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THE COMPARABILITY OF THE KOBAYASHI APPROACH
REGION AND THE ADMISSIBLE APPROACH REGION

BY
GERARDO ALADRO!

1. Introduction

Given a domain © ¢ C", we denote by F,?(z, £) the infinitesimal form of
the Kobayashi metric for Q at z in the direction of the vector £. In [1] we have
estimated the boundary behavior of the metric when £ is fixed and z is
allowed to approach a strongly pseudoconvex point P in the boundary of €.
As a consequence of the work done in [1] we obtained the following estimate:

1€, 4 €7,
8a(2) ¢ V8a(z)

(*) Fdz,8) = ¢ forallze UN Q

where U is a neighborhood of P where the eigenvalues of the Levi form at P
are bounded from zero, and for any § € C", §, is the complex normal
component of § at P and £, is the complex tangential component of £ at P,
and 8g(z) is the distance from z to the boundary.

N. Siboney in [10] has proven the inequality

1€, ! te €7,
8a(2) 8a(2)

Fi(z,8) = ¢

for the Kobayashi metric on strongly pseudoconvex (and other) domains, but
it is not the precise asymptotic formula which is found in [1].
By means of the estimate (*), it is possible to solve the following problem:
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Let & € C” be a pseudoconvex domain and P € 9 be strongly pseudo-
convex point. For a > 1, define the admissible approach region of Stein to be

A (P)={z€Q:|z— P> <abdp(z);|{z = P,vp)| < abdp(z)}

where 8,(z) = min{8g(2); dist(z, Tp(92))} and Tp(dRQ) is the tangent space
to dQ at P.
Also, define the Kobayashi approach region to be

Hp(P) = {z€Q: Kg(z,-vp) <B} withf>0

where K, represents the Kobayashi distance from z to —»p.
Then our main result is:

THEOREM 1.  Under the above conditions, given o > 1 there are two constants
B = B(a) and C = C(a) which depend on Q and the eigenvalues of the Levi
form at P, and are functions of o, and there exists an open neighborhood U of P
such that

UNApyP S UNA(P) S UNA,(P).

While our result is local, in the case that Q is strongly pseudoconvex domain
then B(a) and C(a) are uniform constants for all P € 4{Q.

The theorem allows us give an invariant form of Fatou’s Theorem [11].

By Fefferman’s Theorem [6], biholomorphic maps of smooth strongly pseu-
doconvex domain extend smoothly, hence in particular C, to the boundary.
Theorem 1 then yields immediately that Kobayashi approach regions are a
biholomorphically invariant concept, hence so are admissible approach re-
gions. An invariant metric approach to boundary behavior of holomorphic
functions is explored in great detail in [7].

In the second part of this paper we want to discuss the following problem:

Given a pseudoconvex domain @ of finite type in C”, Nagel, Stein and
Wainger [8] introduced a family of balls on the boundary of @ which is
intimately linked to the complex geometry of @ with respect to C". They
define approach regions in terms of these balls. The approach regions are
denoted by 7,. By means of some estimates obtained by Catlin [3] for the
Kobayashi metric on domains of finite type in C?, it is possible to show that
the approach regions %/, are comparable to Kobayashi approach regions Xj.

Again we get an invariant form of Fatou’s Theorem for pseudoconvex
domains of finite type in C2.

I would like to thank Steven G. Krantz for all his help and good advice.
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1. Notations and definitions

DerinITION 1.1. If €, = (1 + 04,0,...,0) then the infinitesimal form of
the Kobayashi metric for @ at z in the direction of § is

Ff(z,¢) = inf{@%: f: B > Q is holomorphic, f(0) = z,

and ( £,(0))(e,) is a constant multiple of .E} .

DEerFINITION 1.2. The Kobayashi distance between the points z, w € § can
be defined as

Ka(z, w) = inf [ FR(v(1), v(1)) de

where the infimum is taken over C! curves y: [0,1] —» © such that y(0) = z
and y(1) = w.

