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0. Introduction

In control theory the comparison between attainable sets obtained through
different solutions has been widely studied. The same problem, for multivalued
differential equations on R", was intrgduced by Lobry [5]. In his paper he
showed that if F is a locally Lipschitz multivalued function with the property of
Lipschitz selection, then the closure of the attainable set by piecewise smooth
solutions coincides with the closure of the attainable set using absolutely con-
tinuous solutions.

In general, the Lipschitz continuity of F with respect to the Hausdorff dist-
ance does not imply the Lipschitz selection property. In [9] it can be seen that
this property, for multivalued, convex, compact, non-empty functions is a con-
sequence of the Lipschitz continuity with respect to a suitable definition of
distance.

As in most applications, the natural environment for a multivalued differen-
tial equation is a manifold M, and, in particular, a Lie group G, and it seems
natural in this environment to introduce a qualitative study of such functions.
To this aim we shall study the properties of a multivalued field, that is, of a
function F: M — | ), .5 (27*™\{0}) such that F(x) = T, M. As |, . s (27 \{0})
cannot be endowed with a reasonable vector bundle structure, we limit our-
selves to the case where

F(x) € O(T M) = {A <= T,M, convex, compact, non-empty}.

In this case we can embed (/(T, M) in the normed space (T, M) [9]. In general,
with the natural projection on M, O(TM) = | J, . O(T, M) does not admit a
natural (not even C°) vector bundle structure. However, we can still give a
Lipschitz continuity definition for F which depends only upon the differential
structure of M. We can therefore extend in a natural way the results of [5].
Moreover, in the case of a Lie group G, we show that the set O(TG) can be
endowed with C*® vector bundle structures, 0(TG), with i=0, 1, ..
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MULTIVALUED DIFFERENTIAL EQUATIONS 561

n = dim G. Therefore, we prove that the multivalued fields F, which are Lip-
schitz sections of 0,(TG), have the Lipschitz selection property, and that they
are also the convex hull of extremal selections.

Finally, we present examples of applications of our results to control theory.
In particular, we show that the attained results apply to the case of control
problems linear in the control.

1. Convex sets in n-Euclidean vector spaces

In the sequel (E, ) and (F, -) will be Euclidean vector spaces of dimension n
and m respectively. Hom (E, F) will denote the space of linear maps from E to
F with the usual norm given by || f|| = sup =, | f(x)||- The i-tuple of orthon-
ormal vectors in E is denoted by Q,(E), or by Q; if there is no confusion. The
collection of convex, compact, non-empty sets of E will be denoted by ¢(E), or
by 0. If A e O(E), the support function of A4 is defined by ¢(A4; x) =
max, ., a - x for each x € E. If A € O(E), for eachi =1, ..., n, the i-face func-
tion is unductively defined by

Vi(A;x)={ae A:a- x =q(A; x)} foreach x € E,
V(A; X0y ooy ) = Vi(Vie ((A; x4, ..y X;_1); ;) for each (xy, ..., x;) € E.

It is known that the support function is sub-additive and positively homogen-
eous and that the 1-face multifunction has the property V(4; rx) = V,(A4; x)
for each r e R*. It is also known that the Hausdorff distance can be defined in
O(E) by

h°(A, B) = max |q(A4; x) — q(B; x)|.

xe
In [9] it is proved that, for each i =1, ..., n, h': O(E) x O(E) — R defined by

W(A, B)= sup h°(Vi(A; x4, ..., x;), V(B; x4, ..., X;))
(X1, ...r Xi) €
is a translation invariant distance and also h°® < h' <--- < h". In [9] it is also
proved that (¢, h') can be embedded in a natural way in a normed vector space
0, defined as follows: 0; = (0 x (//p where p is given by (A4, B)p(C, D) if and
only if A+ D =B+ C, and ||[(4, B)]|; = h'(4, B). We recall here the vector
space operations

[(4, B)] + [(C, D)] = [(4 + C, B + D)],

_ Jl(44, 2B)] if20,
A4, B = \[(=AB, —4A4)] if4 <0O.

In the sequel the equivalence class [(A, B)] will be denoted by (A4, B).
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LEmMA 1.1. Let (x,, ..., x;) € E' be such that (x, ..., x;) # (0, ..., 0). Then
there exists an orthonormal set of vectors y,, ..., y; in E such that

span {xy, ..., x;} = span {yy, ..., y;}
and
V(A; x4, ., x;) = Vi(As yy, ..., p;)  for every Ae O.

