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LOGARITHMIC SOBOLEYV INEQUALITIES ON LIE GROUPS
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LeoNARD Gross!

1. Introduction

The heat kernel on a manifold provides a natural analog for » dimensional
Gauss measure. If A is the Laplace-Beltrami operator on a Riemannian
manifold then the heat kernel p/(x,-) is the measure on M given by
(e“f)x) = [,,f(»px,dy). p(x, - ) reduces to Gauss measure centered at
x in case M =R" Put t=1, fix x and write u(dy) = p,(x,dy). The
Dirichlet form operator L for u is the self-adjoint operator on L?*(u) defined
by

(1.1) (Lf, &) 2w = fMgrad f(y) - grad g(y)u(dy)

for f and g in CX(M). In case M =R", L is the harmonic oscillator
Hamiltonian in its ground state representation. Ever since E. Nelson [32]
showed the usefulness to quantum field theory of operator bounds on
exp(—sL) as an operator from LP(u) to L?(w), the boundedness and in
particular the contractivity of this operator and similar operators has been
explored with great intensity. A variety of techniques for exploring exp(—sL)
as an operator from L? to L? for the harmonic oscillator Hamiltonian and
for other second order elliptic operators have been investigated. Among
them is the use of an equivalence between boundedness properties of e ~*L:
L? — L4 (hypercontractivity) and direct inequalities on the quadratic form of
L itself. The latter have the form of logarithmic Sobolev inequalities [17] (see
e.g. (3.7) below). A survey of these topics is given in [9] and a more recent
bibliography is given in [18]. In the present paper it will be shown that a
technique used in [17] for proving logarithmic Sobolev inequalities for Gauss
measure on R” goes over to the heat kernel measure on Lie groups.
Denote by W the space Cy([0, T']; G) of continuous functions g(-) on [0, T']
with values in a connected Lie group G for which g(0) = identity. In Section
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448 LEONARD GROSS

2 we discuss a notion of differentiability for functions on W which reduces, in
case G = R, to a much studied notion of differentiability of functions on
Wiener space. In fact W is a Banach space if G =R, and if H is the
Cameron-Martin Hilbert space for Wiener measure on W then for a function
f: W — R the derivative of f in H directions plays a central role in Gaussian
integration theory, unlike the Frechet derivative which usually plays only a
technical role in this context. R.H. Cameron [8] was the first to recognize that
the derivative in H directions relates well to the Wiener integral and in fact
allows an integration by parts formula. (Actually he considered only deriva-
tives in W* directions with W* properly contained in H by the usual
injection W* - H* = H —» W. But the extension of his formula to H
directions is immediate.) I.LE. Segal [40,41] emphasized and clarified the
central role of H by dispensing with an ambient Banach space or other
ambient vector space altogether. Directional derivatives in H directions are
ubiquitous in Boson quantum field theory because they represent annihila-
tion operators. For functions on a Banach space B with a given nondegener-
ate Gaussian measure u and corresponding covariance Hilbert space H the
H-derivative (i.e., gradient in H directions) is an intrinsic notion of differen-
tiation relative to u. The H-derivative was systematically exploited in [16] for
regularity theorems in infinite dimensional potential theory and in many
other works [2], [10], [12], [13], [14], [15], [22], [23], [24], [25], [26], [36], [37],
[38] in the 1960’s and early 1970’s. More recently the closure of the H-deriva-
tive as a densely defined operator from LP”(u) to L”(u) ® H has been
intensely explored. The literature on the closed intrinsic derivative (i.e.,
closed H-derivative) is too vast to survey here. For extensive lists of some of
the early work on these operators and their applications (e.g. to regularity of
heat kernels for hypoelliptic operators) see the bibliographies of [1], [5], [7] as
well as [20], [21], [27], [28], [30], [31], [45]. In Section 2 we describe the
analogous intrinsic derivative (i.e., H-derivative) for functions on W :=
C,l(0,1]; G) when G is an arbitrary Lie group and Wiener measure is
replaced by the G valued Brownian motion path space measure P on W. We
do this by first defining an operation of “addition” of a finite energy Lie
algebra valued function /4 with an element g of W. The operation h, g —
h + g is defined on all of H X W by direct analytic means without reference
to stochastic integrals or any probability measures. But in fact it is a thinly
disguised version of ordinary translation B — h + B in the Lie algebra
valued Wiener space when the Wiener path B is identified with g via an
Ito-Stratonovich differential equation. In this paper we take an analytic
viewpoint, avoiding direct use of stochastic differential equations (however,
cf. [19]). Moreover since W is a group under pointwise multiplication there is
another more natural notion of differentiation of functions on W and we
shall explain the relation between these two derivatives (cf. Proposition 2.7).