Remark 1.3. Royden [9] has shown that the infimum can be taken over all
piece-wise differentiable curves.

For details about the metric and pseudoconvex domains see [6].
The following theorem has been proven in [1] and is a basic tool for our
future calculation.

THEOREM 1.4. Let @ C C C" be a pseudoconvex domain with C"*! bound-
ary. Suppose P € 9% is a strongly pseudoconvex point and W is a neighborhood
of P on which the eigenvalues of Levi form are bounded from zero by some
number & > 0. Let us assume without lost of generality that z, is the normal
complex direction at P. Let p be a defining function for Q such that |V zp(w)|
=1 for all w € Q. Let Q be a unitary operator which diagonalized the Levi
form at P, and let \,,..., N, be the eigenvalues of the Levi form at P where the
corresponding eigenvectors have respectively the directions z,,. .., z,. Let z € Q
and S be the projection of z into . Given § € C", let §y_ be the complex
normal component of § at S and £, the complex tangential component of § at S.
Define

7(z) = \/589(2)5% + 89(Z)H(Q£Ts)
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where H is diagonal matrix with entries \7'/%. Then

. 1
Jim FE(z () = ).

As a consequence of the theorem we obtain the estimate

I €z,

Fi(z,¢) = 502y * c\/sﬂ(z)

forallze UN Q

where P is a strongly pseudoconvex point in the boundary of a pseudoconvex
domain ©, U is a neighborhood of P where the eigenvalues of the Levi form
at P are bounded from zero and for any § € C”, §,_ is the complex normal
component of £ at P and £ is the complex tangential component of £ at P.
DEeFINITION 1.5. If € € ¢ C” with C? boundary, P € 9%, z € Q, define
8p(z) = min{8q(z), dist(z, T,(9Q)}.
Then, for a > 1, let the admissible approach region at P with aperture o be
U (P) = {z€Q: |z~ P> <adp(2); [{z = P,vp)| < adp(2)}.
A (P) is like a cone in the complex normal direction and like a paraboloid
in the tangential direction. Notice that if Q is convex, then §,(z) = 8,(2). But

8p(2) is used because near non-convex boundary points we still want % (P)
to have the same shape.

DEFINITION 1.6. Let € c ¢ C” with C? boundary, P € 3Q and B > 1.

The X admissible (for Kobayashi admissible) approach region of aperture 8 at
Pis

Hp(P) = {z € Q: Kg(z,—»p) < B}
where v, denotes the unit outward normal and

Ko(z, —vp) = inf{Kg(z,w): w € —vp}.

2. Proof of Theorem 1

Through our work we will use the symbol ¢ to denote constants whose
values change from line to line, but independent of the relevant parameter.
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THEOREM 1. Let @ C C C" be a pseudoconvex domain with C"*1 boundary.
Let P € 3Q be a strongly pseudoconvex point. Then, given a > 1 there are two
constants B = B(a) and C = C(a) which depend on Q and the eigenvalues of
the Levi form at P and are functions of a, and there exists an open neighborhood
U of P such that

UNApe(P) S UNAL(P) S UNHy(P).
Proof. Let U be a neighborhood of P such that

AR
8a(2) © “Joalz)

Fi(z,¢) =c forall z€ UN Q.

Part1. Assumez € U N A, (P), we want to prove that z € U N H (4 (P).
If ze UN %A (P) then

|(z = P)n,| < adg(z),

where (z — P),, is the projection of (z — P) into A (the complex normal
space to dQ at P) and

[(z = P)g)| < ady(z),

where (z — P)y, is the projection of (z — P) into J, (the complex tangent
space to d at P). Let z* be the projection of z into A} and z’ the
projection of z into —vp.
We have three possibilities:
(i) zz'isin Ip;
(i) zz’isin Ap;
(iii)) neither of the above.

