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1. Introduction

The modular group I' together with its congruence subgroups have been
extensively studied; the formulae for the geometric invariants of the principal
congruence subgroups are well-known (see [5]) for example). One can define
in an analogous way the principal congruence subgroups of the Hecke groups
G, (g = 3,4,5,...) and ask for analogous formulae for the geometric invari-
ants of these subgroups. Posed in this generality, this is not an easy question,
for example, although it is easy to find upper bounds for the index of these
subgroups, there are examples where these bounds are not attained and a
general formula for the actual index is not known (see [2]). The purpose of
this paper is to study the geometric invariants for the congruence subgroups
of G5 corresponding to the subgroups I'y(N) of T.

Let

1+V5
2 9

A = 2cos(mw/5) =

and let G denote the Hecke group G;, that is, the group of linear fractional
transformations acting on the upper-half complex plane

H = {z € C:Im(z) > 0}

generated by the transformations

1
zo -, and z >z +A.

Thus, G may be identified with the subgroup
0 -1 1 A
<(1 0),(0 1)> of PSL,(Z[A]).
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THE HECKE GROUP G 637

Table 1. p is the positive rational prime contained in .

B ® t Vv, Vs g
) 5 3 1 0 0
Q2+ 6 2 2 11
(p),p= +2(modS),p+2 p*+1 p+1 2 0 @Gp-1Xp-3/20
N(®) = 1 (mod 20) p+1 2 2 2 (3p-123)/20
N(R) = 11 (mod 20) p+1 2 0 2 (3p-13)/20
N(B) = 9 (mod 20 p+1 2 2 0 @Gp-7/20
N(B) = 19 (mod 20) p+1 2 0 0 @p+3)/20

Fix a non-zero ideal B of Z[A], and define

Go(B) = {(‘; Z) €G:ic esB}.

In this article, we give explicit formulas for
(ii) ¢: number of inequivalent cusps of Gy(%),
(iii) »,: number of inequivalent elliptics of order 2 of G(B),
(iv) vs: number of inequivalent elliptics of order 5 of G,(),
(v) g: genus of Gy(B) \ H.
Of special interest is the case when % is a non-zero prime ideal of Z[A]; we
obtain the following theorem.

THEOREM. If B is a non-zero prime ideal of Z[)), then p, t, v,, vs and g
for G(B) is given in Table 1.

We thank the referee for suggestions which have improved the exposition
of the results in this paper.

2. The geometric invariants

The three main facts used in the derivation of the formulae are:
(i) Z[A]is a principal ideal domain,
(i) the set of cusps for G is Q[A] U {=} (see [5)),
(iii) the Hurwitz formula: once we find expressions for u, ¢, v, and vs,
the value of g then follows from the equation

3u = 5v, + 8vs + 20(g — 1) + 10¢. (1)

2.1. Formula for u. For a non-zero ideal %8 of Z[A], let N(*) denote the
absolute norm of B.
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LemMma 1. If B is a non-zero ideal of ZIA), then
b= [G:6®] =N T 1+ 75 )
SES N(2Q)

where the product is over the set of all prime ideals Q which divide 8.

Proof. We recall that
1
|PSL,(Z[A]1/B)] = N(%){l;‘!s(l + m),

where the product is over the set of all prime ideals £ which divide %, and
note that

G(®)=GNH, H= {(‘z Z) € PSL,(Z[A]):c € sxs}.

In order to show that

) _ 1
(6:6u(®)] =N®) IT (1 + 5y )

it suffices to show that
PSL,(Z[A])/H

has coset representatives

{g,.:i= L....,N®)TI (1+ ﬁ)} cG.

Q1
Notice that for each (% %) PSL,(Z[A)),
a
= €Q[A] U {}

is a cusp by Leutbecher’s Theorem ([3]). Therefore, there exists a y € G such

that
()
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Hence,

2.2. Formula for ¢. In this subsection, we give a formula for ¢, first for
non-zero prime ideals 8 and then for arbitrary non-ideal ideals L of Z[A].
We start with some definitions.