In Section 3 we represent the G valued Brownian motion as a limit of
random walks in G. We use the representation to derive a logarithmic
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Sobolev inequality on W for P (cf. equation 3.6)) with best constant (§5). A
logarithmic Sobolev inequality on the Lie group itself for the heat kernel
measure follows from this (Section 4). But in Section 5 we show by example
why we cannot expect our method to produce always the best Sobolev
constant for the heat kernel measure on G. The example is motivated by the
preceding random walk representation with the random walk taken as a
simple random walk in the Lie algebra of the circle group. Specifically, if u is
the symmetric probability measure on R supported on the two point set
{—1,1} we look at the discrete Dirichlet form operator N associated to the
measure u> = pu * u * u and describe the effect on the Sobolev constant and
spectrum of N that occurs when one wraps R around S, so as to identify the
points —3 and 3 in the support of u>.

It is a pleasure to acknowledge very useful discussions with G. Ben Arous,
J. Deuschel, Z. Guo, A. Knapp, O. Rothaus, and D. Stroock.

2. Differential calculus on Cy([0, T]; G)

Let G be a connected Lie group and denote by # its Lie algebra. We
denote by W the set of continuous functions g from [0, T'] into G such that
g(0) = e, the identity element of G. Throughout this paper we consider a
fixed inner product ( , ) on & with associated norm | | which need not
be invariant under the adjoint action of G except when specified. We denote
by H the real Hilbert space consisting of absolutely continuous functions
from [0, 1] into « such that

1617 = ["|A()" dt <= and h(0) = 0.
0

In this section we shall describe an action g - 4 + g of H on W which
reduces, in case G is the additive group R of real numbers, to translation by
h: (h + gXt) = h(¢t) + g(t). This action, which underlies all of advanced
calculus on Wiener space, will play a similar role for us for a general Lie
group. If ¢() is a smooth curve in G then c(#)3'¢é(¢) is in T,(G), the tangent
space to G at e. We shall generally omit the *, writing c(z)~'¢(¢) instead.
Moreover we identify the Lie algebra with T,(G) and if « is in 7,(G) then we
put

(af)(x) = df(xe™) /dsls-o

for the corresponding left invariant vector field on G.

LemmMa 2.1.  Let h be in H. Then there is a unique function v in W such that
the equations

@ v)=e

® @) @) =ht)0<t<T,
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hold in the following sense. For any smooth function f: G - Rand 0 <a <
bsT

(2.1) F(0(B)) = f(o(@)) = [*(h()"F)(0(1)) dt.

Moreover if h, converges in H to h then the corresponding solutions v, converge
uniformly on [0, T] to v.

Let B be a ball centered at the origin of & such that the exponential map is a
diffeomorphism from 2B onto a neighborhood U of e in G. There is a number
€ > 0 such that if ||h|| < & then v(t) isin U for 0 <t < T. For such an h put
x(h)(t) = Log v(¢). Then for some ¢ > 0, h = x(h) is a C* diffeomorphism
from S = {h € H: |||l < ¢} into H and the Frechet derivative x' of this map
satisfies

(2.2) X(0) = I

Proof. If a is in T(G) then & is represented on 2B in exponential
coordinates by a vector field y —» B(y)a where the linear map B(y): > £
is defined by

B(y)a =d Log((exp y)(exp ta)) /dt|,_o.

B(y) is C* on 2B, has bounded derivatives on B and clearly B(0) = I,. A
standard proof of the existence theorem proceeds by showing that once one
has established the existence of a solution v up to time ¢, one may continue
the solution into the neighborhood v(¢y)exp B by solving the integral equa-
tion

(2.3) w(t) = [B(w(s))h(s)ds, It =15 <8

where v(¢) = v(ty)exp w(¢) and & depends on 4 and B but not on ¢, The
continuity of & — v from H (in fact also with respect to ||All.1) to W (with
uniform convergence) is also standard. Now if ||B(y)ll <M for all y € B
then |w(¢)| < M/{|h(s)| ds. So if B has radius a and MT'/?||h|| < a then the
solution w(¢) to (2.3), with ¢, = 0, remains in B up to time 7, and we may
therefore use just one coordinate patch up to time 7 for such small A.
Moreover standard O.D.E. methods show that w(¢) is a C* function of 4 in
L! norm, hence in H norm uniformly in ¢. Thus for small &, & — B(w(¢)) is
C” in h into C([0, T]; Hom(#, #)). But x(hX¢) = w(¢) and, denoting time
derivative with a dot, (2.3) gives y(h)t) = B(w(¢))h(¢) which is a “product”
of a smooth, uniformly bounded multiplication operator on H with A itself.
h — x(h) is therefore C* into H for small . We may compute the Frechet
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derivative by the formula

ax(h + rk)/orl,—o(t) = B'(w(1))
X(ax(h + rk) /or),_oh(t) + B(w(1))k(t).

