + 1, and
(Tyusy * v yUpr) = (x,u) and (Yi, -, ¥Ypu,Us---,Us) = (¥, U)

are coordinate systems in the source and target respectively.
(iv) For a map G given by (xx), the submanifold Si(G) is defined in a
netghborhood of the origin by the equations:
(9ij o G —
dx?

=0, 1=2¢=q¢.

0, 1<j<gq 1=<kg<m.

The codimensions of S{ are those given by Whitney [9], and the forms for
the (¢ + 1)-jets have been stated by Haefliger [2].

It is easy to see that if F maps a neighborhood of 0 in A” into A", and if
F(0) = 0, F*(0) € 28, and F*(0) ¢ S3, then in a neighborhood of 0 we can
choose coordinates so that either

UeF(z,y,u) = u,
YoF(z,y,u) = 2ia®yi + /2 i no=p+t
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or
UoF(x,u) = u,
YioF(z,u) =2u;, 1<j=<m-—1,
YooF(z,u) = 2°/2 if p=n+m-—1.

In part A of the theorem, the remainder term is independent of the y-coor-
dinates. This suggests that, at least for n = p, to obtain polynomial forms
locally for mappings displaying singularities of type Si transversally, it
suffices to consider the case n = p for the smallest value of n at which such a
mapping exists. For example, with minor variations in the proof of Whitney
[8] for the case n = p = 2, it can be shown that if F maps a neighborhood
of 0in A" into A” with n = p + ¢, and if F(0) = 0, F*(0) ¢ »S;, and
F*(0) ¢ 81, then in a neighborhood of 0 we can choose coordinates so that

UjoF(x,y,u) =u;, 1=j=p—1,
YoF(z,y,u) = D iz £yi + au + 2°/3!.

2. Banal vector bundle homomorphisms

In this section we again consider both the real C* and complex analytic
cases and will distinguish between them when necessary. In the complex
case, two vector bundles over the same manifold are called equivalent if
they are real C” equivalent and if the isomorphisms of the fibres given by the
equivalence are complex. Thus in both the real and complex cases a short
exact sequence of vector bundles

0—wa—>pB—o>y—0
gives the equivalence of 8 with oo @ .

2.1. Let £ and % be n- and p-vector bundles over a manifold V. In
Hom (£, 1) = n ® £, let S, be the submanifold of elements of rank
equal to min (n, p) — k. If ¢ : £ — g is a bundle homomorphism, then let
Zs:V —n ® £ be the section that takes « ¢ V to ¢, , where ¢, is the homo-
morphism obtained by restricting ¢ to the fibre of £ over z, ¢, : & — 7,

DEeriNiTION. A homomorphism ¢ : ¢ — 7 is called banal if

(1) rank ¢, = min (n, p) — 1,forallz eV,

(2) S(¢) = {x eV |rank ¢, = min (n, p) — 1} is a submanifold of V,
and if = e S(¢), then dim ((Z4)x(Vz) + (81)z4@) = dim Sy + 1, where
V. is the tangent space to V at x and (S1)z,w) is the tangent space to S,

at Z¢($).

A special case of a banal homomorphism is that of a homomorphism ¢
which satisfies condition (1) above and has the property that Z, is trans-
versal to S; .
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Lemma 2.1. (i) Let ¢ : £ — n be a banal homomorphism such that S(¢)
has codimension 1 in V; then there exist vector bundles £ and 4 and homomor-
phisms ¢y , @2, o, T such that

d1

—— 9

1]

-

¢ 4

commutes, and S(c) = S8(¢) = S(¢), and rank ¢; = rank ¢, = min (n, p).
(ii) Denote by a prime restriction to S(¢). Let N be the normal line bundle
of S(¢) in V. Then

(a) ker o’ = ker¢’, and ker 7’ = \* ® coker ¢'.
Let ¢ be defined by the exactness of
0—>kef¢’—>£’—>§‘—>0, 0— ¢ — % — coker ¢’ — 0.
Then the following sequences are also exact:
(b) 0—>¢—f —>\®kere — 0,
(e) 0—>\* ® coker¢' > 4 — ¢ — 0.