Proof. 1If x; =0 then V{(4; x,) = A. Let x, be the first vector different from
0 in (xq, ..., x;)). Then V(4; xy, ..., x;) = Vi(4; x,) = Vi(4; x,/|xi]]) =
Vi(A4; y,). The proof follows by induction, taking into account that, for all
A€ 0 and all x € E, V,(A4; x) = Vi(4, x'), where x' is the projection of x on
subspace parallel to the minimal affine sub-variety containing A. 1

If f belongs to Hom (E, F) we denote the transposed map of f by f*; that is,
f(x) y=f*©y) - x, for each x e Eand y € F.

LemMA 1.2.  For each f belonging to Hom (E, F) we have:

(1) q(f(A); y) =q(A; f*(y)), for all A€ O(E) and all y € F;

(ii) VAf(A); v - v = LA f*(01) - S*(00)),
for all A e O(E) and all (y,, ..., y;) € F.

Proof. (i) q(f(A4); y)=max f(a)-y=maxa-f*(y)=q(4; f*(y))

(i) Vi(f(A4); y)={fla):ae A f(A)-y=q(f(A4); y)}
=flae A:a- f*(y) = q(4; [*(y))}

=f(Vi(4; f*(y))-
By induction it is easy to see that V(f(4); yy, ..., ¥) =f(V{A; f*(y1), ---»
f*(y)) foreachi=1,..., n i

PROPOSITION 1.1.  For every A, B € O(E) and for each f € Hom (E, F) we
have

W(f(A), f(B)) < | f|W(A, B), i=0,1,..., m;j=min (i n).

Proof. Taking into account Lemma 1.1, Lemma 1.2(ii) and using the
property h' < hi*! we get

h°(f(A). f(B)) = max |q(f(A); y) — q(f(B); y)]|

yeQ(F)

< ||f*| max |q(4; x) - q(B; x)|

x e Q1(E)

= [ f4°(4, B),
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and
W(f(A)S(B)) =  sup  h(V(f(A); y1, ..., »i)s
Vys o ¥) € UF)
VA(f(B), Y1, --» y)) < [ /] sup hO(VAA; f*(01), - X)),
[T i) € Qi(F)

VB: f*(y1): - S*(0))) < | £ (4, B). i

COROLLARY 1.1. Let g and g’ be scalar products on E. Then the induced norms
| - |l;, and | - ||; are equivalent for each i=0, 1, ..., n.

The proof follows applying the previous Proposition to the identity map.

ProrosiTION 1.2. Let f belong to Hom (E, F). For eachi =0, 1, ..., n, the
map

f: O(E) - O(F), j=min (i, m),
given by (A, B)— (f(A), f(B)) is linear and continuous.

Proof. Asf(A + C) =f(A) + f(C), for each 4, C € ((E), it follows that fis
well defined and additive. f is clearly positively homogeneous. If A € R™, then
we get

J(M(A, B)) =] (—4B, —14) = (= 4f(B), —4f(4)) = A(f(A), £ (B)).
Proposition 1.1 completes the proof. |
PROPOSITION 1.3.  For every f, g € Hom (E, F) and for each A € O(E) we get
1/ (A). g(A)llo < [ = gll |4l where || 4], = h°(A, 0).
Proof. 1If (f — g)*(x) # 0, from the subadditivity of g, we have
a(f(4); x) — qlg(A4); x) = q(A4; f*(x)) — q(4; g*(x))

I alel: =g
<[/~ gl 4o,

and
q(f(4); x) — q(g(4), x) = q(4, f*(x)) — q(4, g*(x)) = — [lg — [ [ 4] o-
If (f— g)*(x) =0 we get trivially g(f(A4); x) — q(g(4); x) = 0. Otherwise, we

obtain

1£(A), g(A)]lo = max |g(f(4); x) — q(g(4); )| < g —f|14]o- I

xefy
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PRrOPOSITION 1.4. If n> 2, the map ~: Hom (E, E) » Hom (0 (E), U (E)),
defined by f — f is not continuous at any f which is an isomorphism, for each i = 0,
1, ..., n

Proof. Since h°® < h' <--- < h" it is sufficient to prove the statement for
i=0. Let f, g € Hom (E, E) and let f be an isomorphism. We have |f—
gl <7 id = (f~'g)~|; therefore it is sufficient to show that the map
~: Hom (E, E) » Hom (0, 0,) is not continuous at the identity map.

