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Introduction

Let ¢ be a complex linear character of a subgroup H of a finite group G.
In [2], C. W. Cur.is and the author exhibited a basis and corresponding struc-
ture constants for the endomorphism ring E of a module affording the induced
character °. In this paper we attack the same problem at characteristic p.

Section one establishes a relationship between the endomorphism ring E
with an endomorphism ring at characteristic p related to ¥, while section two
examines the decomposition theory of E relative to that of the group-algebra
of G.

The following notations will be used throughout this paper:

a finite group of order | G |

a subgroup of G of order | H |

a p-adic number field containing the | @ |™ roots of 1
the ring of integers in K

the maximal ideal of R

the residue class field R/P

a linear representation of H in K

the idempotent | H | D pex ¥(A ")k in KH
the right KH-module eKH

the right KG-module eKG

the endomorphism ring eKGe.

MEES SN NG D

Observe that the KH-module M affords the representation y, and
N = eKG~¢KH ®xz KG = M®. Finally, E = ¢eKGe ~ Endg¢(N), where
we view FE as operating on the left of N. For additional notation and terminol-
ogy the reader may consult [2] and [3].

The following is a routine result about orders, modules and endomorphism
rings which sets the stage for our discussion.

(0.1) ProposiTiON. Let R be a noetherian domain with quotient field K and
let A be a finite-dimensional K-algebra with R-order A’. Suppose L is a right
A-module and L' a finitely generated right A’-submodule of L such that L'K = L.
Then every A’-endomorphism of L' can be extended uniquely to an A-endo-
morphism of L, and under this embedding End 4, (L") is an R-order in End,(L).

1 This paper is a portion of a Ph.D. Thesis by the author submitted to The University
of Oregon, August, 1968.
Received July 14, 1969.
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144 T. V. FOSSUM

‘We include the following result [2, Theorem 2.2] giving a basis and structure
constants for £ = eKGe.

(0.2) TurorEM. Assume G,H,y are as above. If {g.} is a set of representa-
tives of the distinct (H ,H )-double cosets HgH for which ¢° = ¢ on H®, then the
set of a; = (ind gs)eg; e is a basis for E. Moreover if a;0; = 9 i aijn O , then
the constants of structure a.ijx are all algebraic integers in K.

Recall that H = ¢g7'Hg n H, ind g = [H:H), and ¢°(h°) = ¢(h) for
heH,geQ.

1. Modular endomorphism ring

Clearly N is an (£,KG)-bimodule. By Theorem 0.2, the set £’ of all
R-linear combinations of the elements {a;} is an R-order in E. Our aim is to
reverse the idea of Proposition 0.1 and identify in N a right RG-module N’
whose endomorphism ring is £’

(1.1) Lemma. Let G = UHz, (disjoint), v = 1. Then N = eKG has a
K-basis ® = {ex:}. Let N' = Y Rex:,i.e., N' is all R-linear combinations of
elements of ®. Then restricting the domains of operators on the left and right to
E’ and RG respectively, N’ is an (E',RG)-bimodule.

Proof. Since G = UHz;and N = ¢KG, M® ~N = D Mu; (direct sum).
But M = ¢KH = K -e because M is one dimensional. Hence N = 2 K-ex;
(direet sum) and ® is a K-basis. Now suppose ¢ € G and ex; e 8. Write
2;9 = hx; for h e H; then

(exi)g = e(xsg) = e(hx;) = (eh)z; = Y(h) -exjeR-ex; C N'.

Thus N’ is a right RG-module. Finally we compute the action of E’ on ele-
ments of ® ForfeFE', if fle) e N’ then flex;) = f(e)x: ¢ N’ since N’ is a right
RG-module. Hence it suffices to check what elements of E' do to e. Observe
that E = ¢KGe acts on N by left multiplication. Suppose a; € E’ is an R-basis
element. Then a; = (ind g)ege where we write g; = ¢ to simplify notation.
Consider a; e = (ind g)ege’ = a;. Thena;eeKG = N. Let H = UH"p,
(disjoint). Nowe = | H [ D ser ¥(h ")k s0 that

(ind g)eg{| H [™ 2pen ¢ (h 7))

= |HO [Teg{ L v(2 )N}

| HD |Zegl S emeor 1 W (h* K hh)

| H® |{ Zneror o $(hi ) (h)eghhu)

= |HO [ Lheror s (B (Wb ghi}

= [H? [ Xhentor s WR W Veghid

(since Y € H)

2okt (b eghid | HO |7 Lhemor W(h Y (h)}.

