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THE CLASS OF SYNTHESIZABLE PSEUDOMEASURES

BY

A. S. KecHris,! A. LouvEau AND V. TARDIVEL

In this paper we study descriptive set theoretic questions related to
concepts of harmonic synthesis on the unit circle T, and their relationship
with the structure of uniqueness sets.

We denote by A = A(T) the space of functions on T with absolutely
convergent Fourier series, by PM the space of pseudomeasures on T and by
PF the space of pseudo-functions on T. Thus PF* = A, A* = PM. Finally
K(T) denotes the compact space of closed subsets of T with the Hausdorff
metric. The three basic notions associated with harmonic synthesis are the
following:

() A function f € A satisfies synthesis if {f,S) = 0 for all § € PM with
f = 0 on supp(S).

(ii) A pseudomeasure S € PM satisfies synthesis if (f,S) =0 for all
feA with f=0 on supp(S). This is equivalent to saying that S €
N(supp(S)), where for each E € K(T), we let

M(E) = space of (Borel complex) measures whose (closed) support
is contained in E,

N(E) = weak*-closure of M(E).

For simplicity, if § € PM satisfies synthesis, we will call it a synthesizable
pseudomeasure.

(iii) A set E € K(T) is a set of synthesis if for all f € A, S € PM with
supp(S) C E and f = 0 on E we have (f,S) = 0. Equivalently, if

I(E) ={f€A: f=0o0n E},
J(E) = {f€A: f=0o0nan (open) nbhd of E},
E is of synthesis iff the strong closure of J(E) in A is equal to I(E). Also

equivalently, E is of synthesis iff N(E) = PM(E) (= the space of pseu-
domeasures supported by E).
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We wish to classify the descriptive complexity of the above notions. For the
first one, we look at the separable Banach space 4 and set

X = {f € A: f satisfies synthesis}.

We claim that this set is G,. For that notice that if Z(f) ={x € T:
f(x) =0},

feX o f 2T

(where Z denotes the strong closure of Z in A). Now
fEX e V¥m>03g eA(g cJ(Z(F)) AIf - glla < %)

Let g, € A. It is enough to show that for any m > 0,

L(gosm) = {f: 80 € I(Z(F)) A If = golla < 3}

isopen in A. If f, € L(g,, m), it is not hard to find a small neighborhood of
fo contained in L(g,, m). This proves that X is a G; set.

Remark. One could also ask for the complexity of
Y ={f€A:llflla4 <1and f satisfies synthesis}

in the compact, metrizable with the weak *-topology unit ball of 4, denoted
by B,(A4). Since the identity map from B;(A) into A4 is a function of first
class between these two spaces, and maps Y onto X N B,(A4), which is a G,
subset of A, it follows that Y is a F,; subset of B;(A)

For the third notion, we look at the space K(T) and the set

S = {E € K(T): E is a set of synthesis}.

It was shown by Kechris and Solovay, using a result of Katznelson-
McGehee [4], that this is a II] (coanalytic) not Borel set; see [6], p. 346.

It thus remains only to classify the complexity of the second notion. We
look here at the compact, metrizable with the weak*-topology unit ball
B,(PM) of PM and the set

= {S € B,(PM): S is synthesizable}.
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Our first main result is then the following

THEOREM 1. The class . of synthesizable pseudomeasures (in the unit ball
of PM with the weak *-topology) is T1} but not Borel.

The proof of Theorem 1 is based on a rank argument (see [6], pp. 110,
148). Given any closed set E € K(T) define, by transfinite induction on «, a
subspace M“(E) c PM as follows:

MO(E) = M(E),
M@D(E) = (M@(E))”

_ the set of limits of weak *-converging sequences
from M@(E),

MM(E) = U c¥<)tM“")(E), A limit,
For technical reasons we actually work with

MY(E) = M™(E)
= the strong closure in (PM) of M®(E).

For each E, there is a countable ordinal a« with MW E) = N(E)
(= M'BYE) for all B = a). So for each S € . define its order by

ORD(S) = least « such that § € M!*I(supp(S)).

Thus ORD: .- w, is a rank function on .. For each § € ./, ORD(S) is
the smallest (transfinite) number of iterations of weak *-sequential limits that
is needed to generate S from measures on its support.

After checking the easy fact that . is II], we show that ORD: .- w, is
a Ill-rank (see [6] for this notion). This is done by developing an alternative
“tree-rank” ¢: — w,, which is clearly a Ill-rank, and then showing that
ORD, ¢ are equivalent. Finally, by the boundedness theorem for IIj-ranks
(see e.g. [6], p. 148) it will be enough to show that ORD is unbounded in w,.
This is done by using again the Katznelson-McGehee [4] result.

We concentrate next on the class of synthesizable pseudofunctions .4}, =
N PF. The main problem is whether they form a Borel class or not. The
statement that they are Borel is equivalent to the statement that every
synthesizable pseudofunction has order < a,, for some fixed o, < w;. We
conjecture that this fails:

Conjecture. The class ./, is not Borel.
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Although we do not know the answer to this conjecture, we show in the
second part of this paper that it is crucially related to many interesting
definability and structural problems concerning (closed) sets of uniqueness.

Let U, U, be the classes of closed sets of uniqueness (resp. extended
uniqueness) in T, i.e., those not supporting non-0 pseudofunctions (resp.
measures which are pseudofunctions). Therefore U is characterized as the
class of those E for which J(E) is weak *-dense in A, i.e., PF N PM(E) = {0}.
Piatetski-Shapiro [10] has also defined the intermediate class U;, U c U, <
U, as the class of those E for which I(E) is weak *-dense in A, i.e., PF N
N(E) = {0}). As opposed to U, U, this class is not a o-ideal, so we denote by
U* the o-ideal of closed sets it generates, U € Uj* € U,. The connection
with synthesis is explained in [6]:

E € U* < E does not support non-0 pseudofunctions of synthesis.

By results of Korner [7], Piatetski-Shapiro [10] the inclusions U ¢ U* c U,
are proper. In [6] it is shown that in some sense U}* is structurally very close
to U. However, the gap (U*, U,) remains more mysterious. Lyons [8] takes a
first step in analyzing it by introducing a further intermediate class U,,
U c U, c U, c U, One of its characterizations is that

E € U, < E does not support a non-0 pseudofunction in M (E) = M E).

Then if U,* is the o-ideal of closed sets generated by U,, we have

E € Uj* « E does not support non-0 synthesizable
pseudofunctions of order 0.

It turns out of course that U,* C Uj is also proper as Lyons [8] shows by using
the Piatetski-Shapiro method for the strictness of the inclusion U* ¢ Uj,. In
some sense, which perhaps some structural theorems can make precise, U*
seems close to U,.

We concentrate here on the gap (U*,Uy*). We introduce a transfinite
decreasing sequence of classes U, , and U;*, (the o-ideal generated by U, ,)
defined for 0 < @ < w; by

Ee U, « M\®I(E) n PF = {0}.
It turns out again that

E € U*, < E does not support
a non-0 synthesizable pseudofunction of order < a.

Thus U, o = U,, Uty = Uy* are Lyons’ classes and U, ,, = U,, U%, = Uf*,
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so we have the picture
UcUfc .. .U*c..cUf,c...cU*cU*cl;, (a<B)

(similarly without the stars). We prove for these classes results analogous to
those of Lyons [8] for U, o, Uy%. For example U, ,, U*, are II (and
non-Borel) and Uj*, has a canonical Borel basis U/, cU;, Ge. U/,
generates also U*, as a o-ideal of closed sets).

The main question concerning this hierarchy is of course whether it
collapses, i.e., for some a, < wy, U, = U*, = U*. An important question
left open in [6] is the level of deﬁnablhty of U. Tt follows from results of
Solovay [11], Kaufman [3] (see also [6]) that U* cannot be X{. On the other
hand it is A}, ie., both £} and II}, in fact (for readers familiar with
generalized recursion theory) it belongs to the class £1-IND, which is a much
smaller subclass of AL. (The class £1-IND coincides, by a result of Solovay,
with the class O £3; see [9], 7C and 6D). Thus the first main question is
whether U;* is II1. (A similar question can be raised for U,). Our second
main result states that all these problems are equivalent to our earlier
conjecture.

