INVARIANTS FOR COMMUTATIVE GROUP ALGEBRAS

BY
WARREN MAY

Let K be a commutative ring with identity and @ an abelian group. Then
the structure of K@ as a K-algebra depends to some extent upon the primes
p for which the torsion subgroup of G has non-trivial p-components and the
relationship of these primes to the arithmetic of K. The case in which these
primes are not invertible in K has been investigated in [2] and it was seen that
the algebraic structure of these p-components is intimately connected with
that of the algebra. If the ring K is especially nice, namely an integral ex-
tension ring of the integers, then it is shown in [3] that the isomorphism class
of K@ determines the isomorphism class of G, hence this latter class is a com-
plete set of invariants for commutative group algebras over K.

In this paper we consider a case at the opposite extreme. Take K to be an
algebraically closed field and G' an abelian group having no element whose
order is equal to the characteristic of K. Then all primes of the type men-
tioned above are invertible in this ring and so we should expect the structure
of K@ to be related only weakly to that of G. Of course when @ is finite it is
well known that K@ is isomorphic to the direct product of n copies of K where
n is the cardinality of G, hence in the finite case the cardinality of G (or the
dimension of KG) constitutes a complete set of invariants. We shall show
that in general, a complete set of invariants for the structure of KG consists
of the cardinality of Gy and the isomorphism class of G/G, (where G, is the
torsion subgroup of G). Moreover we shall say something about how these
invariants can be determined from the algebra.

For the rest of this paper, K will denote an algebraically closed field. In
addition we shall tacitly assume that every group considered will have no
element of order equal to the characteristic of K.

ProrosiTioN. Let G be an abelian group with torsion subgroup Go. Then

KG = KGy, ®x K(G/Go).

Proof. Define H = Gy X (G/Go). Since KH == KG, ® x K(G/Gy), it will
suffice to show that KG = KH. This will be accomplished by finding a group
of units in KH which is isomorphic to G and is a K-basis for KH. First we
must choose a certain generating set for G.

We wish to construet a family of subgroups of @, {G.}, indexed by some ini-
tial segment of ordinals. Start with G,. Define G,41 to be the subgroup
generated by G, and an element g, ¢ G, in case G, # G. If @ is a limit ordinal,
define Gy = Ug<ca Gs. Then G = U, G, . Now for each o, let n, be 0 in case
{(90) n G, = {1}, otherwise let n, be the least positive integer such that
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ga® € Go . Tinally, for each a, we may choose v, and ¢, , where v, is a word
in{gs|B < o} andt, e Gy ,such that gz* = v.t,. Thisissosince Go u{gs|B < a}
generates G, . It now follows from the nature of the choices made that G is
isomorphic to the group generated by G, u {g.} subject to the relations
{92“ = Va ta}-

We claim that G/Gy can be given by generators {h.} subject to relations
{ha® = w,} where w, is the same word as v, , but with the ¢’s replaced by cor-
responding h’s. Define h, by e = go Go. Then clearly {h.} generates G/Gy
and ha* = w, is satisfied for every a. To show that these are actually defining
relations for G/G, , it is sufficient to verify that if 0 < m < n, (or just 0 < m
in case n, = 0), then hy ¢ G,/G,. But this follows immediately from the
definition of n, . Hence H is generated by Gy u {h,} subject to the relations
{ha® = w.}.

Next construct units ¢, in KGp of augmentation 1 (augmentation means
sum of coefficients as an element of KH). Start with ¢o = 1. Now suppose
cg has been defined for all 3 < a. Let w., be the same word as w, , but with
the h’s replaced by corresponding ¢’s. We shall show that ¢, ¢ KG, can be
chosen such that ¢"* = we, ¢, and c, is a unit of augmentation 1. Now there is
a finite subgroup Gy of Gy such that wy t, e KGy. Because of our hypotheses
on K and G, we know that KGy = K? where ¢ = | Go |. But we may take
arbitrary roots in K? hence there exists ¢ ¢ KGy such that ¢™ = we t,. If
the augmentation of ¢ is a ¢ K, then the augmentation of we 1, being 1 implies
a™ = 1. Therefore ¢, = a 'c satisfies the desired conditions. (Note it is a
unit since a product of units.)

