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1. Introduction

In [1], we evaluated certain Gauss, Jacobi, and Jacobsthal sums over the
finite field GF(p), where p is an odd prime. One of the main objects of this
paper is to evaluate such sums over GF(p?).

In Chapter 2, we give the basic theorems which relate the sums of
Eisenstein, Gauss, Jacobi, and Jacobsthal. In Chapter 3, Jacobi sums as-
sociated with characters on GF(p) of orders 5, 10, and 16 are evaluated, and
the values of certain Jacobsthal sums over GF(p) are determined. The
formulae for these Jacobi sums and the Jacobi sums evaluated in [1] are
utilized in Chapter 4, wherein we evaluate Jacobi and Eisenstein sums
associated with characters on GF(p?) of orders 3, 4, 5, 6, 8, 10, 12, 16, 20,
and 24. All of the evaluations in Chapters 3 and 4 are effected in terms of
parameters that appear in the representations of the primes p as binary or
quartic integral quadratic forms.

Many of the results of Chapters 3 and 4 are new, but some have been
obtained elsewhere by the use of the theory of cyclotomic numbers. (In
particular, see [7].) In contrast, our approach is via Jacobi and Eisenstein
sums, as in [1] and [15]. For our purposes, this approach is perhaps simpler
and more natural.

Another goal of this paper is to give a self-contained, systematic treat-
ment of Brewer character sums. Several Brewer sums have been evaluated
in the literature by a variety of methods. In Section 5.2, we develop a
unified theory of Brewer sums. In particular, we express generalized Brewer
sums A,(a) in terms of Jacobsthal sums over GF(p) and Eisenstein sums,
and so generalize a theorem of Robinson [23]. Our proofs do not depend
upon the theory of cyclotomy, as do most existing proofs and explicit
determinations. In Section 5.3, we apply our theory to give mostly new
proofs of known formulae for A, (a) whenn=1,2,3,4,5,6, 8, 10, and 12.

In Chapter 6, using primarily Theorem 2.7 and the formulae for Jacobi
sums in Chapter 4, we evaluate certain Jacobsthal sums over GF(p?). In
Chapter 7, using primarily Theorem 2.12 and the formulae for Eisenstein
sums in Chapter 4, we evaluate the Gauss sums 4, =Y, .gre> €™ ““/" for
k=2, 3, 4, 6, 8, and 12. Most of the results of Chapters 6 and 7
appear to be new.
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The beautiful Hasse-Davenport theorem on products of Gauss sums [4],
[9, p. 464] is often useful in evaluating character sums. For example, it is
used by Giudici, Muskat, and Robinson [7, p. 340] to evaluate the Brewer
sum A,,(a). In this paper, only a very special case of the Hasse-Davenport
theorem is used, namely Theorem 2.3, for which a very elementary proof
exists. In Chapter 8, we show how to obtain an elementary proof in other
special cases.

This paper makes heavy use of the results in [1], but together with [1],
forms an almost completely self-contained unit. Moreover, the methods are
for the most part elementary. The only non-elementary result used is
Stickelberger’s theorem [11, pp. 94, 97], for the purpose of evaluating
certain bidecic and biduodecic Jacobi and Eisenstein sums in Chapter 4.

2. Notation and general theorems

Let Q denote the field of rational numbers. Given a primitive complex
mth root of unity ¢ and an integer t with (t, m) = 1, define o, € Gal(Q(¢)/Q)
by 0,(0) =" Let Q denote the ring of all algebraic integers.

Throughout the first 7 chapters, p denotes an odd prime, and x, ¥, A, and
A denote characters on GF(p"), where GF(p") denotes a field of p" ele-
ments. We also let GF(p")*=GF(p")—{0}. The quadratic character on
GF(p") is denoted by ¢. If x is a character on GF(p") with r=2, then the
restriction of x to GF(p) will be denoted by x,. The symbols Y, and Y, .g
indicate that the sum is over all the elements « in GF(p") and GF(p")~{B},
respectively. When a Roman letter is used to denote an element of GF(p")
instead of a Greek letter, it will always be the case that r=1.

The Gauss sum G,(x) is defined by

G,(x) =Y, x(@)e*m =@,

where tr(a)=tra=a+a?+a”+---+a”". If x is nonprincipal, G,(x)
satisfies the fundamental property [10, p. 132]

(2.1) G, ()G, (x)=x(-Dp".
The Jacobi sum J,(x, ¢) is defined by
T06 9) =2 x(@)¢(1-a).
Put J,(x, x)=J,(x) and K,(x)=x(4)J,(x). We drop the subscript r from

G,, J,, and K, when r = 1. The following two results are basic properties of
Jacobi sums [10, pp. 93, 133].
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THEOREM 2.1. If x is nonprincipal, we have J,(x, X) =—x(-1).
TueoreMm 2.2. If x, ¢, and x{¥ are nonprincipal, then

G.(x)G ¥
G.(x¥)
In particular, by (2.1), |J,(x, ¥)|=p™.

T ()=

The following two theorems are proved in [1] for r =1; the proofs of the
more general results follow along precisely the same lines. Theorem 2.3 is a
special case of a theorem of Davenport and Hasse [4], [9, p. 464] which will
be further discussed in Chapter 8.

Tueorem 2.3. If x is nonprincipal, we have K, (x)=J.(x, ¢).
THeEOREM 2.4. Let x have even order 2k. Then

() KO0)=o-DK "™,
(i) K.00=xDI06 x“.

The following result is well known and easily proved [8, p. 82].

Lemma 2.5. Let f(x)=ax*+bx+c, where a, b, and c are integers. Let
d =b*—4ac. Then if p X ad,

fm\_ _(@
z,:’ ( p ) (p)
Let n be a positive integer and let B e GF(p")*. The Jacobsthal sum
¢..B)=,(B) is defined by
$.(B)=2 d(@)d(a" +B).
Define a related sum ¢, (B) = ¢,,(B) by
U (B)=2 (a" +B).

The proofs of the following three results follow along the same lines as the
proofs for r=1 [1, Chapter 2].

THEOREM 2.6. For each natural number n, we have ,,(B)=

.(B)+ ¥ (B)-
TueoREM 2.7. Let x have order 2n. Then

S (B)=x(-1) ¥ x" T BK. ().

i=0

TueoreM 2.8. Let x have order 2n. Then

5B =6(®) T X BK6).
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In the remainder of this chapter, r =2, and so x is a character on GF(p?).
Fix a generator 7 of the cyclic group GF(p?** and write y=7®*"?2 and
g =v>. Observe that g is a primitive root (mod p) and that y°* = —v. We also
have GF(p®) ={a+by: a, be GF(p)}.

Lemma 2.9.  If x has order m, then x, has order m/(m, p +1). In particular,
if m|(p+1), then x, is principal, and if m|2(p+1) but m ¥ (p+1), then x,
is the quadratic character (mod p).

Proof. Since x has order m, x(7) is a primitive mth root of unity. Hence,
x1(g) = x(7°*") is a primitive m/(m, p +1)th root of unity. Q.E.D.

The Eisenstein sum E(x) associated with the character x on GF(p?) is
defined by

EG)= Y x(1+by).
b=0

We now establish some properties of E(x).
TaEOREM 2.10. We have E(x)=E(x"°).
Proof. Since (1+by)® =1+bPy® =1—by for all b € GF(p),

E(x)= Z x(1—by)= Z X°(1+by)=E(x"). QED.

THeOREM 2.11. Let x have order m, where m>1 and m | (p+1). Then
E(x) =—x(y)=—(=D)®™"™

Proof. Since x(7) is a primitive mth root of unity, x(y) = x(+®*"?) is a
primitive m/(m, (p +1)/2)th root of unity. This proves the second equality.
Since, by Lemma 2.9, x, is principal,

0=Y x(a)

p—1

= Y x(a+by)

a,b=0
p—1p-1

=T xtn+ L T x(a+by)

a=1b=0
p—1 p—1

x0T )+ L Y x(a+aby)

b=0 a=1b=0
p—1

=@-DxM+EC) X x(a)

=(p - Dix(v)+E(X)},
from which the desired result follows. Q.E.D.
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THEOREM 2.12. Let x have order m. Then

G,(x)=xQ2)E(x)G(x1) if mit(@+1),
=px(y)=p(-D®*™ if m>1 and m|(p+1),
=-1 if m=1.

Proof. Let a € GF(p?). Then a = a + by for some pair a, b e GF(p), and
tr a =a +a® =2a. Hence,

p—1 X
G,()= 2 x(a+by)e

,b=0
‘;-—1 p—1 p—1 .
=Y x(by)+ Y X x(a+aby)e*
b=0 a=1b=0

=x(y) bz::o X1(b)+E(X) 92 X(a)e4‘xria/p

= x(¥) Z x:(B)+ XQEG)G ().

The result now follows from Lemma 2.9 and Theorem 2.11. Q.E.D.

Results similar to Theorems 2.10, 2.11, and 2.12 have been proved by
Whiteman [30, p. 69]. See also [7, pp. 330-331].

COROLLARY 2.13. Let x have order m, where m ¥ (p+1). Then |E(x)|=
Vp.

Proof. The result is an immediate consequence of Lemma 2.9, Theorem
2.12, and (2.1). Q.E.D.

TueOREM 2.14. Let x have order m. Then

K,(x)=p*-2, ifm=1,
=-1, if m=2,
P, ifm>2 andml(p+l),

=_(_‘p_1)52(x), if m|2(p+1) but m & (p+1),

_E*
E(x*)
Proof. Proceeding by a standard argument [10, pp. 93, 94], we have
%(X) = z x(a)ez"i““‘)/l’ Z X(B)e}niu(a)/p
hal 8

— Z X(aB)eZ‘rri tr(a+B)/p
a.B

=Zﬂ:{ Z x(aB)}ez"“"")"’

a+B=p

K(x1), ifm 4 2(p+1).

= G000 +x(=1) X x*(@).
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The result now follows from Lemma 2.9 and Theorem 2.12, with the use of
Theorem 2.2 in the case m 4 2(p+1). Q.E.D.

The last two cases of Theorem 2.14 can be consolidated into the one case

@2 Kz(x)=g—(§%K(xl) i m s ).

To see this, first observe that when m | 2(p +1) but m+ (p+1), x; has order
-1

2. Thus, by Theorem 2.1, K(x;)= -—(—;) Also, observe that, by Theorem

2.11, Ex®»=1.

The following useful result is due to J. Muskat, and we are grateful for his
permission to include it here.

THEOREM 2.15. Let x have even order m =2n with m & (p+1). Then

n—1y _¢__ 1\(+1)/2 E(X)
E(¢ ™) = (D 225 Koa).

Proof. Let R=E(x" ")E(x*/E(x). First, suppose that nt (p+1). By
Theorem 2.12,

E(x)=x12)G,(x)/G(x1), EX»=x*Q)G.(x)IG(x?)
and

EX" H=x"QGx"NGKI™.
Thus,

G(x""NG(x""MG(x? G(x1)G(x1)
R=x"(2 :
XD G 06 GH)GGD
x=Dp*G,(x?) J(x)
Gz(X)Gz(X"+1) Xl(_]-)P ’

by (2.1). By Theorem 2.3,

=x"(2)

G%(X) _ G,(x)G,(d)

X(4) GZ(XZ)— GZ(X"+1) >

or
G(X)G(x") = X (D G2() G (x?).

Thus, by the above and Theorem 2.12,

R =X"Z@PI0) _ X" )T (x)
Gi#)  pDT

= (DK ().

This proves the theorem for n 4 (p+1).
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Suppose next that n | (p+1). Note that p+1=n (mod 2n), for if not, then
2n | (p+1), which is a contradiction. Thus, E(x"™Y)=E(x?), so E(x" ™Y =
E(x) by Theorem 2.10. By Theorem 2.11 and the above considerations, we

then have R=E(x®)=—(-1)*"""=1. By Lemma 2.9, x; has order 2.
Thus, by Theorem 2.1,

K(x) =J(x) =—x1(-1) = (=1)*®D"2,
This completes the proof. Q.E.D.

TuEOREM 2.16. Let x have order m with m X (p+1). Then E(x**)=
—K(xv)-

Proof. First, for b € GF(p), note that (1+bvy)® =1—by. Thus,
E(¢"*") =Y, x"(1+by)x(1+by)
b

= ; x(1—by)x(1+by)
= ; x:1(1—gb?)
=1+ (g——%l"—))} ,

since the expression in braces counts the number of solutions b (mod p) to
1—gb?=n (mod p). By Lemma 2.9, x, is nonprincipal, and so

EGe) = Zatm(EE) = =T () = K,

by Theorem 2.3. Q.E.D.

We will find it convenient to define
T(x)=card{1+by: be GF(p), x(1+by)=1}.

Thus, if x has order m, T(x) is the number of mth power residues in GF(p?)
of the form 1+by with be GF(p). Observe that T(x) is odd, since if
x(1+by)=1, then x(1—by) = x°(1+by)=1. (In the notation of [7, p. 331],
T(x) = a,.) The next result is similar to a result in [7, equation (4.6)].

THEOREM 2.17. If x has order m, then T(x)=(1/m) ;%" E(x').
Proof. We have

p—1 m—1

Z EGh)= Y ¥ x'(1+by)=mT(x). QED.

b=0 j=0

In Chapter 4, we will record evaluations of T(x) in a few interesting cases.
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3. Jacobi and Jacobsthal sums over GF(p)

3.1. Quintic and decic Jacobi sums

TueoreMm 3.1. Let p=1(mod 10), and let x be a character (mod p) of
order 10. Then

-1
(3.1) (?>K(x) = 10+ byoV5 +icyoV5 +2V5 + id, V5 — 245,

where a4, by, C10, and d,, are integers such that

(i) alo = _1 (mOd 5),
(i) a3o+5b3,+5c3,+5d3,=p,
(iii) ajobi0= d%o - C%o —C10d10-

Furthermore, (ii) and (iii) determine |ao|, |b1ol, and {|ciol, |d10l} uniquely.

Proof. Let ¢ =exp (2#i/10), and note that

(3.2) iVS+2VE=¢—-Z+¢*-7* and iNS5—-2V3=—(+I+2-0

It is easily seen that {1, /5, iv/5+2V35, iv/5—2v35} is a basis for Q(¢) over Q.
Hence, the representation (3.1) immediately follows, where aq, b1g, €10, and
dyo are rational numbers such that (ii) and (iii) hold.

We now show that a,g, by, €10, and d,, are integers. We have

o o a 4n(l—n)
63 K+Kx9= L xna-m{i+(F))
=2 Y x@n(-n)
¢("('{f:))=1

(p—1)/2
=2+4 ) x(4n(1-n)).

n=2

$(n(1—n))=1
By Theorem 2.4(i),

-1
K%)= (—p—)K(fo.
_ 1 —
Thus, if (?) =1, we deduce from (3.3) that Re K(x)— 1€ 2Q; if (?1> =-1,

we deduce that i Im K(x)—1e2Q. Hence, if (:pl) =—1, then

p—{Re K(x)*+1={Im K(x)}*+1€4Q,
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and so Re K(x) €2Q. Since, by (3.1),

-1
Re K(x)= (—;)(a10+ blo‘/—s_)’

and since all algebraic integers in Q(«/g) have the form a+b\/§, where
either a and b are integers or both 2a and 2b are odd integers, it follows, in
either case, that a,, and b,, are integers. Therefore, by (3.1), we have

o —=‘C10v 5+2‘\/§+d10V 5_2‘\/§€Q.

Since
(3.4) avV5+2v5 =5¢,0+(2¢10+ d1o)V5,

either 5¢,o and (2¢,0+d;o) are both integers, or 10c,, and 2(2c,o+d;yo) are
both odd integers. Letting NB denote the norm of an algebraic integer 3, we
have N(+v/5+2v3)=5. Thus, by (3.4), 5| N{2(5¢10+(2¢10+d10)¥5)}, and so
5] 10c,,. Hence, 2c,, is an integer. Consequently, 2d,, is also an integer.
From (ii),

4(p— a%o -5 b%o) =5{(2¢,0)>+ (2d10)2}~

If 2c,, were odd, this would yield the contradiction that 0=
1+(2d40)? (mod 4). Thus, 2c¢,, is even, i.e., ¢c;o is an integer. From (ii), it
follows that d,, is also an integer.