THEOREM 2. The following are equivalent.

(i) The class of synthesizable pseudofunctions ./, is Borel,

(i) The hierarchy Uy*, collapses, i.e., for some a, < w,, U, = U,
(iii) The class U* is l'[1

Thus a proof of the conjecture will establish that U;* is neither X! nor II}
(in fact by a result of Dougherty-Kechris it would not be even a union of a X!
and a II} set). This would establish the first natural example in analysis of a
set lying between levels of the projective hierarchy.

Of course a disproof of the conjecture would be also extremely interesting.
At this stage it is not even known whether U* # U, (a question already
raised in Lyons [8]). This is equivalent to asking whether there is a synthesiz-
able pseudofunction which is not a strong limit of measures on it support.
Lyons’ result that U;*, # U, means that there are pseudofunctions which are
strong limits of measures in their support but not of such measures which are
pseudofunctions.

Addendum. R. Kaufman (private communication) has recently showed
that indeed U* # U}, in fact that there is a synthesizable PF which is not a
weak *-limit of a sequence of measures on its support. It would seem that this
is a major step in a proof of the above conjecture.

Before we proceed to the proofs of the results discussed in this introduc-
tion we would like to point out in general that the reader will find helpful
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material in the following references (listed at the end of the paper): [2],
especially Ch. 3 and 4 and [6], especially Ch. V, VIII, X.

1. The order of a synthesizable pseudomeasure

Let X denote a separable Banach space and X * its dual. For each
subspace Y € X * we let

YO = (x* € X* I{x#}(x* € Y AxF 25 x*))

be the weak *-sequential closure of Y. Define then by transfinite induction,
Y@l as follows

YO =¥y,
ylettl = (yla)®,

YWM=uU,_ Yl A limit,

where Z denotes strong closure in X *. By a theorem of Banach (see [6], pp.
153-156) there is countable ordinal «, such that Y(®! = Y8l for all B > «,
and

Yl®l = ¥%* = the weak *-closure of Y.

Given now any x* € X *, let

ORD(Y, x*) = least « such that x* € YI® if x* € Y**,
’ W, otherwise.

Then for any fixed Y, ORD(Y, - ) is a rank on Y*".

Remark. One could also use the transfinite sequence Y® given by

YO =y, Ye+rd = (y@)P y® -y _ .y )limit.)

However, the sequence Yl is more appropriate for our purposes here, as
will become clear in §2.

Specializing now to X =A4, X* =PM, let x* =S € PM, ||Sllpy < 1,
Y = M(supp(S)). Then since

*

S is synthesizable < § € M(supp(S))



THE CLASS OF SYNTHESIZABLE PSEUDOMEASURES 113
define
ORD(S) = ORD(M(supp(S)),S).

Then ORD: /- w, is a rank on . (and ORD(S) = w, if S & /).
Using the result of Katznelson-McGehee [4], we will now show that ORD
is unbounded in w,.

THEOREM 1. For each countable ordinal, «, there is a synthesizable pseu-
domeasure S (with ||S|lpy < 1) such that ORD(S) > a.

Proof. For each set E € K(T) let |E| be the least countable ordinal «
such that

M[a](E) =defM(E)[vt]

is equal to M(E }**(= N(E)). In Katznelson-McGehee [4], the authors show
that for each a < w, there is E € K(T) such that |E| > a. (Moreover these
E are of synthesis themselves, i.e., N(E) = PM(E) = the class of pseu-
domeasures supported by E). We will not need this extra information below).

Fix now @ < o, and let E € K(T) be such'that |E| > a. Then M!*(E) #
N(E), so there is § € N(E), S & M“I(E), i.e., ORD(M(E), S) > a. We will
construct T € N(E) with supp(T) = E, so that T € .7, and such that T &
MU'“I(E) as well. Then clearly

ORD(M(supp(T)),T) >«

and we are done.
Let {x,: n = 1,2,3,...} be a countable set dense in E \ supp(S). Let

T =% 517,-3,%,

where 8, is the Dirac measure at x. Then supp(T’) = {x,, x,,...} = K. For
each € > 0, let

T,=S8 +¢eT'.

Clearly T, € N(E). We claim that supp(T,) = E. Clearly K C supp(T,). Also
ENK c supp(S), so ENK c supp(T,). Thus E = supp(T,).

Now we argue that for some &, T =17, is such that T & M“I(E).
Otherwise, for each & > 0, T, € M*I(E). But then § = lim, T, ,, (Where
convergence is in the strong sense), so S € M*I(E) (since this is a closed
subspace), i.e., ORD(M(E), S) < a, a contradiction. O



114 A.S. KECHRIS, A. LOUVEAU AND V. TARDIVEL

Sections 2 and 3 are devoted to showing that ORD is a II}-rank on the II}
set 7. First let us verify this last assertion.

ProOPOSITION 2. The set . of synthesizable pseudomeasures is T3 in
B(PM).

Proof. For S € B(PM) we have
S¢ A= 3Afc A[f=0onsupp(S) A (f,S) #0].
It is therefore enough to check that the set
‘P ={(f,S):feA&S € B(PM) &f = 0onsupp(S) &{f,S) # 0}
is Borel in 4 X B,(PM). Now

P, ={(f,8):{f,8) =0}

is clearly open. Also

P, ={(f,S): f=0onsupp(S)}
is Borel, since if {V,} is an open basis for T,

(f,S) € P, & Vn[V, Nnsupp(S) # & = Ax(x € V, A f(x) = 0)]
< Vn[3g € A(supp(g) <V, A {g,8) #0)
=3x(x €V, Af(x) =0)]. D

To show now that ORD is a IIl-rank on . we will describe an alternative
“tree rank” on ., for which it is easy to show that it is a II}-rank, and then
we will complete the proof by showing the equivalence of ORD and this
“tree rank”.

2. A “tree-rank” on .~

Going back to the general context, let X be a separable Banach space and
let D be a countable set dense in the open unit ball of X and closed under
multiplication by elements of Q + iQ. Given a subspace Y C X *, x* € X *,
e €QnN(0,1) we define a tree Ty .« on Seq D (= the set of all finite
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sequences from D) as follows

Ty .«={Q} U {(xo,...,x,,):‘v'j sn(xj €D A Kxj;,x*)| = ellx*1l)
AVj <n(llx; = x4l < 270+9)

AV < n(llxlly < 279+D)}

where |lxlly = sup{(|{x, y*>|: lly*|l <1, y* € Y}. (Notice that |lx|ly does
not mean that x € Y).

This tree is a local version of the tree T¢ associated to Y as in [6], p. 161.
We prove first a local version of (part of) Proposition 1 in [6], p. 161.

Prorosition 1.  The following are equivalent, for Y a subspace of X * and
x* e X*:

() x*ey»s

(i) Ve € QN (0,1XTy .« is well-founded).

Proof. First suppose x* & Y"”*. Then there exist e € Q N (0,1), x € X
with |lx|l < 1 such that

[{x,x*)| > 2¢llx*|| and <{x,y*)=0forall y* €Y.
Any sequence from D converging to x fast enough gives an infinite branch in
Ty .«

Conversely, assume Ty ,« has an infinite branch {x,}, for some ¢ € Q N
(0,1). Then {x,} is a Cauchy sequence which converges (strongly) to some
x € X. Then [xlly =0, ie., {(x,y*) =0 for all y* €Y, and [{x,x*)| =
ellx*|| > 0,50 x* & Y™, O

DeriNiTION.  For Y € X * a subspace and x* € Y*", let

B(Y, x*) = sup{ht(T§ ,+) + 1: 6 € Q N (0,1)}
(= lim (ht(T§, ) + 1))
£—0 ’

where ht(T') is the height of a well-founded tree T(see [6], p. 141). If
x* & Y"" welet B(Y,x*) = w,. Note that ¢ <&’ = T§ ,« C T§ . so that
ht(Ts ,+) < k(T3 ,«), which justifies the expression of B(Y, x*) as lim, _, .

LemMa 2. ForY € X* a subspace, x* € Y"*, B(Y, x*) is a limit ordinal.