I

a;

i

It
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But ¢° = ¢ on H so by the usual orthogonality relations,

IH({’) I~ D nery $(BIW(R) = 1.
Thus

(1.2) aje =a; = 2 o ¥(hi)eghi e N/

since each ¢(h;') € R and each eghi e N'. Now E' is generated over R by the
set {a;}, so (1.2) shows that N’ is a left E’-module. Clearly then N’ is an
(E',R@)-bimodule, as desired.

Observe that N’ = eR@ is a subset of eKG, and N’ is independent of the
choice of coset representatives. We will assume that N’ and E’ (see the
beginning of this section) are fixed in what follows.

(1.3) Lemma. N’ is a faithful left E'-module.

Proof. SupposefeE' € E = Endge(N). IffN’ = Othen0 = K-fN’' =
f-KN' = fN sof = Osince N is clearly a faithful left E-module. This proves
the lemma.

Let 6 be any RG-endomorphism of N’.  Then by (0.1) there exists a unique
KG-endomorphism 6" of N which extends 6 such that 6" (kn) = k6(n) for
keK,neN'.

(1.4) LEMMA. Let 6 € Endze(N') and write 6 = > jerBiaj, B, € K, where
6" is the extension of 0 to a KG-endomorphism of N. Then each B8; ¢ R so that
0" ¢ E'.

Proof. Since 6" extends § and ¢ e N',
Zm Bia; = Ziei Biai(e) = 6"(e) eN'.

By (0.2) the support of a; lies in the double coset Hg; H (viewing elements in
KG as functions from G to K). For 7 = j the support of a; is disjoint from
the support of a; . Thus in examining 2 ;s 8; @; we need only consider one
(H,H)-double coset at a time. Let j be fixed and write ¢ = g;. By (1.2),
we have a; = 2 i ¥(hi )eghy where H = UHh, (disjoint). For each %
write ghy = di %:a) , dv € H, where G = UH.r; (disjoint) as in Lemma 1.1.
(Then we also know that ® = {ex;} is an R-basis for N’.) We then obtain

a; = D2 v(hieghe = i W(hi )Y (d)eig) -

Now Hz;qy = Hz;iomy implies Hghy, = Hgh,, which implies h; and h., are in the
same right coset of H @ so k = m; k — i(k) is therefore one-to-one. Now
since ® is an R-basis for N’ and D, 8, @, ¢ N’ the above formula implies that
B;a; € N' for each j. Clearly

Bia; = 2 Biv(hat ) (di)ewie

so since ® = {ex;} is an R-basis for N’ and k¥ — (k) is one-to-one,
each 8; ¥ (hx " )¢¥(di) e R. But y(hz )¢ (ds) is a unit in R for each k, and so
each 8; ¢ R. This shows that 6 ¢ E/, and proves the lemma.
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The preceding lemmas combine to prove the following:
(1.5) TurorEM. E’ =2 Endgze(N').

Proof. For feE' C E define the restriction fy of f to N’. By (1.1),
fv € Endze(N'). Lemma 1.3 implies that f — fy is a monomorphism. Fi-

nally (1.4) shows that the mapping is onto End, (N’). This proves the
theorem.

For the remainder of the paper we set E” = E'/PE’, the P-residue class
algebra of ', and N” = N’/PN’.
It is obvious that N” is an (E” , FG)-bimodule since FG ~ RG/PG. The
following allows us to identify E” as a subalgebra of Endgse(N”).

(1.6) LEmmA. N7 1s o faithful left E”-module.

Proof. Since R is a principal ideal domain, P = =R for some 0 # = ¢ R.
Thus E” = E'/wE’, N” = N'/x=N’, etc. Suppose 6§ + =E’' e¢E” with
0 e E' C E and assume (6 + 7E')N” = 0,i.e., 6N’ c =N’. Consider 770 ¢ E.
Then (7 0)N’ < « *(«N’) = N’ so by the proof of (1.4), 70 ¢ E’. But
then 6 = (7 '0) ewE’ s0 0 + 7E’ = 0in E”. We conclude that N” is faith-
ful.

