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Dedicated to the memory of William Boone

1. Introduction

Among various embeddings of a group G into G X G X G are the embed-
dings

¢.: g~ (g 81) and ¢,:g—-(1,8,8)

which yield a weak form of permutability between the isomorphic groups G
and G*2, namely, g® g% = g®2g% for all g € G. This natural situation leads
to the study of the double group

D(G) = (G*, G*; ghg? = gtgh forall g € G)

as the quotient group of the free product G* *G*: by the commutator
relations [g?:, g#2] = 1 for all g € G. When G is finite, D(G) is finite (Sidki
[4]), and when G is a finite p-group of order p*, p odd, D(G) is of order
dividing p2¥p**-1/2 (Rocco [3]). In this paper we develop commutator
calculus for the double group D(G) and obtain a detailed description of its
lower central series v;(D(G)), i = 1, in terms of the lower central series of G.
We prove that if G is an m-generator nilpotent group of class at most ¢ with
m = 2, ¢ = 1, then D(G) is nilpotent of class at most max{m, c + 2}. Further-

more, if m > ¢ + 3 then v, ;(D(G)) is an elementary abelian 2-group of rank at
most

(Theorems 3.2 and 3.3).
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2. Preliminaries

We use standard commutator notation (see, for instance, [2]). For elements
X, )’, xi’ yi in a group G,

[x, y] = x" Y Iy = x W
[x1es Xpin] = [[x10- 05 %) Xl
[, mp] =[x, psc s 3] with yy = o0 =y, =y;
(X0 es X3 Y1seees Yl = [Dxas s %l [y 2]l
and so on. If G,,..., G, are subgroups of G, then [G,,..., G,] is the subgroup
of G generated by all commutators [g,,..., g,], g € G,. In particular, v,(G)

=[Gy, ..., G, ] WithG, = --- = G, = G, is the n-th term of the lower central
series of G.

For elements x, y, z in G, the following commutator identities are standard
and will be used without reference:

X,y =[xy 17 =[x"4»%

[x, yz] = [x, z][x, y]* = [x, z][x, yl[x, y, z];
[xy, z] = [x, zPy, z] = [x, z][x, 2z, y1y, z];
[ y~4 2Py, 274 XVl x 7L y) = 1

or equivalently

[z,[x, Il = [z, y7} x*P[z, x7 L, y~']1*” (Wit identity)
[x9 s Z][y, Z, X][Z, X, )’] =1 mOd 'Y2(Yz<x, Vs Z)) (JaCObi Congruence)

We simplify our notation by redefining the double group D(G) of G as
D = D(G) = (G,G?% [g,g?] =1 forall g € G),

where ¢: G = G* is an isomorphism (note that in Sidki [4] and Rocco [3] the
notation for D(G) is x(G)). In the following lemmas we derive some funda-
mental relations which hold in the group D(G).

LEMMA 2.1. Forall x, y, z, y;, z; € G we have:
@ [x* y] =[x »*};
() [x?, y1*° = [x*, y]% and more generally,
(i) [x% Y]oCr 5 = [x% yJoGim for e € (1,¢) and w =
w(zy,...,2,) € G;
@iv) [x% y, x] =[x, y, x*); and more generally,
M X%y Y X1 =%, prse ey Y X1
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Proof of (i). We use the commuting relations (xy !)(xy 1) =
(xy~HP(xy 1), xx? = x*x, yy® = y*®y to obtain, in turn
Xy = xfy Tty
1.

Xy~
xx "%y Tix® =y Oxyty”
[x*, y] =[x, »*].

xToxyTlxt = y Ty Tly?;
x0Tty = xTly Tty

Proof of (ii). We use (i) to write [x?, yz] = [x, y®z®] which, when ex-
panded, yields, in turn

[x*, 2)[x*, y]" = [x, 2#][x, »*]*";
[x¢’ y]z= [x’ y‘b]ﬁ; [x¢, _})]z= [X¢, y]ﬂ.