But w =0 if & = 0. Thus at & = 0 we have ' (0){k)(t) = BOYKk(t) = k(¢).
Hence x'(0) = I,. By the inverse function theorem y is a diffecomorphism on
a neighborhood of zero in H.

DeriNiTION 2.2. Let g bein W and A in H. Let v be the solution to

(2.4) v(t) 'o(t) = (Ad g(2))h(t)  v(0) =e

as in Lemma 2.1. Put u(¢) = v(#)g(¢),0 <t < T and write & + g = u. Then
h+gisin W.

Remark 2.3. For each t, Ad g(t) is a bounded operator on . Since the
image of g(-)is compact for g in W |Ad g(¢)|.»_, » is uniformly bounded on
[0, ). Hence the function ¢ — (Ad g(¢))A(¢) is in L* when A is in H. Thus
Lemma 2.1 is applicable to (2.4) and h + g is therefore well defined.

THEOREM 2.4. The map h, g — h + g from H X W to W has the following
properties:

(a) 0+g=g.

®) (hy+hy)+g=h +(h,+g) forh,h,csH, geW.

(© IfgeWandh, +g=nh,+gthen h; = h,.

(d) & + g is continuous as a function from H X W to W.

(e) Ifge Wthen{h +g: h € C*(0,T]; £)} is dense in W.

(f) If g is piecewise C', h is in H, and u = h + g then u is absolutely

continuous and is the unique solution to the initial value problem

(2.5) u(t) " 'u(e) = g(t) " 'g(t) + h(t) ae. u(0) =e.

(@ Ifh =0 on(a,b)then (h + gXa)~'(h + g)Xb) = g(a)~'g(b) forall g
inW.

Proof. (a) If h = 0 then (Ad g(¢+))A(t) = 0. The unique solution to (2.4) is
v(t) = e. Hence (0 + g)(t) = e - g(t) = g(¢).

() Let u; =h, +g. If v ()" '0,(t) = (Ad g(t)A(t) and v,(0) = e then
u(t) = v()g(t). Let v, be the solution to

02(1) T'05(1) = (Ad uy(2))hy(t) with 0,(0) = e.
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Then (h, + (A + g)2) = v,(Du(t). Put v(¢t) = v,(t)v(¢). Then for almost
all ¢,

0(1) 7T0(8) = 03(2) %' 0a(1) ¥ (02(8) £0:(8) + Do(1)0,(2) &)

where v,(t), on the right in the last term means the differential of right
multiplication acting on the tangent vector 0,(¢). Thus for a.e. ¢,

p(£) T'0(2) = 0y(1)310,(2) + 0y(1) 31 02(0) 31 2(D)vi(2) &
= (Ad (1)) () + vy(1) 3 {Ad(v,(£) &(£)) Ay (1) Joi(1) 4
= (Ad g(t))hy(t) + (Ad g(2))hy(2)
since (Ad a) = (L,)4+(R,-1), on & where L, and R,-: are left and right

multiplication. Hence v(¢)™'0(¢) = (Ad g(t)XA(t) + A,(t)) while v(0) = e.
Thus

((hy + hy) +8)(2) =v(t)g(t) = vy(t)vy(t)g(2) = vy(t)uy(t)
= (hy + (hy + 8))(1).

This proves (b). We emphasize that the + sign has two different meanings in
(b). hy + h, is the sum in the vector space H.

(c) Suppose h, + g = h, + g. Write (h; + g)¢) = v(t)g(¢), i = 1,2. Then
vy = U,. S0

(Ad g(1))hy(1) = vy(1) "T0)(1) = vy(1) "'05(2) = (Ad g(1))hy(1) ace.
Hence h, = h, ae.

(e) Choose a left invariant metric p on G. The topology on W is deter-
mined by the metric

dist(f, g) = sup{p(f(2),8(t)):0<t<T}.
Fix f and g in W and ¢ > 0. By choosing local charts in G along f and g

one can find f, and g, in W N C*([0,T]; G) such that dist(f, f,) < & and
dist(g, go) < e. Let

k(1) =f0(t)g0(t)_1

and

ho(t) = (Ad (1) ") (k(r) "k(2)).
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Then 4, is in C([0, T'], &), but may not be smooth. Since
k(1) "'k(r) = (Ad g())ho(2),
we have
(ho +8)(2) = k(£)g(t) = folt)(&o(1) ' (1))
Thus

dist(ho + g, f) < dist(hy + g, fo) + & =dist(f, - (85" 8).fo) + &
= dist(g, gg) + ¢ < 2e.