(1.7) CororrarRY. There s an algebra monomorphism of E” into
Endpg(N ”).

We wish to know the structure of Endre(N”) in order to examine the strue-
ture of N”. In particular we would like to know when the monomorphism
of (1.7) is actually an isomorphism. This is just a dimensionality problem
which we proceed to settle.

Since ¢ defined on H has values in R we can consider the residue class func-
tion ¢ : H — F* defined by ¢(h) = ¥(h) + P. (Each ¥(h) is a unit in R so
Y(h) ¢ Pforallh e H.) Clearly ¢ is a linear representation of H in ¥ = R/P.
Moreover M” isaright FH-module which affords the representation ¢ defined
above, where M’ = eRH and M” = M'/PM’.

(1.8) LEMMA. As right FG-modules, (M”)¢ = N”.
Proof. By definition, (M”)¢ = M” ® pz FG. Define

Fi1M” X FG — N”

via f(re + PM’,a) = (re + PN')a,r e R,a ¢ FG. (Recall that M’ = R-e.)
This is well defined since PM’ < PN’. Clearly f is FH-balanced. Thus
there is an FG-homomorphism

f:M" @ FG—N".

But N” is generated over FG by e + PN’ = f(e + PM’ ® 1) so f is an epi-
morphism. Finally since M” is one dimensional over F, the dimension
((M”)®:F) is just [G:H] which in turn is the dimension (N”:F). Thusfis
an isomorphism.
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(1.9) Cororrary. The F-dimension of Endpe(N") is the number of (H ,H)-
double cosets HgH in G such that & = ¢ on H?.

Proof. Since N” = (M”®) by (1.8) and M” has character ¢ we may apply
the Intertwining Number Theorem [3, (44.5)] to obtain the desired result.

(1.10) TurorEM. The following statements are equivalent:

(a) The F-algebras E” and Endre(N”) are isomorphic.

(b) ForeachgeG,ife’ = oon H® theny’ = y on HO.

(c)( ) For each g € G, if ° = ¥ on the p-regular elements of H®, then ¢* = ¥
on H?,

Proof. By (1.7), E” ~ Endre(N”) if and only if the dimensions (E”:F)
and (Endgq(N”):F) are equal. But (E”:F) = (E:K) and by (0.2) this is
the number of double cosets HgH for which ¢* = ¢ on H®. Clearly ¢° = ¢
on H® implies ¢° = ¢ on H”, so that by Corollary 1.9, E” ~ Endre(N”) if
and only if (b) holds.

Let m be the p’-part of | H|. By assumption, K contains a primitive m*™
root of unity (contained also in R) which reduces modulo P to a primitive
m™ root of unity in . Moreover w <> w + P is a group isomorphism of m*
roots of unity between K and F.

Assume first that ¢’ = ¢ on H?. If he H? is p-regular then ¢°(h) and
¥(h) are m™ roots of units in K such that

V(h) + P = ¢(h) = o(h) = ¢¥(h) + P.

By the isomorphism w <> w + P we conclude that ¢°(h) = ¢(h). Therefore
¥’ = ¢ on the p-regular elements of H. On the other hand assume y° = ¢
on the p-regular elements of H @ Choose any h e H @ and write b = hy hy
where h; is p-regular and h; is p-singular. Since both ¢’ and ¢ are homo-
morphisms of H” into F and F has characteristic p, both contain the p-singular
elements in their kernels. Therefore

&°(h) = ¢ (h) = ¥’(m) + P = ¢() + P = o(l) = o(h),
SO
¢o =¢ on H(a)‘

This proves the equivalence of (b) and (¢)
(1.11) CoroLrARY. If p 1s relatively prime to | H | then E” ~ Endge(N").

(1.12) CororrarY. If H is a p-group then E” ~ Endre(N”) if and only
' =yYon H? forall g e G.

Examples. Let G be a group and suppose & is an element of G of order p.
Let H be the subgroup of G generated by h and assume Co(H) = Nq(H),
where C¢(H) and N ¢(H) are the centralizer and normalizer of H, respectively.
Then for each ¢ € G either B = hor H® = {1}. (Note that Ce(H) = Ng(H)
if G is a p-group.) Thus for ¥ any linear KH-character, ¥°* = ¢ on H@ for
all g e G. Note that the corresponding FH-character ¢ is the 1-character
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since H is a p-group. Thus there may be many KH-characters ¢ which
reduce to the same FH-character ¢.