Proof. We show that B(Y, x*) > w and B(Y,x*) > w -a = B(Y, x*) >
o (a+ 1)
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Fix N € N. Let x € D be such that
le*ll - 2=NV*D < [Kx, x*)],  llxll < 273+D,
Then s = (x, x,..., x)(N + 1 times) is in T§ ,« with ¢ = 27¥*3, hence
R(Ts .«) 2N +1 and B(Y,x*) > .

Let now a > 0 and B(Y, x*) > w - a. Then for some ¢ > 0, K(Ty ,.) >
o a.Let NeNandput ¢’ =¢ - 2" N9, The tree

T/ = 2-W+9. Te N,
is a subtree of T§ ., where
Ty = (@} U {(x0,..., %,): x; €D A [{xj,x%) 2 & - x|
AV) < n(llx; = x4l < 27NH*D)
AV < nllxll < 270D,
If (x) € T" and s = (xy,...,x,) € T’ then |lx — x,ll < 27™*3; hence
(%,...,%,%9,...,%,) (N + 1times) € Ty ,.

Since ht(T’) = ht(T5 ,«) > @ - a (see for example the argument in pp.
162-163 of [6)) it follows that

(T§ ,«) 20 a+N+1,

s0 B(Y,x*)>w - (a + 1). O

DeriNiTioN.  For Y € X * a subspace, and x* € X * let RK (Y, x*) be
defined by

B(Y, x*) = {w~RKT(Y,x*) ifx*e.Yw
w; otherwise.

The main result is now;

TueoreM 3. Let X be a separable Banach space, Y C X * a subspace and
x*e€ X* Thenif x* €Y,

ORD(Y, x*) = RK,(Y, x*).

For the proof of that theorem we will need the following lemmas.
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LEMMA 4. Let Y C X*, x* € X *. Then the following are equivalent:

@ x*eyYlll

() Fe>0 IHx  Vnlx, € X A llx, Il <1 A Kx,, x*)| =& llx*ll A
e, lly < 27+ D]

LemMmA 5. Let Y C X*, x* € X*, Let A be a limit ordinal and a, — A,
a,, increasing. Then the following are equivalent:

) x*eYW,

) 3e >0 Ax)Vulx, € X A lix,ll <1 A Kx,, x*)| = ellx*|| A
llx, llytew < 27¢+D],

LemMmA 6. Let Y Cc X*, x* € X *. Suppose
ueTy « and ht(u,T§ ,.) 20 a.

Then u € Tyt ,«. (Here ht(u,T) is the height of a sequence u € T in the
well-founded tree T} see [6], p. 141).

Lemma 7. Let YCX*, x* € X* Let u=(xg,...,x,) € Tju ox. As-
sume moreover that

lx, 0l - (142709 <1, Kx,,x*)| - (1 —2"@D) > ¢ |Ix*|
and
lx, Iyt < 27C*9 - Ix Il

Then ht(u, Ty ,+) 2 © * a.

Proof of Theorem 3 (assuming the lemmas). If x* & Y*" then

ORD(Y, x*) = RK,(Y, x*) = w,.

So assume x* € Y**, We will first show that for x* & Y,

(A) B(Y,x*)>w-B = ORD(Y,x*) > B.

Since x* ¢ Y, x* ¢ Y = Y%, thus ORD(Y, x*) > 1, so (A) with B = 0 is
automatically true. Let us prove it now in the case B = a + 1 is a successor.
Thus let

B(Y,x*)>w- (a+1).
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Then for some & > 0,
u=(x0,...,%,) €T5 x, ht(u,T5 ,+) 20 (a+1).

Then for each N € N, we can find vy = (x, ,..., x¥, ) with u"vy € Tg
such that

ht(uAvN, Tf,,x*) >0 a.
By Lemma 6, u vy € T ,«. Since the sequence (x2, y)y < is such that
I[KxNons 2 2 & lx*ll and [l yllym < 27¢+N+D,
Lemma 4 gives x* ¢ Yi**t1 je,,
ORD(Y, x*) > a + 1.

Finally, let B = A be a limit ordinal. Since B(Y, x*) > w - A, there is € > 0
and

u=(xp,...,%,) €Ty .«
with
ht(u, T +) 2@ A,
Choose «, — A, a,, increasing. Then
ht(u,T§ ,+) 2w (ay+ 1) foralln €N.

So for all N, p € N, there exists

with
ht(u VN,p’ T;',X*) Zw: ayN,

thus by Lemma 6, u vy , € Tyten . Now consider the sequence YN wen-
Then

[, 23] 2 6 lx*ll and [ Rllyien < 27CVFn+D

so now, by Lemma 5, x* & Y, i.e. ORD(Y, x*) > A.
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We complete now the proof by showing the converse:
(B) ORD(Y,x*)>pB = B(Y,x*)>w"B.

Again if B = 0, since B(Y, x*) > w, (B) is automatically satisfied. Now let
B = a + 1 be a successor. Thus x* & Y[**1 Then, by Lemma 4, we can find
¢ > 0 and {x,} with x, € D and

[{x,, x*) - (1 =27C0%9) > 6 - [Ix*|,
llx, (1 +27¢*9) <1,

llx, llyta < 279l 1.

Let u, = (x,,...,x,) (repeated n times). Then u, € Ty ,« and satisfies
the hypotheses of Lemma 7, so ht(u,, Ty ,«) = @ + @. Thus ht(T§ ,.) >
o a + n for each n, i.e.,

ht(T5 o) 20 (a+ 1)
and so
B(Y,x*)>w: (a+1).

Next suppose B = A is limit in (B). Choose a, — A, a, increasing. Since
x* & Y] by Lemma 5 we can find a sequence {x,} and an & > 0 such that
x, €D and

[{x,, x*)] - (1 = 27C*D) > ¢« |lx*|,
llx,, lyten < 27C+D - lx ||
and

lx, Il - (1 +27@®*9) <1,

Again let u, = (x,,..., x,) (repeat n times). Then u, € Tjw, ,» and satis-
fies the hypotheses of Lemma 7 so ht(u,, Ty ,«) = ® * a,. Then ht(Ty ,.) >
w - a, for all n, ie.,

ht(T§ «) 2w A and B(Y,x*) >w-A

so we are done.
It remains to prove the lemmas.

Proof of Lemma 4. (i) = (ii). Suppose x* & YW |[x*|| =1 (without
loss of generality). Put

e = inf dist(x*,Y N B,(X*) ),
n
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where B, (X *) is the closed ball of X* of radius n, We claim that ¢ > 0.
Otherwise, for each nthere is zF €Y N B,(X *)w with [[x* — z*|| — 0.
Since Y N B,(X*)" cY® we have

x* e YO =yl

a contradiction.
Now, by Hahn-Banach, for each n we can find x, € X, |Ix,|l = 1 with

Re(x,, z*) = Re(x,, y*)

for all z* in the open ball of radius ¢ around x* and all y* € B (x*) NY.
Thus

Re(x,, z*) = [{x,, y*)I
for all such z*, y* and so

Re{x,,z*) = nl{x,, y*)|
for all such z* and all y* € B{(x*) NY;ie.,

Re(x,,z*) 2 n - llx,lly.

In particular, since 1> Re{x,,x*), we have |x,lly <1/n and, since
Re(x,, z*) > 0 for all such z*, we have [{x,, x*)| > &.

(As pointed out by the referee, these arguments are related to those
concerning the BX-topology in Dunford-Schwartz, Linear operators, part I,
Ch. V).

(i) = (). Fix ¢ and {x,} and suppose x* € Y! towards a contradiction.
For each & > 0 find z* € Y® with |lx* — z*|| < 8. Then find {z}} with
zf €Y and

x W5«
Zp—>Z.