Case (i). Here we have |(z— P)g| = |z —z’|. Consider the curve
8(t) = —-t)z+ 12,0 <t <1 Then

LE(n) = ['E(n(0): % (1))

where v{(¢) = (Y{(?))7, = z — 2’ € J,. Since y,(¢) € U it turns out that

cl(Yl’)T,(f)| o clz=12|

Ba(n(@)  Yre(n()

F2(v(2); v{(2)) at =
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but Jadg(z) > |(z = P)g,| = |z — 2’| and 8(2) < 8(va(1)) 50

clz — 2| cjady(z)

B S e e

F&(v(); v{(1) <

Hence
Ka(z,=7;) < Koz, 2) < LR(n(0) < [Celecdr = el
0

Case (i) We have zz’ € #7. Hence
|z —z'| = |(z — 2)n,) < abg(z).
Consider the curve v,(¢1) = (1 — t)z + tz/,0 <t < 1. Then
Q l-q .t
Ly(y,) = j;)FK(Y2(t)’ v3(t)) dt
and
Y3(t) = (), (1) =2 =2 €N
Since v,(t) € U we have

Q .ot _ el (vf) w, (2l _clz—2|
FROR(1s () = “5 0] = Sl

Then

R (1) () 5 ) - ca,

SO

1
Ko(z, —vp) < Kg(z, 2') < L(1,(2)) < f cadt = ca.
0
Case (iii) 2z’ = (2z")q, + (22")y, = 2z* + zz’. Consider the curve

n(?), 0=<t<u,,
() =
v,(2), tyst<1,

where v,(¢) is the segment connecting z with z* and y,(¢) is the segment
connecting z* with z’.
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Since vy, is a piece-wise differentiable curve joining z to z’, according to
Remark 1.3, we have

Ko(z, —vp) < Kg(z,2') < LE(y,)
But

L (v) = [[ROn(s vi() de+ ['R(na(1); w3(0)) a,

so by the previous two cases we have

LY (y,) < oo + ca = C(a).
Therefore
Kqo(z, —vp) < C(a).

Part 2. Assume z € U N KA, (P), let us prove z € U N A (P).

Let us prove the contrapositive. Take a very large. Suppose z & %A (P); we
want to show that z & Hp,,(P). We need to prove K %z, —vp) = B(a).

Let y be a curve parametrized with respect to BEuclidean arc length which
connects z to —vp, and let ¢, be the Euclidean length of y. Fix two constants
D(a) > 0 and M(a) > 0 such that D(«) is a small number and M(a) is a
large number, to be selected. We have three possibilities:

(1) 8g(v(2)) < D(a)dy(z’) for some t;
(1) 8q(v(2)) > M(a)dy(z’) for some ¢;
(i) D(a)dg(z’) < 8g(v(2)) < M(a)dy(2’) for all .

Case (i) We have

Q - to h’Np( )l o I'YT",,(t)l
B0 =[5t ok TGy

dt.

Define the curve
t
p(t) =2+ fov{v,,(S)dS
where vy, is the projection of vy (s) onto the real normal at P. We have
w(t) = v4,(¢t) forallz.

Let y(¢,), t; € [0, t,)], be such that 8o(v(#;)) < D(a)dy(z’) and let w be the
projection of y(t,) into the real normal. Now

Q o |W )l o_| ()l
LK(Y)zc[) %dta f Sﬂlzuzt))
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where the curve fi is gotten from p by discarding overlaps. Then

Q o |R(2)l
L) = ¢ [5G

> cL{ (segment connecting z’ to w)

dt 8a(2") = 8g(w)

8(2") —8p(w)
ZC/ WEC]H{SQ(W)+t}O

8y
>cl .
o 8a(w)
But 8g(w) < D(a)dg(z’), hence

LE(8) = cln B 9)(892 y 2 cln%.
Case (ii)) Again

toh' N,.( )l
L0 = <[5,y

As in case (i) we define the curve
t
w(t) = 2+ [ (s) ds.
0
Following the same argument as above, we get
L%(y) = cL} (segment connecting z’ to w)

where w is the projection of y(t,), ¢, € [0; ¢,] onto the real normal and

8a(v(2,)) > M(a)85(2).