Now let G be the dihedral group of order 8, H the cyclic normal subgroup of
order 4. Let x be the irreducible KG-character of degree 2. Then x» =
¥ + ¢’ for ¢ some linear character of H and g ¢ G, g ¢ H. Moreover ¢° # y.
By Corollary 1.12, E” ¢ Endre(N”) for p equal to 2, since in this case H is
a 2-group.

We show, as a sort of converse to the preceding development, that if we
start with a linear representation ¢ of H in F there is a representation y of H
in K such that ¢ reduces modulo P to ¢ and which satisfies the compatibility
condition (¢) of Theorem 1.10.

(1.13) ProposiTiON. Let ¢ be a linear FH-character. Then there exists a

linear KH-character ¢ such that ¢(h) + P = o(h) for all h e H and which
satisfies condition (¢) in (1.10).

Proof. Let H' be the derived group of H and write H/H' = H, & H, where
| H, | is prime to p and | H: | is a power of p. Since ¢ is a linear character of
H, ¢ factors through H/H’'. Also ¢(hs) = 1{or all h, € H; since H, is a p-group
and F has characteristic p. The elements of H; are all p-regular, so to each
hn € Hy we correspond ¢(h;) € K uniquely defined by ¢(h) + P = ¢(h).
(See the proof of Theorem 1.10.) Since w <> w + P is a group-isomorphism
between the | H; I“‘ roots of unity in K and F, ¢ : H; — K is a homomorphism.
This pulls back to a homomorphism ¢ : H — K in the natural way. Clearly
¢ is determined by what it does to the p’-elements of H, so if y° = ¢ on the
p-regular elements of H, then y* = ¢ on H”. Notice that ¢(k) + P =
o(h) for all h € H by construction, concluding the proof.

The reduction to the residue class algebras given above enable us to examine
the representation induced from a linear representation of H at characteristic
p by looking at the corresponding situation at characteristic zero: Proposition
1.13 shows how to construct a suitable representation at characteristic zero,
and Theorem 0.2 gives the structure of the endomorphism ring.

2. Modular decomposition theory
Throughout this section we assume the hypotheses and notation of Section 1.

(2.1) Lemma. M”(N") s isomorphic to a right ideal in FH (respectively
F@).

Proof. Letz = Y new (W )h e FH. Since ¢ is linear, sFH = zF and is
isomorphic to M”. Similar to the proof of (1.8) we have that zFG = (zFH)*¢
=~ (M”)° =~ N".

(2.2) TuEOREM. The right FG-module N” is FG-projective if and only if p
18 relatively prime to | H |.
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Proof. 1If pis relatively prime to | H | then e = | H | ™'z is an idempotent in
FH—where z is defined in the proof of (2.1)—and eFH = zFH =~ M”. But
then N” =~ (M”)¢ = eFH which is FG-projective. Conversely suppose N”
is FG-projective. Then N” is an FG-direct summand of a finitely generated
free FG-module, say N” @ Ny = Y, FG (direct sum). But (FG)g is a free
KH-module so that (N”)x ® (N1)g = 2 s FH (direct sum). Thus (N”)g
is FH-projective. By [3, (63.6)], M” is an FH-direct summand of (N”)y =
((M”)%)g. Hence M” is FH-projective. Now FH is quasi-Frobenius so
M” is FH-injective [3, (58.14)], and since M” is isomorphic to the right ideal
2FH of FH as in the proof of (2.1) we may conclude that 2FH = zF is a
direct summand of FH. Thus there is a non-zero idempotent ¢ in zF such
that eFH = zF, say € = za for some a € F. But then

ta =¢=¢ =2a = |H|2d
(since 2” = | H |-z) and e # 0so | H | % 0in F. Thus p is relatively prime
to | H|. This proves the lemma.

We next consider the relationships between the various E-, E'-, and E”-
modules. For convenience, define A = KG, A’ = RG,A” = A’/PA’ == FG.
Recall that, by hypothesis, R is a complete local ring, The point of view here
is influenced by Swan [4], and roughly parallels the theory for group-algebras.