Proof of (iii). Let w(z{, z%,..., z5) = ghfg,h% -+ g,h?, so that
w(zy, 23,005 2,) = g8l -+ 8uht-
We prove by induction on m > 1 that
[0, y] 840 8uth — [xe, y] ot s,

For m =1,

[x#, y]=4 = [x#, y] ™ (by (i) = [x*, y] " = [x®, y] =" (by (i)

. . $ ... )
For the inductive step, we assume [x?, y]&hi = &t =[x )8k Enhm Then,

[x®, y]glh‘l»"'gmh?ngm+1h%+\ = [x*, y]sxhr--gmhmgm“h?m

= [x‘l” y](glhl "’8mhm8m+l)¢h?ﬁ+1

= [x¢’ y] &h1 Bma1hmin (by (11))
Proof of (iv). We use (iii) to write 1 = [y, x%; y, x®] = [y, x%; y, x]. Then,
expansion of [y, x®x] = [y, xx*] yields, in turn,

[y, x1[y, x*][y, x*, x] = [y, x*] [y, ][y, x, x*];
[y, x%,x] = [y, x, x*]; [x% p,x] 72 =[x, y, x#] 77
[x*, y, x] =[x, y, x*] (by (ii)).
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Proof of (v). By induction on n > 1. For n = 1 the result is given by (iv).
We assume that n > 2 and that the result holds for n — 1. Thus,

[X¢’ Yiseoos Vn—2s (yn—lyn)’ x] = [x’ Yiseeos Vn—2s (yn—lyn)’ x¢]

which upon expansion yields,

[[x¢’ Yiseeos Yn—2s yn] [x¢a Yiseees Yn—2> yn—l] [x«p’ Yiseers V=25 Yn—1> yn]’ x]
= [[x’ Y155 Yn—25 yn][x’ Yiseees Vn—2s yn—l]
X [, P1seees Pamzs Yumrs als X°].

Therefore,

[x¢’ yl" v Yn—2s ynv X

[x®, y15-- s Yn=2>Yn-1>Vnl
X[X¢, y1’~~-, yn—-2’ yn—l’ x] i !

X [X¢’ Viseeos Yn=25 Yu=1> V> x]
_ [x, 1505 Yn-2>Yn-10% y1,5- 05 Yn-2sYn—1sYn)
- [x’yl""’yn—Zvyn’x¢] " . ' § e

[%}’1 ~~~~~
X [x’ Yiseees Yn=2s Vn—15 x¢]

X [X, Yiseves Vne2s Yn—15 Vn» x¢],

which by the induction hypothesis, together with (iii) yields

[x¢’ y19~-°9 yn’ x] = [x’ yl""’ yn’ x¢]

as desired. This completes the proof of Lemma 2.1.
For subgroups H, K of a group G, we set [H,0k] = H and denote by
[H, nK] the subgroup

[H,K,,...,K,] withK,=K(1<i<n).
In particular, v,,,(G) = [G, nG]. We now prove:
LemMA 22. () [G® G,G*,...,G%] =[G (n+ 1)G] for all n > 1 and
all e, € {1,9};
(i) [G® mG; v,(G)] < [G*,(m + n)G] forallm >0, n > 1,
(i) [G*,...,G*] < [G* (n — 1)G1Y,(G)PY,(G*)P, where HP denotes the
normal closure of H in D = D(G).

Proof. The proof of (i) is an immediate consequence of Lemma 2.1 (iii).
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The proof of (ii) is by induction on n > 1. For n = 1, there is nothing to
prove. For the inductive step we assume n > 2 and that the result holds for
n — 1. With x € y,_,(G), y € G, z € [G?, mG], the equivalent form of the
Witt identity [z,[x, y]] = [z, y 7}, x*]’[2z, x 7}, y~1]*”, together with Lemma
2.1 (iii), yields

[6%, mG,v,(6)] < [6%,(m +1)G,7,.4(6)] °[G*, mG, v, ,(6), 6]

< [6%,(m + 16,7, .,(6)][6%, mG, ¥, (6),G]
< [6%,(m + n)G].
For the proof of (iii) we may assume n > 2 and

(&,..0586,) *(,...,1),(,..., 0).

Then, without loss of generality,

(e1,...r¢,) =(¢,...,9,1,€.,9,...,¢,) forsomel <i<n.