Raising each side of (3.1) to the fifth power and employing Theorem 2.1,
we get

1= (%)K(xs) = a1 (mod 500).

Thus, a,;o=—1(mod 5). The last statement of the theorem on uniqueness
follows from a theorem of Muskat and Zee [17]. Q.E.D.

CororLary 3.2. Let p=1(mod 10), and let x be a character (mod p) of
order 10. Suppose that 2 is not a quintic residue (mod p). Then

-1
4(—p—)](x) = A +B+/5+4iC sin (2#/5)+4iD sin (7/5),

where A, B, C, and D are integers such that A=1(mod5) and
A%+5B%+10C?*+10D?*=16p with AB =D?*—C*-4CD.

Proof. Suppose, for example, that x(4) = £2, where ¢ = exp (27i/10). (The
proofs for the remaining three cases are completely analogous.) By Theorem
3.1 and (3.2),

-1 _ - _ -
(;‘)J(X) = gz{alo"' blo‘/'5 +cio(l—¢+ gz_ fz) +dio(—¢+ ¢+ CZ - {2)}
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Using the facts that cos (m/5)=(v5+1)/4 and cos (27/5)=(/5—1)/4, we
find, after some manipulation, that

~1
(3.5) 4(?)I(x) = A +BV5 +4iC sin (2m/5)+ 4iD sin (m/5),

where A, B, C, and D are integers with A =—a,q+5b,o—5¢0—5d;0. By
Theorem 3.1, A =1 (mod 5). Since sin (271/5) =v10+2v5/4 and sin (7/5) =
V10-2v5/4, we deduce from (3.5) that 16p=A2+5B%+10C?+10D?,
where AB=D?*-C?*-4CD. Q.E.D.

The representation for p given in Theorem 3.1 is due to Giudici, Muskat,
and Robinson [7, p. 345]. The proof given here is more self-contained and
less computational than that of [7]. Corollary 3.2 gives a representation for
16p found by Dickson [6, p. 402]. In this connection, see also a paper of
Whiteman [27, p. 98].

By Theorem 2.4(i),

-1 -1
KG0= (T ko) ana Koe)= (K6,
Hence, Theorem 3.1 yields the values of quintic as well as decic Jacobi
sums.

3.2. Bioctic Jacobi sums

Lemma 3.3. Let p=1 (mod 8). Then 2a,+4as=p—7 (mod 32), where a,
and ag are defined in [1, Theorems 3.9 and 3.12].

Proof. Let
n=1, if 2 is a quartic residue (mod p),
=—1, otherwise.
By [1, Theorems 3.14 and 3.16], we have
a,=(p—3)2+4(1—m) (mod 16) and azg=6m+1 (mod 8):
Thus, 2a,+4as=16n+p+9=p—7 (mod 32). Q.E.D.

LemMa 3.4. Let ¢ and d be rational, and let

a=cV2+V2+dvV2—-V2eQ.
Then c and d are integers.
Proof. First, 2c +v2(c+d)=av2+v2€Q. Thus, 2¢ and c+d are inte-

gers. Assume that ¢ and d are not integers. Then both 2¢ and 2d are odd
integers. Since the norm of a+/2++/2 is even, we see that 4c2—2(c +d)? is
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even. Thus,
(2¢)*—(2d)?*—2(2¢)(2d)=0 (mod 4).

Since 2¢ and 2d are odd, the above congruence yields 2 =0 (mod 4), which
is absurd. Thus, ¢ and d are integers. Q.E.D.

THeEOREM 3.5. Let p=1(mod 16), and let x be a character (mod p) of
order 16. Then

(3.6) K(x)= a1+ b16V2 +icien/2 +V2+id V2 =2,
where a6, bys, C16, and d¢ are integers such that

(i) a,s=-—1(mod 8),
(ii) a%6+2b%6+20%6+2d%6 =D
(i) 2a46b16=dis—Ccle—2C16d16

Furthermore, bys, ¢, and d¢ are even, and (ii) and (iii) determine |a.4,
|bsel, and {lciel, |d16]} uniquely.

Proof. Observe that 2 cos (7/8) =+v2++/2. It is then easily seen that the
subgroup {o,) < Gal(Q(e>™/*%)/Q) has fixed field Q(iv2++?2). By Theorem
2.4(3i), o, fixes K(x), and so K(x)e Q(ivV2++v2). Now {1, v2, ivV2++2,
iv2—+/2} form a basis for Q(iv2++v2) over Q. Thus, we immediately
conclude that K(x) has the representation given in (3.6), where a¢, b6, C16,
and d,¢ are rational numbers such that (i) and (iii) hold.

‘We next show that a,¢, bis, C16, and d,¢ are integral. Now,

3.7) 2 K(x)=16]s|,

where S={n:0=n=p—1, x(4n(1—n)) = 1}. Since o5(~2) =—+2, it follows
from (3.6) that Re {K(x)+ K(x?)}=2a,s. By Theorem 2.4(i), K(x)=K(x")
and K(x*) = K(x®). By Theorem 2.1, K(x®) =—1. Using also the evaluations
of quartic and octic Jacobi sums from [1, Theorems 3.9 and 3.12], we
deduce from (3.7) that

(3.8) 16 |S|=8a,¢+4ag+2a,+p—3.
By Lemma 3.3 and (3.8),
3.9 16 |S|=8a,,—8 (mod 32).

Now, the transformation n— 1—n leaves x(4n(1—n)) unchanged. Since
ns1—n (mod p) except when n=(p+1)/2 (mod p), we see that 16 |S|=16
(mod 32). Thus, by (3.9),

(3.10) a;6=-—1 (mod 4).
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Proceeding as in (3.3), we find that
—-v/2

2Re K()=K()+K(x°)=2+4 22 x(@n(1—n)).
d(n(1—n))=1

Thus, Re K(x)—1€2Q, and so by (3.6), a,s— 1+ b,sv/2€2Q. Since as—1 is
even by (3.10), we conclude that b, is an integer. Thus, by (3.6),

Ci6V 242+ digV2 —J2eq. Hence, by Lemma 3.4, ¢, and d,¢ are integers.
Since a¢=p=1 (mod 8) by (3.10), it follows from (ii) that c,c and d,¢ are
even. Furthermore, using (iii) and (3.10), we have

2bi6+2cis+2d3s=2b36+2(dT6—2¢16d16— 2a16b16) +2d 36
=2b}s+4b,c=0 (mod 16).

Thus, by (ii), ais=1 (mod 16). Hence, by (3.10), a;s=—1 (mod 8). The
claim on uniqueness at the end of the theorem was established by Muskat
and Zee [17]. Q.E.D.

THEOREM 3.6. Let p=1(mod 16) and write p=a%s+2b%s+2c2¢+2d%
with 2a16b16 = d%G - 036 - 2016d16' Then

bis=0(mod 4), if 2 is a quartic residue (mod p),
=2(mod 4), otherwise.

Proof. Let x be a character (mod p) of order 16. We may assume that
a,¢ and by¢ are as given in (3.6). By Theorem 2.4(i), K(x) = K(x°). Hence,
by Theorem 2.3,

2(a;6+b16v2) =2 Re K(x)
=K(x) +K(x°)

p—-1 —
- 2 x5 1+ ()}
n=1 p p
rt 1—n?
=2 xz(n)( )
n=1 p
Let ¢ = x>. Since ¥(—1) =1, it again follows from Theorem 2.3 that

2(azs+biev/2) = :211 w(n)(l;)il) (}_:)il>

- —2K(¢)+:§1 Mn){l + (1—;—")}{1 N (ﬂ—n)}

p

—4m2KW)+2 Y 'l'("){l + (1‘?)}{1 " (Lﬂl)}

n=2 p
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Thus, a6+ biev/2=2—K(¥) (mod 4Q). By [1, Theorem 3.12], K(¢)=
ag+ibgV2, where ag and bg are integers such that a2+2b2=p and ag=
—1 (mod 4), and by Theorem 3.5, a,,=-1 (mod 4). Hence,

bieV2=2—ag—a,s—ibgv2= —ibgv2 (mod 4Q).
The result now follows from [1, Theorem 3.15]. Q.E.D.

3.3. Jacobsthal sums

TueoReM 3.7. Let p=10k+1 and p X a. Suppose that x is a character
(mod p) of order 10, and assume that x is chosen such that x*(a) =e*™* in
the case that a is a quintic nonresidue (mod p). Then, in the notation of (3.1),

ds(a)=—1+4a,,, if a is a quintic residue (mod p),
= —1 - a10—5b10+5C10_5d10’ OtherWise-

Proof. For o€ Gal(Q(e*™/1%/Q), we have o3(+/5)=—+/5. Furthermore,

by (3.2), 03(iv/5+2v5) =iv5- 275 and o(iv/5—2/5) = —iv/5+2+/5. Thus,
by Theorem 3.1,

(3'11) (—1)kK(X) = a10+ blo'\/g"' i610V 5 +2'\/§+ id10V 5 —2; 5

and

(3.12) (—D*K(®) = ay0—b1oV/3 +icioV5—2v5—id;oV5+25.
Using (3.11), (3.12), and Theorem 2.1 in Theorem 2.7, we obtain
os(a) = (=1D*{2 Re {x*(a)K(x) + x*(a)K(x*>)} + K(x*)}

=2 Re {x*(a)(aio+b1oV5+icioV5+2V5+id V5 —2V5)
+x4(a)(@10—b1gV5 +icioV5—2V5 —id oV 5+ 2v/5)} — 1.

The desired evaluations of ¢s(a) now follow. The computations are facili-
tated by the use of (3.2). Q.E.D.

THEOREM 3.8. With the hypotheses and notations of Theorem 3.7, we
have

Ys(a) =4(§>a10, if a is a quintic residue (mod p),
= (g){""alo_ 5b10— 5C10+ 5d10}7 otherwise.
Proof. From (3.11), (3.12), and Theorem 2.4(i), we get

K(Xz) = ("'“1)kK(X3) = alo_' blo\/-5_+ ic10V 5 —2\/5— idlo\l 5 +2'\/—5_
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and

K(X4) = (—1)kK(X) = a10+ blo'\/g + iClO V 5 +2‘\/§ + id10V 5 - 2‘\/3.
Thus, by Theorem 2.8,

¥s(a) = 2(3) Re {x*(a)(a;o—bioV5+icioV5—2V5—id,oV5+2/5)

+ X4(a)(a10 + blo'\/g"‘ icloy\l 5 + 2\[§+ idl()V 5 _2\/3)}.
The desired values for s(a) now follow. Q.E.D.

With the use of Theorem 2.6, Y,o(a) can also be evaluated. A less
elementary proof of Theorem 3.8 has been given by Rajwade [19], [20].
(See also [22].) Theorem 3.8 extends results of E. Lehmer [12] and
Whiteman [26], [27].

In the next theorem, columns indicate the residuacity of a. For example, if
an x appears in the column headed by “quartic”, it is assumed that a is a
quartic residue (mod p); if no x appears in the column headed by ‘“‘quartic”,
it is assumed that a is a quartic nonresidue (mod p).

TueoreM 3.9. Let p=16k+1 and suppose that p ¥ a. Let x be a
character (mod p) of order 16 chosen so that

x(a)= >, if (g) =-1,
p
=28 if (g—) =1 but a is not a 4th power (mod p).

Then, in the notation of Theorem 3.5, we have the following table of values

for (=1)“¢s(a).

(=1 pg(a) quadratic quartic octic bioctic
8ay¢ x x x X
—8ai¢ x X X
0 x b
8by6 X
“8d16

Proof. By Theorem 2.4(i) and (3.6), we have

(3.13) K(x)=K(KX))=ass+b1vV2+icieV2+vV2+idN2—V2.
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Applying o3 € Gal(Q(e*>™*%)/Q) to (3.13), we have
K(®)=K(x*) = a16—b1evV2 —ic16V2—V2+id1sV2+2.
Therefore, by Theorem 2.7,

(—D*dg(a) =2 Re {x(a)(1+x°*(a)K()}+2 Re {x*(a)(1 + x*(a)K(x>)},
and the results follow. Q.E.D.

With the use of Theorems 2.6 and 3.9 and the values of 3(a) found in [1,
Theorem 4.7], ;5(a) may be evaluated. In certain cases, a more explicit
evaluation of ¢g(a) has been given [6).

4. Jacobi and Eisenstein sums over GF(p?)
In this chapter, r=2, and so x and A are characters on GF(p?).

4.1 Quartic and octic sums. First, we consider the case p=8k+1. Let
A have order 16. Then A, has order 8 by Lemma 2.9. As in [1, Theorem
3.12], write K(A,)=a8+ib8~/§, where ag and bg are integers such that
a2+2b%2=p and ag=-1 (mod 4). As in [1, Theorem 3.9], write K(A})=

2

a,+ib,, where a, and b, are integers such that a3+b%=p and a,= -—(—p—) =
—1 (mod 4). In the next theorem, we evaluate the octic sums E(A%) and
K,(A?) and the quartic sums E(A*) and K,(A%).

THEOREM 4.1. Let p =8k +1, and let A have order 16. Write x = A>. Then
in the notation above,

() E(x)=—as+i(—1)*"bgv2 and E(x>) =—K(x1) =—as—ibs;
(i) Ka(x)=—E*(x) and K,(x>) =—K*(xy).

Proof. Part (ii) follows from part (i) and Theorem 2.14.
To prove (i), first observe that by Theorem 2.16, E(x?)=E(x**") =
—K(x,). It remains to evaluate E(x). By Theorem 2.16,

—ag—ibgv2=—K(\,)=EW\"")=E\?, if2]k,
=E\), 24k

In the case that 2 | k, this is the desired result. In the case that 2 } k, replace
A by A° to obtain E(x)=—K(Aj). Hence, by Theorem 2.4(i), E(x)=
—K(A,). Q.E.D.

CoRroLLARY 4.2. Let p=8k+1, and let x have order 8. Then
T(x)=3(p+1-2a,—4ay).
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Proof. By applying Theorem 2.4(i) to K(A,), we deduce from Theorem
4.1 that E(x) = E(x®). Thus, by Theorems 2.11, 2.17, and 4.1,

8T(x)=p+1+EX)+EX»)+2E(X)+2E(X)=p+1—2a,—4as.
Q.E.D.

CoroLLARY 4.3. Let p=8k+1, and let x have order 8. Then T(x)=
1 (mod 4).

Proof. The result follows from Corollary 4.2 and Lemma 3.3. Q.E.D.

We now consider the case p=8k+5. Let x have order 8. Then x; has
order 4 by Lemma 2.9. As in [1, Theorem 3.9], write K(x;) = a,+ib,, where

2
a, and b, are integers such that a3+b5=p and a,= -(5) =1 (mod 4).

THEOREM 4.4. Let p =8k +5, and let x have order 8. Then in the notation
above,
i) E(x)=—-EX*)=K(x\)=a,—ib,;
(i) K,(x)=—p and K,(x*)= —Kz()h)-

Proof. Part (ii) follows from (i) and Theorem 2.14.

To prove (i), first observe that by Theorem 2.16, E(x*)=E(x**™")=
—K(x1). Thus,

4.1) —-E(x*) =K(xy)-
It remains to evaluate E(y).

The subgroup (os) of Gal(Q(e*™/®)/Q)={os, o_s, 01, 0_1} has fixed field
Q(i). Since o5 fixes E(x) by Theorem 2.10, E(x)e€ Q(i). In particular,
A =Re E(x) is an integer. By Theorem 2.11, E(x*)=1. Thus, by (4.1),
Theorem 2.17, and the fact that E(x) = E(x°),

4.2) 8T(x)=p+1—2a,+4A.

If A were even, (4.2) would yield the contradiction that 0=4 (mod 8). Thus,
A is odd. Since E(x)e€ Q(i), it follows that

E(x) € {=K(x1), =K (x1)}-
Assume for the purpose of contradiction that E(x)=+K(x;). Then by
(4.1) and Theorem 2.14,
K,(x) = EX(x)K(x)/E(x?) = K*(x1)/p,

which contradicts the fact that K*(x,)/p¢ Q. Hence, E(x) = &K (X,), where
e ==+1. It remains to show that ¢ =1.