Let x, y be orthonormal vectors in E. For each ¢ € (0, #/2) we define
g.: E — E as the rotation by the angle ¢ in span {x, y}, that is

g(z)=z x(xcose+ ysine)+ z- y(—xsine+ ycos¢)
+z—(z-xx+ 2z yy).
We see that g, tends to the identity map as ¢ tends to zero. We want to calculate

“ge - ldHO = sup ”ga(A) + B, ge(B) + ANO

IA4.B)llo=1
For each r € R* let (4,, B,) be defined by
A, ={ay:a€e[0,r]}, B,={b(x+ry):bel0,1]}.

We get |[(A,, B,)|[o = 1. Moreover if r = cot g ¢, then g(B,) = {(b/sin e)y: b €
[0, 1]}. Therefore

A, + g,(B,) = {cy: c €0, (cos & + 1)/sin ¢]}.
On the other hand (x + ry) € B, + ¢,(4,) and so
[(4, + 9.(B,). B, + g(A,)o = inf [x+ry—z|=1

zeA,+g{B,)

Finally |g, — id|, > 1 for every ¢ € (0, n/2). This proves the statement. |

2. Multivalued vector fields on a manifold

Let M be a paracompact connected C® n-dimensional manifold without
boundary. We denote the tangent bundle of M by n: TM — M, and we denote
the tangent map of a map f by f,.. Most of the following results are still valid in
the case of C" manifolds, r > 2.

DEFINITION 2.1. A multivalued vector field (m.v.f) on M is a map
F: M - ) on 2"M\{0} such that F(x) c T, M, for all x € M. Let § and F be
C* vector bundles on M. Let the pair of morphisms

o:éd —>F and ay:M->M
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be a C* vector bundle morphism, (see [4 p. 43]). We denote, for each x € M,
the induced map on the fiber by a,: &, = 7, ). ’

In the following, F(x) will be compact, convex, and, identifying F(x) with
(F(x), 0), one can assume that f takes its values on O(TM) = | ), . O(T,M).
Let {(U,, t;)} be a trivialising covering for TM ; that is, an open covering {U } of
M and a set {t;} of bijections t;: " *(U;) » U; x R" such that, for each x € U,
the induced map on the fiber 7; ,: n~!(x) > R" is an isomorphism (see [4 p. 42]).
Denoting by 7: O(TM) — M the projection defined by #: O(T, M)+ x, a nat-
ural trivialising covering for {(TM) would seem to be {(U,, 1,)}, where

oYUy - U.i X @(Rn)

is defined on each fiber by 7; (A, B) = (t; (A), 1, (B)), for each (4, B) €
O(T, M). For each pair (i, j) and x € U; n U; the map

(&0 5 = (50 5 )5 G(RY) - G(RY)

is a linear isomorphism. But, since O(R") is an infinite dimensional space, we
need also the condition that the map from U; n U, to Hom (O(R"), O(R"),
given by

X (10 1), = (0 1 );

is C* (see [4 p. 43]). Now, the previous map results from the composition
U; n U; > Hom (R", R") » Hom (U(R"), O(R"))
given by: x+—(t; o 7; '), (t; 7, ');. Since the map
~: Hom (R", R") -» Hom (O(R"), O(R"))

is not continuous at any isomorphism one cannot be sure that the previous
map is continuous, unless x+— (t; o 77 '), is constant for each pair (i, j).

But, even if TM is trivial, two different trivialisations can give different
topological structures on @(TM), so it seems reasonable to consider O(TM) as
a vector bundle only if a canonical trivialisation exists on TM, as in the case of
Lie groups. Nevertheless, the following proposition allows us to give a reason-
able definition of local Lipschitz continuity for an m.v.f.

We note that every map defined on TM induces a map on O(TM). For
simplicity the two maps will be denoted by the same symbol.

PropPOSITION 2.1. Let t: TU » U x R" and a: TU - U x R" be two local
trivialisations of TM. Let m,: U x R"— R" be the canonical projection. If
M, 010 F: U — 0o(R") is a locally Lipschitz map, then mt, o a0 F: U — @(R") is
also a locally Lipschitz map.
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Proof. Letz e U, andlet V = U be a compact neighborhood of z such that
m, o T o F)y is a Lipschitz map with respect to a distance in U induced by any
chart. Let o, o 7 1: R"— R" be denoted by y,. If x, y € V, then

ho(my oo o F(x), my oo F(y)) =ha, ot ot 0 F(x), o, 07,1 o1, 0 F(y))
= ho(’))x Ty o F(X), 'Yy © Ty © F(y))
< h%(y, o T, © F(x), y, © 1, o F(x))
+ h0(y, o T, 0 F(x), 3y © 7, 0 F(y))
< v = w7 o FX¥)lo
+ 7, [h°(zs o F(x), 7, » F(y)).
Since , o T o F and x> 7y, are continuous maps, there exist

ky = max ||z, o F(x)|, and k,=max [y.].

xeV xeV

Then
ho(my o a0 F(x), my 0 a0 F(y)) < ky[[yx = v, + kah(z, o F(x), 7, © F(y)).