Thus

[G,...,6%] = [1,(G)*,G,G,..., G|
= [%(6)*,G,(n — i = 1)G] (by Lemma 2.1 (iii))
= [v(6),6%,(n - i - 1)G]
= [6*,%(G),(n - i - 1)G]
< [6%,(n - 1)6G] (by (ii)).
As a corollary of Lemma 2.2 we obtain:
LemMMA 2.3, Let v,,,(G) = {1} and D = D(G). Then

D [Ye+1(D), v,(D)] = {1},
(i) [v,D), v,(D),2c — 1 - )D] = {1} forall i > 2.

Proof. For the proof of (i) we have, by Lemma 2.2 (iii), v, (D) = [G?, ¢G].
Thus,
[Ye+1(D), 2(D)] = [G?,¢G; G*,G=] (e, e, € {1,6})
= [[G6?, ¢G],[G,G]] (by Lemma 2.1 (iii))
= [[6*. 6], [6%,6]]
= [[G*,G].[G,cG] (byLemma2.1 (iii))
= {1}.
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For the proof of (ii) we make repeated application of the inclusion
[4,B,C] <[4,C, B][B,C, 4]

for normal subgroups 4, B, C of D to obtain, for i > 2,

[v,(D), v,(D),(2c = 1 - i)D] < 1_12 +1[Y.,,(D),*Y,I(D)]-

m+n=2c
m,n=2
Since m > ¢ + 1 or n > ¢ + 1, the result follows by (i).
As in Levin [1], an immediate consequence of Lemma 2.3 yields:

LEMMA 2.4. If v..1(G) = {1}, then for all g, € G and ¢, € {1, ¢},
(g0, 852 g5, gent] = [0 8 83w, 82|
for all permutations o of {3,...,2¢ + 1}.

An important consequence of Lemma 2.4 is the following Lemma on local
nilpotency of D(G).

LEMMA 2.5. If G is a locally nilpotent group then D(G) is also locally
nilpotent.

Proof. Let {hy,...,h,} be a set of elements of D =D(G) and let
{&1s---» 8} be its support in G. We wish to prove that (hy,..., h,) is a
nilpotent subgroup of D. Clearly, we may assume m > 2. Since (g, ..., &,,) is
a nilpotent subgroup of G, say of class ¢, by Lemma 2.2 (iii), it suffices to
prove that

[x% y, 21, 20] =1

for some large c¢* > ¢ and all x, y, z, € {(gy,..., &,,). With ¢* > 2cm, by
Lemma 2.3 and 2.4, [x% y,z,...,2..] can be written as a product of
commutators of the form

[x"’, ys klg{’ e kmg'ln]

where {g{,..., 80} = {81+ &m}p k1 = -+ =2k, >20and XL k, > c* >
2cm. 1t follows that k; > 2¢ and, therefore, it suffices to prove that [x?, y, kz]
=1forall k >2cand x, y,z € (gy,..., &n)- _

Let G = (x, y, z). Then, by hypothesis, v.,,(G) = {1}. By Lemma 2.3, we
may use the Jacobi congruence to write

[x#, . 2, (k = 1)z] = [x*, 2, y,(k = Dz][x*, [y, 2], (k = 1)z]
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and
[x,[y, z],(k = 1)z] = [z, y, x*, (k — 1)z]
= [z, v, (k- l)z,,x“’]
=1,
Thus,

[x*, y, 2, (k = 1)z] = [x*,2, y, (k - 1)¢]
= [z“’, x,y,(k—2)z, z] -t

= [z, x, y,(k = 2)z, z¢] "' (by Lemma 2.1 (iv))
=1.

This completes the proof of Lemma 2.5.

3. The main results

Let G be a nilpotent group of class at most ¢, ¢ > 1. Then, by Lemma 2.1.
(iv), D = D(G) satisfies the identity

[x% y2reees Vesrr x] =1 (3.1)

for all x, y, € G.

If G = (x, y) then, modulo vy, ;(D), y.,,(D) is generated by elements of
the form [x?, z,,..., z,,;x] and [y*?, z,,..., 2z, 1, ¥], with z; € {x, y}, each
of which is trivial by (3.1). It follows that v., ,(D) = v,,;(D). Since D is
nilpotent (Lemma 2.5), we have v, ,(D) = {1}. We record this as follows:

THEOREM 3.1. If G is a 2-generator nilpotent group of class at most c, then
D(G) is nilpotent of class at most ¢ + 1.