Remark. This lemma is essentially a special case of [4, Theorem 3.2].
There however the construction of the new bundles may be a little obscure
since it is done not on V but on ¥, a manifold obtained from V by sigma
process; also the new bundles are compared with the original ones lifted to V.
Therefore we repeat the proof in this simplified setting. If n = p, and if
rank ¢, = n — 1 and Z, were transversal to S; , this lemma would be a special
case of the above-mentioned theorem. At present the author does not know
the appropriate full generalization.

Proof. Tt suffices to prove the lemma in case n < p. The other case can be
obtained from this one by duality.

We will work with coordinate bundles representing £ and 5. Suppose
then that we are given an open covering of V by coordinate neighborhoods
{Uq, a e}, A some index set, such that ¢ is defined by the diagram:

775_1( Ua) ¢ - Wn—l(Ua)

l l

U.X A* —%, U, x 4?

where the vertical arrows are the coordinate maps for the coordinate bundles
representing ¢ and 5. It is no restriction to assume, for z ¢ U, and ¢ a column
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n-vector, that ¢.(z, 1) = (x, Ha(z)-t), where H,(z) is a p X n matrix of

the form
In 0
0 halw)/)’

where I, isthen — 1 X n — 1 identity matrix and h.(x) isa (p — n + 1)-
column vector.

Let A; = A — Ao, where « € Yo if and only if U, n S(¢) = @. By condi-
tion (2) for banality of ¢, for any = e S(¢), dho(z) 5% 0. We assume that
for all @ € Ay, U, are chosen small enough so that at least one of the differ-
entials of dh, is nonzero throughout U,. We may, without loss of gener-
ality, assume that e = (24,0, --+, 0). We may further assume that in
UgforoeNo, he = (1,0, -+ ,0); welet z, = 1 for a ¢ %y. Thus in each
U., the defining equation for S(¢) n U, is 2. = 0.

Letd; = nand d; = p. We define maps N, of U, into the d; X d; matrices

by
. In-—-l 0 .
N, = R t=1,2,
0 Lo I(d;—n-l-l)

Let ‘K, be the constant map which takes all of U, into the n X p matrix
(I,0). Thus on U,

(1) H,=K.N.=N.K,.

Suppose E.s and F.g are the transition functions for the coordinate bundles
we have taken to represent £ and 5. Then

(2) HaEaB=Fa5Hﬁ-

If we drop all the indices and write the transition functions in blocks,

A B G P
E = and F = < >,
<C D> J M

where A and Garen — 1 X n — 1. We see that on S(¢), B and J vanish
identically. Thus we may write

Aap xg Bag Gap Pa .
(3) Eaﬁ = and Fap = m U¢n Up .
af Daﬁ Lo jaﬂ Maﬂ

Note that restricted to S(¢) the following are transition functions for the
indicated bundles: A .5 for ¢, D,s for ker &', M o5 for coker ¢’

Let £ and 4 be represented by coordinate bundles which are defined by
their transition functions

A, B, Gop g P,
4) Eaa=< ’ ”) and m-—-( o ")
Lo Caa La,s Daﬁ ‘7 af Lﬁa M af
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on U, n Ug , respectively, where Los = (2o/s). The Lo | S(¢) are the transi-
tion functions for a coordinate bundle representing the normal bundle to
S(¢) in V, \. We see that the functions defined by (4) are the transition
functions of coordinate bundles, for, suppressing as many indices as possible,
we have formally from (3) and (4)

(5) E = (NYE)NYT and F = (N)(F)(NY).
Also from (1) and (2) we have
(6) HE = FH = KN'E = FKN' = N’KE = FN’K.

To define the homomorphisms it suffices to do so locally. Both ¢, 7 = 1, 2,
are defined by

(¢i)a:Ua X A" —> Uy X A7 ¢ (2, 8) — (2, Ko(2) -1).

The last two pairs of equal terms of (6) together with the defining equations
(5) show that we have well-defined homomorphisms between appropriate
bundles. Both of the thus-defined homomorphisms have rank =n. The
homomorphisms ¢ and 7 are defined for 7 = 1, 2, respectively by

Ua X A% — Uy X A% 1 (z,8) — (z, Ni(2)t).