DeriNniTiON. If x is a cusp of ® < G, the width of x with respect to P,
denoted by w(x), is defined to be the smallest positive integer n such that

(« 2)(3 m)(e 8) " supaco

for some (‘; ’;)e G taking « to x.

DeriNniTiON.  If @ has finite index in G, the geometric level of ®, denoted
by level(®), is defined to be the l.c.m. of the widths of its cusps.

DeriNniTiON. The principal congruence subgroup of G associated to the
ideal B is

o= {(¢ eols Bl 4] men)

DerFiniTiON.  If B is a non-zero ideal of Z[A], let N'(B) denote the

smallest positive integer in B. If a € Z[A]\ {0}, we denote N'(aZ[A] by
N'(a).

ProrosiTioN 2. G(B) 4 G and if x is a cusp of G(R), then w(x) = N'(R).

Proof. Proof of normality is easy and will be omitted. It follows from
normality that all the cusps have the same width and it is easy to see what

w(w) = N'(®). O

ProrosiTion 3. If B is a non-zero prime ideal of Z[\], then any cusp of
G (B) of width one is equivalent to .
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Proof. If x is a cusp of Gy(%®) and w(x) = 1, then there is (Z z)e G
such that

B (@ 2)(2 A ) coum.
(2) (Z Z)oo=x.

It follows directly from (1) that
cd —c(ca +d) € B,

that is, ¢2A € B. As A € (Z[A]%, we have ¢ € B. This proves the proposi-
tion. O

LemMa 4. If B is a non-zero prime ideal of Z[A] and p = N'(B), then

2 if‘43=(\/§) orp= +1(mod5),
p+1 ifp= +2(mod5) '

Proof. Let x,,...,x, be the inequivalent cusps of G(%B), and let p =
N'(B) (note that p is a prime). Then we have that

G(B) € Go(B) and level(G(B)) =p = w(x,)lp forall x;,
that is
w(x,) € {1,p} forall x,.
Hence, if we let x; = =, then
w(x;)=p for2<i<t.

Hence,

p+1 ifp=+1(mod5),

t
Ve=p=1+(t-1)p=
i‘élw(x,) n = ( )p {P2+1 if p= i2(mod5)

Hence, from Lemma 1,

t=2 when p= +1(mod5),
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L (=]
>

1>~
[l g

Fic. 1 Fundamental domain for G (5, (/5)Z{As)

and
t=p+1 when p= +2(mod5).

If ¥=(/5), then we obtain ¢ =2 geometrically from the fact that a
fundamental domain for GO((\/g )) is as given in Fig. 1 (see also [1]). O

DermniTioN.  If B is a non-zero ideal of Z[A], we let 7 to be a positive
generator of B.

DerFiNiTION.  Let
T,={(a,b,d) € (2[A])*:ad =w,d >0 and (a,b,d)=1}/~,

where (a,b,d) ~ (a',b’, d’) if there is a unit u € (Z[A])™ such that a = ua,
and b = b’ (mod dZ[A]).

PROPOSITION 5. There is a set S_ C (Z[A])® of representatives for T, such
that

0 a b
0 1 (a,b,d)ES, 0 d

where Q = PSL,(Z[)]).
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Proof. Clearly,

T 0 _ T 0)\|x ¥y _ mX mwy
o7 o= u aff Y[ 2)- U o )

zZ w z w
(£ 2)en (2 2)en
z w z w

For (’Z‘ i)e Q, let a be a g.c.d. of 7x and z, and let r,s € Z[A] be such

romx + sz =a.

mX wy\| _ r s X wy\| _ a Try + sw
Q( )—Q(—z/a wx/a)(z w)_Q(O T/a )

In particular,

a b . . a b
Q(O d)leaumonon(O d’)'

We note three facts:
() If b, = b, (mod d), then
al? by} _ al? b, .
0 d 0 d

(ii) The g.c.d. of a, wry + sw and m/a is 1.
For if « is a prime element in Z[A] and « divides each of a, mry + sw and
7 /a, then a divides sw. So als or a|w. In the first case, al|s and al|7/a,
which contradicts the fact that 7x/a and s are relatively prime. In the
second case, a divides w, then « divides a, and also z. This contradicts

xw —yz = 1.