Since C*([0,T]; &) is dense in H we may, by d), find # in C*(0,T]; &)
close to h, such that dist(h + g, h, + g) < e. Then dist(h + g, f) < 3e.

(d) Suppose that A, converges to & in H while g, converges to g in the
topology of W (i.e., uniformly on [0, T]). Then Ad g,(¢) — Ad g(¢) converges
to zero in operator norm on & uniformly in ¢. Hence

, 12
([lad ex()) = (A (o)

. ' S\ /2
= ([ lad 5,00) - Ad (e (o)
. . . , 12
(140 500 (i) — o))
< sup||Ad g,(1) — Ad g(1) || Il + sup | Ad g(0) ||, — Al

But since g(-) has compact range sup{||Ad g(¢)||: 0 < ¢ < T} is finite. So the
function (Ad g,(#))h,(t) converges to (Ad g(¢))h(¢) in H. By Lemma 2.1 the
solutions to

0,(1) T'0,() = (Ad g,(£))h,(1)

converge uniformly to v. The functions (&, + g,)(¢) = v,(t)g,(t) also con-
verge to v(t)g(t) = (h + g)Xt) in W because if V is a neighborhood of e in
G then, since range g is compact, there are neighborhoods U and U’ of e
such that x'g(¢)"xg(¢)isin V for all ¢ if x’ isin U’ and x is in U. Thus if n
is so large that g,(¢)"'g(¢) € U’ for all ¢ and v,(t)"'v(¢) € U for all ¢t we
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have

(ua(1)&,(1)) "0() 8 (1) = (8,(1) " 8(1))8 (1) ™ (va(1) '0,(1)) 8 (1)

isin ¥ for all ¢ in [0, T'].

() If v is defined by (2.4) then u(z) = v(t)g(¢t) is a product of two
absolutely continuous functions on [0, T'] and is therefore absolutely continu-
ous. Moreover

() Ta(t) = g(¢) (1) 'd(v(t)g(t))/dt
= g(1) v(2) T (0(2)8(r) + v(1)&(1))
= (1) {(Ad g(1))h(1)}e(r) + (1) " &(1)
= h(t) +g(t) '8 (¢).

We have used, as in part (b), the identity (Ad @) = (L,) (R, -1), and the
notation éa = (R,) ¢ for ¢ € & and a € G.
(g) Write

(h+g)(t) =v(t)g(t) where v(t)_lz}(t) = (Ad g(t))ﬁ(t) a.e.

as in Lemma 2.1. Since (Ad g(¢))A(¢) = 0 on (a, b) it follows from (2.1) that
f(w(b)) — f(v(a)) = 0 for all f in C*(G). Hence v(b) = v(a). This proves (g).

DerintTioN 2.5. If f is a function from W to R and 4 is in H we put
(0,f)(g) =df(sh +g)/dsls;—o, hEH, gEW
if the derivative exists. We say f has a gradient at g if there is a vector
(VfXg) in H such that (3, f)g) = (VfXg), h) for all h in H. We say f is
in CY(W) if (Vf)Xg) exists for each g in W and Vf: W — H is continuous.

Notation 2.6. For g in W and h in H let

(g-h)(s) = fOS(Adg(U))fz(a)d(r.

Note that g-h is again in H because {Ad g(o)}y., . is a uniformly
bounded family of operators on & for each g in W. W is a group under
pointwise multiplication. In the next proposition we relate the group struc-
ture of W to the preceding notion of gradient.
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ProposiTiON 2.7. Let

(e"g)(s) = (exp h(s))&(s)

for hin H and g in W. Let f: W — R and fix g in W. Then the functions
h— f(h+g) and h — f(e®"g) are both Frechet differentiable at h = 0 if
either is. Moreover they have the same Frechet derivative. In particular if u is in
C*(G*) and f has the form

(2:6) f(8) =u(g(t:),8(t1) '8(t2), 8(£2) " 8(1), -, 8(t1) " '8(8))

where 0 <t; < -+ <t, < T then (3,f)g) exists for all h in H and g in W
and is given by

. -1
(2.7) (9.F)(g) = Z i(g(tl)""’g(tk—l) g(tk))

13

u
x( [ (Ad g0) 605 s
where

w(Xq, e, % )CEY =du(xy, ... x5, X, , x,) /ds| g

for & in &£. Moreover (VfXg) exists for all g and

2

g% ds,

k tr
@8 D@l =L [ [(Adg(2) " 8())"x,

where u; = ug(t)),...,8(t,_) " 'g(t,) is in the dual space £* and the
superscript tr denotes the transposed operator.