That these local homomorphisms piece together correctly is immediate from
(5). The commutativity of the diagram of conclusion (i) is just a restate-
ment of (1), and that S(¢) = S(7) = S(¢) is trivial from the definition of
o and r. All of the parts of conclusion (ii) follow by inspection of (4).

Remark 1. If in the preceding lemma, n = p, then £ is equivalent to 7,
and 4 is equivalent to £ If ¢, £ 9, and V are holomorphic, then the equiva-
lences are also holomorphic.

Remark 2. The £ of the lemma is unique for n < p. In particular let
G.(7n) be the bundle associated with y with fibre the Grassmann manifold of
n-planes in A®, G,(A"), and let T,(n) be the n-vector bundle over G.(7)
whose points are pairs (X, v) where X ¢G,(n) and v ¢ X. Suppose that

¥:V — 8(¢) = Gu(n) :  — (range of ¢,).

The existence of £ yields an extension ¥ : V — G,(n), a section in G,(n).
Let v = ¥ (Tw(n)); clearly v is equivalent to £. In the obvious way v is
a subbundle of %, and ¢ : £ — % can be factored through v, i.e., there is a
map 6 : £ — v which satisfies the hypothesis of the lemma such that ¢ = 70 6,
where 7 is the injection of v in 5. Since ¥ is unique, so is 7.

Remark 3. On S(¢) we have a map analogous to ¥, say ¢/ : S(¢) — Gn_s(n)
which takes a point x to the range of ¢,. That ¥ (Tus(n)) is equivalent
to¢ i's obvious since the map of £ into ¢ (T,_1(n)) is onto and has kernel =
kero .

2.2 Notation. Given a map f, of X into Y, X and Y manifolds, we let
f& be the Gysin homomorphism from the cohomology of X into that of Y.
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Here the coefficients for cohomology are Z in the real case and Z in the com-
plex case.

For a vector bundle «, we let ¢(«) be the total Stiefel-Whitney class (mod 2)
in the real case and the total Chern class in the complex case.

TuroreM 2.2 (see [4, §3.3]). Let ¢ be a banal homomorphism of an n-vector
bundle & into a p-vector bundle n, n < p, both bundles over a manifold V. Sup-
pose that S(¢) has codimension 1 in V. If ¢ and £ are as in the preceding
lemma, then

c(§) = ¢(§) = jge(s),

where 7 1s the inclusion of S(¢) in V.

This theorem is a consequence of the Atiyah-Hirzebruch-Grothendieck-
Riemann-Roch Theorem [1].

Lemma (Porteous, [6]). Suppose that o and B are vector bundles of the same
rank over a manifold X, and let ¢ be a homomorphism from « to B such that
(a) Except on a closed submanifold j : Y < X of codimension 1, ¢ 7s an
isomorphism.
(b) ¢ = ¢|(a|Y) is of constant rank.
(¢) For each P ¢ X, if x is the germ of a function defining Y at P, and if
s is a germ of a section in B at P, then xs is in the tmage under ¥ of @
germ of a section in a.
If ¢ and 4 are the corresponding sheaf homomorphisms, then

coker ¢ = (coker ¥/)°, and cokery’ = \ ® ker ¢/,

where (coker ¥)° ¢s the sheaf coker 1 extended by zero to X — Y, and \ is the
normal line bundle of Y in X.

Applying the AHGRR theorem [1, Theorem 3.1, Theorem 5.1, §6] to the
sheaf conclusion of the Porteous lemma we have

~ . (1) c(eokery’)
(1) c(ﬁ—a)—l"“J#(;{(m 1}>’

where ¢(A\) = 1 + v, and \* is the line bundle dual to \. If we denote by
o/ and B’ the restrictions to ¥ of a and 8, we have the exact sequence of
bundles:

’
0 — ker ¢ — o/ —X— B8 — coker ¢/ — 0.