Let z»® and z® denote the categories of finitely generated projective left
E”- and E’-modules respectively, 9 and g9 the categories of all finitely
generated left E- and E”-modules respectively. Similarly define 4@, ete.
For 8 any ring and 91 a category of S-modules let G(91) denote the Grothen-
dieck group of 91, i.e., the abelian group generated by all [T] with T e 9 and
with relations [T'] = [U] + [V] whenever there is an exact sequence 0 — U —
T — V — 0 of S-modules in 9.

(2.3) Construction. Consider the (E”,A”)-bimodule N”. Then (N”)* =
Hom,-(N”,A”) is an (A”,E”)-bimodule. Moreover the functors

U” = N” ® 4o and V" = (N”)* ® gr_

take A”-modules to E”-modules and E”-modulus to 4”-modules respectively.
Similarly define U = N ® ,_and V = N* ® s where N* = Hom,(N,4).

Consider the rectangle )

G(5®) —2— G(zoM)
T/ e{l d
(@) T (M)

2

defined as follows:
(a) For Q € 5@ define ¢ ([Q]) to be [Q], viewed as an element of G(z-9M).
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(b) TFor Q e 5@ let Q' be the projective E'-module such that Q' + PQ' = @
(see [3, (77.11)]), and define ¢’ ([Q]) = [Q'].

(¢) For Q € z@® define &, ([Q']) = [K ®=z Q'], an element of S(£9M).

(d) For L e z9m let L’ be any R-free order E'-module contained in L, and
define d’([L]) = [L' + PL']in G(z-9M).

The above maps are all well defined and the rectangle commutes. (See
[3, Chapter 12]).

Now consider the rectangle

G(ur®) — glurom)

T €1 Id

v

G(4®) ) > G(49M)

defined analogously.

We attempt to relate the rectangles T and T’ using the functors U”, V”,
U, and V. First note that N = eA and so N* = Ae. (Therefore N* is
left A-projective.) Moreover U(L) = N ® L = ed ® 4 L = eL as left
E-modules, E = ede. If we define U from G(,91) to §(zM) via U([L]) =
[eL] = [U(L)] we have an eplmorphlsm [2, Theorem 1.1] of abelian groups.
Moreover V from G(z91) to G(,9M) via V([L]) = [V(L)] is a splitting map
for U; i.e., the composition 0 o V is the identity map of G(z91).

To relate the rectangles T and T’ further we desire to factor the map ¢’
in some way through ¢, using the functors U” and V”.

(2.4) LemMmA. The following are equivalent:

(a) The functor V” takes projective E” -modules to projective A”-modules.

(b) The functor U” takes exact sequences of A”-modules to exact sequences
of E”-modules.

(¢) N7 1s right A”-projective.

(d) N” is right A” -flat.

(e) The prime p 1s relatively prime to | H |.

Proof. The equivalence of (¢) through (e) follows from Theorem 2.2
and the fact that in Artinian rings flat is equivalent to projective (see [1,
Theorem 3.3 (¢)]). The equivalence of (b) and (d) is by definition. Now
suppose V” takes projective E”-modules to projective A”-modules. Then
in particular V”(E”) = (N”)* ® g B” = (N”)* is left A”-projective. But
then N” = ((N”)*)* is right A”-projective. Thus (a) implies (¢). Con-
versely suppose N” is right A”-projective. Then by (2.2), p is relatively
prime to | H | and so ¢ = ¢ + PA’ is an idempotent in A”, and e4” = N”.
Thus E” = eA”e and (N”)* = A”¢. Let f be an idempotent in E” = eA”e
(by identification). Then

V”(E”f) = (N//)* ® g E’”fg A”e ®cyre (8A”8)f§ A”f,

which is clearly A”-projective. Thus (¢) implies (a). This proves the
theorem.
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(2.5) THEOREM. The maps
07 : g(uM) = G(wM) and V" : G(s®) — G(4r®)

given by 0”7 ([L]) = [U”(L)] and V”([Q]) = [V"(Q)] are well defined if and
only if p s relatively prime to | H |, and in this case the following diagram com-
mutes:

c

G(40®) Q(A”m)

N 4

G(a®) —2 g(uom)
-v” -[7)[ Ul/

S(z®) —e—;—> S(M)

er \%
N

Q(E”(-P) ’ g(E"m)

c

Proof. The first part of the theorem follows immediately from (2.4).
Commutativity is easy to check.