Proof. By Definition 2.2 we may write

(h +8)(s) = [exp x(g - h)(s5)]g(s)

where y is defined in Lemma 2.1 for & with small norm. Let (k) = f(e"g)
and (k) = f(eX®Mg) where (eXPg)(s) = [exp x(h)(s)g(s). Then (k) =
¢o(x(h)). By Lemma 2.1, ¢ and ¢ have the same Frechet derivative at & = 0.
Hence so do the functions & — ¢(g - h) = f(e®"g) and h — (g - h) = f(h
+ g) since the map 4 — g - h is a bounded linear map from H into H with
inverse h — g~ ! - h where g~ !(s) = g(s)~!. We now use this to verify (2.7).
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For real r we have

(e "g)(t:-1) _l(erg.hg)(ti)

= g(ti=y) " eTIENDers g (1)
= 2(1,_1) 'g(t)exp[—rAd g(1,) (g - h)(t:y)]
~exp[r Ad g(1) (g - k) ()]

If we use the identity to compute f(e?"g) with f given by (2.6) we see that
h — f(e®"g)is a Frechet differentiable function of & at & = 0. Moreover for
X and Y in & the tangent vector to the curve exp(—rX)exp(rY)is Y — X at
r = 0. Hence at r = 0,

df(erg-hg)

/ar
k
= Zua(t).-){(Ad 2 () )2 W) = (& M)(1:-0)))

which is (2.7). Since the right side of (2.7) is a linear functional of % given in
each interval (#;_,,t;] by integration against a continuous function into
£*@9,f)g) is, for each g in W, a continuous linear functional of A on H
whose norm is given by (2.8).

It is technically useful to have available functions on W with bounded
gradient. Unfortunately the simplest kinds of functions on W may never have
this property as the following corollary shows.

COROLLARY 2.8. Assume that the dual of the adjoint representation of G
has the property that every non zero orbit is unbounded. In other words,
{Ad(x)"n: x € G} is an unbounded set in £* for each non-zero n in £*. Let
vbein C(G*) and let 0 <t, <t,< -+ <t, <T. Put

(2.10) f(g) =v(g(t),8(t2),-.-,8(t))-
Then |(Vf X g)|? is unbounded on W unless v is constant.

Remark 2.9. 1If G = SL(2, R) then the hypothesis of Corollary 2.8 holds
because the image of the adjoint representation of G is SO(2,1) which is
isomorphic to its contragredient representation.

Proof of Corollary 2.8. The map S: G¥ - G* defined by

S(xla-..,xk) = (xl,xlxz,xlxzxs,,,,,xlxz . xk)
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is a diffeomorphism with inverse

S_l(yly---ayk) = (}’1, YI—ly27 Y2—1Y3""’yk——11))k)-

Let u=vo°S. Then u is also in C*(G*) and f is given by (2.6). By
Proposition 2.7, (VfXg) exists for all g and (2.8) holds. Suppose that v and
hence u is not constant. Then there is a point x;,..., x; in G* such that
uxy,...,x,) # 0 for some i. Consider all functions g in W for which
g(t)) =x, and g(tj)'lg(tj) =x; for j=2,...,k. Such functions are re-
stricted only at the points #; and by the requirement of continuity in between.
Since (Ad g(,)~ 1"y, is not zero (Ad x)"(Ad g(¢,)~")"u;, is unbounded as a
function of x on G. Thus

ftt’_ ’(Ad g(s))"(Ad g(t,-)_l)trui’;* ds

can be made arbitrarily large by choosing g(s) suitably on (¢;_,, t,).
In order to construct bounded functions with bounded gradients on W the
function defined in the following Lemma will be useful.

LemmMmA 2.10. Let

T
(2.11) o(g) = [0 trace{ (Ad g(¢))*(Ad g(1))}dt.
Then (Vo)X g) exists, is continuous from W into H* and

(2.12) [(Vo)(g)| < 2Mo(g)*?

where M is the operator norm of the map n — ad n from & to operators on &

and the superscript * denotes the adjoint relative to the given inner product
on &.

Proof. Let u(x) = trace{(Ad x)*Ad(x)} for x in G. Then
w(x){&) = du(xe*) /ds|s—o

= trace{(Ad x)*(Ad x)ad £} + trace{(ad £)*(Ad x)* Ad x}
= 2 trace{ (Ad x)*(Ad x)ad ¢}.
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Hence by (2.7) and the identity Ad x ad £ = ad((Ad x)é)Ad x we have
o,u(g(t))

=2 trace{(Ad g(1))*(Ad g(t))ad j:Ad g(t) " '(Ad g(s5))h(s) ds}
=2 trace{(Ad g(1)* (ad fot(Ad g(5))A(s) ds)Ad g(t)}.