Let v = coker(kery’ — o) = ker(8 — cokery’). Then substituting in
(1) we obtain

(2) ¢(B—a) =1+ julc(y — &) {(1/v)(c(\ ® ker ¢') — c(kery'))}).
Multiplying both sides of (2) by ¢(«) and using the fact that
c(a)jg( ) = jule(a’)( )]
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we have proved

3)  el8) = ela) + iy (cm{

If further ker ¢/ were a line bundle, then ¢(A ® kery') — c(kery¢’) = v, and
80 we have

¢ ® ker ¢') — c(ker ¢) })

v

c(B) = c(a) + juc(v).

The verification that the bundles £, £ and the homomorphism o satisfy the
conditions on «, 8, ¢ of the lemma is immediate from the definition of £ and

o (see preceding section).
Using Remarks 2 and 3 above, we have in the situation of Theorem 2.2

c(§) = P$*e(Tu(n)) — jg ¥ e(Tnu(n)).

2.3. Let V and M be manifolds of dimensions » and p respectively, and
let f map V in M. Suppose that fx : T(V) — f'T(M) is banal, where
T(V) and T(M) are the tangent bundles. Notice that the dual map,

o (T@n)* = TW)

is also banal, and that S(f*) = S(f«). Call this singular set simply S(f).
We apply Lemma 2.1 and Theorem 2.2 to fx and f* whenn < pandn = p
respectively. By Remark 2 of 2.1 we have maps

Tt Vo Gu(T(M)) and Ty :V — G(T*(V)),

which map a point z ¢ V to the range of (f«), and (f*),. Here the map
T,. is the composite of the map given by the remark into G,(f ™ (T(M)))
followed by the obvious map into G.(T(M)). If welet (fx)’ and (f*)’ de-
note the restrictions to S(f), we have

T 2 8(f) = Gua(T(M)) and Ty 2 8(f) = Gpa(TH(V)).

Letting 7 be the inclusion of S(f) in V and assuming that S(f) has codimen-
sion 1 in V, we have by Theorem 2.2

(a) Iftn =p, (V) = (T:)*(Ta(T(M)) — ju(T4y) *e(Taa(T(M))).
(b) Ifn = p,
F T (M) = (Tp)*e(To(T*V))) — ju(Tim)*e(Tpa(TH(V)))-

Since we will only apply formula (a) above, we restrict our attention now
to the case n £ p. Let ¢ = f| S(f), and assume that g4« is again banal
with S(g) of codimension 1 in S(f). Since T, | S(f) — S(g) agrees with
Ty | S(f) — 8(9), Tsr = Ty, . Thus we get

(€) e(8(f)) = (Typ)*e(Taa(T(M))) = ky(To,)*e(Taa(T(M))),
where k is the inclusion of S(g) in S(f). Thus (a) and (c¢) collapse to give
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(d) jge(S(H)) + e(V)
= (T1)*c(Ta(T(M))) — jsks(Ti) e(Taca(T(M))).

1If we were so fortunate that now f| S(g) = h had the property that hs were
banal and S(%) had codimension 1 in S(g), we could apply the same argu-
ment again. We would, if the banal and codimension 1 conditions were
satisfied every time we restricted the map of a singular set to its singular set,
eventually obtain

22 (G e(S(f) + e(V) = (T7)%e(Ta(T(M))),

where fi = f| S(fi_1), fo = f, and j; is the inclusion of S(f:) in V.
A case in which this simple situation does in fact occur is given by the
following theorem.

TarorEM 2.3. Let V and M be n-manifolds, and let f be @ map of V in M
such that Si(f) = 0 for i > 1. If JU(f) is transversal to the singularities Si for
q=1,:--,n,then

(V) = fe(M) — 2o (Go) 5 c(S1(H)),
where jq is the inclusion of Si(f) in V and S(f) = Su(f| Si(f)).

Proof. Since in this case G,(T'(M)) = M and T, (T(M)) = T(M), we

have
Ty =f and (T7,)%(Ta(T(M))) = fre(M).