Fix M with [|z}|| <M, all p. Then

[(xe*, x,0 < Kx* —z%, x,0] + [Kz* =z}, x| + Kz, x,)1

< ¥ —z*|| + I<z* =z}, x )| +27¢+D - M.
Now choose 8 < ¢ - [lx*||. This gives {2} and M. Choose then n, with

€
2=+ . pr < 3 el
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and p with
&
IKz* = zF, 2,01 < 3 - Ix*I.
Then [{x*,x,)| <& |lx*]|, a contradiction. 0O

Proof of Lemma 5. (i) = (ii). Let x* & Y |lx*|| = 1. Let

e = inf dist(x*,B,(X*) n Y1 ).
n

As before, ¢ > 0. Then apply Hahn-Banach to find x, with [lx,|| = 1 and
Re{x,,z*) > Re{x,, y*)

fo{r 21111 z* in the open ball of radius ¢ around x* and all y* € B(X*) N

Y (ii). = (i). Fix again ¢ and {x,}, and suppose x* € Y} towards a contra-

diction. Then for each 8 > 0 we can find arbitrary large n > 0 and z* € Y%l
with |[x* — z*|| < 8. Then

[{x*, x| < [Kx* —z*%, x| + [{z*, x,)|
< llx* —z*[| + 27D (&5 + |lx*]).

So choose 8 < %e - |lx*|| and then n, with 27D . (5 + |lx*|) < e -
lx*{|. Then

[(x*, x, ) <& llx*,
a contradiction. O

The proof of Lemmas 6, 7 are very similar to the proofs of the correspond-
ing Lemmas 6, 7 in [6], p. 163, so we omit them here. We take this
opportunity, however, to correct some misprints in the statement and proof
of these results in [6]. These are as follows: On p. 165, line 4 replace

“Ie,llye < 27+D»
by
“lx, llyw < g - 2707,
and on line 6~ replace

13 ”xn “Y(B) < 2—(n+3)n
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by

“Nx,llye < 27@+>,
On p. 167, line 7 replace

“ ”xn"Y(“"'l) < 2_(n+3)”

by
“llx,lly@n <& - 2= +3»
and
“Let ...b * |lx,lly@s»”
by

“Leta =g 2" +37,
then replace line 6~ by
“2 lx,ll —a”
and finally on line 3~ replace
“ly,lly@ < 2-C+k+D»
by

“”yklly(a) < g2 (ntk+3)n

3. The class . is not Borel
We use now the results in §2 to show the following:
TueoreM 1. The rank ORD: = w, is a I1}-rank on 7.

COROLLARY 2. The class . of synthesizable pseudomeasures (in the unit
ball of PM with the weak *-topology) is 1} but not Borel.

This follows from the theorem in §1 by the boundedness theorem for
I1}-ranks (see e.g. [6], p. 148).
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Proof. Notice first that for § € B(PM),

ORD(S) = 0 & ORD(M(supp(S)),S) =0
= § € M(supp(S))

= VE eK(T)[supp(S) CE=
(+)¥n 3N 3u € By(M)[supp(w) SE A llu = Sllewe < 5|

where By(M) is the closed ball of radius N in the space of measures on T.
Since the relation “supp(S) € E” is closed in B,(PM) X K(T) and similarly
for “supp(u) € E” in B, (M) X K(T) while

I = Sllow < 3 < Vi(120k) = S() < 5

is closed in By(M) X B,(PM) it follows that

{S: ORD(S) = 0}
is II]. Similarly

ORD(S) =0 « 3E € K(T)[E < supp(S) A ()]
and “E C supp(S)” is Borel in K(T) X B,(PM), being equivalent to
Vn[V,NE # @ =V, N supp(S) # 0]

(see the proof of Proposition 2 in §1), so

{S: ORD(S) = 0}
is X1, i.e., Al. So it is enough to show ORD(S) is a IIj-rank on

' = #\{S € B(PM): ORD(S) = 0}.

But for S, T € /', by the theorem in §2 we have
ORD(S) < ORD(T) « RK(M(supp(S)),S) < RK;(M(supp(T)),T),
so it is enough to show that

RK(M(supp($)),S)
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or equivalently
B(M(supp(S)),S)

is a II]-rank on .’. As in the proof in p. 175 of [6] it is enough to check that
the set

{S € Bi(PM): |Ifllmeuppcsy < 8}
for each f € 4, § > 0 is Borel. Since

Ifll mesuppisy < 8 = YNV € By(M) N By(PM),
(supp(u) < supp(S) = I{f,u)| <98),

this follows as in the preceding computation. ]

Remark. In the proof of the non-Borelness of ., which in particular
implies the existence of non-synthesizable pseudomeasures and therefore of
sets which are not of synthesis, one is only using (see the proof of the
Theorem in §1) that for each ordinal a < w, there is E € K(T) with least
B(M(E)® = N(E)) > a. In Katznelson-McGehee [4] such sets are con-
structed (which are also of synthesis) using the existence of sets which are not
of synthesis (Malliavin’s Theorem). Is it possible to construct E as above
without making use of non-synthesis sets? If so, one would have a new proof
of Malliavin’s Theorem (in a much stronger form).

4. Synthesizable pseudofunctions—The problem of their classification

We will look now at the subclass of ./ consisting of the synthesizable
pseudofunctions. We denote this class by

#p = N PF = the class of synthesizable pseudofunctions
(with |Sllpyr < 1).

Clearly, ., is a II} set (in B,(PM) with the weak *-topology). However we
do not know whether or not ./, is Borel. Since ORD restricted to ./, is
also a Il}-rank on the IIj set ./, it follows by the boundedness theorem for
II}-ranks, that the following are equivalent:

(i A is Borel;

(ii) For some countable ordinal «,, every synthesizable pseudofunction
has ORD(S) < a, i.e., can be synthesized from measures on its support in at
most «, iterations of sequential weak *-limits:
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It is this reformulation of (i) that makes much more plausible the non-
Borelness of .4, so we will formulate this as a conjecture

Conjecture. The class of synthesizable pseudofunctions ., is not Borel
(in the unit ball of PM with the weak *-topology).

We will devote most of the rest of this paper to showing the connections of
this conjecture to the structure theory of sets of uniqueness. It will be seen
that either a proof or a disproof of this conjecture has interesting conse-
quences.

Remark. One can also formulate the problem of the classification of the
class of synthesizable pseudofunctions as the question of whether the set
9 = {S € PF: S is synthesizable} is Borel in the separable Banch space PF.
(It is clearly II!). However this is easily seen to be equivalent to the above,
since the injection of B(PF) into B;(PM) is continuous (from the norm-
topology of B,(PF) into the weak *-topology of B,(PM)).

S. The new classes U, ,, U;*, of uniqueness sets and their
relationship with synthesis of pseudofunctions

Recall that U, U, denote respectively the classes of closed uniqueness,
extended uniqueness sets. Piatetski-Shapiro [10] introduced the intermediate
class U,

UcU cU,,

consisting of those E for which I( E) "~ A. As opposed to U, Uj this class
is not a o-ideal (i.e, closed under countable unions which are closed) so, as in
[6], let U* denote the class of all closed sets which are countable unions of
U,;-sets. Again

UcUxcU,.

These inclusions are proper from results of Kérner [7] and Piatetski-Shapiro
[10]; see also [6]. It has been shown in [6] that U* is in some sense
structurally very close to U. The following fact proved in [6] shows also the
relationship of U;* with synthesis. Denote by MY the class of closed sets E
which are locally not in Uj* (equivalently not in U,); i.e., for each open set
VcTwith VNE #+ 3, VN E&U*. Then we have

E € M? < E is the support of a synthesizable pseudofunction.
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(Note also (see again [6]) that if M? is analogously defined for U, then
E € M? < E is the support of a pseudofunction.) In particular,

E € U* < E does not support a non-0 synthesizable pseudofunction
(while E € U < E does not support a non-0 pseudofunction; and
E € U, « E does not support a non-0 pseudofunction in N(E)).

Although the relationship of U, U;* is reasonably well understood, that of
U, U, is less clear. In Lyons [8] a first step was taken by introducing a new
class U,,

UcU cUcU,.
One of the equivalent characteristics of U, sets is

E € U, » E supports no non-0 pseudofunction which is a strong limit
(in the PM-norm) of measures on E.

Again U, is not closed under countable unions (which are closed), so let us
denote by U,* the class of such unions so that

UcU* cU}cU,.

Again, as Lyons [8] shows, U,* C U, is proper, but whether the same is true
for U* c Uy* is left open.

In some sense the class Uy* seems close to U, (perhaps some structural
theorems relating the classes U,*, U, may make this more precise). However
the relationship between U*, U* is not so clear.