One can interpret Theorem 2.5 as giving some information about the trans-
formations ¢ and d’ in terms of the corresponding transformations ¢ and d.
One can also use the above relationships to obtain information about the
block decomposition of E” in terms of the decomposition in 4”.

(2.6) CororrarYy. Let My, -+, M, and Ny, ---, N, be complete sets of
(non-isomorphic) simple modules in 4N and 49N, respectively, arranged so that

UMy, -, UM,) and U”(Ny), ---, U"(Ny)
are complete sets of simple modules in g9 and g, respectively. Then
(M, -+, [M;] and [Ni, ---, [N
are bases for G(4M) and G (4 ), respectively, and if

dM] = D i dijIN ] 1=i=7)
then
dUM:)] = 2235 di{U” (N )] 1=is7r).

Proof. By (25),d = 0”dV, so that for 1 < ¢ < 7/,
dUM)] = 07aVIU(M.)]
= 0"d[VU(M)]
= 07dM]
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= 07 D %=1 dif[NJ]
= 25 di[U”7(N )]

Here one checks that VU(M;) ~ M, for 1 £ ¢ < +, and that U”(N;) = 0
unless1 £ 7 = s.

(2.7) CorrOLLARY. Let Ny, ---, N, be as in (2.6), and let Q,, --- , Q;
be a complete set of (non-isomorphic) indecomposable modules in 4»®, arranged
sothat Q;/JQi;~N;forl <1 =s(J = J(A")). Then U" (@), --- ,U"(Qs)
18 a complete set of indecomposable modules in z»®, and #f

Qi = 2jar ciiNj] (1

dIU"(Q0)] = 2i=1 eiilU” (N 3)] (1=i=9).
Proof. Similar to the proof of (2.6).

IIA

1 £ 8)
then

Example. Let G = Dg, the dihedral group of order 12, generated by
elements ¢ and b with relations a® = b* = baba = 1. Let H = {1, b}, a
subgroup of order 2. For K take Q(w), w a primitive 12" root of 1, so that
K is a splitting field for KG. Finally, let p = 3. Then |H | = 2, and 2 is
prime to 3 so the theorems of this section apply.

Let ¢ be the 1-character of H; thene = 1/2(1 + b) is the idempotent in
KH which corresponds to ¢, and eKGe = E is the endomorphism ring of
¢eKG.

A = KG@ has 6 simple left modules, say My, ---, Ms, four of dimension
one and two of dimension two. Of these, two one-dimensional modules,
say M, and M,, and both two-dimensional modules, say M; and M4, map
to simple E-modules under U. Now A” = F@ has four simple modules, say
Ny, ---, N4, all of which are one dimensional, and all are “reduced” from
the one-dimensional left A-modules M, , M., M5, Mg, at characteristic zero.
Of these, two map to simple E”-modules under U”, namely N; and N, (those
reduced from M, and M;). Let @, ---, Qs be the indecomposable projec-
tive left A”-modules, arranged so that Q;/JQ; ~ N;for 1 £ ¢ < 4, where
J = J(4”).

Matrices for the maps ¢ and d may be given as follows:

N. N. Ns N,

M1 0
Ml O 1
Mz 1 O
d=m] o 1
M;
M|

O | O -
—_ o = O
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N1 N; N; N,
O 2 0 1 0
Q@ 0 20 1
C =
@] 1 0 } 2 0
QL 0 110 2

By (2.6) and (2.7), the corresponding matrices for ¢/ and d’ are merely the
upper left-hand submatrices of the matrices for ¢ and d—we have been
careful to arrange the modules so that they appear in the proper order re-
quired by (2.6) and (2.7).

8N1 CNz

6M1 1 0

dl _ GMz 0 1
- eMs 1 0
eM,| O 1

eN1 GNz

c/ _ 6Q1 2 0
- eQz 0 2
Here eL denotes U(L) or U”(L), whichever is appropriate.
Observe from the matrix for ¢/, that E” has exactly two blocks. One
checks that (E:K) = (E”:F) = 4, so each block of E” consists of a single

indecomposable projective, and that each such indecomposable projective
has exactly two one-dimensional composition factors (which are isomorphic).
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