Now define elements fo, ¢ KH by fo = ha ¢ . Let u, be the same word as
Ve , but with the ¢’s replaced by corresponding f’s. Then w, We = U, and S0
fa¥ = Uat.. Since each f,is a unitin KH, we may consider the group of units
in KH generated by Go and {f.}, callit U. For each «, let U, be the subgroup
generated by Gp and {fs | 8 < «}. In order to show that U is isomorphic to G
(where f, corresponds to g. and u, to v,), we must show that fa ¢ U, for
0 < m < mg4 (orjust 0 < min case n, = 0). So consider the map ¢ : KH —
K (G/Gy) induced by the projection of H onto G/G,. Then since each ¢, has
augmentation 1, we have ¢(c.) = 180 ¢(fo) = ho. Therefore fo ¢ U, would
imply he € Go/Gy contrary to fact. Hence U =2 G.

All that remains is to show that U is a basis for KH. The linear subspace
generated by U is the same as the subalgebra generated, hence ¢, and f, in this
subalgebra imply h, is in it and so the subspace is all of KH. Now let oy,

-, ap, be finitely many indices and define V to be the group of units generated
by Goand fay, *** , fa,. Then to show U is a K-independent set, it suffices
to show such a V is, since any finite subset of U is contained in such a V.
In addition, define W to be the group of units generated by Goand ko, , « + + , ha, -
Because Gy is the torsion subgroup of W, we may choose words y1, «+ -, ¥ in
hays *** , ha, such that

W =G Xy X - X {yw)



INVARIANTS FOR COMMUTATIVE GROUP ALGEBRAS 527

as an inner direet produet where each (y;) is infinite cyclic. Now let x; be the
same word as y;, but with the 2’s replaced by corresponding f’s. Then if ¢
is as previously, we have

(V) = () X -+ X (g

and Gy is the kernel of . Moreover ¢(x;) = y; for each 7 allows us to conclude
that

V=G X @)X+ X {x
as ap inner direct product where each (x;) is infinite cyclic. Let v be a K-
linear combination of elements from ¥V and suppose that y = 0. We can
write ) ‘
v = 2Bzt - ait
for certain B ¢ KGy. It follows that
v = 26 Bateyit

for certain units ¢y ¢ KGy. Since 31, « -+, yr are algebraically independent
over KGy (because of the decomposition of W), we must have B cuy = 0
for all (¢). But then 8y = 0 for all (¢) and hence the coefficients of v, which
are the coefficients of the various 8’s, are all zero. Therefore V is a K-inde-
pendent set. ||

It will be convenient to express the following lemma in terms of K -algebras
of a certain type. We require all idempotents to be non-zero.

LemMA 1. Let A and B be two commutative K-algebras which are algebraic,
have trival nilradicals, and are such that every idempotent decomposes into a sum
of two orthogonal idempotents. Then if A and B are both of countable dimen-
ston, they are isomorphic.

Proof. We shall show that A is a certain direct limit of subalgebras. But
this direct system will be seen to be independent of A up to isomorphism.
Hence we will conclude A = B.

A has infinitely many idempotents from the hypotheses. To see that there
are countably many, select a countable K-basis for A, say a;, az, -+ . Let
A; be the subalgebra generated by a1, -+, a;. Then 4, € 4, C --- and
A = U;A;. Moreover, A algebraic implies that each A; is finite dimensional,
hence we may conclude that 4; =2 K™ since K is algebraically closed and
A;has trivial nilradical. In particular, 4; has only finitely many idempotents
and so A has countably many. Let fi, fo, - -+ be the distinct idempotents
of A which are different from 1.

We now want to choose certain idempotents in A. These idempotents
will be written e, where the index « is a finite sequence of 1’s and 2’s. We
put | @ | equal to the number of terms in the sequence. To begin with, let
1 = e, + e be a decomposition of 1 into orthogonal idempotents. This
defines ¢; and e, .  Now suppose that e, is defined for all & with |« | = n and
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that, moreover, 1 = D |aj—n €4 is & decomposition of 1 into orthogonal idem-
potents. For each o with | a| = n, consider

€y = eafn + ea(l - fn)-

Suppose first that both right hand summands are non-zero. Then define
et = €ofn and eae = €,(1 — f,). In this case, let us say e e I;. If either
summand above is zero, then take e, = e, + €42 to be any decomposition of
€. Incasee,fn = 0, let us say a ey, and in case e,(1 — fu.) = 0, let us
say a €I;. Hence we have chosen e, for || = n + 1 and moreover it is
clearthat 1 = Y |ajmnt1 €ais a decomposition of 1 into orthogonal idempotents.