We now investigate the general case with y_,,(G) = {1}. Working modulo
Y.+ 3(D), the identity (3.1) yields

1= [x®f, yaueeos Yerr, 1] = [%% 220ty Yesrs M) [9F) D20 Yesns x]

which on commuting with x and using (3.1) gives

[J’ip, )72,- ) yc+1’ X, x] =1 (mOd Yc+4(D)) (3'2)
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for all x, y; € G. Furthermore, modulo v, ,(D), for 2 < k < ¢, we have
[[y{p’ Yasenes J’k]’ (%, Yeerds Viwzs o os Yerrs x]
= [[yi#’ _)"2, MR yk]’ [x¢’ yk+l] ’ yk+2’ AR yc+1’ x] (by Lemmaz'l (111))
-1
= [[X'b» )’k+1], [)’1»-~~’ Vils YVewasooos Ye+1s x}

= [[x, )’k+1]’ [Y1w~-, J’k]’ Yi+2s++s Vet x"’] - (by (3-1))
=1 (since v.,,(G) = {1}).

We record this as
[[J’fb’ Yaseens yk]’ [x, yk+1]’ Yik+255 Ve+1s x] =1 (mod Yc+4(D)) (3-3)
forall x, y, € G and all 2 < k < ¢. By (3.3), for 2 < k < ¢, we have

(08, Yareees Do Xy Viw1s Yiwzsee s Yeu1s X)

= [yi#a Yasenns yk+1’ Xy Vic+2se25 Ver1s x]

= [y{”, y2,...,yc+1’x’x]
=1 (by(32)).

Also, [yf, X, Yasevvs Yes1r X1 = [x% y1,. .05 Yor1, X171 = 1 by (3.1). Thus we
have

[y{h’ Yasewos Vs X5 Yiw1s+005 Ves1s x] =1 (mOd 7c+4(D)) (3'4)

for all 1 < k < ¢ + 1. Replacing x by xz in (3.4) and expanding modulo
Y.+4(D) yields the congruence

-4 = ¢ -1

[yl,..., Yis Xs Yk+1’~--’yc+1aZ] = [yl’“"yk"z’ yk+1""’yc+1’x] .
(3.5)

Using (3.5) it follows that every commutator of weight ¢ + 3 in D with a

repeated entry x can be expressed, modulo v, ,(D), as a product of commuta-
tors of the form

[y{",...,yk,x, ykﬂ,...,ycﬂ,x], l1<k<c+1,

which is trivial by (3.4). In particular, if G is an m-generator group with
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Ye+1(G) = {1} and m < ¢ +2, then v,,,3(D) = v,,.4D) = --- ={1}, by
Lemma 2.5. We have thus proved:

THEOREM 3.2. Let G be an m-generator nilpotent group of class at most ¢
withm > 2, ¢ > 1. Then form < ¢ + 2, v,,,(D(G)) = {1}.

Let G be nilpotent of class at most ¢. The congruence (3.5) also yields

[yi#" v Yer1r X Z] = [)’i#,o--, Ye+1s 2, x] -
= [yt ees Verrs X z]—1 (by Lemma 2.3(i)),
so that
[yi»"'-’ yc+1’ X, Z]Z_E 1 (mOd Yc+4(D))

By Theorem 3.2 every commutator of weight ¢ + 4 in D with entries from the
set

{rves Yerrr %, 2}

is trivial. Thus we have

[¥2, s yern 2, 2] = 1. (3.6)

Repeated application of (3.5) yields

[)’f, Yaseens yc+3] = [J’iﬁ» Yags+ees y(c+3)o]|0|

where o is a permutation of {2,...,c + 3} and |o| = 1 or —1 according as o
is even or odd. Thus, if G is an m-generator group with m > ¢ + 3, then for
¢ + 3 < k < m, there are ('Z) choices for distinct k-element sets from the
generators of G. This fact together with (3.6) gives us the following theorem.

THEOREM 3.3. Let G be an m-generator nilpotent group of class at most ¢
withm = 2, ¢ 2 1. Then, for m = ¢ + 3, v,,.,(D(G)) is an elementary abelian
2-group of rank at most

COROLLARY 3.4. (c.f. Rocco [3]) Let G be a p-group of class ¢ with p odd.
Then D(G) is a p-group of class at most ¢ + 2.
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