The statement follows from Lipschitz continuity of &, - 7 « F and of x+—y,.

The previous proposition implies that the following definition is coordinate
free.

DErFINITION 2.2. A multivalued vector field is said to be locally Lipschitz if
for each x € M there is an open neighborhood U, and a trivialisation
t: TU —» U x R"such that n, o 7 o F: U — 0y(R") is a locally Lipschitz map.

DEerFINITION 2.3. Let xe C < M.w e T, M is said to be tangent to C in x if
w is tangent to any n-dimensional submanifold (possibly with boundary)
N < M, containing C.

(For the definitions of submanifold, boundary and related topics we follow [4
pages 25, 40]).

DEFINITION 2.4. A m.v.f. F is said to be tangent to the set C < M if for each
x € C and w € F(x), w is tangent to C in x.

In the case M = R" the previous definitions are the same as those given by
Lobry in [5]. That is, let C = R"be aset;w € R" is tangent to C in x if w - v <0,
for all outward normals v to C in x. (We recall that a unit vector v is an outward
normal to C in x if there exists reR* such that
dx +rv, C) =inf, ¢ |x +rv—y|| =r).
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3. Attainable sets

DEerINITION 3.1. A solution of the equation j € F, y(0) = x, € M, is an
absolutely continuous curve y: [0, b)) > M such that §(t) € F(y(t)) a.e. and
7(0) = xo.

In the sequel we need of the following Lobry Lemma [5].

LemMA 3.1.  Let F be a locally Lipschitz m.v.f. on R", and let C be a closed set.
If F is tangent to C, then every solution of y € F, y(0) = x, € C, belongs to C.

The proof of the lemma follows by estimating the distance between y(t) and
C and using the Gronwall Lemma. ]

LemMaA 3.2. Let C = M be a closed set, and let F be a locally Lypschitz m.vf.
tangent to C. Then every solution of y € F, y(0) = x, € C, belongs to C.

Proof. Suppose not. Then, possibly changing the initial point x,, we can
assume that y(t) ¢ C for all t > 0. Let ¢: U — R" be a chart at x, such that
¢(U) = R". C' = ¢(C n U) is a closed set. From Definition 2.2 it is easy to see
that ' =m, - ¢, o F o ¢~ ': R"—> R" is tangent to C'. On the other hand

myo(poy)=myodyoyemod o Foy=Fo(poy)

¢ - y(0) e C',and ¢ - y(t) ¢ C' for all t > 0, a contradiction to Lemma 3.1.
1

LEMMA 3.3. Let i: N - M be an immersion [4 p. 25), and let F be a locally
Lipschitz m.vf. tangent to N (that is F o i(x) < i , T,N for each x € N). Then
every solution of y € F, y(0) = x, € i(N), belongs to i(N).

Proof. Let x € N.There is a neighborhood V, of x in N and a neighborhood
U of i(x) in M, such that i(V,) is a closed set of U. On the other hand, F|,is a
m.v.f. on U tangent to i(V,). The statement follows from Lemma 3.2 applied to
F|y and i(V)). 1

In the following .«/(x,, T, F) will denote the set which is attainable at time
T > 0 by means of solutions of the equation y € F, y(0) = x,, and .«/(x,, F) will

denote | J;. o (xo, T, F). If D is a family of Lipschitz vector fields locally
defined on M let

A(xo, T, D) = {x =X! oo Xi(x):re N, X' eD, ;e R", Y t;= T},
i=1
where (x, t)— Xi(x) denotes the one parameter local group generated by the
vector field X*. Moreover let A(xy, D) = | )5 o A(xo, T, D).

DEerFINITION 3.2 (see [5]). A m.v.f. F is said to have the Lipschitz (C') selec-
tion property if, for each x € M and for each w € F(x), there exists a Lipschitz
(C") local selection f of F such that f(x) = w.
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LEMMA 3.4. Let F be a locally Lipschitz m.vf. If there is a family D of local
Lipschitz selections such that co D(x) = F(x) for each x € M, then F is tangent to
cl A(xq, D).