To clarify this relationship we will introduce a natural transfinite decreas-
ing hierarchy of classes U, ,, Ui*, (0 < a < w;) whose first level is Lyons’
U,o = U,, U, = Uy*, and last level is U, Uy*. It is also canonically associ-
ated with the hierarchy of synthesizable pseudofunctions and as we will see
the conjecture of §4 is equivalent to the properness of this hierarchy.

DeriniTiON 1. A closed set E € T belongs to the class U, ,, 0 < a < 0,
if MWE) N PF ={0}, ie, if E supports no non-0 pseudofunction in
M'“Y(E). Recall from §1 that MI*E) is defined inductively by

MY(E) = M(E),
M[a+1](E) — M[a](E)(l),
MW(E) = U._,ME(E), A limit.
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Since for all large enough countable a, M*I(E) = N(E) it follows that
Ul,wl = n a<m1Ul,a = Ul'

We denote by U*, the class of closed sets which are countable unions of
U, ,sets. (We will see later on that U, , is not closed under countable
unions.) Thus we have

UeclUrc - cUf,C - cUfpgc - cUKCUNCUpazp

and Ul = Ulw = na<w1U1*
Also, denote by MlP « the class of closed sets which are locally not in Up*,
(or equivalently not in U, ,), i.e., those E such that for every open V' C T,

EnV+3=EnVe¢U*, (orl,).

Thus M7, = M{.

Let use first provide a characterization of M{ , analogous to that of MY
that clearly illustrates the connection with the hierarchy of synthesizable
pseudofunctions.

ProrosiTiON 2. The following are equivalent for E C T, E closed:

i EeM},

(i) E = supp(S), where S € PF N M'“XE), i.e., ORD(S) < a.

In particular, E € U*, iff E does not support a non-O synthesizable pseudo-
function of ORD < a.

Proof. To prove (ii) = (i) we need the following lemma whose proof by
induction on a we leave to the reader.

Lemma. Let ECT be closed. If S € M"NE), f€ A then f-S €
MY E N supp(f)).

So let
E = Supp(S), S €PFnMP“(E).

Let V' be open with V' N E # . Then there is f € A, supp(f) € V and
f+8 # 0. Then

f-SePFNM(ENT),

soEnVe U, , ie., E€ M{,.
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For the converse, repeat the proof given in [6, p. 229] for M? noting that
each MI“)(E) is a (strongly) closed subspace of PM.

It is clear that the first important question about the hierarchy {Uy*,} is
whether it collapses at some countable ordinal a,, thereby U* = U, =
U, It seems again plausible to conjecture that it does not, although as we
mentioned in §4 we do not even know if U* # U¥,. Our next result however
establishes the equivalence of this conjecture with that of §4 and rather
surprisingly ties this up with the question left open in [6] of whether U* (and
U,) are II] sets.

THeoreM 3. The following are equivalent:
(1) The class #y = #N PF of synthesizable pseudofunctions is Borel (in
the unit ball of PM with the weak *-topology);
(i) The hierarchy {U*,} collapses, i.e., for some countable ay, Uf%, = U*;
(iii) The class U* is II3.
Moreover, if U, is I} or if U} (the class of E for which I(E) is sequentially
weak *-dense in A) is l'[{, these equivalent conditions hold.

Proof. The last assertion follows from the fact that U, and Uy (by
Piatetski-Shapiro’s [10] Theorem,; see also [6]) are hereditary bases for U;*, so
if they are II} so is U*, by the argument in VLI.2 of [6].

The implication (i) = (ii) is clear, since if ./, is Borel, then for some
countable «, all synthesizable pseudofunctions have order < a, thus by
Proposition 2, M{ , = M{ and so U*, = U;* since

E¢ U¥, < 3F[@+F ANF cEclosed A F € M?,].
The implication (ii) = (iii) is clear from the following lemma.
Lemma 4. The classes U, ,, U*, are II.

Proof. Since U, , is a hereditary basis for U*, it is enough to check that
U, , is II}. But

E¢U, ,«3SeB(PM)[S+0ASEPFASeMIE).

Now it is easy to check by induction on a that M*E) N B(PM) is a =}
subset of B,(PM) (with the weak *-topology) so we are done. O

It remains to prove the main implication (iii) = (i). Since, if {V,} is an open
basis in T,

EeMf«Vn(V,NE+Q=V,NE & Uy¥)
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it follows that if U* is II! then M? is ¥} and thus Borel, since M7 is also II;
by the equivalence

EeM! oVn[V,NE+Q3=V,NE ¢ U],

and the simple fact (see [6]) that Uy is X1.
The following is the main lemma.

LemMmA 5. If M? is Borel, there is a Borel function F: Mf — B{(PM) such
that

VE € M?(F(E) € -/, &supp(F(E)) = E).

Granting this we complete the proof of (iii) = (i) as follows: If U* is II},
then M? is Borel so let F be as in Lemma 5. Then {F(E): E € M}F}is a X}
subset of .4, and thus bounded in the II}-rank ORD, i.e., for some a,,
ORD(F(E)) < aj. It follows that if § € ./, there is T € ./, with

ORD(T) < a, and supp(S) = supp(T).

(Recall here that M? is exactly the set of supports of S € ). We will show
that this implies that every T € ./, has order < «, which, since ORD is a
IIi-rank on ./}, shows that .4, is Borel.

Indeed let T € .4, supp(T) = E. Then for every open V with E NV # &
there is S€ PF, S #0 with S € MV AE). It follows (see Lemma
VIIL4.2 of [6]) that PF N M*(E) is weak *-dense in N(E) and in particular
T € PF N MI*I(E)"", so

T € PF N M“I(E) (the weak-closure of PF N MI®)(E) in PF).
By Mazur’s Theorem, T € M*)( E) = M!*)(E), so ORD(T) < a,,.

It remains to proves Lemma 5. Assume MY is Borel. First note that we
have the following characterization of M7 based on ideas of Piatetski-
Shapiro:

E € M? < I(E) is weak *-closed.
(See [6, V1.3.8] and the remark following it). Now consider the map

E e MP — I(E) N B(A) = I(E)

viewed as a function from M7 (a Borel set in K(T)) into K(B,(A)), the space
of closed subsets of B,(A4) (with the weak *-topology)). We claim it is a Borel
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map. For that and for further arguments later on we will need some classical
descriptive set theoretic facts concerning compact sets. These can be all
found in [6], Chapter 4 but a non-logician reader may have trouble digging
them out. A nice exposition with proofs or complete references can be found
in Section 2 of [0].

THEOREM 6. Let X, Y be compact metric spaces. Let f: X — K(Y) be a
map such that the relation

R(x,y) € f(x)
is Borel in X X Y. Then the map f is Borel.

So it is enough to show that the map E € M{ — I,(E) (which can be
viewed as mapping from all of K(T) into K(B,(A)) by defining it to be & if
E & MY?) has the property that the relation

R={((f,E): f€B(A) NE € M A f € I(E))
is Borel in K(T) X B,(A). But for f € B(A4), E € MY,
(f,E) 2R« 3x[x €E A f(x) #0].

Note now that
{(x,f) € TXBy(A): f(x) * 0}

= {(x,f) €T X Bi(A):3e > 03nVm = n| if(k)e”‘"l > s}

-m

isan F, in T X B,(A) and thus so is (K(T) X B(A)) \ R and we are done.

It is now a classical fact (see again [0]) that in each compact metric space X
there is a Borel map s: K(X) — X such that s(E) € E for E + . Fixing a
countable subset {f,} of B;(A4) which is norm-dense in B,(A) and applying
this to the weak *-closed sets

B4) 57 2]

(where B(f,¢) is the closed ball in 4 with center f and radius ¢) we can
easily see that there is a Borel map E € M} — {d,(E)} from M} into
B,(A)N such that for E € M}, E + &, {d,(E)} is a norm-dense subset of
I(E).

We use that to show that the map E € M? » N,(E) = N(E) N B{(PM) is
also Borel from M/ into K(B,(PM)). This follows from Theorem 6 again
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since for E € M?, S € B,(PM) the relation

S e N(E) » VfeI(E)(KS, f) =0)
= V¥n({S,d,(E)) =0)
is clearly Borel.
If E€M?P, £>0 and N%(E) = {S € N(E): R(S) =%'Tim|S(n)| < &} it

follows from Lemma VIIL.4.9 of [6] that for any S € N(E) with ||S|lpy < a
there is T, € N°(E) with

*
T, =S and |T,lpy<a +e.