By (4.2), 8T(x) =8k +6+2a,(2e —1). Since T(x) is odd, we have

8=8k+6+2a,(2e —1) (mod 16),
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and so
4.3) 1-4k=a,2e—1) (mod?8).
If a,=5—4k (mod 8), then
bi=p—ai=8k+5—-(9—-8k)=—4 (mod 16),
a contradiction. Hence, a,=1—4k (mod 8), and so ¢ =1 by (4.3). Q.E.D.

CoROLLARY 4.5. Let p=8k+5, and let x have order 8. Then,

T(x)=#p+1+2a,).
Proof. Since A =Re E(x)=a, by Theorem 4.4, the result follows from
4.2). QE.D.

We finally consider the case p=8k+3. The quartic sums are trivially
evaluated since 4 | (p+1), and so we evaluate only octic sums below.

THEOREM 4.6. Let p=8k+3, and let x have order 8. Then:
i EX= a8+ib8~/—2., where ag and bg are integers such that a3+2b3=p

and ag=(—1)* (mod 4);
() Ky(x)=Ex).

Proof. Part (ii) follows from Theorem 2.14.

To prove (i), first observe that the subgroup (o;) of Gal(Q(e*™/®)/Q)=
{03, 0_3, 04, o_,} has fixed field Q(i+/2). Since o; fixes E(x) by Theorem 2.10,

E(x) € Q(iv2). Therefore E(x)= ag+ ibgv/2 for some integers ag and by such
that a?+2b3=p.

By Theorems 2.11 and 2.17 and the fact that E(x)= E(x?),
4.4) 8T(x)=p+1+4as.

Since T(x) is odd, 8=8k +4+4ags (mod 16), from which it follows that
ag=1-2k=(-1)* (mod4). Q.E.D.
CoroLLARY 4.7. Let p=8k+3, and let x have order 8. Then
T(x) =#(p +1+4as),
where ag is defined in Theorem 4.6.
Proof. This follows from (4.4). Q.E.D.

We remark that T(x) is easily evaluated for octic x when p=7 (mod 8),
for it can be seen from Theorems 2.11 and 2.17 that when x has order m
and p =mk—1, then

T(x)=k, if 2 ¥ k,

=k—1, if 2|k
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4.2. Cubic, sextic, and duodecic sums. First, we consider the case p =
12k +1. Let A have order 24. Then A, has order 12 by Lemma 2.9. Asin[1,
Theorem 3.9], write K(A}) = a,+ib,, where a, and b, are integers such that
aj+b%=p and a,=(—1)**' (mod 4). As in [1, Theorem 3.19], write K(\,) =
a,,+ib,,, where a,,=a, and b,,=b,, if 3 ¥ a,, and a,,=—a, and b, =
—b,, if 3]|as As in [1, Theorem 3.3], write K(\?)=K(\%)=a;+ibsv/3,
where a; and b, are integers such that a3+3b3=p and a;=—1 (mod 3).

THEOREM 4.8. Let p=12k+1, and let A have order 24. Write x = A>.
Then in the notation above,

i)
E(X4) = E(XZ) =—K(x)=—as— ibs‘/§ and E(x)=-a,,+ i(—l)k+1b12;
(ii) K,(x)=K;x)=—-K3*(x1) and Ky(x)=-E*(x);
(iii) E(x)=E(?, if3¥% a,,
=-E(x%, if3|as

K>(x) = Kx(x?).

Proof. The proofs of (i) and (ii) are similar to those of Theorem 4.1, and
so we omit them. Using (i) and (ii) in conjunction with Theorems 4.1 and
4.4, we see that (iii) holds. Q.E.D.

and

‘We now consider the case p =12k +7. Let x have order 12. Then yx, has
order 3 by Lemma 2.9. As in [1, Theorem 3.3], write K(xy) = as+ibsV/3,
where a; and b, are integers such that a3+3b3=p and a;=—1 (mod 3).

THEOREM 4.9. Let p=12k+7, and let x have order 12. Then in the
notation above,

() (-D*E(x)=E(X®=-E(x* =K(x:)=a;—ibsV3;
(i) Ka(x)=p and K,(x*) = Kx(x*) = —K*(%,)-

Proof. Part (ii) follows from part (i) and Theorem 2.14.
To prove (i), we first observe that by Theorem 2.16,

(4.5) E(x")=E(X**"")=-K(x?) =—-K(x),

as desired. By Theorem 2.15, with x? in place of x, we have
E(x*)=E(X*)K(X)/EX?.

Thus, by (4.5),

(4.6) E(x*) =K(xy)-

It remains to evaluate E(x). Apply Theorem 2.15 and multiply both sides
of the equality obtained therefrom by E*(x*)E(x”) to get

E*(x>E(x*)E(x")= E()E(")E(x*)K (x1).
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Applying Theorem 2.10, Corollary 2.13, and (4.6), we find that the above
reduces to E*(x?)p = E*(x)p. By (4.6), this last equality implies that E(x)=
eK(x1), where € ==x1. Cubing both sides of the latter equality, we find that

E(x®)=ea3=—¢ (mod 3Q).
By Theorem 2.11, E(x®)=(—1)**'. Hence, &€ =(—1)%, as desired. Q.E.D.

We finally consider the case p =12k +5. The cubic and sextic sums are
trivially evaluated since 6 | (p +1); thus, we evaluate only the duodecic sums
in Theorem 4.10.

Let A have order 24. Then A, has order 4 by Lemma 2.9. As in [1,
Theorem 3.9], write K(A,) = a,+ib,, where a, and b, are integers such that
a3+b%2=p and a,=(—1)* (mod 4). Observe that 3 ¥ a, and 3 t b,, since
a%+b2=p=-1(mod 3).

THEOREM 4.10. Let p=12k+35, and let A have order 24. Write x =\>.
Then in the notation above,

() E(x)=edE(X?) = (—=1)eobs—€oias,

where £0= go(x) is defined by e,= £ 1 and. g;=(—1)***a,b, (mod 3). In other
words, E(x)=B — Ai, where B=+b,, B=—a, (mod3), A==a,, and
A=(—-1)**"'b, (mod 3).

(i) Ko(x)=—E*(x)=—K;(x°).

Proof. The first equality in (ii) follows from Theorem 2.14. Since
K,(x®) =—E?*(x? by Theorems 4.1 and 4.4, the second equality follows
from part (i).

To prove (i) first observe that the subgroup (os) of Gal(Q(e>™'?)/Q)=
{os, 0_s, 01, 0_4} has fixed field Q(i). Since o fixes E(x) by Theorem 2.10,
we have E(x)e Q(i). Thus, E(x) =B — Ai for some integers A and B.

By Theorem 2.11, E(x®)=E(x®»=E(x')=1 and E(x*)=E(x®=-1.
Noting also that E(x)= E(x’), we obtain, from Theorem 2.17, 12T(x) =
p+1+4B+2Re E(x?). By Theorem 2.16,

E(x®)=EQ9=EQ\"*)=-K(\,)=—a,—ib,, if 2|k,

= E(Xp"'l) = '—K(Xl) = "’a4+ ib4, if 2 * k.
Hence,

4.7 E(x®)=—a,+i(—-1)*"b,.
Thus, 12T(x) =12k +6+4B —2a,. Since T(x) is odd,
12=12k +6+4B —2a, (mod 24),

which implies that —1+2k+a,=2B (mod4). Since a,=(-1)*=1-2k
(mod 4), we deduce that 0=2B (mod 4), i.e., B is even. It follows that
iE(x) = A +Bi, where A is odd. Hence, by (4.7), iE(x) e {=E(x®), £E(x®)}.
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If E(x)=+iE(X®), we find upon cubing each side that E(x%)=
+iE(x>) (mod 3Q), which is impossible. Thus,

4.8) E(x)=ieE(x),

where e==x1. Cubing both sides of (4.8), we get E(x’)=
—ieE(x?) (mod 3Q). Thus, by (4.7),

—a,+i(-1)**"'b,=iea,+(—1)*eb, (mod 3Q).

Comparing real parts, we find that & =(—1)**'a b, (mod 3). The result now
follows from (4.7) and (4.8). Q.E.D.

4.3. Biduodecic sums. First, we consider the case p=24k+1. Let A
have order 48. Then A, has order 24 by Lemma 2.9. As in [1, Theorem
3.22), write K(A,) = a,,+ib,,v/6, where a,, and b,, are integers such that
a3,+6b3,=p and a,,=ag (mod 3). (Here, ag is defined as in [1, Theorem
3.12].) The proof of the following theorem is similar to that of Theorem 4.1,
and so we omit it.

THEOREM 4.11. Let p=24k+1, and let A have order 48. Write x = A>.
Then, in the notation above, '

() EX)=—a+i(=1)**"'b,,V6;

() Ky(x)=-E*x).

We next consider the case p =24k +7.

THEOREM 4.12. Let p=24k+7, and let x have order 24. Then

(i) E(x)=a+ib,V6, where a,, and b,, are integers such that aZ,+
6b2,=p and a,,=(—1)* (mod 3);

() K,(x)=E*x).

Proof. By Lemma 2.9, x; has order 3. Thus, by Theorem 4.9(),
(4.9) E(x®)=K(x?)=K(xy).

Hence, part (ii) follows from Theorem 2.14.

By Theorem 2.15 and (4.9), E(x*')=E(x). By Theorem 2.10, E(x)=
E(x"). Thus, E(x) is in the fixed field Q(i\/g) of the subgroup (o, 01;) of
Gal(Q(e*"?*)/Q). Therefore, we may write

(4.10) E(X) = ay4+ib,,V6,

where a,, and b,, are integers such that a3,+6b3, =p. Therefore, cubing
both sides of (4.10) and using Theorem 2.11, we obtain (—1)* =E(x?)=
QAzg (mod 3). Q.E.D.

We next consider the case p =24k +13. Let x have order 24; then x; has

order 12 by Lemma 2.9. As at the beginning of Section 4.2, write K(x,) =
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THEOREM 4.13. Let p=24k+13, and let x have order 24. Then, in the
notation above,

@ EX)=K(x))=a;2—ib;,,
(i) Ky(x)=-p.

Proof. By Theorem 4.8(i),
(4.11) E(x*)=—K(xy)-

Thus, part (i) follows from part (i) and Theorem 2.14.

By Theorem 2.15 and (4.11), E(x'")=E(x)K(x,)/K(x,). By Theorem
2.10, E(x*")=E(x), and so E?*(¥)=K?(x,). Thus, for §=%1, E(x)=
8K(x,). Cubing both sides of the latter equality, we get E(x°)=
83K (x3) (mod 3Q). But, by Theorem 4.4, E(x*)=K(x3). Hence, =1 and
E(x)=K(x,). Q.E.D.

We next consider the case p =24k +5. Let x have order 24. Then x; has
order 4 by Lemma 2.9. As in [1, Theorem 3.9], write K(x;) = a,+ ib,, where
a, and b, are integers such that a3+b3=p and a,=1 (mod 4). Observe that
3 ¥ a,and 3 t b,, since a3+b3=p=2 (mod 3). As in Theorem 4.10, define
0= go(x) by g, ==1 and gq=—a,b, (mod 3).

THEOREM 4.14. Let p=24k+5, and let x have order 24. Then, in the
notation above,

@ EQ)=(eo— i)(%eu‘/g"’ if24),

where e,, and f,, are integers such that 3e3,+2f3,=p and f,,=a, (mod 3);
(i) Ky(x)=ieoE*(x)= (624‘/§+ if. 24\/5)2-
Proof. By Theorem 4.10(),

(4.12) E(x?) = —&0iK(x1).

Part (ii) now follows from part (i) and Theorem 2.14.
By Theorem 2.15 and (4.12),

(4.13) E(x"") =—g0iE(x).
Note also that, by Theorem 2.10,
(4.14) E(x)=E(x°).

The subgroup (os, o1,)< Gal(Q(e>"/**)/Q) has fixed field Q(iv6). From
(4.13) and (4.14), it is not difficult to see that both o5 and o, fix
1V6(eo+i)E(x). Thus,

WV6(e0+1)E(X) = g24+ if 2476,

where f,, and g,, are integers such that 3p = g3,+6f>,. Clearly, g,,=3e,,
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for some integer e,,. Hence,

(4.15) E(X) = (e0—i)Ge2sV6 + if20),
where p =3e3,+2f2,.
Multiplying both sides of (4.15) by 2 and then cubing each side, we obtain

—E(x®)=(g0—i)%ifa=—f2ati€of24 (mod 3Q).
By Theorem 4.4, E(x*) = K(x3) = K(x1), and so the above yields
—a,—iby=—f,,+igof>s (mod 3QD).
Hence, a,=f,, (mod 3). Q.E.D.

In order to examine the remaining cases p=11, 17, 19 (mod 24), we need
the following lemma.

LemMa 4.15. Let x have order 24, let 0 =exp (2mi/24), and let O denote
the ring of algebraic integers in Q(0). If p=11 (mod 24), then E(x°)/E(x) is a
unit in 0; if p=17 or 19 (mod 24), then E(x*")/E(X) is a unit in O.

Proof. Suppose first that p=11 (mod 24). We must show that
(4.16) OE(x°)=OE(x).

It follows from Stickelberger’s theorem [11, pp. 94, 97] that OG,(x)=
0G,(x*). Thus, since x; has order 2,

Glx) GKD’
and (4.16) now follows with the use of Theorem 2.12.
Suppose now that p=17 or 19 (mod24). Then by Stickelberger’s

theorem, OG,(x) = 0G,(x'"). The desired result now follows by an argument
similar to that above. Q.E.D.

We now consider the case p =24k +17. Let A have order 48; then A, has
order 8 by Lemma 2.9. As at the beginning of Section 4.1, write K(A) =
a8+ib8«/-2_, where ag and bg are integers such that ai+2bi=p and ag=
—1 (mod 4). Observe that 3 | ag, since aZ+2b2 =p =2 (mod 3). Write x =A>;
then x; has order 4. Again, as at the beginning of Section 4.1, write
K(x,) =a,+ib,, where a, and b, are integers such that a3+b3=p and
a,=-1 (mod 4). Observe that 3 X a,b,, since a3+b%=p=2 (mod 3). As in
Theorem 4.10, define g,=¢g¢(x) by go==+1 and go=a,b, (mod 3). Define
80==580(x) by 8,==1 and 8,=(—1)*a,bs (mod 3).

THEOREM 4.16. Let p=24k+17, and let x have order 24. Then, in the
notation above,

G B0 =20 k() =25 (0.~ i),

(ii) K,(x)=p.

0
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Proof. By Theorem 4.10(i),
4.17) E(x®) = —€,iK(x).

Part (ii) now follows from part (i) and Theorem 2.14.
By Theorem 2.15 and (4.17),

E(x")_ . K
(4.18) EG) | Kz’

By Lemma 4.15, E(x'")/E(¥) is a unit. Clearly, o, fixes E(x*")/E(X). Also,
by Theorem 2.10, o, fixes E(x')/E(x). Hence, E(x'")/E(x) is in the fixed
field Q(iv2) of the subgroup (o, o1,) < Gal(Q(e*"?4)/Q). It follows that
E(x'™)=xE(x). Thus, by (4.18), E*(x)==iK*(x;). It follows that
E(x)/K(x,) is a primitive 8th root of unity, and so we may write

4.19) E(x)=8(f/;) K&y,

where 8 =+1 and € ==1. It remains to show that 8 = §, and ¢ = g,. Cubing
both sides of (4.19), we have

E() =~ 8(2 i) K(xy) (mod3Q).

By Theorem 4.1(i), E(x®) = —ag+i(—1)**1bgv2. Hence,

(1) bam — 2D 4 hib) (mod 30)
(4.20) i W= =T atib) (mo0d 30,

Multiplying both sides of (4.20) by —v2, we get
i(—1)**bg=8(e +i)(a,+ib,) (mod 3Q).
Comparing real and imaginary parts, we find that
e=asb,(mod3) and &=(—1)*a,bg (mod 3). Q.E.D.

We now consider the case p =24k +19. Let x have order 24; then x, has
order 6 by Lemma 2.9. As in [1, Theorem 3.3], write K(x,) =—as—ibsV3,
where a; and b; are rational integers such that a3+3b3=p and a,=
—1 (mod 3). As in Theorem 4.6, write E(x3)=a8+ib8~/§, where ag and bg
are integers such that a3+2b2=p and ag=(—1)* (mod 4). Observe that
3| bg and 3 t ag, since a2+2b2=p=1 (mod 3). Define &, by §,==+1 and
8, =ag (mod 3).