Then
8g(w)—8g(z")
Q 8a(w)—8a(2") dt
L (‘Y)ch(; INCIET] chn{Sg(w)+t}0
8a(w) M(a)85(2')
=cln A~ 2clhh—5F—F—=chh M
Ba(2) a(2) ()

Case (iii)) We have to divide this case into two subcases:
(@ |z— P| 2 |ady(z);
() 1(z = P)y,| = ady(2).

49
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Case (iii.a) We claim that if |z — P| > \/adg(z) then

|z = z*| = T(a)y8y(2") .

Since
|z = P|2= |z —z*|* + |z* — P|?
we have
z — z%| 2@— |z* — P|
but
|z* — P| < kf8g(z"), 0 <k <1land8g(z’) = 8q(2)
o

|z = z*| > Jacdg(z") — kyf8q(2’) = T(a)y8g(z")

and T(a) > O since we assume a very large.
Now

vz, ()]

Li(n) 2 e[ 5t

dt.

We define the curve
! 14
pa(t) =z + fovr,(S) ds.
We have p)(t) = v7,(¢) for all 7. Then

1300 2 o[22y o)
0

V8a(n(1))

o _Clz—z¥| S cT(a)|8q(z") _ cT(a)
~D(a)8e(z)  {D(@)8y(z')  YD(a)

Case (iii.b) We claim that if |[(z — P)y,| > adg(z) then

|z* — 2’| > S(a)8g(z).
We have |(z — P)y, | = |z* — P| and |z* — P|* = |z* — z/|* + |z’ = P|* 50

|z* — 2’| > abg(z) — |z’ — P|.
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But
|z" = P| = 8g(z’) and 8g(z") = 8q(z)
sO
z* — 2’| > acdqy(z’) — 8g(2") = S(@)8y(2).

But since we assume a very large then S(a) > 0.
Now

Q t |'YN,,( )l
LR = ¢[75 0oy

t |YN,,( 1) clz* -z eS(a)dy(2") cS(a)
=) B 42 ' -

= D(0)8g(z)) = D(a)8g(z) ~ D(a)

Then

~ . cT(a) cS(a)
B(a) = sup{cln M(a); cln D(a) /D(a) * D(a) }

Then we have proved that if z & % (P) then K(z, »p) > B(a), as desired. O

Remark 2.1. The constants B(a) and C(a) hold for all P’ € 9 which are
sufficiently near to P.

Remark 2.2. An alternative way to prove Theorem 1 would be the follow-
ing:

If @ is the unit ball in C”, then we can exploit the transitivity of the
automorphism group to get a quick proof of the result. Now if @ is strongly
pseudoconvex domain then we can use the approximation ideas of Graham
[3a] to get the full result.

3. Fatou’s theorem on strongly pseudoconvex domains

As an application of Theorem 1 we can give a new statement of Fatou’s
theorem on strongly pseudoconvex domains in C”.
Let us recall the classical Fatou’s theorem.
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DErFINITION 3.1. Let @ c € C” be a domain with defining function p.
Let Q,= {z € C" p(z) < —¢}. For 0 < p < oo we set

HP(Q) = {f holomorphic in Q: supf F NP dp, = 1115 < oo}
e>0"0%,

H*(Q) = {f holomorphic in ©: sup|f] < oo}

zeQ

where dp, is the area measure on 9Q,.
We also define the Nevalinna class N(Q) by

N(Q) = {f holomorphic in Q: supf log*|f(z) du, < oo}
e>0 39,

where log*u = max{0,log u}.

FATOU’S THEOREM. Let 0 <p < 0. Let a>1. If Q cc C" has C*
boundary and f € HP(Q), then for almost every P € 31,

li
%[a(P)glz—»Pf(z)

exists.

For details see [11].

The results in the unit ball B € C” and on certain other classical domains
were obtained by Koranyi [5] and all the principal ideas for arbitrary bounded
domains in C" with C? boundary are due to Stein [11).