Following the proof on p. 308 of [6] we construct inductively a sequence of
Borel functions S(E), SXE),... from M? into B(PM) and n(E),
n,(E),... from MY into N such that
S«(E),S,(E),... e N(E), 0<n(E)<ny(E)< ...,

1
1S,(E)llew < 5

ISl < 3 + T 2771 ifk>2,

i<sk-1
IS, (ENEP <27 if k > i
and
S.(E)(0) > 3.

(Here [ISIpa = Sup 5 ,|S).
The main fact that we use in making §;,S5,,... Borel is the following
uniformization result of Arsenin and Kunugui (see [0]).

Tueorem 7 (Arsenin, Kunugui). If X, Y are compact, metric spaces,
P C X XY is Borel and for each x € X the section P, = {y: P(x,y)} is F,,
then there is a Borel function f: X — Y such that P, # & = f(x) € P,.

Looking at the relation

< 1 A3nVYim| = nlS;(m)l <1 AS0) >3
which is Borel (in K(T) X B,(PM)) with F, sections we can find S,(E) Borel

with P(E, S(E)) for E € M?, E # &. Then let n(E) = n, be least with
Vim| = n,|S(EXm)| < ;. We define now S,(E), n,(E) as follows (the
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construction of S;(E), ny(E),... is analogous): Note that from the above
mentioned property of N°(E), for each m > n,(E) = n, there is m’ > m
and S € N(E) with

ISpar < 3 + %, ISIEE"

< IS}(E)IPh + & < 3, IISIIF3 < § and S(0) > §

(here ||SIIBy" = SUP, < n| <m!S(m)]). By the uniformization Theorem 7 all
these can be found in a Borel way from E so by the usual “iterating and
averaging” argument (see [6], p. 276), S,(E), n,(E) can be defined in a Borel
way satisfying the required conditions.

Finally we use the following standard fact.

Lemma 8. Let X be a compact metric space. There is a Borel function f:
XN - X such that f({x,}) is a limit of a converging subsequence {x,} of {x,}.

Applying this to the sequence {S,(E)} for E € MP we obtain a Borel
function E € M} — T(E) which assigns to each E € M} a weak *-limit of a
subsequence of {S,(E)}. By the properties of {S;(E), n,(E)} it follows that if
E + @, E € MP then T(E) + 0 and T(E) € N(E) N PF.

To complete the proof notice that from what we have just shown it follows
that there is a sequence E € M? — T,(E) of Borel functions which assigns
to each E € Mf and each n with V, N E + &, T,(E) € PF NNV, N E),
T.(E) # 0. Combining this with the procedure in p. 229 of [6], one easily
constructs from the {7,(E)} a Borel function E € My — F(E) such that for
E € M}, F(E) is a synthesizable pseudofunction with support E. This
completes the proof of Lemma 5 and the theorem. 0O

Remark. The “correct” way to formulate Lemma 5 is in the following
stronger form as a basis theorem in the language of effective descriptive set
theory:

LemMma 5'. If E € MP (so that there is S € ./, with supp(S) = E), there
is § € A(E), S € 4, with supp(S) = E.

To avoid the necessary logical background required in this formulation, we
preferred the weaker version stated in Lemma 5. However the reader
familiar with effective descriptive set theory will have no problem to view the
proof above as establishing Lemma 5’ as well. We note here a rather subtle
issue which the formulation of Lemma 5’ brings forward: If E € M?, i.e., E
is the support of pseudofunction, then in general there is no AY(E) pseudo-
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function with support equal to E. Otherwise
EeM? < 35S € AY(E)(S€PF A S €B,(PM) A supp(S) =E),

so that M? would be II} and thus Borel, since M? is also X! by the
definition

EeM?P oVn(V,NE+B=ENV,¢U).

Then U™ = K(T) \ M? would be Borel as well and so, by V1.1.3 of [6], U
would admit a Borel basis, contradicting the result of Debs-Saint Raymond
[1] (see also [6]).

One of the most interesting implications of the preceding result is that a
proof of the conjecture would establish that U, U;* are not Il It is already
known from work of Solovay, Kaufman that U,, U* are not X! (see [3], [11],
[6]). Thus these classes would be neither X! nor II. On the other hand it can
be seen that in terms of upper bounds U; belongs to the class of comple-
ments of &7 TI! sets, where &/= &7 is the classical operation A ([9], p. 68)
and U* belongs to the larger class T1-IND (see [9]), which is properly
contained in A%, = ¥} N II}. Thus if the conjecture holds one would have
the first natural examples of sets in analysis lying strictly between levels of the
projective hierarchy, a rather striking phenomenon. In fact in this case it
would be reasonable to conjecture that U* is of complexity exactly £1-IND
(see [5] for results relating X1-IND with o-ideals of closed sets with X}
bases) and perhaps similarly for Uj, in its corresponding class, i.e., the dual of
&ML A result of Dougherty and Kechris states that if X is compact
metrizable, I € K(X) a o-ideal of closed subsets of X which is not II then
I is not X! v I (i.e., the union of a X! and a IIj set). Thus if the conjecture
holds U* cannot be in 1 v II! either.

As we mentioned earlier the first open case of the conjecture is that

U ¢ U

(this problem was raised in Lyons [8]). This is equivalent to saying that
M{? ¢ M{,. In terms of ., this is again equivalent to the assertion that
there is a synthesizable pseudofunction which is not a strong limit of
measures on its support. In this formulation the Piatetski-Shapiro Theorem
that U* ¢ U, (or M§ 2 MY) asserts that there is a synthesizable function
which is not a strong limit of Rajchman measures, (i.e., measures in PF)
while Lyons’ stronger result U*, ¢ U, (or M§ ¢ MY ;) amounts to saying that
there is a pseudofunction which is a strong limit of measures but not
Rajchman measures on its support. (The strict inclusion U}* G U has now
been established by Kaufman; see the addendum at the end of the introduc-
tion). ‘
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*
6. On the structure of U, ,, U/*,

We will establish some results about U, ,, U*, analogous to those estab-
lished by Lyons for [8]. The methods are sometimes similar and we will only
provide details when there are new twists.

We will first define a transfinite sequence K (E), E € K(T), of convex
compact (in the weak *-topology) subsets of B;(PM). First for such E let

MO(E) = M(E),

M@+D(E) = (M@( E))(D,
MM(E) = |J M@(E), A limit,

a<aA
as usual so that

M“(E) = M®(E).
Now let

K,(E) = PROB(E) = the class of probability measures on E,

K,.(E) = M®(E) A B(PM)
K\(E) = (M™(E))q, N B,(PM)

where for each Z ¢ PM we define
Zgy=(SePM:3(S,)(S, € ZAS, 2> S AR(S,) - 0)),

with R(S) = Tim|S(n)|. In [6], p. 171, Z;, has been defined by taking only
those § € Z that satisfy the above definition. This coincides with the above
definition if Z is weak *-closed, which was the case of interest in [6]. However
here the Z’s we are studying are not weak *-closed.

Let us first note the following fact.

ProrosiTioN 1. _For any subspace Z < PM, Z, is weak *-closed. Also
PFNZ, =PFNZ.

_Proof. Fixe>0andletC,={Se€Z: R(S)<eLIfS€Z,,thenS e
C»" so by Lemma VIIL4.9 of [6] there are S, € C,, S, »>"" S, [IS,llpnr <
ISllpar + €. So if S € Z,,, there is

S, €2,8, AN S, R(S,) =0, IS, llear < ISllpar + 1.
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If follows easily that Z,, is weak*-sequentially closed, so by Banach’s
Theorem (see [6, V.2.2]) Z,;, is weak *-closed.

It is obvious that PF N Z ¢ PF N Z ;). Conversely assume § € PF N Z,,.
Fix ¢ > 0. Than as above, for each n, we can find T € C, with

IS(i) — T(i)l <e forlil <n,
and
Tl par < IISpar + 1.