Proof. Suppose there exists x € cl A(xy, D), an n-dimensional submani-
fold with boundary N = cl A(x,, D) and a w € F(x) such thatw ¢ T, N. Since
co D(x) = F(x), there is a 3 € D such that 3(x) ¢ T, N. Now, x must belong to
ON,so N, = (M — N) u N is a n-submanifold with boundary and 3(x) belongs
to the interior of T, N {. So there is a t > 0 such that 3(x) belongs to the interior
of N,.Let V be an open set such that 3,(x) € V < int N,. We have that 3_[(V)
is an open neighborhood of x =3_,0 3(x). Then there is ze 3_(V) n
A(xqy, D) and we get

3(2) € V 0 3,(A(xo, D))-
Since 3,(A(xq, D)) = A(xq, D), then 3,(z) € V n A(x,, D), a contradiction be-
cause A(xy, D) = N and V < int N;.

THEOREM 3.1.  Let F be as in Lemma 3.4; then cl A(x,, D) = cl /(x,, F).
Proof. The proof follows from Lemma 3.2 and 3.4. ]

COROLLARY 3.1.  Let F be as in Lemma 3.1. Then cl A(x,, T, D) = cl o/(x,,
T, F) forall T > 0.

Proof. The proof follows from Theorem 3.1 applied to the m.v.f. F: M x
R —> TM x (R x R) defined by F(x, t) = (F(x), (¢, 1)).

THEOREM 3.2. Let F be a locally Lipschitz m.v.f. and let D be a family of local
Lipschitz vector fields such that F(x)=co D(x) for each xe M. If
id: A(xo, D) > M is a C' immersion, | > 1, then A(x,, D) = o/(x,, F).

Proof. Since id: A(x,, D) — M is an immersion, we easily get F tangent to
A(xy, D). The theorem follows by applying Lemma 3.3. ]

COROLLARY 3.2. Let F and D be as in Theorem 3.2. If D is a symmetric family
of C', 1 > 1, vector fields, then A(xq, D) = .o/ (x,, F).

Proof. The proof follows from Theorem 3.2, taking into account that in
such a case A(x,, D) is a C' immersion (see [11]). |

COROLLARY 3.3. Let F be a locally Lipschitz m f. with the C', | > 1, selection
property such that the null vector of T, M belongs to the interior of F(x) relative
to the minimal linear subvariety of T, M containing F(x). If D denotes the set of all
local C' selections, then A(xy, D) = o/(x,, F).

Proof. From the hypothesis it follows that for each 3 € —D and each
x € M, there is ¢ > 0, a neighborhood U of x,and n € D, such that 3 = ¢non U.
So it is easy to see that A(x,, D) = A(xy, D v {—D}). Now Corollary 3.2 can
be applied. ]
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The following propositions give some examples of classes of locally Lipschitz
m.v.f. with the Lipschitz selection property.

PROPOSITION 3.1. Let A € O(R™) and let f: M - Hom (M x R™, TM) be a
locally Lipschitz (C') section. Then the m.vf. F defined by F(x) =f(x)(A) is
locally Lipschitz.

Proof. Letxe Mandlet¢: U— U’ beachartin x. If y, z € U, then, from
Proposition 1.3,

W@y o Fod ' (¥) by o F o d7(2))
< bur o f (@70 = bz o S D Ao

The proof follows because fis a locally Lipschitz map and ¢, ¢, are C* maps.

PROPOSITION 3.2. Let A be an index set and let 3, M - TM be a locally
Lipschitz (C') vector field for each ue A. The muf. F defined by F(x)=
cl co {3,(x): u € A} is locally Lipschitz continuous if the following conditions are
satisfied :

(i) {3.(x): u € A} is bounded for each x € M.
(i) For every x € M there exists a chart ¢: U — U’ at x, and k € R™ such
that k is a Lipschitz constant for every map my o ¢, © 3,0 ¢~ ', ue A

Proof. Let x, ¢ be as in (ii). For every y, z € U’ we have
Wy e dyo Fod () maedyo Feodm'(z))
= h(¢y,(cl co {3,(d7 1 (y): u € A}), §.(cl co {3,(¢7(2)): u € 4})
= 1(c0 ¢4 {367 (V): u € A}, co b, {36 (2)): u e 4))
< h(@ (307 () u e 4}, §,:{3,(¢7(2)): u e A}