Now let S, = @|4j=n Keo. Then S§; C S; C --- are subalgebras of A
and the inclusion map S, — 8,4 is determined by the decompositions
€x = €41 + €qs for all @ with | @ | = n. The direct system of {S,} under the
inclusion maps is therefore independent of A up to isomorphism. We will
be finished if we can show that the limit, S = U, S,, is A. By the local
structure of A which we have previously examined, it is sufficient to show
that f, ¢ S for all n. But we have

fn = fn(ZIalmn ea) = E|a|='n eafn = Zlalsn,adl eafn -+ Zlals-n.aerz (4
= Z|al=n.ae11 €a1 + Z|a|=n,aera €a .

This is an element of S,41. |

CoroLLARY. Let G and H be countably infinite torsion abelian groups.
Then KG = KH.

Proof. Given a e K@, then a ¢ KG; for some finite subgroup G; C G.
Hence o is contained in a finite-dimensional subalgebra, and moreover it
cannot be nilpotent unless zero. Suppose « is idempotent. We may select a
finite subgroup G, 2 Gy, but G: ¥ G,. Every minimal idempotent in KG;
decomposes in KG,, hence so does . The hypotheses of the lemma are
therefore satisfied by KG (and KH). ||

This corollary has been proved by S. D. Berman (see [1, Theorem 5]).
The author has not seen Berman’s proof, but it seems reasonable to include
the lemma for completeness and since the approach to the problem may
differ. Of course there is a bonus result implicit in our considerations, namely
that any algebra of countable dimension which satisfies the “local” conditions
of the lemma is seen to satisfy the “global” conclusion that it is a group al-
gebra. It would be interesting to know whether the restriction on the dimen-
sion can be dropped.

LemMA 2. Let G be a torsion abelian group with subgroup H of index n.
Then KG == (KH)" as KH-algebras.

Proof. Choose a finite subgroup G; such that GiH = G and put
H, = GynH. Then (Gi:H;) = n and it is known that KG; =~ (KH,)" as
KHi-algebras. Letai, - -, a, be orthogonal idempotents in KG, giving such
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a decomposition as a KH;-algebra. Note that if 3 ¢ KH; and Ba; = 0 for
some %, then 8 = 0. We claim that KG = @{KH-a;. This follows since

S>PKH-o; DKH-Y .} KHy-0; = KH-KG, = KG

and because the a’s are orthogonal. Let 3 e KH be such that fa; = 0. If
we can show this implies 8 = 0, then KH -o; =2 KH and we will be finished.
Choose {h;} to be a complete family of representatives of cosets of H, in H.
Then 8 = _;h;B; for certain 8; e KH,. Now 0 = By = 2., h; 8o
implies 8; a; = 0 for all § since B, a; ¢ KGy and {h;} are coset representatives of
G;in G. Hence 8; = 0 for all j as remarked earlier and so 8 = 0. |

Lemma 3. Let G and H be p-primary abelian groups such that | G| = | H |.
Then KG =~ KH.

Proof. If G and H are finite, then the result is true, hence we may assume
both are infinite. It suffices to consider G = @; Z, where I is an index set
such that |I | = |H | (for then |G| = |H|). Let J be an index set with
|J|>|I]|and put M = @,;Z,. Consider triples (Mo, ¢a, Ha.) where
M, is a subgroup of M, H, is a subgroup of H, and ¢,:KM, — KH, is a
K-isomorphism. Order in the obvious fashion and select a maximal such
triple by Zorn’s lemma, call it (M’, ¢', H'). We claim H’ = H. If not, let
H” be generated by H’ and an element of H outside H’. Then (H":H') = p"
for some r > 0 and KH” =~ (KH')®" as KH'-algebras. But KM' =~ KH’
implies | M’ | = | H'| < | M | and hence there is a subgroup M” of M such
that M” D M’ and (M":M’) = p". We have KM" =~ (KM’)?" as KM'-
algebras and therefore there exists an isomorphism ¢” :KM" — KH" extend-
ing ¢’. This contradicts the maximality of (M’, ¢', H') and so H' = H.
Butnow | M’ | =|H|=|I|impliesM’' = ®;Z,andso M’ = (. Therefore
KG=KH. |

LemMA 4. Let G be a p-primary and H o q-primary abelian group. Then
| G| = | H| implies KG = KH.