(iii) If a;,b;,d; € Z[A] are such that a,d, = 7 and g.c.d.(a;,b;,d;) =1

(i = 1,2), then
a; by  _[ay b
aly &)=o(t 2]

implies d, = d,A*, a, = a,A~* for some integer k.
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Fact (iii) follows from

a, by\[a, b, - a; by\[dy/m by\[|dy/m —by/m Q
= € 0.
0 4d,]\0 d, 0 d, 0 d, 0 a,/m
Facts (i), (i) and (iii) together imply the proposition with S, being any set
of representatives for 7.. 0O
DerFinmTioN. (i) Let 8 be any non-zero ideal of Z[A] with a positive

generator m, and let S, be a subset of (Z[A])? as in Proposition 5. Define
oS, — Z[A] to be the mapping

(a,b,d) > d.
(ii) Let
Q(R) = {(‘é Z) €Q:ce sxs}.

If x € Q[A] U {=}, we define the width of x with respect to Q (%), denoted
by W(x), to be the smallest positive integer » such that

-1
a b\(1l nAlfa b
(C d)(o 1)(c d) € Stabg )(¥),

for some (‘c‘ Z)e Q.

ProrosiTion 6. If B is a non-zero ideal of Z[A), then the number of
inequivalent classes of the action of Q(B) on QIA] U {e} is given by

N(d/¢€) ' B
Lo N o INRE) = N(ET],
deo(S,), £€U, £ld N (d/f) (§)=Q‘1'""Qf,,m[ ( ) ( )]

where U is a set of representatives for Z[\]/(Z[A]D*.

Proof. Let x € Q[A] and let M € Q be such that x = M. Then A4 €
Q,(B) fixes x if and only if

M UMw = w. (%)
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Clearly, (*) is equivalent to the existence of m € Z such that

-1 - 1 mA
M~AM (0 1 )

Let 7 be a positive generator of B and we write

£ -ty ) conoresrenm,

In particular, we have

(6 )= (8 8) (5 Dl S)els o)

5 206 ") o) =

The latter is equivalent to

or

mak =0 (modd).

As A is a unit in Z[A], m is an integer in the ideal of Z[A] generated by (d/¢)
(¢ = ged(a, d)). Thus W(x) is the smallest positive integer in (d/€), i.e.,
N'(d/§).

For each d € o(S), we count the number of elements in the set o~ (d).

Let a = d/m and let ¢ = gcd(a, d). Then ged(b, £) = 1 and if we have the
prime factorisation

(¢€) = Q5. Q5m,
then clearly
1 d\ & - N
o™} ()] =N(E) [T [N(2p) - N(2p)].

j=

Since W(x) = N'(d/§), the proposition follows. O

LemMmA 7. If B is a non-zero ideal of Z[A), then

N(d/¢) o .
t= )y ~rie Il N(D&) — N(Qa1)],
deo(S,), (€U, £ld N'(d/¢) (§)=®;¥r...@;~,,m[ ( )]

where U is a set of representatives for Z[A]/(Z[A]D*.
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Proof. We will show that there is a one-to-one correspondence between
the set of cusps for G (%) and the set of classes for the action of Q,(%) on
QAT U {}.

First let M, N € G, and suppose that Mo and Nw are not equivalent by
Gy(R). Thus, N™IM & G(R) and hence, N™!M & Q(B). So M= and Neo
are not in the same class under the action of Q,(%).

Now let

D
P= n Pn e .
Dy DPxn

There exists m € Z such that
puA”  *
= (= .
Fo (le)‘m * ) ¢

Clearly, Po = Pyo. Suppose that Q € () and Px and Qx are inequivalent

with respect to Q,(R). Then Q;'P, & Q(R) and Q;'P, & Gy(B). This
proves Lemma 7. O

Remarks. Lemma 4 also follows from Lemma 7 by a detailed case by case

study but the proof we give for Lemma 4 is shorter and offers more geometric
insight.

2.3. Formula for v,. We maintain the notation of the previous section.

DeriniTion.  If 8B is a non-zero ideal of Z[A], we define

(—g—) := number of solutions u in Z[A]/%® of u?> + 1 = 0 (mod R).