Now, given £ ¢ c C" a strongly pseudoconvex domain and using the fact
that for all P € 99, A ,(P) = Hp(P), we obtain the following invariant form
of Fatou’s theorem:

THEOREM 3.1. Let @ C C C” be a strongly pseudoconvex domain with C?
boundary. Let 0 <p < o0 and B> 1. Let f € H?(Q). Then for almost every
P edQ,

li
.X/,}(P)glz-b Pf( Z)

exists.

Also, Stein [11] got the analogue of Fatou’s theorem for the Nevanlinna
class. Therefore we have the following result:
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THEOREM 3.2. Let @ C C C" be a strongly pseudoconvex domain with C?
boundary. Let 0 <p < o0 and B> 1. Let f € N(R). Then for almost every
PedQ,

lim
.J@(P)Bz—va(Z)

exists.

4. Pseudoconvex domains of finite type in C2

DEFINITION 4.1. Let © be a smoothly bounded domain in C? with defining
function p. We define two holomorphic vector fields 7T; and T, by

and

Thus the vector fields T; and T, are respectively tangent and transverse to the
boundary of Q. For all z € Q, we define the Levi function A(z) by

A(z) = (0; [T, Ti])(2)
where [T}, T}] = T\T, — T,T; (Lie bracket). _
Let %, be the module spanned by T; and T; over the C* functions and let

&, ,, be the module spanned by elements of £, and elements of the form
[F,Ti] or [F, T,] with F € &,.

DEFINITION 4.2. A point P € 9 is said to be of type m (m > 1) if
(dp(P),F(P)y=0 forall FEZ, _,
while
(dp(P), F(P)y + 0 forsome F € %,

DEFINITION 4.2. If @ c c C? is a pseudoconvex domain and P € 9Q is
of type m, then we say that dQ is pseudoconvex of type m at P.

Remark 4.3. If P € 3Q is strongly pseudoconvex point, then P is of
type 1.
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DEFINITION 4.4. Let (iy, iy, ..., i,) be an (m + 1)-tuple of zeros and ones;
we define the vector field T+ inductively by

TI(O) =T, T®= Tl
and
Tlioim) = [Ty, T in-0].
Then
Nioia)(P) = (8p3 Tl )(P)

Remark 4.5. It can be proved, see [4], that the type of a given point P
must be an odd integer if the boundary of € is pseudoconvex near P.

Remark 4.6. Let us define the function C(z) = (Tlfl)k”l}\(z). It is possi-
ble to show that when & is pseudoconvex near a point P in the boundary,
then P is of type 2m — 1 if and only if C,(z) # 0 and C,(z) = 0 for all k,
1 < k < m; for details see [4].

DEFINITION 4.7. Let X = a,T; + a,T, be a tangent vector of type (1,0) at
a point z in Q. Define M(z; X) by

M, (z; X) = lay|lp(2) 7" + |ay| kzllck(Z)ll/z"lp(Z)l"1/2"

Now we can state a theorem due to Catlin which allows us to estimate the
Kobayashi metric; for details see [3].

THEOREM 4.8. Let Q be smoothly bounded domain in C%. Let P be a given
point in the boundary of Q; assume that P is of type 2m — 1. Then there exist a
neighborhood U about P and positive constants ¢ and C such that for every
tangent vector X = a,T) + a,T, at a point z € U N Q,

cM,(z; X) < F¥(z; K) < CM,(z; X).

Following the ideas introduced by Nagel, Stein and Wainger [10], we can
define balls on the boundary of a smoothly bounded domain in C2.

First, we consider a domain € c R* with smooth boundary and finite type
m. Let U be a neighborhood in d€. Let X; and X, be smooth real vector
fields defined in U and T be a non-vanishing transverse vector field in U, so
that X;, X, and T span the tangent space of each point of U.



KOBAYASHI AND ADMISSIBLE APPROACH REGIONS 55
Following Kohn [4], we define

)1/2

Ay(x) = (Z{AiO"""(x)}z

where the sum is over the set of generators of %, the ideal over C*(Q)
generated by the functions Ne " with n < k. And let

m
Ag(x) = X A (x),
k=1
assuming that @ is of finite type m.