THEOREM 4.17. Let p =24k +19, and let x have order 24. Then, in the
notation above,

() E(x)=8,K(%)=8;(as+ibs;/3),

(i) K(x)=p.
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Proof. By Theorem 4.9(i),

(4.21) E(x®)=-as+ ibs‘/-:5_= K(xy).

Part (ii) now follows from part (i) and Theorem 2.14.

By Lemma 4.15, E(x**)/E(X) is a unit. Clearly, o, fixes E(x*Y/E(¥),
and by Theorem 2.10, o, does as well. Hence, E(x'")/E(¥) is in the
fixed field Q(iv2) of the subgroup {(o,,, o10) < Gal(Q(e>"/>*)/Q). Hence,

E(x')==+E(x). By Theorem 2.15 and (4.21), E(x*")/E(x) =K?*(x)/p. It
follows that

4.22) E(x) = 8K(x4),

where 8 € {+1, £i}. Cube both sides of (4.22) and use Theorem 2.1 to get
as=as+ibey2=E(x*)=8°K(x})=8 (mod 3Q).

Thus, 8 =§,, and we are done. Q.E.D.

We next consider the case p=24k+11. Let x have order 24. As in
Theorem 4.6, write E(x?) = as+ ibgv2, where ag and by are integers such
that aZ+2b2=p and ag=(—1)*** (mod 4). Observe that 3|ag and 3 } by,
since a3+2b3=p=2 (mod 3).

THEOREM 4.18. Let p=24k+11, and let x have order 24. Then, in the
notation above,

() Ex= e24\/§ +if24~/§ where e,, and f,, are integers such that 3e3,+
2f2= p and f,,=bg (mod 3),
(i) K,(x)=E*(x).

Proof. Part (ii) follows from Theorem 2.14.

To prove (i), first observe that o, fixes E(x’)/E(x) by Theorem 2.10.
Clearly, o_s fixes E(x°)/E(x). Thus, by Lemma 4.15, E(x°)/E(x) is a unit
in the fixed field Q(iv?2) of (o_s, a1;) < Gal(Q(e*™/**)/Q). Hence,

(4.23) E(x)=¢E(x),

where & ==+1. Cubing both sides of (4.23), we find that

ibeV2=E(x*)=¢E(%°) = eE(X*)= —iebgv2 (mod 3Q).
Thus, € =—1, and
(4.24) E(x)=—-EX®).

Thus, both o5 and o4, fix iV2E(x), and so iv2E(x) € Q(iv6), the fixed field
of {05, 0,1). Therefore,

(4.25) E(x) = e,V3+ifo4V2,
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where e,, and f,, are integers such that 3e3,+2f2, = p. Cubing both sides of
(4.25), we get ibgV2=E(x*)=if»,v/2 (mod 3Q). Hence, bg={,,(mod 3).
Q.E.D.

Another proof of Theorem 4.18(i) is given in [7, p. 340].

CoROLLARY 4.19. Let p=24k+11, and let x have order 24. Then
T(x) =3T(x*) =3a(p + 1 +4ay).
Proof. By Theorem 2.11, 1=E(x®)=E(x®)=E(x') and —1=E(x*) =

E(x®*)=E(x'?). By Theorem 2.10, E(x)=E(x'"), E(x°)=E(x"), and
E(x®) =E(x°). Hence, by Theorem 2.17 and (4.24),

(4.26) 24T(x)=p+1+4Re{E(X®)+E(X)+E(x°)}=p+1+4as.
By Corollary 4.7,
(4.27) 8T(x*)=p+1+4as.

The corollary now follows trivially from (4.26) and (4.27). Q.E.D.

4.4. Quintic, decic, and bidecic sums. First, we consider the case p =
20k +1. Let A have order 40. Then A, has order 20 by Lemma 2.9. As in [1,
Theorem 3.9], write K(A3) = a,+ib,, where a, and b, are integers such that
a3+b%2=p and a,=(—1)**' (mod 4). As in [1, Theorem 3.34], write

KAy =as+iby/s,  if5 X ag,
= i(aso+ibsV5), if 5]|aa,

where a,, and b,, are integers such that a%,+5b3,=p, as,=a, (mod 5), if
5 ¥ a4, and a,,=b, (mod 5), if 5| a,. Put x =A2. As in (3.1), write

K(x1) = @10+ byoV5 +iciov/5+2v5 +idy V5 —245.
Then by (3.12) and the remark at the end of Section 3.1,
K(X%) = alo_ blo\/g"' i010V 5 "'2'\/3"‘ ileV 5 + 2\/3.

THEOREM 4.20. Let p=20k+1, and let A have order 40. Then, in the
notation above:

(i) E(X4) = _K(X%) = _a10+ blo\/g - iC10V 5—- 2\/—5_ + id10V 5+ 2\/3,
E(X2 = "'K(Xl) =—Qq10— blO\/g_ iC10V 5+ 2\/_5-_ id10V 5 _2'\/3-,
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and
E(X)=—a20+i(—1)k+1b20~/§, if 54 as,
= i(—l)k+1a20+b20\/§, if 5 | Aas;
(i) K(x)=-Kx}, K:(x)=-K*x1), and Ky(x)=-E*x).
Proof. To prove (i), first observe that by Theorem 2.16,
E(x)=EX**"")=-K(x}) and E(x*)=E(X""")=-K(x).
Also, by Theorem 2.16,
~K\)=EQ"*)=E(x), if2]|k,
=Ex"), if24 k.

In the case 2 | k, this yields the desired result. In the case 2 A k, replace A by
A'! above to obtain E(x)=-K(\})=—K(\,), by Theorem 2.4(i). This
proves part (i).

By Theorem 2.14,

(4.28) K> (x*) = E*(x)K(xD/E(x®).
By part (i),

(4.29) E(x*)=-K(x?).
Replacing x by x> in (4.29), we have

(4.30) E(x®) =—-K(x?).

Combining (4.28)-(4.30), we conclude that K,(x*) = —K?(x?). Similarly, the
other two equalities in part (i) follow from part (i) and Theorem
2.14. Q.E.D.

We next consider the case p =20k +11. Let x have order 20; thus, x; has
order 5. In view of (3.11), (3.12), and the remark at the end of Section 3.1,
write

K(x?) = a0+ b1oV5 +icioV5+2V5 +id,oV5—2V5

and

K(Xl) = alo—blo'\/§+ ic10V 5 _2’\/3_ id10V 5 +2\/§.

THeOREM 4.21. Let p=20k+11, and let x have order 20. Then, in the
notation above:

® E(X4) = —K(X%) =—Qi0— blo\/g_ icioVS +2v/5— id;oV'5 —2‘/3,

E(x? = KR, = aro—b1oV3 —ic1oV5—2V5 +id;oV5+2v5,
E(x)=(-D*""K(x1);
(i) K(x"=-K*(x}), K.(x)=-K?*(x1), and K,(x)=p.
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Proof. Part (ii) follows easily from part (i) and Theorem 2.14.
By Theorem 2.16,

(4.31) E(x**)=E(X"*")=—-K(xy).
Replacing x by ¥° in (4.31), we obtain
(4.32) E(x")=-K(3),
as desired.
By Theorem 2.15, E(x®) = E(x>)K(x?)/E(x*). Thus, by (4.31) and (4.32),
(4.33) E(x?) =K(x1),
as desired.

By Theorem 2.15 and (4.33),
EXY) _KOa) _K0a)
Ex) E» »p
By Theorem 2.10, E(x°)= E(x), and so E*(X) = K*(x,). Therefore,
(4.34) E(x)=8K(x1),

where 8 ==1. Raising both sides of (4.34) to the fifth power and using
Theorem 2.11, we obtain

(-D)*=E(x*)=8K(x?) = 8(p —2)=—8 (mod 5).

Thus, 8 =(=1)**" and E(x)=(—1)*"'K(x,). This completes the proof of
part (i). Q.E.D.

We finally consider the case p =20k +9. The quintic and decic sums are
trivially evaluated since 10 | (p +1), and so we evaluate only bidecic sums in
the next theorem.

Let x have order 20. In view of Theorems 4.1 and 4.4, we may write
E(x®)=—a,+ib,, where a, and b, are integers such that a3+b%=p and
a,=(—1)**"* (mod 4). Observe that exactly one of the pair a,, b, is divisible
by 5, since a3+bi=p=—1 (mod5).

THEOREM 4.22. Let p =20k +9, and let x have order 20. Then
6)) E(x)=a,0+ib,V5, if 5 X aa,

= i(azo+ibyoV5), if 5| au,

where a,, and by, are integers such that a5,+5b3,=p, a,o=—a, (mod 5), if
5 X a4, and a,o=b, (mod 5), if 5| a,;

(i) K>(x)=—E*(x).

Proof. Part (ii) follows immediately from Theorem 2.14.
To prove (i), first observe that the subgroup {o_;) = Gal(Q(e>*"/2°)/Q) has
fixed field Q(i). By Theorem 2.10, E(x)=E(x°). Hence, o_, fixes
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E(x®)/E(x). By the same argument as in the proof of Lemma 4.15, it is
easily shown that E(x*)/E(x) is a unit in Q(e*""*°) N Q. Hence,
(4.35) E(x*) = 8E(x),
where 8 e {+1, +i}. Raising each side of (4.35) to the fifth power, we get
—a,—ib,= E(x**)=8E(x’) = 8(—a4+ib,) (mod5Q).
Thus,

if 54 ay,
if 5| a,.

Suppose that 5 4 a,. Then, by (4.36), o, fixes E(x), and so E(x) € Q(iv/5),
the fixed field of (o)< Gal(Q(e%>™?°)/Q). Hence,

(4.36) EG)=8EG) with s={""

(4.37) E(x) = ayo+ibygV/s,

where a,, and b,, are integers such that a%,+5b3,=p. Raising each side of
(4.37) to the fifth power, we obtain

—a,=E(x’)=a,, (mod5Q),

and so a,,=—a, (mod 5).
Suppose next that 5| a,. Then, by (4.36), o5 fixes iE(x). Hence, iE(x) €

Q(iv5), and so
(4.38) E(x) = i(azo+ ibyoV/5),

where a,, and b,, are integers such that a3,+ 5b3, = p. Raising each side of
(4.38) to the fifth power, we obtain

ib,=E(x’)=ia,, (mod 5Q),
and so b,=a,,(mod 5). Q.E.D.
CoROLLARY 4.23. Let p=20k+9, and let x have order 20. Then
T() =H{T(x®) +2az0} =36(p +1-2a4+8as), if 54 ay,
=3T(x*) =35(p +1—2a,), if 5| a,.

Proof. By Theorem 2.11, 1=E(x*)=E(X®)=E(x") and —-1=E(x% =
E(x®). By Theorem 2.10, E(x)=E(x®) and E(x®)=E(x’). Hence, by
Theorem 2.17,

(4.39) 20T(x)=p+1—2a,+4 Re{E(x)+E(X’)}
By Theorems 2.11 and 2.17,
(4.40) 4T(x°)=p+1-2a,.

The result now follows from (4.36), (4.39), (4.40), and Theorem 4.22.
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COROLLARY 4.24. Let p =20k +9, and let x have order 20. Then T(x)=
1 (mod 4).

Proof. First,
E(x)+E(X%)+EX"+E(X")

p—1
=Y x(1+by{1+x°(1+by)+x°(1 +by)+x*>(1+ by)}
b=0

=4 Y x(1+by),

beS

where S={b:0=b=p—1,x’(1+by)=1}. Since E(x®)=1, E(x'®)=-1,
and E(x'')=E(x) by Theorem 2.10, 2 Re E(x) =4 Y, .s x(1+by). Thus,

4.41) Re E(x)€2Q.
Secondly, for each prime p with p=1 (mod 4), write p = a3+ b3, where a,
and b, are integers with a,= —-(—f;) (mod 4). It is then not hard to show that

a,=3(p —3) (mod 8). (This congruence can be refined; see [1, Theorem 3.16].)
Hence,

ip+1-2a,)=1 (mod 4).

Moreover, if 5t a,, then a,, is even by Theorem 4.22 and (4.41). The result
now follows from Corollary 4.23. Q.E.D.

COROLLARY 4.25. Let p=20k+9=a’+b*>=u?+5v> with a odd. Then
5| a if and only if 2| v.

Proof. We have a’=aj;, b*=b3, u*=a3, and v>=b32, by Theorem
4.22. If 5|a, then 2|b,, by Theorem 4.22 and (4.41), i.e., 2|v. If 5 a,
then 2| a,, by Theorem 4.22 and (4.41), i.e., 2|u. Q.E.D.

An analogous result for p =20k +1 is similarly proved in [1, Corollary
3.35). Proofs of Corollary 4.25 have also been given by Muskat and
Whiteman [16] and E. Lehmer [13], [14].

4.5 Bioctic sums. ILet p=16k+1. Let A have order 32; then A, has
order 16 by Lemma 2.9. Put x =A>. As in Theorem 3.5, write

K(Ay) = a6+ bigV2+icieV2+vV2+id, V2 =2,
where a6, bis, C16, and dy¢ are integers such that p = ais+2b%s+2c%s+
2d3%6, 2a16b16= d3s— 36— 2C16d16, G16=—1 (mod 8), and byg, 16, and dyg

are even.

TueEOREM 4.26. Let p=16k+1, and let A have order 32. Then, in the
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notation above,
G)-EQO=‘am_bmJ§+K_nbﬂ@mV2+J§+di2—¢§,
(i) K,(x)=-E*x).
Proof. Part (ii) follows immediately from Theorems 2.14 and 4.1(i).
By Theorem 2.16,
-K(\,)=EQW\"*)=EQ\?, if2]k,
=E\'®), if2tk.
In the case that k is even, this is the desired result. In the case that k is odd,

replace A by A7 above to obtain E(x)=—K(A]). Applying Theorem 2.4(),
we find that E(x) =—K(A,). Q.E.D.

Let p =16k +9. Let x have order 16; then x, has order 8 by Lemma 2.9.
As in [1, Theorem 3.12], write K(x,)= as+ibgv2, where ag and bg are
integers such that a2+2b3=p and az=—1 (mod 4).

THEOREM 4.27. Let p=16k+9, and let x have order 16. Then, in the
notation above,

() E(x)=-K(x,)=—as+ibs\2,

() K(x)=-p.
Proof. By Theorem 4.1,
(4.42) E(x*)=-K(xy).

Part (ii) now follows from part (i), (4.42), and Theorem 2.14.
By Theorem 2.15 and (4.42), we have E(x”)=E(x)K(x1)/K(x1). By
Theorem 2.10, E(x”) = E(¥), and so E?*(¥)=K?*(x,). Thus,

(4.43) E(x)=8K(xy),
where 8 =+1. By Theorem 2.17,
16T(x)= Y, E(x)=8T(x>)+ Y. E(x**')=8T(x>+4 Re {E(x)+E(x®},

i=0 i=0
since, by Theorem 2.10, E(x”)=E(¥) and E(x’)=E(x?). By Theorem
2.43), K(¥1) = K(x3). Thus, from (4.43), E(x®) = E(x). Hence,

2T(x) = T(x?)+Re E(x) = T(x?) + 8as,

by (4.43). By Corollary 4.3, T(x*)=1 (mod 4). Hence, the above yields
2=1+8agz (mod4). Since azg=-1(mod4), we conclude that &§=-1.
Hence, by (4.43), E(x)=—-K(x,). Q.E.D.

TuEOREM 4.28. Let p=16k+7, and let x be a character of order 16.
Then

(4.44) E(X) = a16+ b16\/§+ iClGV 2+'\/_2-+ id16V 2_\/2,
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where ay¢, by, C16, and d,¢ are odd integers such that a,s=(—1)* (mod 8),

(4.45) als+2b3+2cis+2d%s=p,
and
(4.46) 2a,6b16= d%s - 0%6 —2c16d16-

Equalities (4.45) and (4.46) determine |a,g|, |byel, and {|c,, |d1¢l} uniquely.
Lastly, Ky(x) = E*(x).

Proof. The last statement follows immediately from Theorem 2.14.