On the other hand we have

sup inf [|gy, © 3.7 (¥) = Py © 3¢ (D))

ue A veAd

< sup “d)*‘y © 3u(¢_1(y)) - ¢*,z © 3“(¢_1(Z))|I = k”y -2z

ue A

I’
and

sup inf @, © 3,07 1(2)) = Py 3(d T DI < k|y — 2. i

ueAveAd

4. Further results on Lie groups

Let G be an n-dimensional C® Lie group; that is an n-dimensional C®
manifold G with a group structure such that the group and the inverse opera-
tions are C* maps. We denote the group operation by (x, y)+— xy. Then, for
each x € G, the left translation t*: G G, given by t*(y) = xy, isa C* map. Let
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e be the unit element of G. It is known that we can obtain a trivialisation of TG
by the vector bundle isomorphism 7 : G x T,G — TG defined by 7 ( v) =

X

73(v). A vector field 3 over G is called left invariant if 3 » 3 = 3 o ©% for all
x € G. We denote by IG the Lie algebra of G; that is, the set of all left invariant
vector fields on G with the usual addition and bracket operation. Now, for each
veT,G, let 7,: G— TG be the map defined by 7 ,(x) = 7 (x, v). The map

v— 7 ,isa vector space isomorphism from 7,G into [G. Let g be a left invariant
riemanian structure on G; that is,

*) n(x) - 3(x) = nle)- 3(e) for xeG,n, 3€lG.

We observe that every metric structure on 7,G induces such a riemanian
structure on G. Let

Q={w=(3,....3)€ IG": 33 = 5jk}~

Note 4.1. Let x € G; every element u € T, G can be extended to an element
of IG by 3(y) = 1%* '(u). Therefore any orthonormal i-tuple § in T,G can be
extended to an element of Q; because of (*).

LemMMA 4.1. Let A belong to O(T,G) and let x € G. Then
(1) q(r3(4); 3(x)) = (A4, 3(e)), for all 3 € Qy, and
(ii)  V(t3(A); o(x)) = 15(Vi(A4; w(e)), forall we Q;,i=1, ..., n

Proof.
(i) q(t3(4); 3(x)) = sup t3(a) - 3(x)

aec A

=sup a - 3(e) = q(4; 3(e)).

acA

(i) Vi(z(4); 3(x) = {a, € T5(4): ay - 3(x) = q(t3(4), 3(x));
= {rx(a): a € 4, 7i(a) - 3(x) = q(4; 3(e))}
= 13 (Vi(4; 3(¢))).

The proof is completed by induction. |

The following proposition allows us to give a natural definition of differen-
tiability for m.v.f. on a Lie group.

PRrOPOSITION 4.1. For eachi =0, 1, ..., n, the map
71 G x U(T,G) - U(TG) = ) O(T,G),
xeG
defined by

7 ((x. (4, B)) = (t5(4). 73(B)) for x € G, (4, B) € U(T,G),
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defines a unique structure of trivial vector bundle w;: O(TG) — G. Moreover
egzi,x: @i(n G) d (‘D’l(n G)

is an isometry.

Proof. The proof of the first part follows easily from [4 p. 43]. We prove
that 7, is an isometry. In fact, if (4, B) belongs to 0o(T, G) we have

I(@3(A), Tu(B)o = sup |q(ti(A)); v(x) — q(z5(B); v(x))]

ve

sup |q(4; v(e)) — q(B; v(e))|

ve Qg

(4, B)[lo-

In an analogous way we obtain the statement fori =1, ..., n. [ |

From Proposition 4.1, if 4 € ¢(T,G) is identified with (4, 0) € O(T, G), then
m.v.f. F is a section of the C* vector bundle 7;: 0 (TG) — G,i =0, ..., n. If such
a section is of class C' (locally Lipschitz) we say that F belongs to C! (i-
Lipschitz). Since h® < h! <--- < h", it is obvious that F € C'implies F € C%.In
particular, if F € C!, I > 1, F is a locally Lipschitz m.v.f. as in Definition 2.2.