DEFINITION 4.9. Let
Ci= {(p: [0,1] —» 39 /¢ is Lipschitz,
2
¢(t) = X a;(1) X, (9(2)) + b(1)T(o(2)),
j=1

la;(1)l < 8,|b(1)l < As(qv(t))}
Cs = {q): [0,1] - dQ /¢ is Lipschitz,
2
(1) = ga,X,-UP(t)) + 0T (9(1)),

a;,beR,|a) < 8, 1b(2) < As(‘P(O))}'

In order to keep the notation in [8], we use Cy, Cs. The curves C;, C# and
C$ will not be used in this work.
We can define corresponding distance and balls as follows.

DErFINITION 4.10. Given x,, y, € dQ we say p;(xq, Jp) <98, j=4,5, if
there exists ¢; € C{ with ¢;(0) = x, ¢¥ = y,.
Also we define B;(x,, 8) = {y, € 32 p(xo, yp) < 8}

It was proven in [8] that the balls B, and B; are equivalent.
From R. O. Wells [12], we have the following:
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If V is a real vector space equipped with a complex structure J then ¥ can
be made into a complex vector space ¥, by introducing the complex scalar
multiplication

(a+iB)v=av+ BJv, a,BER,vEV,i=y-1

Alternatively, V ®,C is a complex vector space and J can be defined on
V ®xC by

J(w®a)=J(v)®a forveV,acC

This extended J has eigenvalues +i and —i, since J? = —1I.

The +i eigenspace is called V'1°,

The —i eigenspace is called V%2,

Observe that, in the setup where ¥ = R?", then V'? corresponds to span

2 9
9z, 9z,

and V%! corresponds to span

2 3
dz,> " 9z,

It can be checked that the complex vector space obtained from V' by means of
the complex structure J, denoted by V; is C-linearly isomorphic to ¥'1-%, This
means we can canonically associate to any element of the “real” vector space a
holomorphic vector space. This way we do it in the Euclidean space is by

(ag, by,..., ay b) = (a; + zbl)aiz1 + oo t(a, + ib,,)g’z—”

Let  c c C? be a domain and U be a neighborhood in 3%. Let X; be any
complex tangent vector field on U. Let X, = JX,. Let N be the vector field of
unit outward normal vectors to €2 on U and T = —JN.

Then, to the vector field a,X; + a,X, + bT on U, where a,,a,,b €R,
corresponds the holomorphic vector field

a,T, + ia,T, + bT, = (a, + ia,)T, + bT, onU.
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Then we can define the curves Cy and Cj in terms of holomorphic vector
fields by

Cy = {9:[0,1] - 9Q/¢ is Lipschitz;
¢'(t) = a)()Ty(9(1)) + a,(t) T (9(2));
lay(£)] < 8, lay(2)l < Ag(o(2)}.
Cs = {9:[0,1] —» 39/ is Lipschitz;
¢'(t) = aiTi(9(2)) + a, (9 (1));
ay,a, € C, lay| <38, |ay| < As(9(0)}.

So we have equivalent notations of distances and balls.

We can define approach regions in £ C € C? in terms of the families of ball
on dQ. By B we mean any of the equivalent balls.

DEFINITION 4.11. Let & = @ N (small neighborhood of P € 3Q). Let =
be any smooth projection from £ to Q. For z € © set

. 8a(2) }‘”
D = f —— e
OR M wer
DEFINITION 4.12. Given o > 0, P € 9%, then

oL, (P) = {z el:n(z) e B(P,oD(z))}
1/k
= {z ef:p(n(z),P) <o inf { 59(2) } },

l<k<m-—1 Ak(w(z))

where p denotes any of the equivalent metrics p, or p; and B any of the
equivalent balls B, or B.

5. Comparability of the Kobayashi approach region and the approach
region &7 (P)

THEOREM 5.1. Let @ C C C? be a pseudoconvex domain of finite type. Let P
be a given point in the boundaray of Q, and assume that P is of type 2m — 1.