ProrosiTion 8. (1) If B is a non-zero ideal of Z[\] with prime factorisa-
tion B = Q... Qm, then

¥)-1l=)
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(i) With the notation as in (i),

-1 i
(E?’—) BRE! ifaj=1and Q; = 2Z[)],
0 if 4|2y,

( % ) if Q; lies over an odd prime

(iii) If B is a non-zero ideal of Z[A],

Y = (—_1)
2 EB .
Proof. Assertion (i) is an easy consequence of the Chinese Remainder
Theorem, and the proof of assertion (ii) is straightforward.

To prove (iii), we first note that the double coset G(g ‘1’) G is a finite

disjoint union of some G (‘3 Z), where a,b,d € Z[A] and ad = = (the proof

is similar to that of Proposition 5 but we need Leutbecher’s Theorem [5]).

Furthermore, (‘1’ '01) generates the subgroup of G consisting of elements

which fix i. Let x = Mi(M € G) be an elliptic point for G(B). Writing

T 0 _npfla b _
(0 1)M—B(O d) (BEG,a,b,deZ[A],ad =),

we have that

I O B R IR HH L
or

A [ A I A i Y S

(* %) is clearly equivalent to
ae (Z[A])® and b2+ a?=0(modw).

In this way we obtain a well-defined map f from the set of elliptic points of
order 2 for G,(*B) to the set of solutions u (mod PB) of

u*+1=0 (modP).
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First, we check that f is injective. Let x = Mi and y = Ni be two
inequivalent elliptic points of order 2 for G,(%), that is, MN~! & G(R).

Write
T 0 _ A" by
(0 1)M'BM(0 77'/)\’")
and
T 0 _ AT by
(0 1)N‘BN(0 17/)(’)’

where b + 1 =b% + 1 =0 (mod B) and B,,, By € G. MN~! & G((R) im-

plies that
-1
BM(O 17/)\'”)(0 w/)v') By

does not have integral coefficients. Thus

(/\’" bas )(/\ by )‘1
0 #/A"J\0 =/X\"
is not integral, whence
A"by — A"by, # 0 (mod B).
So b, /A" # by/A", and f is injective. Thus v, is at most (—1/%).

Conversely, let ¢ be a given solution of u? + 1 = 0 (mod ). Then for
suitable k € Z and a,b € Z[A], ( @ b ) i is an elliptic point for G () since

Ak )k

-1
a b)(0 -1)(a b
(c,\k Ak)(l 0 )(c)dc Ak) < Go(®).
Let c,, ¢, be two distinct solutions modulo B of u? + 1 = 0 (mod B). Then
a b a b\
1 1 2 2
o 2l %) e

for all appropriate choices of k;, a;,b;. Thus c; and ¢, give rise to two
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distinct elliptic points

a, by . a; b, _1.
c Ak )k b c, Ak )k '

of Gy(). In particular, v, is at least (—=1/%). O

Although a case by case calculation using Proposition 8 yields the following
lemma, we give an alternate short proof.

Lemma 9. If B is a non-zero prime ideal of Z[A),
0 if B lies over a prime p = 11, 19 (mod 20),
vy, = 1 lf SB=2Z[)‘]’
2 otherwise.
Proof. From equation (1), we have
3u =5v, + 10t (mod4).

From Lemmas 1 and 4, we have

0 (mod4) if P lies over a prime = 11, 19 (mod 20),
v,={1(mod4) if B=2Z[A],
2 (mod4) otherwise.

It therefore suffices to prove that v, < 2 for all non-zero prime ideals %.
Suppose that 4 € G,(B) is an elliptic elements of order 2. Then

Y | A

for some (: ’;)e G and

o [

is also an elliptic element of order 2 in Gy(B).