PROPOSITION 4.2. The following maps are C* vector bundle morphisms:
(i) Forall 3€Qy, g;: 0o(TG)— G x R given by
(A, B)— (x; q(A4; 3(x)) — q(B; 3(x))) for (4, B) € Oo(T,G).
(i) ForallweQ,i=1,...,n—1,V,: 0(TG)— 0,(TG) given by
(4, B)= (V{(4; (x)), Vi(B; w(x))) for (4, B) € U(T,G).
(ili) Forall we Q,, v,: 0(TG)— TG given by
(4, B)= V,(4; w(x)) — V,(B; o(x)) for (4, B) € U,(T.G).
Proof. (i) It is sufficient to show that g,(,: 0o(T,G) - R is a continuous
linear map, and that the map from G to Hom (0(T,G), R) defined by

X Gz © T o.x 18 C* [4 p. 44]. For linearity and continuity of g;, see [9].
Moreover from Lemma 4.1 we have

B ° T 0x(4, B) = ‘h(x)(f’;(A), x(B)( = ‘b(e)(As B),

for each x € G and (A4, B) € 0o(T.G). Then the map x — gy °J o, is the
constant map X — gy ).

(ii) For linearity and continuity of
over, from Lemma 4.1 we have 9
each x € G and (4, B) € O(T, G).

(i) This can be shown by an analogous procedure. |

Vi)t O(T G) = Oo(T, G) see [9]. More-
6,31c ° w(x) ° g‘:i,x(Aa B) = Vw(e)(A’ B)’ fOl'
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ProposiTION 4.3. If F belongs to C. (n-Lipschitz), then F has the C'
(Lipschitz) selection property.

Proof. Let Ext F(x) be the set of extremal points of F(x) [12 p. 87]. F(x) =
co Ext F(x). So, for u e F(x), u=Y*_, 4;b,, b, € Ext F(x). For each i, there

iY%i

exists a orthonormal base B of T, G, such that b, = V,(F(x); B)[8],[9]. For any
such a base B, let w' eQ, be such that B'=w'(x). The field
f=Y%Av, o F: G- TG isa C' (Lipschitz) selection such that f(x) =
|
COROLLARY 4.1. Let F be n-Lipschitz. If D = {v,, - F: w € Q,}, then
cl A(xq, D) =c¢l o (xy, F) and cl A(xy, T, D) =cl A (x,, T, F)
for each xo € G and T € R*.

The proof follows from Theorem 3.1 and Corollary 3.1, taking Proposition
4.3 into account. |

COROLLARY 4.2. Let F € Cl, 1 > 1, and let F(x) be symmetric for each x € G.
If D is defined as in Corollary 4.1 then A(x,, D) = .o/ (X,, F) = M, for each
Xo € G, where id: M, — G is a C' immersion.

Proof. By Corollary 3.2 it is sufficient to prove that D is symmetric. In fact
for each 4 € O(T,G), and for each vy, ..., v, € T.G, we have
—V(A; vy, ..., 0)=V(=A; —vg, ..., —1).
So, since F(x)= —F(x), we have —v,cF=v_,°F if o= (3y, ..., 3,) and
—0= (=3 s —3,)

The following propositions give some examples of classes of n-Lipschitz (C*)
m.v.f.

PROPOSITION 4.4. Let F(x) = cl co {3,(x): 3, € IG}, . 4, where A is an index
set. If F(x) belongs to O(T,G) for each x € G, then F is a C;? m.vf.

Proof. We have 7, (x) = (x, (r '  F(x), 0)). Moreover,
T* (Cl co { ( )}ueA) = Cl co {314( )}ueA’
so 7, o F is a constant map. 1

PROPOSITION 4.5. Let A € O(R™) be an r-convex set (that is a finite intersec-
tion of r-balls). Let f: G - Hom (G x R™, TG) be a locally Lipschitz section such
that rank f(x) = nfor eachx € G. Then F: G — (TG), defined by F(x) = (f(x) x
(A), 0), is an n-Lipschitz m.vf.

Proof. Asrank f(x) = n, then ker (f(x))* = 0 for each x € G. So since A4 is
a strictly convex set for each w = (3, ...) we have

ValA; (f (x)*(@(x)) = Vi(A4; (f (x)*(3(x)))-
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Then, taking Lemma 4.1 into account we get
W(tyy © F(x), iy © F(y))
= sup (|73y o SEIVA(A; (f (D*BE(X)) = VilAs (fO)*G]

3eQ

+[(@hy o f() = e o SNV (S)* GO

Moreover, as A is r-convex, V;(4;-): Q,(R™) - R™ is a Lipschitz map with
Lipschitz constant r [7]. So V,(4; -): R"\{0} - R™ is locally Lipshitz. The proof
follows taking into account that f'is Lipschitz and 3, 7 are C* maps. [ ]

5. Applications

In the following, M will be as in Section 2 and G will be as in Section 4.