To complete the proof it suffices to show that if = f| 8i(f), then fi is banal,
since we already know that S(f*) = Si™(f) is of codimension 1 in Si(f) or
is empty. But that f is banal is trivial since the hypotheses that S:(f) = 0
for ¢ > 1 and that J?(f) are transversal to S} imply respectively that condi-
tions (1) and (2) of the definition of banal homomorphism are satisfied
for f .

3. Proof of Theorem 1.

Since the proofs of parts A and B are similar, we will just prove the theorem
in case n = p, i.e., part A. In J', let W' be a neighborhood of the 1-jet of
the mapping given by

UOF(x’ y’ u) = u’ YOF(x’ y’ u) = 07

where the notation is as in the statement of the theorem. Further f e W' if
and only if ((8U:(Py)/0u;)(0)) is nonsingular,1 £ 7,5 < p — 1.

Let B be the set of all germs at the origin of maps F of A™ in A” taking the
origin into the origin such that the germ of F is in 28 if and only if F*(0) ¢ W".
In the following we will use the same notation for the germ of a mapping
and the mapping itself; this abuse of notation should lead to no confusion.

We define a map 0 of L into itself by giving for each F ¢ B a diffeomorphism
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of a neighborhood of the origin in the source leaving the origin fixed; 0F is
defined by composing the diffeomorphism with F. Such a map, 0, induces a
map of W¢ = x1(W") into itself, say 6% defined by the equation 6% =
(6P;)%(0). If F eI, then F has the form

(1) UoF(z,y,u) = Uz, y,u), YoF(x,y,u) =Y,y u),

where ((8U7/du;)(0)) is nonsingular. By virtue of the nonsingularity con-
dition of (1) we can define a diffeomorphism of a neighborhood of 0 in A” into
itself which takes a point with coordinates (z, y, %) into one with coordinates
(z,y,C(z,y,u)), where U*(z,y, C(z,y,u)) = u. Welet 6F be the composi-
tion of F' with this diffeomorphism:

(2) Ue(6F)(w,y,u) =u, Yo(6F)(z,y,u) = Y*(x,y, C(x,y,u).

Note that whenever (U} /ou;) is nonsingular, the partials of C' with respect
to z, y, u depend only on the partials of U™,

Given a map F from A" to A®, the coordinates of the jet F?(0) are given
by the partial derivatives of orders up to and including the ¢** of U o F and
Y o F with respect to z, y, w at 0. These coordinates will be denoted by the
corresponding partial derivative symbols, e.g.,

el (F*(0)) means —a (0), for j =g
ForfeW? q = 2,let K(f) = (8°Y/dy: dy:+) (8%), and foreachj = 2, - -+ , q,

let L;j(f) = (8'Y/dx""ous) (6%) if j < p, and the zero matrix otherwise, and
let

'Y
K(f) (6°f)
(-)yi Qux
Mz(f ) = r

oY L;(f)

ax’“layi, ’
if j £ p, and the zero matrix otherwise. Here the indices range as follows:
2§r§j7 1§k§]""1’ léi,ilét.

Define open sets N W as follows: N' = W', and for ¢ = 2

N = {fe W*| K(f), Lj(f), and M ;(f) are nonsingular for all j = 2, --- , ¢}.
Clearly if N? # 0, mg,(N?) = N, forr < q. Let

Tq={feNq

Y ) 'Y )
Y =015ish md 2T @) =01 g;gq}.

Lemma 3.1.  T"4s a submanifold of N* and codim T* = n — p + ¢ if ¢ < p.

Proof. If ¢ > p, N* = §, and there is nothing to prove. Suppose that
g = p. It suffices to prove the following: Let F = P; for f e N?; then
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Y (6F) 0) = Y o F

<1<
Ys Y 0, L=e2h
'Y (6F Y oF .
0D 0 = 2L, 1SSy,

where congruence means equality modulo a function of the partials of ¥ o F
other than those listed and of the partials of U o F. The proof of this is
trivial using (2). In this proof no use is made of the fact that we are working
inside N? rather than W% The restriction to N? is for later convenience,
since we will show that S{ is the orbit of T?. If we had defined 7? in W* by
the same equations, although 77 would be submanifolds of W*?, the T would
contain points not in Si .