As a function of g from W into H* this is clearly continuous and is bounded
on bounded sets in W uniformly in ¢. Hence u((sh + g)(t) is continuously
differentiable in s for each ¢ with a uniformly bounded (in ¢) derivative in
|s| < 1. Thus we may interchange the derivative and integral in ¢ to get

(9n)(g) = fOTahu(g(t)) dr.

The operator norm || || satisfies |lad nll < M|n| by assumption and is of
course majorized by the Hilbert-Schmidt norm. Hence

Gre)(8)] = [ lanu(a (1)) at

szZtrace{(Ad g(t))"Ad g(1)} adft(Ad g(s))h(s) ds| dt
0 0

< 2[0T trace{ (Ad g(¢))* Ad g(t)}MI[O’(Ad g(5))h(s) ds'dt
< 2[0T trace{ (Ad g(t))*Ad g(t)}M[OTI(Ad g(5))h(s)| dsdt
< 2<p(g)Mf0T|(Ad 2(5))h(s)] ds
r 1/2
< 2¢(g)M(j(; trace{ (Ad g(s))* Ad g(s)} ds)
. 2 \Y?
x([o |a(s)] ds)

=2¢(g)Me(g)"nl

which proves (2.12).
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CoROLLARY 2.11. Let u and v be in CX(G*). Define f: W — R by (2.6) or
(2.10) and define ¢ by (2.11). Let £ > 0 and put

F(g) =f(8)(1 +29(g)) .

Then F, has a bounded continuous gradient on W.

Proof. Suppose f is given by (2.6). Then
(2.13) VE(g) = (V) (g)(1 + ee(g)) "
—ef(8)(1 +e(g)) (Ve)(g).
By (2.8) we have

2
g%

k 2 tr
@14) (V)P < X [* (ad g() " igrom ds|(Ad £(1) ),
i=1"%i-1

T, a1 2
stIIAd g(s)IIéz_,yds mgxl(Ad g(t) 1) Ui| g
< Co(g)

where

C= supI(Ad xi‘l)"ui(xl,...,xk) P
i, x

which is finite because u € CX(G*). Thus by Lemma 2.10,

I(VE)(g)| < C%(g)"*(1 + ee(g)) "

+ el f(8)[2Me(8)>*(1 + e9(g)) .

Both terms are bounded. The continuity of g — (VF,Xg) from W to H*
follows from Lemma 2.10 and (2.7).

In case f is given by (2.10) then it is also given by (2.6) where u = v o § and
S is the diffeomorphism of G* defined in the proof of Corollary 2.8. Since u
is then in C}(G*) the previous case applies.
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Next we define polygonal functions in W. Choose a partition 0 = ¢, < ¢; <
t, < +++ <t, <Tandlet y,,...,y, bein . Define

(2.15) (15 v)(1)

t—t,_
(exp y;)(exp y,) - - (exp y,_l)(exp T 11 y,)
r r—

ift, <t<t,
constant ift, <t <T.

Then ¢(y,,..., y,)(+) is continuous and has bounded derivatives of all
orders on each interval (¢,_,, t,). In particular it is absolutely continuous on
[0,T].

ProvosiTiON 2.12.  Suppose that f: W — R has a gradient Vf(g) for all g

in W. Define s by (2.15) and put v =fop: £* > R. Let §,,...,£, be an
O.N. of &. Then the partial derivative

3, 0)(Yisees Vi) =AV(Y1s-e s Yo+ SEj Vi1 e es yk)/dsls=0
exists and is given by
(2.16) 3,0 =" f)ow

where h, ; is the element of H determined by

-1 .
(2.17) hy (1) = (t,—t,_) & ift,_ <t<t,
0 otherwise.

Moreover ift, =r/n, r=1,...,k then

_ 2 2
(2.18) n (V) (vis - ) <V (v -5 90))
where Vv is the gradient on the Euclidean space £*.