PROPOSITION 5.1. Let f: M x R™— TM be such that f(x, -): R" > T, M is
an affine map for each x € M, and that f (-, u): M - TM is a locally Lipschitz
vector field for each u € R™. If we consider the control system x(t) = f(x(t), u(t)),
then, for each x, € M and A € O(R™), we have

cl o/ (xq, M(A)) = cl (xy, C(Ext A))
and
cl o/ (xg, T, M(A)) = cl o/ (x,, T, C(Ext A)),
where o/ (xo, M(A)) is the set attainable from x, by means of the family M(A) of
measurable controls with values in A, and C(Ext A) is the set of piecewise con-
stant controls with values in Ext A.

Moreover, if (-, u) is a C* vector field for each u € R™, we get the following
results:

(@) If, for each x € M, the null vector of T.M belongs to the interior of
f(x, A), relative to the minimal linear variety of T, M containing f(x, A),
then

A (xo, M(A)) = o/ (xo, C(A))
(b) If, for each x € M, f(x,0) =0 € T, M and A is a symmetric set, then
o (xg, M(A)) = (x4, C(Ext A)).
Proof. For the first part it is sufficient to apply Proposition 3.1, Theorem
3.1 and Corollary 3.1, noting that, from the above assumption, that f(x, u) =
Sf1(x) + fo(x)(u) with f5(x) e Hom (R™, T, M). For (a) and (b) it is sufficient to

apply Corollaries 3.2 and 3.3.
We note that an explicit form of control system in Proposition 5.1 is

(1) = X(x(0) + 3, ) X'(x(0),
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where u(t)e R and X’ (j=0, 1, ..., m) are Lipschitz vector fields on M.
Moreover, if X°=0 and X' (i=1, ..., m) are C! vector fields on M, the
previous system satisfies condition (b).

PROPOSITION 5.2.  Let f be as in Proposition 5.1. Denoting the unit cube of R™
by B we get
cl (xy, M(R™)) = cl /(x,, C(Ext B))
and

cl o#(xq, T, M(R™)) =cl o|x,, T, | ) C(Ext nB)),

where M(R™) is the set of measurable, essentially bounded control functions with
values in R™. Moreover, if f(x, 0) = 0 for all x e M, and if (-, u) is a C* vector
field for all u € R", we get

o (x9, M(R™)) = .o/(x,, C(Ext B))
Proof. Let B, = nB and F,(x) = f(x, B,). By Proposition 5.1,
cl o (xy, M(B,)) = cl o/(x,, C(Ext B,)).
Since o/ (xy, C(Ext B,) = .#/(x,, C(Ext B)), we obtain
(X9, M(R™)) = | ) (%0, M(B,)) = cl #(xo, C(Ext B)).
In an analogous way we get '
cl o (xo, T, M(R™)) = cl A(xo, T, | J, C(Ext nB)).

The second statement follows from Proposition 5.1(b). |

ProPOSITION 5.3. Let A = R™ be a compact set. Let f: M x A — TM such

that
f(x,"): A>T.M

is a continuous map for each x € M, and the set of vector fields
3.=S(,u):ue 4

satisfies condition (ii) of Proposition 3.3. If we consider the control system

x(t) = f(x(¢), u(t)) then we get

cl o (xy, M(A)) = cl o/(x,, C(A))
and
cl oA (xq, T, M(A)) = cl A(xq, T, C(A)).
Moreover suppose
(1) for every x € M, the null vector of T, M belongs to the interior of f (x, A),

relative to the minimal linear variety of T, M containing f(x, A), and
(i) for every u e A, 3, is a C* vector field.

Then o/ (xo, M(A)) = (x4, C(A)).
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Proof. For the first part it is sufficient to apply Proposition 3.2, Theorem
3.1 and Corollary 3.1. For the second part it is sufficient to apply Theorem
3.2 ]

PROPOSITION 5.4. Let fy be a C', | > 1, vector field on G. Let A = R™ be a
compact set. Let f: G x A — TG-be such that f(x,): A— T,G is a continuous
map and f (-, u) is a left invariant vector field on G for each u € A. If we consider
the control system

X(8) = fo(x()) +.f (x(2), u(t)),

then we obtain the same results as in Proposition 5.3.
The proof follows as in Proposition 5.3, taking Proposition 4.4 into
account. 1
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