To prove the first part, proceed as in the proof of Theorem 3.5. Since the
subgroup (o) of Gal(Q(e*"/*%)/Q) has fixed field Q(iv2++/2), and since o,
fixes E(x) by Theorem 2.10, we deduce that E(x) has the representation
given in (4.44), where a.¢, byg, C16, and d,¢ are rational numbers such that
(4.45) and (4.46) hold. By Theorem 2.10, E(x)=E(x”) and E(x®)=E(x®).
Also, 05(v2)=—+2. Furthermore, by Theorem 2.11, 1=E(x?)=E(x%) =
E(x')=E(x") and —1=E(x*) = E(x®) = E(x*?). Using all of this informa-
tion in Theorem 2.17, we find, with the help of (4.44), that

(4.47) 16T(x)= 2, EG®*+ 2, E(®)=8a,s+p+1.

i=0 i=0
Since T(x) is odd, we have 16=8a,¢+p+1 (mod 32). Thus,

(4.48) a=1-2k=(-1)* (mod4),

and a,¢ is an integer.
By Theorem 2.10,

2(ass+b16v2) = E(x)+ E(%) = E(x)+ E(x°)

= T xWrbnii+o+bl=2 T x(+bye2a

Osb=p—1
d(1+by)=1

Thus, a +b,6\/§eﬂ, and so b, is an integer. Hence, by (4.44),
c16V2+V2+diV2—+2€Q. From Lemma 3.4, we deduce that ¢, and
d,e are integers. Thus, a6, byg, €16, and dy¢ are integers.

From (4.46), c¢,c and d,¢ have the same parity. Suppose that ¢, and dq¢
are even. Then by (4.46) and (4.48), b,¢ is even. Hence, by (4.45), p=ais=
1 (mod 8), which is a contradiction. Thus, ¢, and d,¢ are odd, and so, by
(4.46), b,s is odd. Hence, by (4.45), p=ajs+6 (mod16). Since p=
7 (mod 16), we have a?¢=1 (mod 16). Hence, by (4.48), a,s=(—1)*
(mod 8). The claim on uniqueness in the theorem was shown by Muskat and
Zee [17]. Q.E.D.
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5. Brewer sums

5.1 Brewer polynomials. For each natural number n and each complex
number a# 0, the generalized Brewer polynomial V,(x, a) is defined by [3]
Vi(x, a) =x, V,(x, a)=x>—2a, and

V,ix, @)=xV,(x,a)—aV,_,(x,a), n=2.

The ordinary Brewer polynomial V,(x) is defined by [2] V,(x)= V,(x, 1).
Note that V,(x, a) is even or odd according as n is even or odd. In this
section, we present some basic facts about V,(x, a).

ProrosrITIoN 5.1. For n=1, V,(y+ay ', a)=y*+a"y™
Proof. The result follows easily by induction on n. Q.E.D.
ProrosITION 5.2. For n=1,

(ol (=S,

Proof. Letting y =(x++x*>—4a)/2 in Proposition 5.1, we readily achieve
the desired result. Q.E.D.

Vu(x, a)=

ProrosrTION 5.3.  For each odd prime p, x™'V,(x) is an irreducible poly-
nomial over Q.

Proof. By Proposition 5.2, x™'V,(x) is an Eisenstein polynomial with
constant term (—1)®~*?p, Q.E.D.

ProrosITION 5.4. For each pair of natural numbers k and n, V,,(x)=
Vo(Vi(x)).

Proof. For x=y+y™, y#0, the result holds by Proposition 5.1. Hence,
the result holds for all x. Q.E.D.

PRroPosITION 5.5. For each pair of complex numbers a, b, we have
V. (xva, aby=a™?V,(x, b).
Proof. The result follows readily by induction on n. Q.E.D.

Define the polynomial F,(x, a) by

F.(x,a)=V,,(x, a).
Put F,(x,1)=F,(x).

ProrposITION 5.6. We have F,(xa, a) = a"F,(x).
Proof. By Proposition 5.5,

F,(xa,a)= V,,(Vxa, a) = a"V,, (Vx) = a"F,(x). Q.E.D.
ProrosITION 5.7. We have F,(x +2) =V, (x).
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Proof. By Proposition 5.4,

F (x+2)=V,,(¥x+2) =V (Vo,(vx +2)) = V,(x). Q.E.D.

5.2 Theory of Brewer sums. In the remainder of the chapter, p denotes
an odd prime, and a is an integer such that p A a. If n is a positive integer,
the generalized Brewer sum A, (a) is defined by

m@=3 (239).

The ordinary Brewer sum A,, is defined by A, = A,,(1). These sums were first
introduced by Brewer [2], [3].
For n=1, define

Put Q,(1)=Q,. Let d=(n,p—1). As j runs through the elements of
GF(p)*, j™ runs through the same elements as j* does, with the same
multiplicity. Thus, we can write

(5.1) 2,@=3 (ﬁl;‘—’:) .

Recall that 7 is a generator of GF(p?®* and that y=7®*Y2 Define
6=1""", and let € =(6). Thus, € is a cyclic subgroup of GF(p?)* of order
p+1. For 0O=n=p-—1, we have (1++yn)*"*=(1-vyn)/(1+vyn), and, hence,
the p elements (1+vyn)?~! are distinct elements of €. Hence,

={(1—yn)/(1+yn):0=n=p—1}U{-1}.
If x =a+by with a, b€ GF(p), then
(5.2) x+x?=(a+by)+(a+by) =(a+by)+(a—by)=2ae GF(p).

Hence, if y €%, then y+y~'=y+y?” e GF(p). Thus, we can define, for each
natural number n

n + y il
®, = (——y ) :
yg% p

Let D =(n, p+1). As y runs through the elements of 6, y" runs through the
same elements as y” does, with the same multiplicity. Thus,

5.3) 0,-0p=Y (ﬁiy—f) .

=14 p

Recall that g=vy?>=17"*' is a primitive root (mod p). If y € ¢, then (ry)’ =
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g(ry)™, and so by (5.2),

(ty)" +g"(1y)™" = (1y)" +(7y)™ € GF(p).
Hence, we may define

0, (@)=Y ((fy)" ;(w)"") -y (('ry)" + g”(fy)”") '

ve@ yel p

For completeness, we give a proof of the following lemma of Brewer [2].
Lemma 5.8. Forn=1, 2A,=Q,+0,.
Proof. Let

S={meGF(p): ('"21)_4)=1} and T={me_GF(p): ("’;’ >=—1}.

Then GF(p)=SUTU{-2,2}, and by Lemma 2.5, |S|=(p—3)/2 and |T|=
(p—1)/2. Let y=a+bye€—{—1, 1}, where a, bc GF(p). Then

(y+y )P —d4=(y—y ) =(y—y?)*={(a+by)—(a—by)f*=4bg.
+y -
Thus, ( . )
that

=—1, and so y +y ‘e T. By Proposition 5.1, it follows

g‘ ( n(y+y_1)) 2 Z ( n(m)) me{§2’2} (M)

meT p
Since (j+j1)*—4=(i—j")?, we also have
. ._1
i+0 p meS p me{-2,2} p

Addition of the above two equalities gives

0,+0,=2) (%"2) =2A,. Q.E.D.

The following theorem enables one to evaluate any ordinary Brewer sum

in terms of Eisenstein sums and the Jacobsthal sums ¢, (a) and ¢, (a) over
GF(p) defined in Chapter 2.

THEOREM 5.9. Letn=1,d=(n,p—1), and D=(n,p+1). If n is odd, we
have
2A, =0, if p=3 (mod 4),

2D-1

=g (1)+ (‘IZ;) Eo E@W**"), if p=1(mod4),
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where { is any character on GF(p?) of order 4D. If n is even, we have
2A, =—1+4¢,4(1), if (p+1)/D is odd,

D-1

=1+ a(D)+ (%) T EGA™, if (p+1/D is even,

where x is any character on GF(p?) of order 2D.

Proof. First, suppose that n is odd and that p =3 (mod 4). Replacing j by
—j in (5.1) and replacing y by —y in (5.3), we find that Q, =—-Q, and
Op = —0p, respectively, and so by Lemma 5.8, A, =0.

Secondly, suppose that n is odd and that p=1 (mod 4). Clearly, ), =
@,4(1). By Lemma 5.8, it remains to evaluate ®p. Let A be a character on
GF(p?) of order 2D(p—1), and let ¢ =A® 2 Then ¢ has order 4D. By
Lemma 2.9, {; has order 2. Thus,

=2 WOP+y )= T IPW(y> +1).
ye€ vyek
Now, A(7) is a primitive 2D(p —1)th root of unity. Since § =7°"*, A(9) is a
primitive 2Dth root of unity. Since p =1 (mod 4), it follows that ¢>(8)=1.
By the definition of 4, we then have ¢°(y)=1 for ye%. We thus get

=Y P +1)=Y w(y+1) Z A (y)

yEB yESB

) 2 A((+myy

1+m

2Dp

= Z 2 YY1 (1+my)

i=1m=0

Finally, suppose that n is even. Then d and D are even, and it is easy to
see that

5.4 Q4 =—1+¢,(1).

Assume that (p+1)/D is even. Then p=3(mod4). Replacing y by
yo® D in (5.3), we see that @, =—0p,. Thus. O, =0, and so by Lemma
5.8 and (5.4), we achieve the desired result. Now assume that (p+1)/D is
odd. It remains to calculate ®p. Let w be a character on GF(p?) of order
D(p—1), and let x = w® "2, Thus, x has order 2D, and by Lemma 2.9, x;
has order 2. Hence, we can write

= L xOP+y™®)= T F°x¢*+1).
ve® yel
Since 6 = 7?71, u() is a primitive Dth root of unity. Thus, x”(8) = 1. By the
definition of ¥, it follows that xP(y)=1 for ye 4. Furthermore, since
(2D, p +1) =D, the sequence (y*P:y € €) is a permutation of the sequence
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(yP:ye€). Hence,

Op =Y x(y*P+1)= Y x(yP+1)

yee¢ vee
D .
=Y xy+1) X w(y)
ye® i=1

=T x@RU+my) T w(A+myr )

i=
= xQ)x* (1 +my)
- (2> Y EGe.
D/ j=o
Using the above and (5.4) in Lemma 5.8, we complete the proof. Q.E.D.
The following corollary generalizes a result of Robinson [23].
CoROLLARY 5.10. Let n be odd. Then
2(A2n “An) =—-1+ ‘l’zd(l) =2dy(1).
Let n be even. If p=1 (mod 4), then

2(A2n _An) = ¢2d(1)3 lf (p - l)ld is even,
=0, if (p—1)/d is odd.
If p=3 (mod 4), then

2(A2,—A) =0, if (p+1)/D#2 (mod 4),

=(§) Y EWH, if (p+1)/D=2(mod4),

where { is any character of order 4D on GF(p?).

—d
Proof. Let n be odd. Then (—’:—)= (mp ) for each m € GF(p)*, and so

=3 (—’pf) ('"d; ) 3 ('"d; H) =1+,

Since Y,4(1) = d4(1)+;(1) by Theorem 2.6, it follows that —1+ s, (1) =
2¢4(1).

All of the remaining equalities given in Corollary 5.10 follow directly
from Theorem 5.9, with the use of Theorem 2.6 in some instances. Q.E.D.
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We now define a sum B,, very closely related to A,, by

. ,
B.=Y (I 2) (Vn(])> '
i p p
The evaluation of B, was first achieved by Brewer [2]. Later proofs have
been given by Whiteman [28], Rajwade [21], and Leonard and Williams

[15]. In [1, Theorem 4.12], B, is evaluated. Corollary 5.10, in fact, gives a
formula for B,, as the following theorem shows.

THEOREM 5.11. For n=1, B, =A,, —A,.
Proof. By Proposition 5.4, V,,(x)= V,(x>*—2). Hence,

=3 ()3 () )
= ; (1;(1_)>{1 + (”Tz)} =A,+B, Q.ED.

The rest of this section is devoted to obtaining formulas for the
generalized Brewer sums A,(a) analogous to the formulae for ordinary
Brewer sums given in Theorem 5.9.

THEOREM 5.12. For n=1,

An(@)= (g-)(A -a+(5) A

Proof. Using Propositions 5.6 and 5.7, we get

Asn(a)= Z <V2"(i’ a)> = 21“ (Fn(i’, a))

p p

()
;(F(pa,a)){ (a}

HE ()
EE ()
T T
- (& 0+ () B

The result now follows from Theorem 5.11. Q.E.D.
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Theorem 5.12 is very important, for it indicates that every generalized
Brewer sum A,,(a) can be evaluated in terms of ordinary Brewer sums.
Thus, for the remainder of this section, we need only examine A, (a) for odd
n. Moreover, if g is a primitive root (mod p), we deduce from Proposition
5.5 that V, (g*x, g%*b) = g""V,(x, b), where k is a positive integer. Hence,

(5.5) An(8%D) = (=1)" A, ().

Therefore, all generalized Brewer sums can be expressed in terms of A, or
A, (g). Thus, it remains to evaluate A, (g), for odd n. We do this in the next

theorem. First, we give, for completeness, a proof of the generalized Brewer
lemma [3]. Recall that g =7°"*,

Lemma 5.13. Forn=1, 2A,(g)=Q,(2)+0,(g).
Proof. Let

S, ={m(—:GF(p): (m2;4g)= 1} and Tg={meGF(p) (m . 43) —1}

Now GF(p)=S, UT,, and by Lemma 2.5, |S,|=(p—1)/2 and |T,|=(p +1)/2.

Using Proposition 5.1, we proceed as in the proof of Lemma 5.8 to deduce
that

0.(g)= Y (Vn(ry+g(fy)’1, g)) ) (V o (m, g))

yeen p meT,

Similarly,

.= (Vn(]""ﬁf_la g)) 2 Y (V w(m, g))

i#0 mesS,
By addition of the above equalities, the desired result follows. Q.E.D.
THEOREM 5.14. Let n be odd, d =(n,p—1), and D =(n,p+1). Then
2A,.(8)=0, if p=3 (mod4),
= (D™D (g?)
2D-1

+( 1)(n—D)/2(p> Z ( 1)'E(ll12’+1) iprl (mod4),

where s is any character on GF(p?) of order 4D chosen such that ¢ (1) = —i.
Proof. By Lemma 5.13 and (5.1),
~d+ n+—d: "4 np
(5.6) 24.(8)= Y (L———s L)+ ¥ (————(Ty) (y) ).

i+0 ve® p
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If p=3 (mod4), then replacing j by —j and y by —y in (5.6), we have
2A,.(g)=—2A,(g), and so A,(g)=0. Suppose now that p=1 (mod 4). Re-

placing j by g*#/@?j, we find that the first sum on the right side of (5.6)
becomes

-d ds—d
0.@ =1 ¥ (FEE) = a0, (g0,
i#0 p
Tt thus remains to evaluate the second sum 0,(g) on the right side of (5.6).
Let A be a character on GF(p?) of order 2D(p—1) chosen so that
AP@=D2(y=—j Let y =A®"Y2 Thus, ¢° (1) = —i, ¢ has order 4D, and, by
Lemma 2.9, ¢, has order 2. Since A(0) is a primitive 2Dth root of unity,
¢P(y)=1 for all ye 4. Thus,

0,(8)= T U (mA+yy )= T 4" m1+07ye ).

Since 2D = (n(p — 1), p +1), the sequence (y"®~: y € €) is a permutation of
(y?P:ye%). Thus,

U (DB(g)= L, W(1+6"y)= 2 W(1+6%y) Z N (y).
Replacing y by y0™, we get
I (18.()= L Y(1+y) Z AT (ON(y)

ve®B

-3 o

T~ > Z )t—’"(p—l)('r))t’(p‘l)(l +my)

=¥ ; ) 2_0 YN 1+ my)

=4 X ¢ EHEWH.

Hence,

0.0)=(2) T, I amEw).

As D—1 and n/D—1 are both even, n/D—1=D(n/D—1)=n—D (mod 4).
Hence, since ¢(r°)=—i, ¢(")=i"P=i""P"=i(-1)""P"2 Thus,
(") =i(=1)(-=1)""P2, and the result follows. Q.E.D.