Then given o > 1 there are two positive constants, B = B(¢) and C = C(o),
which depend on Q and are functions of o, and an open neighborhood U of P
such that

UN Ky (P) S UNA,(P) S UN KAy, (P).
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Proof. Let U be a neighborhood of P where Catlin’s estimates hold.
Part 1. Assume z, € U N &/ (P); we want to prove z, € U N Hp,)(P).

If z,€ UN«,(P), then w(zy) € B(P,0D(z,)) and this implies there
exists a curve B: [0,1] —» 9, Lipschitz with 8(0) = P, B(1) = =(z,) and

B'(1) = aTy(B(1)) + a;,T,(B(1))

where |a,| < 6D(z,) and |a,| < A,p 5(B(0)).
Consider the curve in € N U, defined by

HORFORENG WS
Then, applying Catlin’s estimates we have
K(zo, =vp) < Lg(B())
= [[FR(A(1). () a
< ['cm,(B(0); ay(B() + a;T(A(1))) dr

= cfo‘{|a2|,,,(,§(,))|—1
+ |a,| :élle(ﬁ(t))llﬂklp(g(t))' —-1/2k} dr.

where p is a defining function for .
Since € is a domain of finite type, let us assume m(z,) is of type 2s — 1
with s < m. Then a = A,,(7(z,)) # 0. Therefore

o = E (e au() < o[ B22] 7

k=1 k=s

m-1[g (Z) k/s
<om,(p) T | BT
k=s

8a(2o) ]m p o[%%&]l/"

lal < o\ T (a(z0))
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We also have |p(8(1))| = 8g(z,) for all 1. Hence,

K(zy, —7p) < Cf{ "N, 1(P)[ P> 89(20) ]891(20)

k=s

o B F e g anie)|

k=s
<CZ A, (P)E 851 (z)
k=s
+Coa™ /8l (z) [ T 1B e

k=s

< C%Am_l(P) + CoaV* = B(o).

Part 2. Assume z, € U N K, (P); we want to prove z, € U N & (P).

Let us prove the contrapositive.

Assume z, &€ U N ,(P); we will prove that K(z,, —vp) > C(o0).

If zo & UN <A, (P) then w(zy) € B(P, 0D(z,)). Therefore for any curve
¢: [0,1] » dQ, Lipschitz with ¢(0) =P and ¢(1) = 7(z,) such that
9'(1) = a,Ty(9(1)) + a,Ty(9(1)) we have

m—1
la;] > 6D(z,) or |a,| > X "D(Zo)kAk(P)-
k=1

Take a curve y: [0,1] — Q such that the Euclidean length of vy is ¢, and it
connects z, with —»,. Then the curve

(1) = v(1) + 8g(¥(1)) iy

is a curve in dQ such that ¥(0) = P and ¥(¢,) = 7(z,).
Fix two constants N(o) > 0 and M(o) > 0 such that N(¢) is a small
number and M(o) is a large number.
There are three possibilities:
@) 8a(v(1) = 8q(z,) for all 1 € [0;1];
(i) 8g(y(?)) < N(06)dgy(z,) for some ¢;
(i) 8g(y(2)) > M(0)8g(z,) for some ¢.

Case (1) Since y is parametrized with respect to Euclidean arc length then
|v’(¢)| = 1 for all ¢ and

V(1) =v'(t) + 86(7(‘))%(-,(:)) + 69(7(’))”;(70»-
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Since 8(v(2)) = 8qy(z,), the second and third terms of ¥'(¢) are negligible, so
1,
L3 (v(1)) = [*RR(y(1); (1)) di
to ,
2 C[ "M, 1(v(1); v'(1)) dt
0

= C/O"’{|a2||p(v(t)r‘

m—1
+|a,| Z |Ck(8(t))|l/2k|P(Y(t))|_1/2k} dt.
k=1

Assume that a(z,) is a point of type 2s — 1 with s < m. We have

8a(20)

la,| > Gsmf\s(?)
or
@] > [_8<_>_ v
! As('”(zo))
L ((0) = ¢ [0 B anian, (p) a
= Co’A(T1(z,)) oA (P)
=h(o)