Proof. Fix y,,...,y, in &% and write g =¢(y,,...,y,). Put g, =
sh, ; + g. Since g is piecewise C', by Theorem 2.4(f) we have

(2.19) g(1) g,(t) =g(t) 'g(t) +sh, j(¢) forae.t.
But (2.15) shows that g(¢) = g(¢),(¢, — t,_,)"ly, for ¢t,_, <t <t,. Hence

g(t)~'¢(t) = (¢, — t,_,)"y, on the rth interval for each r and in particular
for the r in the statement of the proposition. Thus g (¢)~1g,(t) = g(¢)~g(¢)
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on each of these open intervals except the rth interval where it takes the
constant value (¢, — #,_,)~'(y, + s&). The unique solution to (2.19) is there-
fore

(1) =¥ (15 ¥, +8E, Veirse o Vi) (1)
Hence

(2.20) sh, i + (Yoo V) =U(Yisee s ¥, +5E5 000, Vi)

Thus

df(sh,’j + P(Yis--es yk))/ds = df(z/t(yl, Y s, yk))/ds

which proves (2.16). Finally, if ¢, = r/n for r = 1,..., k then

r/n —1, 12
Ik, N1 = f(r_l)/n](t, —t,_)7'g [ dr =n.

Hence the functions n~'/2h, ; form an O.N. set in H. Thus, writing y =
(y1"~'1yk) in fk’ we have

(3, 0)(») [

I
M=

|Vo(y)|*

Jj=

d
X (VO ()b, )

1j

=1 Y X (V)W) h, )

r=1j=1

< n|(VH ().

]
—_
—

r

Il
=~

r

3. Logarithmic Sobolev inequality on path space

Let k be the integer part of nT. Define y,: & k— W by

(3.1) u(Y1s- o5 yi) (1) = exp[y ] -~ - exply, 1]
xexp[n(t — (r—1)/n)y,]
if (r—1)/n<t<r/n

for r = 1,..., k and define §,(yy, ..., y,X¢) to be constant on [k/n, T]. Let
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A be a probability measure on « such that

(@) [,ly1’A(dy) < o
(© [ A& yXE, YIMdy) = 8;;

where &,,..., &, is an O.N. basis of <.
Let A, (E) = M(n'/2E) for Borel sets E C & and put A¥ = A, X -+ XA,
on £*. Define, for a Borel set B in W,

(3.2) P,(B) = X:(¢;'B).
Then P, is a probability measure on W.

ProrosiTiON 3.1. The sequence of measures P, converges weakly on W to
the probability measure P corresponding to the diffusion process on G with
initial value X(0) = e and infinitesimal generator (1,/2)L¢_ &2,

Proof. 'The proof consists largely of verifying the hypothesis of the central
limit theorem of Stroock and Varadhan [43, Theorem 2.4] using largely
standard techniques. Put

(33) xu(y1s---sv)(t) =exp[y,] - -exply,] if(r—1)/n<t<r/n

for r=1,...,k and define xy on [k/n,T] so as to be constant on
[(k — 1)/n,T]. Then x,(y;,..., y,X*) is piecewise constant, and lies in the
space (2, of functions from [0, 7] into G which are right continuous on [0, 7)
and left continuous at T and have only discontinuities of the first kind. The
Skorohod topology on ), may be defined with the aid of a left invariant
metric p on G in the usual way [6, 35]. For a Borel measurable set B in Q,
define

R,(B) = X,(x, '(B)).

The central limit theorem of Stroock and Varadhan [43, Theorem 2.4] asserts
that R, converges weakly to P on €}, under hypotheses which we will now
verify. We adhere to the notation of [43] in the rest of this proof.

Let w, =A,cexp”! be the probability measure on G induced from A,
by the exponential map. With B, = {y € &: |y| < r} we choose a so that
exp is a diffeomorphism of B,, onto a neighborhood N of e¢ in G
and put V' =exp B, We use exponential coordinates on N defined
by ¢exp L ;s5;£) = 5;. The independent G valued random variables on
(£*, M%), X, ; = exp y;, have a common distribution a,, ; = p,, j = 1,..., k.
We need to verify the Lindeberg condition, covariance and mean conditions
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[43, (2.6), (2.22), (2.23)]. But in fact if U = exp B, is a neighborhood of e
then

w,(US) <A (lyl =r) =A(lz] = n?r) < r‘zn‘lf lzI%A(dz)

|z|=n1/2r
=o(n™h).
Hence nu,(U¢) — 0, which verifies the Lindeberg condition. The mean g, ;
in V defined by [43, (2.8)] satisfies
o8] =|[ o) (@) =| [ s(erICutem 1 ()]

- fBayAn(dy) + fj_Bacp(exp ¥)Cy (exp y)/\n(dy)‘

< foAn(dY)

+ aA,(Bg)

because |p(x)Cp(x)| <a. But A (BS) =o(n™!). Since [yA,(dy) =0 we
have

[ByA,,(dy)‘ =|—chyA,,(dy)‘

n‘l/zf zA(dz)

|zl=n'"?a

=o(n™ ).

sa‘ln‘lf lzI*A(dz)
|z|=n'/2a

Hence |¢(g, )| =¢,/n with g, > 0 as n > . If y, = ¢(g, ;) (which is
independent of ;) then g, , - g, , = exp(ry,) and since |ry,| = (r/n)e, <
Te, the cumulative means h,(t) (cf. [43, (2.14)]) converge to e uniformly on
[0,T].