Proof. By the previous lemma it suffices to consider the case G = @; Z,
and H = @, Z, where I and J are infinite index sets such that | I | = | J |.
Consider triples (G. , ¢« , Ho) where G, is a subgroup of G, H, a subgroup of
H, and ¢.:KG, — KH, a K-isomorphism. As before select a maximal triple
(&, ¢', H'). Suppose first that (G:G') = » and (H:H’) = «. Then
there exist subgroups @ 2 & and H” D H’ such that G”/G’ and H" /H' are
countably infinite torsion groups. Moreover @ and H’ are direct summands
of @ and H” respectively so that we may write @° = @ X L and
H” = H' X M as inner direct products for some subgroups L = G”/G’ and
M =~ H”/H'. By the corollary to Lemma 1, there is a K-isomorphism
v:KL— KM. Hencey andy induce a natural isomorphism from KG' ® x KL
to KH’ ®x KM. By combining this with the natural isomorphisms of
KG” and KH” with the corresponding tensor products above, we get an iso-
morphism ¢” :KG” — KH” which extends ¢’. By contradiction, one of the
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indices, say (G:G’), must be finite. But then |G| = |G| and so G = ¢
since the dimension of a vector space over a finite field is determined by the
cardinality of the vector space. Furtherwehave |H'|=|G'|=|G|=|H|,
hence H = H’. Therefore KG = KH. ||

Let G be an abelian group. Then the maximal algebraic subalgebra of KG
is KG, where G, is the torsion subgroup of G (see [3, corollary to Lemma 2}).
Hence the cardinal number | G, | is algebraically characterized as the dimen-
sion of this subalgebra. Now let :KG — K be a “splitting” (i.e., a K-homo-
morphism) and let I be the ideal of KG generated by the intersection of the
maximal algebraic subalgebra with the kernel of 2. Then G/, is isomorphic
to the group of units in KG/I modulo the multiplicative group of K (see [3,
corollary to Proposition 4]). Hence G/Gy can be deduced algebraically from
KG, although not canonically.

TuroreM. Let K be an algebraically closed field and G an abelian group with
torsion subgroup Gy having no element of order equal to the characteristic of K.
Then a complete set of invariants for KG as o K-algebra is | Gy | and the iso-
morphism class of G/Gy.

Proof. TFrom the preceding discussion we see that if KG' = KH for another
such group H, then | Gy| = | Ho| and G/G, = H/H,. Conversely assume
that | Gy | = | Ho | and G/Gy = H/H,. We must show that KG = KH. By
the proposition, it suffices to show that KG, =< KH,. In case G, and H, are
finite, it is trivial so we may assume they are infinite.

Let q denote a fixed prime (different from the characteristic of K) and let
p denote arbitrary primes. It will suffice to show that KG, = K(®; Z,)
where I is an index set such that | I | = | Go|. Write Go = @, G, where G,
is the p-primary component of Gy. Let Py = {p||G,| < o=} and
P, = {p||Gy| = }. For each peP; let J, be an index set satisfying
| Jo| = | Gp|. First suppose that P, = @. Then Gy is countably infinite
and so by the corollary to Lemma 1 we have KGy, = K(®:Z,). So now we
may suppose that P, = @. Then by Lemma 4,

K(®p,Gp) = @5, KG, = ®7, K(®,,2Z,) X K(®p, ®,,7Z,) = K(®,Z,)
where | J | = supp, | Jp| = |Go| = | I|. Hence
K(@Pz Gp) gI{(@Izq)

and we are finished if P, = §. So assume finally that P, = @. Partition I
into a family of subsets {I, | p ¢ Py} such that every I, is infinite. Then we
have

KG=K(®, &) ® K(®p,Gp) = K(®p, Gy) ® K(®:2Z,)
>~ K(®r, (G, ® ©1,Z,)) XK(®5,(Gp, ® ®1,%,)) X K(®p, ®1,2Z5)
= K(®p, ®1,2Z,) X K(®:1Z,)

since p e Py implies |G, @ @1, Z,| = | @1, Z,]. |
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