If F e ® and F?(0) ¢ N then for P sufficiently close to 0, F*(P) ¢ N% and
6°F*(P) = (OF)*(P), where F*(P) is the g-jet at 0 of themap T _ppy o F o T'p
where T_zpy is the translation in A” taking F(P) to 0, and T is the transla-
tion taking 0 to P in A". Thus in a neighborhood of 0, the equations of
T(F) are

J
WON _o, 1zi=t and 2XOD
Y ox?
If further F*™ ¢ N** and F = OF in a neighborhood of 0, we can choose a
neighborhood of 0 so that M ;(F’) has rank (7 — 1 + ¢) there, forj =2, ---,
g + 1. Thus in this neighborhood, ;T*(F) is defined by the equations de-
fining T(F).
Suppose F ¢ & and F?(0) e N% ¢ = 2, and F = 0F; then the equations
for F are

=0, 1=27=4¢

UoF(x,y, u) = u, YoF(z,y,u) = Yz, y, u).
Expanding Y™ in powers of z yields
Y*(z, y, u)
= Go(y, w) + 2% (27/i) (@ + Gi(y, w) + 2"7R(w, y, u),

where a; = (8°Y*/0z%)(0). Since we have assumed that F(0) e N9, ie.,
that N? = @, we have ¢ < p, and that the matrices K, L;, and M ; are non-
singular for j = 2, ---, ¢. In the notation of (3),

(3)

Li(F(0)) = (‘ﬁ> (0); 1<rnk<j—1
Ouy,
Thus we may define new coordinates in the source and target by
@ = G:(0, u), U: = Gi(0, U),
;= uj, U;=U;,
(4) = ue, and Y =Y - Y¥%0,0,0),
I =z,

l1sets2q—-1, ¢g=jsp—-1 1

I\
=
I\
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By letting H(§, @) = Gi(y, w) — Gi(0,u),% =0, ---, ¢ — 1, the equations
defining the mapping F become, after dropping the tildes of the substitutions
(4),

UoF(z,y,u) = u,
Yo F(z,y,w) = Ho(y,u) + 2471 (2°/41) (@i + wi + Hi(y, u))
+ (/1) (aq + S(z,y,u)),
where the order of S is greater than zero. Define b; and J by
i by + I (2, y,w) = Ho(y, w) + 22951 (@7/iNHu(y, w)
+ (2%/g) (8(z, y, w) — 8(x, 0, %));

b; are constants, order J = 2, and J(z, 0, ) = 0. Letting R(x, u) =
S(z, 0, u) we have

YoF(x,y, u) = Z:=lbiyi + J(z,y, u)
+ 241 (@) (@ + w) + (2Yg!) (a, + R(z, u)).

Note that
8°Go 8°H, o°J
(F(0)) 9ys 9Y; © Y 9y; ©) 9y: 9y, ©)
is nonsingular.
LemMma 3.2.  Let A be a function of p-+t variables (21, +++ ,2¢, Wy, -+ , W)

such that (A.;:;)(0) s nonsingular. Then there are functions; ,7 = 1, -+ , ¢
defined in a neighborhood of O such that (2, w) form a coordinate system there,
and such that

Az, w) = h(w) + 2iat bi (3, w) + 2ia £2,
where g:(0, w) = 0 and ((g:)z;) s nonsingular at 0 and b; = A,,(0).

Proof. Write A(z, w) = f(w) + X tbiz: + J(z, w), where f(w) =
A0, w) and b; = A4,,(0). Let J,, = Ji; J:«(0) = 0, and ((J:).;)(0) is
nonsingular. Thus J:(z, w) = 0 can be solved for z in terms of w, say z: =
é:(w), with ¢:(0) = 0, is the solution of this system. Set z; = z; + ¢:(w).
Thus