So define ny<n; <n,< ... and T,, Ty,... € C, with [T,llpx <
[|S|lpas + 1 such that

IS(i) = T,,(i))l <eiflil <m,orlil 2n,,,.
So if N is large enough,

T, +...+Ty

”S—M <eg and ——N———'—'=TEZ. O

N

PM

The main facts about K, (that follow from their definition and the above
proposition) are

(1) For a = 0 or successor, span (K_(E)) = M“X(E).

For a = A limit, span(K,(E)) = M“X(E),,

(2) For any a, PF N span(K_(E))= PF N M®(E).

We define now a sequence of norms on A.

Iflla, 2 = sup{I<f, $>: S € K,(E)} = IIfllcx.(&y-
Note that
lifllo, £ = lfllccey (= the sup-norm of the function f|E)
Ifllo.e < IfllLe< -.. < Ifllas,e < .. < Wfllg+1,e < ... < lIfllae)
(e<pB)

and eventually ||flla+1, £ = |Ifllae). (Recall that

If\lace) = inf{llf — g“A; g €I(E)}
= sup{|{f,$): S € N(E) Nn B(PM)}.



136 A.S. KECHRIS, A. LOUVEAU AND V. TARDIVEL
Moreover, if ||fll i) is the tilde-norm (see [2], p. 362) defined by
Ifllicey = sup{I<f, $>|: S € M(E) N B,(PM)}
then
||f||A'(E) = ||f||1,E~
For S € PM, define
(Slla, £ = sup{lim|{ f,, $>|: f, € By(A), If,lla, e = 0}.
We now have the following key fact.
ProposiTiION 2. For each S € PM,
I1Slla, £ = dist(S, span(K ,(E))).
In particular, S € span(K_(E)) < |ISlle,£ = 0.

Proof. First let S € PM and suppose f, € B{(A), lIf,lle.g = 0. Fix T €
span(K (E)). Since ||f,lo,g = 0, {f,,T> — 0. So

lim[{f,, $>| = Tml<f,,S — T>| < lIf,lla- IS = Tllewr < IS = Tllpn-

So [ISlle, £ < dist(S, span(K (E))).
Conversely, let S € PM. By Hahn-Banach find

S* € B(PM*) NK (E)* with(S,S*) = dist(S,span(K,(E))).
Fix & < (S, $*). We will find f, € B,(A4) with

Ifulle,e = 0 and [|{f,,S>| >e.
Put
V={S** € PM*:Re(S,S**) > ¢}.
This is a weak *-open nbhd of S* in PM *, so by Goldstine’s Theorem
W=VNB(A) + 2.

Note that W is convex. We can obviously view W as a convex subset of
C(K(E)). (Here K (E) has the weak *-topology).



THE CLASS OF SYNTHESIZABLE PSEUDOMEASURES 137
Claim. 0 € W (= the strong closure of W in C(K (E))).
Granting this there are f, € W with ||f,llcck ey = If,lle,z = 0. Since
f. €W, I{f,,S)| > ¢ and we are done.
Proof of the claim. If 0 & W, there is a measure u € M(K_(E)) and
8 > 0 with Re{f,u) > 6 for all f € W. Write u as a linear combination of

probability measures. Each of these has a barycenter in K, (E) and thus
there is S’ € span(K _(E)) such that {f,u) = {f,S’), for f € W. Now

s* e span(K,(E))™",
)
{S** € PM*: S** € V A Re(S’, §**) < 8}

is also a weak *-nbhd of S*, thus it contains f € B,(A4). Then f € W but

Re(S’, f> = Re{f,u) < 8,

a contradiction. O

DeriniTiON.  For E € K(T), let

Z(E) = {feA:3f, e A(f, 2> f A flla s = 0)},
Z(E) = {f € 4:3f, € B(A)(f, 25 f A fylla 5 = 0)).

Note that Z,(E) is an ideal in 4 and Z(E) is convex compact in the
weak *-topology and for S € PF,

ISlle, £ = SuD{l(faS>|1 fe Za(E)} = |ISllcz ey-
Note also that if A*(E) is as in [2, p. 367], then
Z,(E) =A*(E) N A.
ProrosiTiON 3.  For each E € K(T),
PFNZ/(E)*=PFnM“(E).
Proof. Clearly for S € PF,

S€Z(E) »Se€Z(E) = Slae=0
« § € span(K_(E)) «# S € M®(E). O
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We have thus the following characterization

THeEOREM 4. Let E € K(T). Then the following are equivalent:
1) EeU .,

(2) M“XE)N PF = {0};

(® Z/E) is weak *-dense in A, i.e., Z,(E "

@ 1eZ(E)

In order to 1ntroduce the classes Uy , we first need a definition.

DEerIniTION.  For each @ # E € K(T), let

r(E) = sup{r = 0: B,(A4) c Z(E)},
s,(E) =i f{ llllilllla E:0+Se PF}

Y
t(E) = inf{w: 0#SePF,S*e span(Ka(E))},
(N [F3%

n,(E) = 1nf{ IIS(II ) :0 + S € span(K,, (E))}

Then the following can be established by standard methods (see e.g. [6, V.2
and V.5.3).

ProrosiTiON 5. For any closed set E # O,

r(E) =s,(E) =t (E) and ta(E)=1-%%.

Moreover 1, (E) > 0 & Z*(E) = A.
DeriNiTION.  Let E € K(T). Put E € U} , « Z%(E) = A.

ProrosITION 6. Let E € K(T). Then the following are equivalent:
i) Eelf,

(i) Z*E) =4,

Gii) 1€ Z«(E);

@(iv) E=Oor n,(E)>0.

We will show now that Uy, is a basis for U, , and thus U*,. For that
consider the Cantor-Bendixson derivation associated with Uy, (see [6)).
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Denote by Ey, , the corresponding derivative. The main point is the follow-
ing:

ProrosiTioN 7.  For each E € K(T),
Z(E) cI(Ey; )-

In particular if E € U, ,, then E};; € U,, so that E is a countable union of
Uy ,-sets. Thus

- *
(Ul,,a)a - Ul,as
i.e., U/, is a basis for the o-ideal U}¥,.

Proof. Fix x € E{;, , f € Z,(E) in order to show that f(x) = 0. Since
x € E{;, , we can find "

S, € span(K,(E)) with S, AN 5, and R(S,) < 1/n.
Let T,, € PF be such that
||Tn - Sn"pM < 1/n.

Since f € Z (E) find f, € A with f, >*” f and |If,ll.,z = 0. Say |If,ll« < M.
Now

f(x) =<f,8
= <f’8x _Sn> + <f’sn - Tn> + <f_fm’Tn>
+ <.fm’Tn - Sn> + <fm’Sn>‘

Fix & > 0. Find then n, such that
<f’6x - Sn0> < 8/5’

I<f, S, = T, 0| <&/5,
[ s Ty = Su2| <&/5, allm.

Then choose m, such that

[KF = Fugs Tu| <2/5,
< Fongs Sug?| < €/5,
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the last being possible as S, € span(K(E)) and [|f,llo,z = 0. So [f(x)| <e
and we are done. 0o

In the case of Uy, Lyons [8] shows that Uy , is an ideal. We do not know if
this is true for all Uy ,. It is easy to verify that Uy , is closed under finite
unions of pairwise disjoint (closed) sets. We can use this to show:

ProposiTiON 8. For each E € K(T),
J(Ey, ) € Z(E) (< I(Ey,,) by Proposition 7).

Proof. Let feJ(Ey )N B(A). Then F =supp(f) NE is disjoint
from E{, , and totally dfsconnected, so F is a finite union of clopen in F
Uy o-sets. These can be clearly assumed to be disjoint, so F € U/ .. Thus
there is g, € A4, g, " 1, llg,ll., = 0. Then fg, »*" f, so it is enough to
check that ||fg,ll,,z = 0. Fix S € K (E). Then {fg,,S) = {g,, f*S), s0

”fgn”a,E < ”gn”a,F - 0 O
and we are done.
We can deduce from this that U, is not a o-ideal.

ProrosiTioN 9. For each a, U, , is not a o-ideal.

Proof. Let E € U/\U by Korner’s Theorem (see [7], also [6]). Then
E e U/ \U.