LE(v(1)) = € ["a8lf*(20) A7/ (m(z0)I G (Y (N385 (20)

= Cotlf*(z0) [AG(r() d
~1(o),

Case (i) We have

Y (1) = e Ty(v(2)) + &, T (v(2))
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where
=¥ (1); (¥(1)) = v, (1),
L8 (1(0)) = [*F(r(0); ¥'(1)) db = C[*M,,_1(x(1); v'(0)) dt

- c[Malle(r() a2 €[5 ;Y?p((t))l)

Define the curve
’ ¢ i
p(t) =z4+ /(;'Yﬁp(s) ds, 0<t<t,,

where vf (s) is the projection of yf (s) onto the real normal at P and z, is
the projection of z, onto —»,. We have p/(¢) = v (¢) for all ¢. Then

o <[ iy [ i

where i is gotten from p by discarding overlaps.

Let y(¢;) be such that 8,5(y(#,)) < N(0)8g(z,) and m is the projection of
v(?,) onto the real normal.

Then

LE(y(t)) = CLE (segment connecting m with z{)

8a(2§)—8q(m)

~ ¢ [HOTR D Cin{sg(m) + 1)
0

do(m) + ¢

But 8y(m) < N(0)8g(zo) < N(0)8u(z{) since 8g(zy) < 8g(z{). So

3a(25) 1
N(o0)8q(m) N(o)~

Case (iii)) Fixing the large constant M(o) such that &g(y(2)) =
M(0)8y(2,) for some ¢, we follow the same argument applied in case (ii).
Therefore

L¥(y)=Cln >Cln

L%(Y(t)) = Cfto ;:?P((t))l)
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and we can define the curve
p(2) = z4 + ftyﬁp(s) ds, 0<t<t,,
()}

where vf (s) is the projection of vy (s) onto the real normal at P and zg is
the prOJectlon of z, onto —»p. We have p'(¢) = v%,(¢) for all 7. Then

B0 = cff 6!,%8')) @zCft 4;253'»

where p is gotten from p by discarding overlaps.
Let y(z,) be such that 8,(v(?,)) > M(06)8g(z,) and let m be the projection
of y(z,) onto the real normal. Then

L% (y(t)) = CLY (segment connecting z§ with m)
 (Ram—yzp)  dt
- Cf 8q(z4) + ¢
= Cln{8g(z4) + 1}[r™ M

M(0)8y(20)
8a(2o)

8q(m)
~ Cln2 >Cln
8o(z24)

> Cln M(o)
If we let
C(o) =sup{CIn M(c); Cln1/N(o); f(o)}

then we have proven that if z, & &7 (P) then K(z,, —vp) > C(0), as desired.
O

6. Fatou’s theorem on domains of finite type

As an application of theorem 5.1 we can give a new invariate form of
Fatou’s theorem for domains of finite type in C2.
Following the ideas in Section 6 of [8] we have the following:

DEFINITION 6.1. Let f be holomorphic on € € C2, P € 3Q and B > 1.
We set

Mpf(P) = sup |f(z)|

2E€X(P)

Then we have the following theorems.
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THEOREM 6.2. Let @ C C? be a domain of finite type.
(i) For 0<p<ooiffe H?(Q) then Mpf € LP(IQ) and ||[Mpfllp <

WA 72
(i) Iff <€ N(Q), then Myf is finite almost everywhere, and

m{log*Mpf >N} < c/A.

The proof this theorem is similar to the proof of Theorem 9 in [8]. We have
to use the fact that </ ,(P) = Hp(P).

THEOREM 6.3.  Given f holomorphic in Q, a domain of finite type in C?, the
following two conditions are equivalent for almost every P € 9.
@) Hpf(P)< oo.

(i) lim f(2) exists.
z— P, z€Xp(P)

In the proof we use the ideas of Theorem 11 in [8].
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