Az, w) = f(w) + 2iabidi(w) + J(d(w), w)
+ 2Ziabiz 4+ [T+ o(w) — J($(w), w)]
= h(w) + D iabizi + K2, w).
K(0, w) = 0, K;;(0, w) = Ji(¢(w), w) = 0, and
(Kp3) (0, w) = (J2yz,) (d(w), w)
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is nonsingular for sufficiently small w. To this function K we apply the
theorem of Morse [5]. That is, there are new coordinates (%, w) such that
((2;),;.)(0) is nonsingular and K(2/, w) = S,
Applying Lemma 3.2 to the function Y o F we have, dropping the tildes,
Yo F(x7 Y, ’ll;) = Z:=l b‘ g‘(x7 Y, u) + 22-1 iyf + h(xa u)
+ 22850 (2D (@ + w) + (2%/g1) (aq + R(z, ).
Let h(z, w) = 2.1 (£°/iDhi(u) + (2Y/q)hg(z, w). Since L(F%0)) is
nonsingular, we may take as new coordinates
s = wi + h(u) — h(0), Ui = Ui + h(U) — Ri(0),
.=1,°",q—1’
Y=Y - 7%0,0, U);
all others remain the same. This yields finally, by letting k:(x, y, %) =
gi(x, y, u) and dropping the tildes,
UoF(z,y,u) = u,
(5) YoF(z,y,u) = 2iabiki(z,y,u) + Dia =yi
+ 241 (/i) (e + w) + (2Y/g) (e + S(z, w)),
where ¢; = a; + hi(0),7 =1,---,qand ord S = 1. Note that b; = 0 for
alls = 1, ..., ¢t if and only if all (Y o F/dy;)(0) = 0,7 =1, .-, ¢
The transformations used to obtain (5) define a map of the set of 6F for
F ¢ B such that F?(0) ¢ N? into itself. We call 1, the composition of 8 fol-
lowed by this map; the induced map of N? into itself we call y°. The equa-

tions for the germ of F are given by (5). Notice that for F = ¢F, F?(0) ¢ T*
f and only if

(6) bi=0 and ¢; = 0; 1245t 1=5j=q.

Thus we see that T? is contained in the orbit of the g-jets of mappings (*)
given in the statement A of the theorem.

Lemma 83. SinN?= T4

Proof. The proof goes by induction on ¢ and is trivial for ¢ = 1. Suppose
the lemma proved up to but not including ¢q. As usual we set n = p + &.
We may assume that ¢ < p. Let fey’N?and F = P;. Then F has the
form (5). We must show that f ¢ S if and only if (6) holds. By our induc-
tion assumption F*(0) e S 'if and only if b; = 0,1 = ¢ < t,and ¢; = 0,
1 £j < q— 1. The equations for S{™(F) in a small neighborhood of 0 are

i
6Y°F=0, 1=7<7=t and BYO.F
Y ox?

These equations become, in this case,
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yi=0, 1=i=t and 295 (277G — )Dui + (@7 (g — 5)Deg = 0,
1=j=q¢— 1.

These equations can easily be solved for the u’s in terms of z, and Si7(F) is
defined in a small neighborhood of the origin by

(7) y;=0, 1<¢{=<t and u; =¢;(z), 15j=<q— 1

For convenience let u; = v;and U; = V;forj =g, -+ ,p — 1. Restricting
F to 8{7'(F) in a neighborhood of 0 gives

UeF(z,0,¢(x),v) = ¢(z),
VoF(x,0,¢(x),v)
YoF(z,0,¢(x),v) = V(z,v).

At 0 this map has rank (p — ¢), i.e., F?(0) ¢ S{ if and only if

v,

3 o\ oy , .\
55(0) =0 and 5—“}—(0) = 0.
Since
T (0) = e (g) 4 5 22T (). % (g

and (8Y o F/dz)(0) = 0 since F'(0) e S; , we see that F?(0) e S! if and only
if (8¢/02)(0) = 0. Further we know that on Si ™ (F),

dYoF

5 (z,0, ¢(x),v) = 0, j=1---,¢g— 1

Thus on S{~(F)

Y oF Yo F

0= 8:8( F (2,0, ¢(z), v)) T (z,0, ¢(z),v)
q—1 aj+1Y ° F a¢‘

+ ; —W (x, 0, ¢(:12),1)) -5; (1:)

forj = 1,---, ¢ — 1. Since by assumption L,(F?(0)) is nonsingular, we
see that (8¢/dx)(0) = 0 if and only if ¢, = 0.