5.3 Special cases of Brewer sums. In this section, we apply the results
of Section 5.2 to illustrate the evaluation of generalized Brewer sums A, (a)
for certain small values of n. The formulae for A,(a) given here, except
those for As(a), may be found in the paper of Giudici, Muskat, and
Robinson [7]. We do not use the theory of cyclotomy as in [7], and our
method is perhaps simpler and more systematic.
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By (5.5), it suffices to evaluate A, = A, (1) and A, (g). When n =2k, A, (g)
can be simply determined from A,, and A,, by Theorem 5.12. When n is
odd, we need evaluate A, and A,(g) only when p=1 (mod 4), since when
p=3 (mod 4), A, =A,(g) =0 by Theorems 5.9 and 5.14.

Let d=(n,p—1) and D=(n,p+1). Set

5,= (%) DZ_ E@?*) and S,= (%) T EGe,

i=0

where ¢ and x have orders 4D and 2D, respectively, as in Theorem 5.9. Set
2\ 2R=1 . .
S:=i(2) T -1EE,
P/ j=o0

where ¢ has order 4D, as in Theorem 5.14.

When p=1 (mod 3), write p = A3+3B3 with A;=1 (mod 3). When p=1
(mod 4), write p = A%+ B2 with A,=1 (mod 4). When p=1 (mod 12), write
p=A3%,+B2?, with A;,=%A, according as 3+ A, and 3| A,, respectively
(see [1, Theorem 3.19]). When p =8k +1 or 8k + 3, write p = A} +2B? with
Ag=(-1)* (mod4). When p=16k+1 or 16k+7, write p=A%,+2B}s+
2C%,+2D3%¢ with A;s=(—1)* (mod 8) and 2A(B.s=D3%¢— C3—2C1cDs.
When p=1 (mod24), write p=A3%,+6B3, with A,,=A; (mod3).
When p=1 (mod 10), write p=A2%,+5B%,+5C},+5D3%, with A ;=1
(mod 5) and A,,B;o=D3?%,—C%,—C10D1o. The notation in the case p=1
(mod 20) is more involved, and we defer it until the discussion of As(a).

We proceed to evaluate A,(a) for n=1, 2, 3, 4, 5, 6, 8, 10, and 12.

5.31 The sums A,(a), A,(a), As(a), and Ag  Trivially, A,(a)=0. By
Lemma 2.5, A,(a) =—1. Since As(a) = ¢,(—3a), it follows from [1, Theorem
4.4] that for p=1 (mod 4),

(5.7 As(a)=-2A,, if —3a is a quartic residue (mod p),
=2A,, if —3a is a quadratic residue but a quartic non-
residue
=+2|B,|, otherwise.
For a=1, (5.7) was first observed by Brewer [2]. We can alternatively
evaluate A;(1) by the use of Theorem 5.9. (By Theorem 5.14, we can also

alternatively determine A;(g).) To evaluate A;(1), we thus complete the
table below, where n =3.

p (mod 12) d ¢24(1) D S,

1 3 —2A,—4A,, 1 2A,
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The values of ¢,(1) and ¢4(1) are found in [1, Theorems 4.4 and 4.8], and
the values of S; are determined from Theorems 4.1, 4.4, and 4.10. By
Theorem 5.9, we then deduce the following theorem.

THEOREM 5.15. If p=3 (mod 4), A3;(a)=0. If p=1 (mod 4), then
As=—2A,,, ifp=1(mod12),
=+2|B,|, if p=5 (mod 12).

Combining (5.7) and Theorem 5.15, we deduce the following interesting
consequence of the law of quartic reciprocity. When p=1 (mod 4), -3 is a
quartic residue (mod p) if and only if p=1 (mod 12) and 3 X a,.

In order to calculate A4, we form the following table for n =3.

p (mod 12) A; d b4(1)
1 —2A12 3 - 1 - 2A3
5 +2 |B,| 1 -1
7 0 3 -1-2A,;
11 0 1 -1

The values for A;, ¢,(1), and ¢5(1) are found in Theorem 5.15, Lemma 2.5,
and [1, Theorem 4.2}, respectively. Since Ag=A;+¢,(1) by Corollary 5.10
with n =3, we obtain the theorem below, due to Robinson [23].

THEOREM 5.16. We have

A6 = _1 —2A3_2A12,

ifp=1 (mod 12),

=-1£2|By|, if p=5 (mod12),
=—1-2A,, if p=7 (mod12),
=-1, if p=11 (mod 12).
5.32 Thesum A,. To determine A, we complete the following table for
n=4.
p (mod 8) d D (p+1)/D —1+4rr,(1) S,

1 4 2 odd —2-2A,—4A4 2A,

3 2 4 odd -2 —4Aq

5 4 2 odd —2-2A, 2A,

7 2 4 even -2 —

In the determination of ¢,,(1), we have used the facts that (1) = ¢r,(1)
when p=3 (mod4), and (1) =4y,(1) when p=35 (mod 8). The value of
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¥,(1) is obtained from Lemma 2.5, and the values for y,(1) and yg(1) are
found in [1, Theorems 4.5 and 4.7]. The values for S, are obtained from
Thedrems 4.1, 4.4, and 4.6, with the aid of Theorem 2.10 in the case p=3
(mod 8). By Theorem 5.9 and the table above, we deduce the next theorem
due originally to Brewer [2]. Proofs have also been given by Whiteman [28]
and Leonard and Williams [15].

THEOREM 5.17. We have
Ay=-1-2A4, ifp=1 or 3 (mod?8),
=—1, if p=5 or 7(mod 8).

5.33 The sum A,,. To calculate A;,, we compose two tables for n =6,
the first for p=1 (mod 4) and the second for p=3 (mod 4).

p (mod 24) As d ¢24(1)
1 "‘1 —'2A3""2A12 6 _4A8_8A24
5 —1+2 B, 2 0
13 —1—2A3"'2A12 6 0
17 -1+2|By| 2 —4Aq
p (mod 24) D (p+1)/D (mod 4) S, Ag
7 2 0 — —1-2A,
11 6 2 —4Ag -1
19 2 2 —4Aq —1-2A;
23 6 0 — -1

The values for Ag are found in Theorem 5.16, and the nonzero values for
$4(1) and ¢,(1) are found in [1, Theorems 4.6 and 4.10]. Theorems 4.6,
4.18, and 2.10 and (4.24) are used in the calculations of S,. Using the above
two tables and Corollary 5.10 with n =6, we deduce the following theorem.

THeEOREM 5.18. We have the following table of values for A,,.

p (mod 24) Ass

1 —1-2A5-2A,,—2A;—4A,,
5 ~1+2|B,|
7 -1-2A,

11 —1-2A4

13 ~1-2A5-2A,,

17 —-1-2A3+2|B,|

19 -1-2A3—2A,;

23 -1
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5.34 The sum Ag. To calculate Ag, we form the following two tables
for n =4, the first for p=1 (mod 4) and the second for p =3 (mod 4).

p (mod 16) d (p—1)/d b24(1) Ay
1 4 even —8A16 - 1 - 2A8
5 4 odd — -1
9 4 even 0 —1-2A4
13 4 odd — -1
p (mod 16) D (p +1)/D (mod 4) S, A,
3 4 1 —_ —-1-2A,
7 4 2 8A16 - 1
11 4 3 — —-1—-2A4
15 4 0 —_ -1

The values of A, were determined in Theorem 5.17, and the value of ¢g(1)
for p=1 (mod 16) is given in Theorem 3.9. The value of S, for p=7
(mod 16) was calculated in (4.47). Using the above two tables and Corollary
5.10 with n =4, we deduce the following theorem.

THEOREM 5.19. We have
A8=_1_2A8—4A15, ipr]. (mOd 16),

=-1, if p=5, 13, or 15 (mod 16),
=—1-2A,, ifp=3,9, or 11 (mod 16),
=—1+4A,, if p=7 (mod 16).

5.35 The sums As(a), Ayo. Let n=35. Let x be a character on GF(p?)
of order 40 and let ¢ =x'”P. Then ¢ has order 4D. Assume that y is
chosen so that x'°(7) = —i, and so, as in Theorem 5.14, y°(7) = —i. Observe
that x3 has order 4 and that

58) X =@ = e =—i(2).
As in [1, Theorem 3.9], write

2
(5.9) K(xi)=—(E)A4+iB4,

where p=A2+B% and A,=1 (mod 4). By Theorems 4.1 and 4.4,

(5.10) EWP)= (%)(A4—iB4>.
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When p=1 or 9 (mod 20), write p=A%,+5B3, with A,,=A, (mod 5), if

54 A, and A,,=B, (mod 5), if 5| A,. In the case p=1 (mod 20), d =5 and
x1 has order 20; thus, we can write, as in [1, Theorem 3.34],

(5.11) K(x1) = i(Aso+iB,ov/5), if 5| Ag,

2
= (5)A20+ iB,V/5, if 54 A,

In the case p=9 (mod 20), D =5 and ¢ has order 20; thus, we can write, in
view of Theorem 4.22,

(5.12) E)= i(—(g)AmﬂBm«/g) . i 5| As
= (§>A20+ iByoV/5, if 5.4 A,

For p=1 (mod 4), we have by Theorems 5.9 and 5.14, respectively,

(5.13) 2A5=a(1)+S;
and
(5.14) 2A5(8) = d2a(g) +Ss.

We proceed to verify the entries in the tables below.

p (mod20) d b24(1) D Sy
1 5 —2A,, if5|A, 1 2A,
—2A,—8A,, ifS5YA,
9 1 —2A, 5 2A,, if 5| A,
2A,+8A,, if5FVA,
13, 17 1 2A, 1 2A,
p (mod20) d b24(8%) D S3
1 5 _2B4_8A20, if 5 l A4 1 2B4
_2B4, if 5 * A4
9 1 -2B, 5  2B,+8A,, if5|A,
2B4, if 5 * A4

13, 17 1 -2B, 1 2B,
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The values of ¢,4(1) are immediately obtained from [1, Theorems 4.4 and
4.13].

We next calculate S;. If D=1, then by (5.10),
S, = 2(%) Re E(y)=2A,,

as desired. Suppose that D =5. Then p=9 (mod 20), ¢ has order 20, and
E(¢)=E@®) and E(y®)=E({¢"), by Theorem 2.10. Thus,

S, = 2(%) Re 2E() +2EW?) + EW).

The desired expressions for S; now follow from (5.10), (5.12), and the fact
that i+/5 is fixed by o3 € Gal(Q(e*™*°)/Q).

We next establish the formulas for ¢,,(g?). Suppose first that d =1. By
the proof in [1, Theorem 4.4], ¢,(g) =2 Re {x3(—2)K(¥3)}, and so by (5.8)
and (5.9), ¢.(g)=—2B,, as desired. Now suppose that d =5. Then p=1
(mod 20), and x; has order 20. By (5.8), (5.9), (5.11), and the proof in [1,
Theorem 4.13], we obtain the desired expressions for ¢,0(g).

Lastly, we calculate S;. If D =1, then by (5.10),

s:=i(Z )W) - E@) =28.,

as desired. Suppose that D =5. Proceeding in the same manner as in the
calculation of S; above, we get

S5 = —2(5) Im {2 E() —2E(?) + E@).

By (5.10), (5.12), and the fact that i+/5 is fixed by o3 € Gal(Q(e2>™2)/Q), we
obtain the desired expressions for S;.

From (5.13), (5.14), and the tables, we obtain new proofs of the following
remarkable theorems of Brewer [2], [3].

THEOREM 5.20. We have As=0 unless p=1 or 9 (mod 20) and 5t A,,
in which case

As=—4A,, if p=1(mod?20),
=4A,, if p=9 (mod 20).

THEOREM 5.21.  We have As(g) =0 unless p=1 or 9 (mod 20) and 5| A,,
in which case

As(g)=—4A,, if p=1(mod 20),
=4A,, if p=9 (mod20).
Another proof of Theorem 5.20 has been given by Whiteman [29], [30].
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We finally evaluate A,o. By Corollary 5.10 with n=5, we have A=
As+¢;(1). Using Theorem 5.20 to evaluate A5 and using Lemma 2.5 and
Theorem 3.7 to evaluate ¢,(1) and ¢5(1), respectively, we obtain the
following theorem of Giudici, Muskat, and Robinson [7].

TueEOREM 5.22. We have

Aro=-1, if p=3,7,13,17, or 19 (mod 20),
orifp=9 (mod20) and 5|A,,
=—1—4A,,, if p=11 (mod 20),
orifp=1 (mod20) and 5|A,,
=—1+4A,,, ifp=9(@mod20) and 54 A,

= —1 - 4A10—'4A20, if p = 1 (mOd 20) and 5 * A4.

6. Jacobsthal sums over GF(p?)

Throughout the chapter, x is a character on GF(p?) and B € GF(p?)*. We
shall evaluate, for certain natural numbers n, ¢,(8) and ¢,(8) over GF(p?).
Because the evaluation of ,,,(B) is usually trivial by Theorem 2.6, we shall
not record any evaluations of ,,,(8). We shall generally express ¢, (B8) and
¥.(B) in terms of parameters depending only on p, e.g., a, and |b,|. As with
Jacobsthal sums over GF(p), sign ambiguities often occur. The same proofs
actually yield “more precise’ formulations in terms of parameters occurring
in the formulae for K,(x), €.g., a, and b,. The ambiguity associated with the
“£” sign does not explicitly occur in such formulations, but there is
generally no simple way of determining the sign of the parameters, e.g., b,,
depending on y, other than by the direct calculation of K,(x). We use the
“more precise” formulations in Theorems 6.16 and 6.18, because more
aesthetic statements of the theorems are then possible; generally, however,
such formulations are more complicated to state.

The Jacobsthal sums ¢,(1), ¢5(4), and ¢,(1) are evaluated over arbitrary
finite fields in Storer’s book [25, pp. 56, 62, and 78].

THEOREM 6.1. Let p=1 (mod 4). Write p = a2+ b3, where a, is odd. Then

2(B)=2p—4aj3, if B is a 4th power in GF(p?),
=—2p+4a3, if B is a square but not a 4th power,
=x4lasb,|,  otherwise.

Proof. Let x have order 4. Then x; has order 2, and so x(—1)=1. By
Theorem 2.7,

(6.1) $2(B) = X(B)YK(x) + x(BYK ().
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If p=1 (mod 8), then by Theorem 4.1,
Kx(x)=—E*(x) =—(as+ib,)* =p—2a3—2a,b,i.
If p=5 (mod 8), then by Theorem 4.4,
K>(x) =—(as—ibs)>=p—2a3+2a,b,i.
The evaluations now follow from (6.1). Q.E.D.
THEOREM 6.2. Let p=3 (mod 4). Then

&,(B)=2p, if B is a 4th power in GF(p?),
=-2p, if B is a square but not a 4th power,

=0, otherwise.

Proof. Let x have order 4. Thus, x; is trivial, and (6.1) holds. By
Theorem 2.14, K,(x)=K,(x®)=p. The theorem now follows from
(6.1). Q.E.D.

THEOREM 6.3. Let p=1 or 3 (mod 8) and write p=a3+2b3. Then
- $4(8)=—4(Q2az—p), if B is an 8th power in GF(p?),
=4(2a3—p), if B is a 4th power but not an 8th power,

=0, if B is a square but not a 4th power,
=+8 |aghg|, otherwise
Proof. Let p=8k+1, and let x have order 8. Note that x(—1)=1. By

Theorems 2.4(i) and 4.1, K,(x>) = Ku»(x) = —E*(x) = —(—ag +i(—=1)**1bgv2).
Thus, by Theorem 2.7, we get

¢4(B) =2 Re {}*(B)K(x) + X(B)Kx(x*)}

=2 Re {(R*(B)+X(B))(—as+i(—1)"'bgv/2)?.

The results now follow for p=1 (mod 8).
If p=3 (mod8) and x has order 8, then by Theorems 2.4(i) and 4.6,

K,(x?) = K,(x) = (ag + ibgv'2)?. Here, x, has order 2, and so x(—-1)= <_?1> =
—1. Thus, by Theorem 2.7, we obtain

&4(B) =—2 Re {(x*(B) + x(B))(as + ibsv/'2)%.

The theorem for p =3 (mod 8) now follows. Q.E.D.
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THEOREM 6.4. Let p=35 or 7 (mod 8). Then

é4(B)=4p, if B is an 8th power in GF(p®),
=—4p, if B is a 4th power but not an 8th power,
=0, otherwise.