Let {x,} enumerate the endpoints of the intervals contiguous to E and,
denoting by E” the Herz transform of E (see [6, 6.3, p. 226]), let {y,}
enumerate the points of E”\E. Find E{™, F{" a discrete sequence of
closed sets disjoint from E such that E{™ (all m) is in the 1/n-nbhd of x,,
E(™ —m x and F{® (all I) is in the 1/k-nbhd of y,, F{® > x, and

0 <, (EM™) >, 0, 0<n,(FP)-,0.

(Such sets can be found, as for each interval I and ¢ > 0 there is E ¢ I with
E e U cU/, and

def
0<n,(E) <mo(E) = inf{ R(u): p is a probability measure on E} < ¢
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(Piatetski-Shapiro [10], see also [6, VI.2.5]).) Let

F=E"u |JE™U UF(’)

n,m

Then F (Ul', o)y 18 closed and Fy, . = E". By the two preceding proposi-
tions ’

J(Fy, ) € Z(F) cI(Fy )

and Fy = E" is a set of synthesis, so Z (F i I(E"). But then F ¢ U, ,,
because otherwise Z(F)" = A, ie., I(E 7q) =A,so E" € U, thus E" €
U and E € U, a contradiction. ]

We have already seen in §5 that U, , is II] and thus so is the o-ideal Uj*,.
We actually have:

TreEOREM 10. The class Uy , is Borel, so the o-ideal U*, = (U{ ), has a
Borel basis.

Proof. The proof is based on the method used by Solovay [12] in his
original proof that the Piatetski-Shapiro rank on U is a Il}-rank.
Let X € PM be a subspace.

DEerFINITION. A sequence {x,} € B(PM)N approximates X if x, € X, Vn
and {x,: n € N} is dense in X N B;(PM) in the weak *-topology. (We are not
assuming that X is weak *-dense).

Recall that X is the set of weak *-limits of sequences from X.

LemMma 11. There is a Borel function F: B(PM)N — B(PM)N such that

{x,} approximates X = {y,} = F({x,}) approximates X©.

Proof. Let p be the metric on PM that gives the weak *-topology on each
B.(PM), i.e.,

p(S,T) = an_)l_

Fix a dense sequence {d,} in B,(PM) (with the weak *-topology). For each
i €Nlet

U, = {x € By(PM): p(x, dgp,) < 81}
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where we have fixed a 1 — 1 correspondence i = ((i),, (i),, (i),) between N
and N3, Thus {U} is a basis for B,(PM).
Note that if {x,} approximates X and x € X N B,(PM) then
x =lim"*z,, z,€Xn By(PM),

for some large enough N so find x, with p(x,,z,/N) <1/n. Then
p(x,*N,z,) <N/n.So

x = limw*(xk” “N).
For {x,} € B(PM)N, let
Ky{x,} = weak*-closure of {N - x,} in By(PM).
So we have seen that

X® A B(PM) = UyKy{x,} N B,(PM).

Claim. For i, N € N let
Ry = {{x,} € B(PM)N: U N Ky(x,} + @)
Then R, ; € B{(PM)N is Borel.

Proof. For K € K(By(PM)), the map K — K N B(PM) is Borel from
By(PM) to B(PM). Let

0 = (x & B(PM): (3 (d)i) < (L.

Then U/ is open in By(PM) and
UNK+ 3 < KnNB(PM) NUN # &,

thus {K: K N U, + &} is Borel in K(B,(PM)). Now {x,} = K,{x,} is easily
Borel from B(PM)N into K(By(PM)) so we are done.

We will define now a sequence of Borel functions F;: B,(PM)N — B(PM)
such that {x,} approximates X = [F({x,)) € X® and UNXD = T =
F({x,) € U N XD)]. Granting this, let F({x,}) = {y,} where y; = F({x,)}).
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Clearly F is Borel and {x,} approximates X = F({x,}) approximates X", so
we are done.

Definition of F. Fix i. Given {x,} € B,(PM)N, first find the least N =
N({x,}) such that K,{x,} N U; # &, if such exists; else let F({x,}) = x,.

Now define {/,} inductively such that the weak *-closure of U,  is contained
in U, the weak *-closure of U,  is contained in Uy, (I;),/(k;), < 1/k and

U, N Ky{x,} # @.
Finally put
Fi({x,}) = lim"**(d)q,, = the weak *-limit of the centers of {U, }.

It is easy to check, using the fact that R, ; is Borel, that F; is Borel. a

LeMMA 12. There is a Borel function F: K(T) — B(PM)N such that F(E)
approximates M(E).

Proof. Denote by B, (M(T)) the closed ball of radius N in M(T) (with the
weak *-topology). As in the preceding proof it is enough to check that for
each fixed N, i the set

Ow.: = {E € K(T): M(E) 0 By(M(T)) N U, # )
is Borel. But note that the map
E - M(E) N By(M(T))
from K(T) into K(By(M(T)) is Borel and that
Ly, = {n € By(M(T)): n € U}

is an F, in By(M(T)), so that Q, ; is Borel. |

By putting together Lemmas 11, 12, a simple transfinite induction shows
the following result.

Lemma 13. For each countable ordinal «, there is a Borel function
F,: K(T) > B,(PM)N such that F,(E) approximates M“X(E).
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In particular for each a, F,(E) is a sequence dense in K , , (E).
We need one more lemma to take care of K,(E), A limit.

LemmA 14.  For each limit ordinal X there is a Borel function G,: K(T) —
B(PM)N such that G\(E) approximates M™(E),,.

Proof. It will be enough, by arguments similar to that of Lemma 12, to
show that the map

E = M®(E)q) N B(PM)

from K(T) into K(B,(PM)) is Borel. And for that by Theorem 5.6, it is
enough to show that the relation

S e M(’\)(E)(l) N B,(PM) < R(E,S)
is Borel in K(T) X B,(PM). But note that if (U>")7_, is a basis for the
weak *-topology on each By(PM) we have R(E, S) « ANViVp[S € U, y =
Ja < AAM[T € By(PM): Y|m| =2 M|T(m) < 1/p} N K\(FLE) N U, y #

@11 so we are done. 0O

We complete now the proof that Uy, is Borel. Letting {gy ,} denote a
sequence norm-dense in B,(A), we have

EcUl, = HfMf €A, 25 1A f,lla,z > 0)

1

= ANVYpVYM3n|lgy ,(0) — 1] < % A lgn,n(m)l < >

1
0<Iml <MA gy nlla e < ;]-

For a = 0, since llgllo,z = llgllccgy this is clearly Borel. For the successor
case a + 1, note that

"g”a+1,E = "g“C(K,,,H(E)) = SUD,,{Kg, y,,)l: {Yn} = Fa(E)}
and for the limit case A,

||<§’||,\,E = "g"C(K)‘(E)) = SuD,,{I(S', )’n): {ya} = G).(E)}

so we are done. O
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Remark. The preceding argument can be used to show also that the
inclusion in Proposition 7 is proper in general. Take a = 0 in order to show
that there are E with Z(E) # I(E{, ) or in fact

Zy(E)" + N(Ey,,).

As Lyons shows in [8], Z((E)* (= Z(E)*, in his notation) = M(E),,

For each closed set E let {x,} enumerate the endpoints of the intervals
contiguous to E and let E{™ be as in Proposition 9. Put E=EuU, ,E™.
Thus EU = E. Now recall from [6] that the map F: K(T) — K(B (PM )
given by F(E) = N(E) N B(PM) is not Borel. Otherwise, since G(E) =
PM(E) N B(PM) is Borel, we would have

E is of synthesis < F(E) = G(E)
so S = {E € K(T): E is of synthesis} would be Borel. Put
H(E) = M(E)a N By(PM).

By the proof of the preceding theorem, choosing the Ej (m) canonically so that
E — E is Borel, we have that H: K(T) —» K(B,(PM )) is Borel. So for some
E, H(E) # F(E), i.e,

N(E) + M(E)q),

s0 if F = E, Z(F)* = M(F), # N(E) = N(Fy, ).

We conclude with some open problems (for the definition of the concepts
involved see [6]):

Is U, (0 < @ < w,) calibrated? Is is locally non-Borel? Can every X set
in (U* )t be covered by countably many U*,-sets?
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