LemMa 3.4. Suppose F*(0) € 7T? but F*(0) ¢ T*"; then we can choose
coordinates at the respective origins so that

UoF(z,y,u) = u,
(8) YoF(x,y,u) = 2 imyi + D001 (2/i)us

+ ("/(¢ + 1)) + RB(=, w),
where ord R > q + 1.

Proof. Since F?(0) ¢ T? we may assume that F has the form given by
(5) with (6) holding. That is,
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UOF(x7 Y, ’U/) = U,
(9) YoF(z,y, u) = > im £ys + 2020 (2%/i)ws
+ (/gD (L(u) + ex/(g + 1) + S(=, w)),

where ord S > 1 and L is linear in the w’s and e is a constant. Since
F*(0) € 7T we know that

) Gorn) ()
Yy 9ysr 9y Oux, 9y 0x

(10) aj‘l‘lY aj+1Y .7+1Y (0)
<6xf6yif> <6x76uk> dxitt )

hasrankt +q (1 £ j<¢q; 124,47 <t 1Sk=p-—1).

For our map this matrix becomes

E, 0 0 0
(10" 0 I, 0 0],
0 ((8L/0u,)(0)) €

where E; is a ¢ X ¢t matrix with £=1’s on the diagonal and zeros elsewhere,
I, 1sthe ¢ — 1 identity matrix, and ((dL/du;)(0)) isa 1l X (p — 1) matrix.
Since F?1(0) ¢ T°*", we know that ¢ = 0, so we may assume ¢ = 1. Since
the lemma merely states that the order of the remainder is greater than
g + 1, it suffices to prove the result without carrying the remainder along if
we make coordinate changes which keep the origins fixed and which do not
change the y-coordinates.
For P any linear function of u,

x — P(u))* z— P(u z* & gt
: q!( : <’P(”) - q+(1 ))) “@FDi T ARG
where ord P; = j + 1. Thus if we replace x by + — L(u) in (9) we obtain
UoF(x,y,u) = u,
YoF(x,y,u) = 2im &y} + 22950 (27/3)Qi(u) + 2*7/(q + 1)1
By the rank condition of (10) we may take as new coordinates
= Qi(u), U:=QU),i=1,--+,q—1, Y=Y —YF0,0, ).
F now has the desired form.

Let B be any subset of J% By O(B) we mean the orbit of B under the
group of g-jets of diffeomorphisms at the origin of the source and target.

Lemma 3.5. 8§ = O(TY.
Proof. Since Sin N? = T we know that O(T?) < S{. Forgq = 1, the
assertion of the lemma, is trivial. Suppose S{ = O(T?); we show that
St = o(T*™).

P;(u),
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By our induction hypothesis O(77?) = 8% To prove the lemma it suffices
to show that Si™ n T € O(T*""). Suppose F is such that F**(0) e ,T?
and F = Pgtig. Since FY(0) ¢ T% we may apply ¢ to F. Call the re-
sulting map G; we know that G*™(0) is in the orbit of F***(0). Let Y™* =
Y o@. We know that

Y™ oY*
Y ax?
Since G*T(0) e ,T% if it is in the orbit of N, we are done. If
G“(0) ¢ O(N**"), we may apply Lemma 3.4 and assume that G has the

form given by (8) without remainder. The equations for Si(G) assume a
very simple form as in (7):

(0)=0, ¢=1,---,¢ and 0)=0, j=1,---,q.

y6=0;i=1,"'7t; uJ':O:j:l""yq_l; z = 0.
Restricting G to Si(G) we see that at 0

rank G = (p — ¢q) = dim Si(G).
Thus G*™(0) ¢ S¥.

Applying Lemma 3.5 to Lemma 3.4, we obtain conclusion (iii) of the
theorem. Conclusion (iv) follows since the equations given there defining
Si{(F) are the defining equations of TY(F). We obtain (i) and (ii) also
since the corresponding statements hold for 77 and 7"
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