Proof. Let x have order 8. Suppose first that p=35 (mod 8). Then x; has
order 4 from which it follows that x(—1) =—1. By Theorems 2.4(i) and 4.4,
K,(x®) = K,(x) =—p. If p=7 (mod 8), then ¥, is the trivial character, and so
x(—=1)=1. By Theorems 2.4(i) and 2.14, K,(x*) = K,(x) =p. In either case,
Theorem 2.7 yields

¢4(B)=2p Re {x*(B) +x(B)},
from which the desired evaluations follow. Q.E.D.
THEOREM 6.5. Let p=1 (mod 6) and write p =a3+3b3. Then

¥3(B) =26(B)(p —2a3), if B is a cube in GF(p?),
=¢(B)(—p +2a3+6m;|asbs|), otherwise,
where n;=+1.

Proof. Let x have order 6. If p=1 (mod 12), we find from Theorem 4.8
that

K,(x»)=—(as+ ib3\/§)2.
If p=7 (mod 12), Theorem 4.9 shows that
K,(x*) =—(as— ib3\/§)2,
Thus, by Theorem 2.8,
(6.2) ¥3(B) =26¢(B) Re {x*(B)K»(x*)}
=26(B) Re {x*(B)(p —2a3%2iashsV3)}.
The results now follow. Q.E.D.
THEOREM 6.6. Let p=5 (mod 6). Then
¥3(B)=2pd(B), if B is a cube in GF(p?),
=—pd(B), otherwise.

Proof. Let x have order 6. By Theorem 2.14, K,(x*)=p. Thus, by
Theorem 2.8, ¥i5(B8)=2pd(B) Re x*(B), from which the theorem is easily
concluded. Q.E.D.

THEOREM 6.7. Let p=1 (mod 6) and write p =a3%+3b3. Then

¢3(B)=2p—1-4aj, if B is a cube in GF(p?),

=—p—1+4+2a3—6m;|asbs|, otherwise,
where m; is as in Theorem 6.5.
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Proof. Let x be as in the proof of Theorem 6.5. Then x(—1)=1. By
Theorem 2.14, K,(x®)=—1. Hence, by Theorem 2.7, Theorem 2.4(i), and
(6.2),

¢5(B) =—-1+2 Re {x*(B)K,(x)}
=—-1+2 Re {x*(B)K,(x*)}
=—1+¢(B)Ys(B™H).
The result now follows from Theorem 6.5 and (6.2). Q.E.D.

THEOREM 6.8. Let p=5 (mod 6). Then

ds(B)=2p—1, if Bis a cube in GF(p?),
=—p—1, otherwise.

Proof. Let x have order 6. As yx; is trivial, x(—1) = 1. By Theorem 2.14,
K(x*>)=—-1 and K(x)=p. By Theorem 2.7, we then get ¢;(B)=
—1+2p Re ¥*(B), from which the theorem is immediate. Q.E.D.

In most of the following theorems, the values of ¢, (B) will be displayed in
tables. Columns will indicate the residuacity of B8 in GF(p?). Thus, for
example, if an x appears in the column headed by ‘“‘cubic,” it is assumed that
B is a cube in GF(p?); if no x appears in the column headed by “8th,” then
it is assumed that B is not an 8th power in GF(p?).

THEOREM 6.9. Let p=12k+1. Write p=a2+b3, where a, is odd. Then
we have the following table of values for ¢s(B):

ds(B) square cube 4th
6(p—2a3) X X X
—6(p—2a3) x X
0 X x
0 b
+4 |a byl X
+8 |a,b,l

Proof. Let x have order 12. Then x(—1)=1. By Theorems 2.4(i) and
4.8,

K,(x)= Kz(Xs) = Kz(XS) =—(a,x ib4)2-
Thus, by Theorem 2.7,
®6(B)=—2 Re {(x(B)+x°*(B)+x°(B))(as % ib,)?}.
Now,
(6.3) x(B)+x*(B)+x°(B)=3, -3,0,0, =i, +2i,
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according as B is on lines 1, 2, 3, 4, 5, or 6, respectively, of the table. The
theorem now follows by the consideration of each of the six cases. Q.E.D.

THEOREM 6.10. Let p=12k+5. Write p = a2+ b2, where a, is odd. Then
we have the following table of values for ¢¢(B):

d6(B) square cube 4th
—2(p—2a?) x x X
2(p—2ad) x X
4(p—2a?) X X
—4(p—2a3) x
+12 |a, b, X
0

Proof. Let x have order 12. Then x(—1)=1. By Theorems 2.4(i) and
4.10,

K>(x) = K»(x®) = —K,(x*) = —(ia £ b,).

Thus, by Theorem 2.7,

¢6(B) =2 Re {(x(B)— x*(B)+ x*(B))(2a3 —p +2ia,b,)}.
Now,
X(B)'— X3(3)+X5(B) = 19 _13 —2, 29 :t3la or 0’

according as B is in lines 1, 2, 3, 4, 5, or 6, respectively, of the table. The
result follows. Q.E.D.

THEOREM 6.11. Let p=3 (mod 4). Then

¢s(B)=6p, if B is a12th power in GF(p?),
=—6p, if B is a 6th power but not a 12th power,
=0, otherwise.

Proof. Let x have order 12. If p=7 (mod 12), x; has order 3, and so
x(=1)=1. I p=11 (mod 12), x(-1)=1 as x, is trivial. Now K,(x°)=
K,(x)=p by Theorem 2.4(i) and by Theorem 4.9, if p=7 (mod 12), and by
Theorem 2.14, if p=11 (mod 12). In both cases, K,(x*)=p by Theorem
2.14. Thus, Theorem 2.7 yields

¢6(B)=2p Re {x(B)+x*(B)+x°(B)}.
With the aid of (6.3), the results now follow. Q.E.D.
THEOREM 6.12. Let p=24k+1. Write p=a3+2b%=a3,+6b3,. Then we
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have the following table for ¢,,(B):

¢12(B) square cube 4th  8th
12p—8a3—16a3, x x x x
—12p+8ai+16a3, X x X
—8a3%+8a3, x X X
8a32—8a3, X X
0 X X
0 x
*8 |agbs| X

+8 |aghg| + 24 |a24b24

Proof. Let x have order 24. Then x, has order 12 and x(—1)=1. Since

{05, 07, 011} < Gal(Q(e>™/?*)/Q) fixes iV6, we deduce from Theorem 4.11
that

K,(x) = Kx(x*) = Ko(x)) = Ky(x") = —(=ass+i(=1)*"b,V6)2.

By Theorems 2.4() and 4.1, K,(x*)=Ka(x®)=—(as+ibgv2)>. Thus, by
Theorem 2.7, we get

$12(B) = =2 Re {(x(B) + x*(B) + X" (B) + X**(B)) (a4 £ib,4/6)>
+(x3(B) + x°(B))(as + ibgv/2)*}
=—2 Re {x(B)(1+x*B))(1+x%(B))(2a2; — p *2ia,b,,/6)

+x3(B)(1+x*(B))(2a% —p +2iaghsv2)}.

The theorem now follows upon the examination of each of the cases. The
last case is facilitated by the observation that cos (m/12) = (/6 ++/2)/4 and
sin (7/12)= (V6 —4/2)/4. QE.D.

The next theorem summarizes the values of ¢,(B) for p=5, 7, 11, 13,
17, 19, and 23 (mod 24). The proofs are very similar to the proof of
Theorem 6.12, and so we omit them. Below the residue class designation of
p, we give the quadratic representations (if any) of p used in the evaluations
below. The eight rows of values in the tables correspond in order to the
residuacities of 8 found in the table of Theorem 6.12.

Tueorem 6.13. For p=5, 7, 11, 13, 17, 19, and 23 (mod 24), we have
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the following table of values for ¢,(B):
p=5 (mod 24) p=7 (mod 24) p =11 (mod 24)
p=a2+2b}
p=3e3,+2f3, p=a3,+6b3, p=3e3,+2f3,
12p —48e2, —4p+16a3, 12p —8a3—48e2,
—12p +48e2, 4p—16a2, ~12p+8a3+48e3,
24e3, 48b3, —8a2+24e2,
“‘246%4 —48b%4 8a§ - 246%4
0 0 0
0 0 0
0 0 +8 |agby|
24 |e24 4] £24 |az4bs| +8 |aghs| +24 |essfaal

p =13, 23 (mod 24)

p =17 (mod 24)

p =19 (mod 24)

p=a%+2b3 p=a?+2b2

12p 12p—8a3 —4p—8a3
~12p —12p+8a2 4p+8a2

0 —8a? 16b3

0 8a2 ~16b2

0 0 0

0 0 0

0 +8 |agby| +8 |agby|

0 +8 |agby| +8 |aghg|

THEOREM 6.14. Let p=20k+1 or 20k +9. Write p = a3+ b3, where a, is
odd, and p =a3,+5b3,, as in Theorems 4.20 and 4.22. Then we have the

following table:

b10(B), if 54 a, $10(B), if 5]ay square  4th 5th
10p —4a3—16a3, —6p —4a3+16a3, X x X
—10p +4a%+16a3, 6p+4a3—16a3, X X
+4 |a,b,)| +4 |asby| X
—4a2+4a2, 4b%2—4a3, X x
4a%—4a3, —4b%2+4a2, X

£4 |asby] £20 |azobaol

+4 |azb,] £20 |aob,|

Proof. Let x have order 20. If p=1 (mod 20), then x; has order 10
and x(=1)=1. If p=9 (mod20), then x, has order 2 and x(-1)=1.
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By Theorems 4.1 and 4.4, K,(x%) =—(as+ib,)?. Since iv5 is fixed by
{03, 07, 011} = Gal(Q(e*™2°)/Q), it follows from Theorems 4.20 and 4.22 that

Ko(x%) = K(x) = Kao(x®) = Ko(x7) = £(a0 £ ibyoV/5)>,

where ¢ =—1 or 1 according as 5t a, or 5|a,, respectively. Thus, by
Theorem 2.7,

$10(B) =2 Re {x(B)(1+ x*(B))(1 +Xx°(8))e (2a30— p % 2iaz0b20v5)
+x°(B)(p —2a3+2ia,b,)}.
The evaluations now follow. The last case is facilitated by the observations
that cos (w/5) = (v/5+1)/4 and cos (2m/5)=(V5—1)/4. Q.E.D.
THeoreM 6.15. Let p=11 or 19 (mod 20). Then
¢10(B)=10p, if B is a 20th power in GF(p?),

=—10p, if B is a 10th power but not a 20th power,
=0, otherwise.
Proof. Let x have order 20. Then x(—1)=1. By Theorems 2.14 and
4.21, K(x')=p for each odd integer j. Thus, by Theorem 2.7,

4
$10(B)=2p Re i}:o 7B,

and the result follows. Q.E.D.

Let p=10k+1 and let x have order 10. By Theorems 4.20 and 4.21 and
the remark at the end of Section 3.1, K,(x) = —K*(x?). In view of Theorem
3.1, we may write

(6.4) KZ(X) = _{a10+ blo\/g + iclo \% 5 + 2‘/3 + ile \ 5 - 2; 5}2,

where the integers a,q, b1o, C10, and d,, satisfy (i), (ii), and (iii) of Theorem
3.1.

THEOREM 6.16. Let p=10k+1. Fix B € GF(p**. Let x have order 10
and assume that x is chosen such that x*(B) =e>""> when B is not a fifth
power in GF(p?). Then, in the notation above, if B is a fifth power in GF(p?),

és(B)=—1+4(p _za%o" 101721’0) and Ys(B)=4¢(B)(p "2021,0— 10b21’0)§

otherwise,

¢s(B) =
—1-p+2afo+10b3o—20a10b10+30b10C10+ 10(a10C10+ a10d10— byodyo)
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and

Us(B) =
d(BH—p+2a3,+ 10b%o —20a40b10—30b1o€10— 10(@10C10+ B10d10— b10d10)}.
Proof. By Theorem 2.7,
&s(B)= Kz(XS) +2Re {)-24(3)K2(X) + iz(B)Kz(Xa')}-
By Theorems 2.8 and 2.4(i),

¥s(B) =2¢(B) Re {x*(B)K,(x) + x*(B)K>(x>)}-
By Theorem 2.14, K,(x*)=—1. Applying o;€ Gal(Q(e*™*%)/Q) to (6.4),
we have

K2(X3) = _{alo— blO\/—S. + iC10V 5 - 2‘\/3 - idl()V 5 +2\/§ 2.

The result now follows. The computations are facilitated by the use of
(3.2). QED.

Example. Let p=11. Choose ye€ GF(p®) so that y>=2. Thus, r=2+7vy
generates GF(p®)*. Then a,;o,=—1 and |b,o|=1. If B =1, then ¢s(B)=-5
and Ys(B)=—4.If B=17 or 77}, then b;,=—1, ¢;0=0, |d;o| =1, ¢5(B) = -20,
and lll5(B) =19. If B = 72, then b10= 1, Ci0= 1, d10= 0, ¢5(B) =40, and
Us(B)=1. K B= 772, then bio=1, c10=-1, d1p=0, ¢s(B)=0, and ¢5(B) =
41.

THEOREM 6.17. Let p=9 (mod 10). Then

&s(B)=—1+4p, if B is a Sth power in GF(p®),
=—1—p, otherwise,
and ¢s(B) = ¢(B){1+ds(B)}-

Proof. Let x have order 10. Then X1 is trivial and x(—1)=1. By
Theorem 2.14, K,(x’)=—1 and K,(x)=p for 1=j=4. Hence, by
Theorems 2.7 and 2.8, respectively,

¢s(B)=—1+2p Re {x*(B)+x*(B)} and ¥s(B)=2¢(B)p Re {x*(B)+x*(B)}.

The theorem now follows. Q.E.D.

Let p=16k+1 or 16k +7. Let x have order 16. If p=1 (mod 16), then
X1 has order 8 and x(—=1)=1. If p=7 (mod 16), then x; has order 2 and
x(—1)=—1. By Theorem 2.4(i), K,(x) = K,(x”). In view of Theorems 4.26
and 4.28, we may thus write

(6.5)
x(—DKy(x) = X(_l)Kz(X7) = _{A16+Bls\/§+ iCieV 2+V2+ iDy6V 2—2 2,
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where A,q, Bys, Ci6, and D¢ are integers such that A;s=(—1)* (mod 8),
p =A%6+2B%6+2C%6+2D%6’ and 2A16B16=D%6_C%6—2C16D16'

THEOREM 6.18. Let p=16k+1 or 16k+7. Fix B € GF(p®*. Let x have
order 16 and assume that x is chosen such that

X(B)=¢e*™"'S, if B is not a square in GF(p>),

=e>™8, if B is a square but not a 4th power.

Then, in the notation above, we have the following table:

os(B) square 4th 8th 16th
8(p—2A2%,—4B3%) x X x x
—8(p —2A%s—4B2) x x X
0 x b
—32A16B16 X

16(A6D16+B16Ci6— B16D16)

Proof. Applying o5 € Gal(Q(e*™/*°)/Q) to (6.5), we have
X("l)Kz(XB) = X(“’l)Kz(XS) = —{A16—-B16\/§_ iCy6V 2—V2+ iD16V 2+V2P.
By Theorem 2.7,

&5(B) =2 Re {x(B)Y(1+X*(B)x(—DK,(x)}
+2 Re {*(B)1+X*(BYx(—DK()}-

The evaluations now follow. Q.E.D.

Example. Let p=7. Choose ye GF(p?) so that y*=3. Thus, r=1+7y
generates GF(p*)*. If B =17 or 72, then A;4=B,;,=C;s=1 and D;s=—1.
Thus; ¢8(B) = 16, if B =T, and ¢8(6)=—327 if B =72' AlSO, ¢8(B)=89 _83
and 0 according as B =75, 78, and 7*, respectively.

THEOREM 6.19. Let p=9 or 15 (mod 16). Then

&s(B)=8p, if B is a 16th power in GF(p?),
=—8p, if B is an 8th power but not a 16th power,
=0, otherwise.
Proof. Let x have order 16. If p=9 (mod 16), then x; has order 8 and

x(=1)=—1. If p=15 (mod 16), then x, is the trivial character and x(—1)=
1. By Theorems 2.14 and 4.27, K,(x’) = x(—=1)p for odd j. Theorem 2.7 thus
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yields

$s(8)=2p Re 2, x*"'(B),

and the result follows. Q.E.D.