THE HECKE GROUP G 649

We claim that if X is an elliptic element of order 2 in Gy(), then X is
conjugate to A or B in G(B), so that v, < 2. Suppose

=) )

is an elliptic element of order 2 in G(*8), for some (’z‘ y ) € G. We observe

that
-1
x y\fa b a b\(x y| _
(z w)(c d) A(c d)(z w) =X
_1 _—
x y a -—-b a -—bilx Yy
(z w)(—-c d) B(—c d)(z w) =X
with
sl ) e )
z wllc d zd —we )
o (S R R
y wl\-c d T \lzd +we x )
Note that

—z2=w? (mod B), —d?=c?(mod R).
Because B is a prime ideal, we have
B|(zd + we) or B|(zd — we).

This proves that X is conjugate to 4 or B in G,(B). O
In view of Proposition 8 and Lemma 9, we have the following lemma:

Lemma 10. If B = Q{ ... Q%m is the prime factorisation of the non-zero
ideal B in Z[)], then

v, = 2®e(R),
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where
(%) 0 if 4| or some Q; lies over a prime = 11,19 (mod 20),
8 3
1 otherwise
and

8(B) = number of j for which £; lies over a prime = 1,9 (mod 20) or Q; = (\/g)

2.4. Formula for v. First, we introduce the following notation.

DeriniTION.  If B is a non-zero prime ideal of Z[A],

(S—%—) := number of solutions u in Z[A]/% of u? + Au + 1 = 0 (mod B).

The proof of the following proposition is omitted since it is similar to that
of Proposition 8.

ProposiTioN 11. If B = Q... Q%m is the prime factorisation of the
non-zero prime ideal of Z[A), then

»- ()= )

LemMma 12. Let B be a non-zero prime ideal of Z[A].
@ If B=(5), then

(?%—)=1 and (%)=Oifa>l.
i) If B # (/5), then

( A )_ {2 if B lies over a prime p = 1 (mod 5),

‘/RT 0 if B lies over a primep = —1, + 2 (mod5)

and

)-8
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Proof. (i) follows directly by considering the congruences
x2+Ax+1=0(modV5) and x2+Ax +1=0(mod5).
It remains to prove (ii), which follows by a case by case application of
Proposition 11. It is easier to determine v for the case when % is a non-zero
prime ideal if we follow the proof for the number of inequivalent elliptic
points of order 3 for the congruence subgroup I'(N) of the modular group

PSL,(Z) found in §1.6 of [9].
Put { = e>™/% 4 = Z[Al{] = Z[{], and

L= (Z[A])? = {(’y‘) X,y € Z[/\]},

A P

where % = (). Denote by S; the set of all elliptic elements of G of order 5
conjugate to (q . )1 (j =1,2,3,4) under G.

For every 0 € §; U S, U S, U §,, we consider L as a (Z[A])[o]-module.
Since (Z[AD[o] is isomorphic to A4, and A is a principal ideal domain, there
is a Z[AJ-linear isomorphism f of 4 to L such that f({x) = of(x) for all
x € A. Now let T be the set of all Z[A]-linear isomorphisms of A4 to L. Then
T is a disjoint union of the subsets

T,={feT:f({x)=ocf(x)withoe S} (j=1,2,3,4).
If a € M,(Z[A]) has determinant A/, then
feTl eafe T.
For f € T,, we put J = f~}(L_). Since
Gy(®)={yeG:yL,=L,},

we see that the element o satisfying f({x) = af(x) belongs to G(*B) if and
only if J is an ideal of A4. Note that

Z[{]/7 = Z[A]/(m).

As in [5], there is a one-to-one correspondence between J and the conjugacy
class of o in Go(B). DO
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Remark. 1In the modular case, the above calculation also works for v,.
However for Gs, it does not work for v, because the ring of integers of
Q(/—1, 1) is not a principal ideal domain.

By Proposition 11 and Lemma 12, we obtain the following.

Lemma 13. Let B be a non-zero ideal of Z[A] and let B = Q... Qom
be its prime factorisation. Then

Vs = 2A(SB)E(§’B)’

where

E(%) = 0 if 5|B or if some Q; lies over a prime # 0,1 (mod5),
1 otherwise
and
A(®R) = number of j such that £, lies over a prime =1 (mod5).

The main result of this paper is the following theorem.

THEOREM 14. If B is a non-zero ideal of Z[A), then u, t, v, and vy for
G () is given by the expressions in Lemmas 1, 7, 10 and 13 respectively.
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