7. Gauss sums over GF(p?)

In this chapter, we evaluate the Gauss sum
4, = g2 r(@p
aeGF(p?)

for k=2, 3, 4, 6, 8, and 12. We could similarly evaluate other Gauss
sums, e.g., 9,4, but we omit these evaluations for brevity.

Generalizations of Theorems 7.1 and 7.2 have been given by Myerson
[18]. Theorem 7.1 was proved by Stickelberger [24, p. 341].

THeEOREM 7.1. For each odd prime p, we have 4, = G,(¢)=(—1)®+?p,
Proof. Using Theorem 2.12, we find that

G =L {1+d(@)e’™ " =Gy¢)=(-D*"’p.  QED.
THEOREM 7.2. Write p=a2+b% with a,= —(2) (mod 4) when p=1
(mod 4). Then p
2

G,=—p —2(5)a4ﬁw, if p=1 (mod 4),

=p+2(—1)®*Y4p, if p=3 (mod 4).

Proof. Let x have order 4. Then, since G,(¢) =(—1)®*"?p by Theorem
7.1, we have

(7.1 9= (=1)"""p+G,(x) + Go(%)-

First, suppose that p=1 (mod 4). Then yx; has order 2. Hence, by (7.1)
and Theorem 2.12, we find that

2
G,=—p+ (;){E(x) +E®Wp,

from which the result follows by Theorems 4.1 and 4.4.

Secondly, suppose that p =3 (mod 4). Then x; is the trivial character. The
result now follows immediately from (7.1) and Theorem 2.12. Q.E.D.

TueoreM 7.2. Write p=a3+b% with a,= —(%) (mod 4) when p=1
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(mod 4). Write p = a3+2b3 with ag=(—1)®">’® (mod 4) when p =3 (mod 8).
Then

%y =—p —2a,/p+2as(2p +2a,/p)", if p=1(mod 8),
=—p —4iagp, if p=3 (mod 8),
=—p+2a,/pt4ilby p2p+2a.Np)Y2, if p=5 (mod 8),
=3p+4(=1)®D’8p, if p=7 (mod 8).

Proof. Let x have order 8. Then
(7.2) Gs=%, +Sq,

where Sz=G,(x)+ G.(X)+Ga(x®)+G,(¥%). We have evaluated ¢, in
Theorem 7.2, and it remains to evaluate Sg.

First, suppose that p=1 (mod 8). Then x; has order 4 and x(—1)=1. By
Theorem 2.12,

G (x)=x1(QE(x)G(x)) and G,(x*)=x:2)E(x*)G(x,).
Since o5 € Gal(Q(e>"8)/Q) fixes iv/2, Theorem 4.1 shows that

E(x*) = E(x)=—as* ibsV2.
Note that x;(2) ==+1. Hence,
Ss=—2x1(2)as{G(x1) + G(x,)} = +2a3(2p + 2a4\/l—7)1/2,
as desired, where the last equality follows from [1, equation (3.10)].
Secondly, assume that p=3 (mod8). Then x, has order 2 and
x1(2)= (;2)-) =-—1. By Theorem 2.10, E(x)=E(x?. Thus, by Theorem
2.12, G,(x) = —iVpE(x) = G,(x?). Hence, by Theorem 4.6,

Ss = —2iVp{E(x) + E(X)} = —4iagVp,
as desired.

Thirdly, suppose that p=5 (mod8). Then x, has order 4. Hence,
x1(—=1)=-1 and x;(2) =+i. By Theorem 2.10,

(7.3) E(x*)=E(X°)=E(x)=a,+ib,,

as in Theorem 4.4. Thus, by Theorem 2.12, G,(x)=x12)G(x1)E(x)=
G,(x>). Hence,

(7.4)  Sg=2):G()E()— G(RDER)} = +4i Re {G(x)E(X)}-

Now set Rg = G(x;)+ G(x,). By [1, equation (3.10)], R¢ = %i(2p +2a,Vp)*>.
Let Dg= G(x1) — G(x1). Thus, Dy is real and 2G(x,;) = D¢+ Rs. Hence, by
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(7.3) and (7.4),
(7'5) Ss = i2i(D6a4— iR6b4).
We now compute Dg. By Theorems 2.2 and 4.4,

R¢Dg= Gz(Xl) - Gz()?l) = {J(Xl) —J()?l)}~/1—>= "‘{K(Xl) - K()h)}\/ﬁ= "‘2ib4‘/l;-
Thus, Dg=—2ib,V/p/Rs. Putting this in (7.5), we obtain

Sg=+2|b,| (2a,/p+R?)/Rs==+4 |b,| p/Rs,

as desired.
Lastly, suppose that p =7 (mod 8). By Theorem 2.12, G,(x’) = (—1)®*"®p
for each odd integer j. Thus, Sg=4(—1)®*Y8p, as desired. Q.E.D.

For the purposes of evaluating ¥; and %;, we recall some facts and
notation from [1]. Let p=1 (mod 6) and let x have order 6. Then x; is a
character (mod p) of order 3, and [1, Theorems 3.3, 3.4]

(7.6) K(x)=a;+ibsv/3 and 2J(x,)=rs+is;V3,

where as, bs, rs;, and s; are integers such that p=a3+3b3, 4p =r3+3s3,
and rs=—a,=1 (mod 3). Let G;=Y,, ¢>™°"® and define v =sgn {s3(G3—p)}.
Then [1, Theorem 3.7],

7.7 2G(xy) = G3+iv(dp— G2
Define €5 by e;==+1 and £3=|b,| (mod 3). Define
g6 =sgn{(a;+&; |bs)(G5—p)}.
When x,(2) =1, we have sgn b; =sgn s; [1, equation (3.1)]; hence,
(1.8) bsv = |bs| v sgn s, =|b3| sgn (G3—p),

when x;(2)=1. When x;(2)#1, define @ by a=+1 and x;(2)=
exp (2mic/3). In [1], the proof of Theorem 3.8 and the paragraph im-
mediately preceding Theorem 3.5 show that, respectively,

(7.9) av=g; and ab;=—¢;|bs|.

TueoreM 7.4, If p=5 (mod 6), then 4, =2p. If p=1 (mod 6), then, in the
notation above,

%;=—asG5—{sgn (G5 —p)} |bs| (12p—3G))"?,
if 2 is a cubic residue (mod p),
= %Gs(as —3e; |b3|) "%36(“3 +e; |b3|)(12p - 3G§)1/23

if 2 is a cubic nonresidue (mod p).
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Proof. Let x have order 6. Then
(7.10) %5 =G,(x) +G2(X*) =2 Re Go(x?).

First, suppose that p=5 (mod 6). Then by Theorem 2.12, G,(x?) = p, and
the result follows from (7.10).

Secondly, let p=1 (mod 6). Let b; and s; be as in (7.6). Then it can be
deduced from Theorems 4.8 and 4.9 that E(x?) =—a;—ibsv3. Thus, by
(7.10) and Theorem 2.12,

(7.11) %, =2 Re {x,(2)G(x,)(—as+ibsv/3)}

=—2a; Re {%1(2)G (x1)}—2b5¥3 Im {%:(2) G (x1)}.
If x.(2)=1, then the use of (7.7) in (7.11) yields
g3 = _‘agG3.—' b3V(12p - 3G§)1/2.

The desired result in the case x;(2) =1 now follows from (7.8).
Suppose next that x;(2) # 1. Then by (7.7),

(7.12) 4x:(2)G(x1) =—G3+av(12p-3G3)'? +i{~aGyV3—v(4p — GV
From (7.11) and (7.12), we have
2@3 = a3G3 - Otva3(12p - 3G§)1/2 + 3ab3G3 + b3v(12p - 3G§)1/2.

The desired result now follows from (7.9). Q.E.D.

THEOREM 7.5. If p=5 (mod 6), then Gs=2p +3(—1)®*Vp. If p=6k+1,
then, if 2 is a cubic residue (mod p),

G =—p—2a3Gs;, if k is even,
=p—2{sgn (G3—p)}|bs| 12p—3G3)"?, if k is odd;

if 2 is a cubic nonresidue (mod p),
Gs=—p+a;G;—esas(12p —3G3)'?, if k is even,
=p—3e; |bs| G3—e386 |bs| (12p —3GHY?, if k is odd.

Proof. Let x have order 6. Then
(7.13) G6=%G,+ 95+ S,

where S¢= G,(x)+ G,(X) =2 Re G,(x).

First, suppose that p=5 (mod 6). By Theorem 2.12, G,(x) = (—1)®*"p.
The result thus follows from (7.13) and Theorems 7.1 and 7.4.

Secondly, let p=6k+1. Let b; and s; be as in (7.6). It can be deduced
from Theorems 4.8 and 4.9 that E(x)=(—1)*"%(as+ibsv3). Thus, by



SUMS OF GAUSS ET AL. 433

Theorem 2.12,

(7.14)  Sg=2(-1)""' Re {x:(2)G(x,)(as+ibsv/3)}
=2(=1)*"a3 Re {x1(2)G (x2)} + 2(—1)*b;3 Im {x,(2) G (x,)}-
By (7.11), (7.13), (7.14), and Theorem 7.1, we then get
Gs=—p—4az; Re {x,(2)G(x1)}, if k is even,
=p—4b,V3Im{x:(2)G(x1)}, if k is odd.

The desired evaluations now follow from (7.7) and (7.8), if x,(2)=1, and
from (7.9) and (7.12), if x;(2)#1. Q.E.D.

THEOREM 7.6. If p=1 (mod 4), write p = a2+ b3 with a,= —(%) (mod 4).

If moreover p=1 (mod 12), write p = a3,+b3,, where a,, is as given at the
beginning of Section 4.2. If p=5 (mod 12), define €,, by £,,=%1 and
€12=—a, |bs| (mod 3). Let 45 and 4¢ be as given in Theorems 7.4 and 7.5,
respectively. Then

2 2
G = G —2(5) a46—2(5)au(G§—2p)N5, if p=12k+1,

2 2

=-p —2(;)‘14‘/5"'4(;)312 |b4\ ‘/-l;a if p=12k +5,
=G +2(—1)* G, +2(-1)*p, ifp=12k+7,
=5p+6(—1)*"'p, if p=12k+11.

Proof. Let x have order 12. Then x(—1)=1 and
(ng = @6 + (g4 - 92 + 3129 Where 812 = 2 Re G2(X) + 2 Re G2(X5).

We have already evaluated %,, 9., and %, and so it remains to evaluate S;,.
First, suppose that p=12k+1. Then x; has order 6. Since i’=i, we

deduce from Theorem 4.8 that E(x°)=E(x)=—a,,£ib;,. Thus, by
Theorem 2.12,

G,(x) =x1(2)G(x1)E(x) and Gz(XS) =x:1(2)G(x)E(x).
Hence, as desired,
S12 =4, Re (TG00} =2(-)an(G3- 20N,
where we have used the value of ‘G(x;) from [1, Theorem 3.7(ii)].
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Secondly, let p=12k+5. Then x; has order 2. By Theorem 2.10,
E(x)=E(x®). Hence, by Theorem 2.12,

6:00=(2)pEG0 = Gxx).

Thus, by Theorem 4.10, we obtain the desired result

Si2= 4(%)‘/5 Re E(x)= 4(;)812 |bal ‘/E

Thirdly, let p =12k +7. Then x, has order 3. Write K(x;) = a;+ibsv3 as
in (7.6). Then by Theorem 4.9,

(7.15) E()=(-1)*"(~as+ibsV3).
Now, by Theorem 2.10, E(x°) = E(x’) = E(x). Thus, by Theorem 2.12,
G:(0)=x:(2DGKDE(x) and Gy(x*)=x:(2)G(X)EX).
Therefore, using (7.11) and (7.15), we obtain the desired result
S12=4Re {x:2)G(x,) EQO} =2(-1)""¥;.

Finally, let p=12k+11. Then by Theorem 2.12, G,(x’)=(-1)**'p for
i=1, 5. Thus, S;,=4(-1)**'p, as desired. Q.E.D.

8. The Hasse-Davenport relation

In this chapter, p is any prime, q =p', ¥ is a character on GF(q) of order
I>1, and x is an arbitrary character on GF(q) such that x' is nontrivial. As
usual, ¢ is the quadratic character on GF(q). Define

x' NG, T H G, (xy")
Gr(Xl) i=1 G(‘V

By using Theorem 2.1, we may write n;(x) in the alternative form

i L0 x)

m(x)=x (l),l;ll To0 o)
A remarkable theorem of Hasse and Davenport [4], [9, p. 464] asserts that
m(x) =1 for each possible choice of x. (We shall abbreviate this statement
by “m;=1".) This theorem is proved by the use of Stickelberger’s prime
ideal factorization of Gauss sums. An elementary proof that n, =1 is much

desired.

The proof of Theorem 8.1 below gives an elementary proof that n;, =1
under the assumption that m, =1 for all primes ¢ dividing l. Since an

(8.1) m(x)=
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elementary proof that m, =1 is well known (see the proofs for r=1 in [1,
Theorem 2.3], [9, p. 465] and the remarks immediately preceding Theorem
2.3 in this paper), we thus obtain an elementary proof that n, = 1 whenever [
is a power of 2. Moreover, the problem of providing an elementary proof
that n, =1 is reduced to the (apparently unsolved) problem of providing an
elementary proof that m, =1 for each prime ¢.

THeEOREM 8.1. Assume that m, =1 for each prime t dividing 1. Then it
follows elementarily that n, = 1.

Proof. Since all Gauss sums in the proof are over GF(q), we suppress the
subscript r.

If 1 is prime, there is nothing to prove; thus, assume that ! is composite.
As the induction hypothesis, assume that m, =1 for each integer u, 1<u <l
Define t to be the smallest prime divisor of I. We have

-1 Ut—1 t—1
[T gow*y= [T I1 Gowiv'.
k=0 =0 i=0
Since m,(xy') =1 by the induction hypothesis, it follows from (8.1) that
1—1 Ut—1 —. ) t—1 .
- oown =T {roioces [T 6w}
= i=0 i=1

Yt Yi—1

=)21(t)d_’lah_l)/2(t){l:[ G(([IW')} H G(x'¢™).
i=1 7 i=0

Since my,(x*) =1 by the induction hypothesis,

Yt—1 Yt—1

I1 Gow=x'Uncx) [ Gw.

i=0
Thus,
-1 B t—1 Yt .
T coun =g 60e0F>w{IT 6w} IT 6.

i=1 i
By (8.1), it remains to show that
/¢ Ut—1

8.2) I G =20l 6w} 1 6w,
n=1 i=1 j=1

By (2.1), when p>2, G(¢) =iyq"/?, where i3 = ¢(—1). For any character A
on GF(q) of order m, it follows that

m—1 . .
8.3) 442 T] Gam)= 1, if m is odd,
i A" ™ 28(—1), if m is even.

It follows that both sides of (8.2) equal q“"*’> when [ is odd. Thus, let [ be
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even, and so t=2 and p>2. By (8.2) and (8.3), it remains to show that

(8.4) i 28(=1) = "2 (2)il?, if l/2 is odd,
= Y21 (2)i¥**, if 12 is even.

First, suppose that /2 is odd. Then (8.4) holds because ij=¢(—1)=
P2 (-1).

Secondly, suppose that I/2 is even. Then i3 =¢(—1)=y¢"*(—1)=1. It thus
remains to show that ¢(2)=y"4(—1). Hence, we must show that

8.5 ¢@2)=1, if8[(q—1),
=-—1, otherwise.

By an extension of the argument in the proof of Lemma 2.9 ¢, has order
2/(2,(q—D/(p—1)). Hence,

(8.6) $(2)=1, if 2| (q-Dip—1), ie., 2|r
= (2) , otherwise.
P

If 2| r, then q is an odd square, and so 8|(q—1). Thus, (8.5) follows from
(8.6) in the case 2 |r. Assume now that 2 4 r. Since 2 ¥ (q—1)/(p—1), q—1
and p—1 have the same number of factors of 2. Since [/2 is even and
| (q—1), it follows that 4 divides both q—1 and p — 1. Thus, 8 divides q—1

. o (2
and p—1 if and only if (;)=1. Thus, (8.5) follows from (8.6). Q.E.D.

The authors are very grateful to Joseph Muskat for many helpful sugges-
tions.
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