Since

[ #n(x) 0, (x)11,(dx)

= [ (& 9) (€0 M)A d) + [ @,(ex0 ) 0y(exp Y)Cy(exp y),(dy)

|

Z|<n‘/2a(§”’ z)(£,,z)A(dz) + o(n™1)

= n_l[apq - /"

zl=n'%a

(gp,z)(gq,zwz)] +o(nY)

=n"'8,, +o(n™")
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and since ¢,(g, ;) = o(n™"), the cumulative variance A"(¢), cf. [43, (2.15)]
converges uniformly on [0, T'] to ¢ times the identity matrix.

The central limit theorem of Stroock and Varadhan [43, Theorem 2.4] now
shows that R, converges weakly to P. P is supported on W and we want to
show now that the measures P, (on W) converge in the weak sense on W to
P.let V, = exp B, and put

A, = {1 90) €F5 XV 1) () Way1s - 1) (1) €V,

for0 <t < T}.

By (3.1) and (3.3) the ratio x,(y)X&) ' (yXt) is expln(t —r/n)y,] if
(r—1/n<t<r/nandis e on[k/n,T] But

|n(t —r/n)y,| <yl if(r—1)/n<t<r/n.

Hence

k
M(A9) < A’,‘,( sup ly,| > s) < Y X(ly,l =€)
r=1,..., k r=1
< Tna,(lyl =€)
which goes to zero by the Lindeberg condition. Thus
(34) M(AS) >0 asn —> .
So if u: G™ — R is bounded and uniformly continuous and if
lu(xq, .., x,) —u(xy,...,x,)| <8

whenever all x;'x; € V, then forany0 <t, < - <t, < T,

m =

(3.5)

f M0 £ DR = [ (a0 8 (1)) )

= ‘ffk[u(/\/n(yb ) yk)(tl)’ .. "Xn(tm))
TR (AR OR)) P )

< [ 1 INe(dy) + 2llullaXe( 49)
As

<&+ 2llullAb(A49).



LOGARITHMIC SOBOLEV INEQUALITIES 465

The limsup,, ,,, of the left side of (3.5) is therefore < & for any & > 0 and
hence is zero. But

uR, — | u(g(ty),...,(8(t,))P(dg
Jy 1Re = [ (8 (0. (8(6)) P(de)
for any ¢,,...,t, because P is supported on W. Thus

[ #(8(11), ., 8(tn))P(dg) = [ u(-)P(8)-

It remains to show that {P,} is tight on W. For this it suffices to show that,
regarded as measures on , {P,};_, is tight. For if K is a compact set in Q,
with P(K) > 1 — § then, since W is closed in Q, and has the relative
topology, K N W is compact in W and P(KNW)=P(K)>1-65. To
show tightness of {P,};_, on Q, we use the already established [43] tightness
of {R,J;_{ on Q,. If p is a left invariant metric on G the modulus of
continuity relevant for (2, may be defined as

w,(8) = inf sup sup {p(g(),g(s)):t,_, <s <t <t}
(e} i

where the inf is taken over partitions 0 = ¢, <¢; < -+ <t,=T with
t;—t;_y>86,i=1,...,r and g is an arbitrary G valued function. Note that
if g, and g, are in Q, and
p(81,82) = supp(8(?), 82(1)) < ¢
t
then

W,(8) < w,(8) + 2.

Thus for fixed y,...,y, and & >0, w,(8) =¢ if w,(8) =3¢ and
p(,, x,,) < &. Hence

)\’f,{w&,n(6) > 3¢, p(Y,, Xp) < e} < )Jf,{w;n(S) > 5}
and therefore
Nefw,, (8) = 3e} < Mfw] (8) = &} + X{p(¥,, x,) > €}
That is

PAw,(8) = 3e} < R,{w,(8) = &} + M{p(¥,, x,) > &}
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Given & > 0 and n > 0 there exists n, and § > 0 such that R, {w;(8) > &} <
n for n > ny by a standard tightness theorem (cf. [6, Theorem 15.2]). Since
Ndp(y, x) > €} = 0 by (3.4), there is an n, such that P,(w,(8) > 3¢) < 27
for n > n,. Since P{g(0) = ¢} = 1, the same tightness theorem establishes
the tightness of {P,);_, on Q,.

Example 3.2 (Bernoulli measure). If A assigns mass 27¢ to each of the
points Z}Llsjfj where d = dim  and each ¢; = +1 then the conditions (a),
(b), (c) for Proposition 3.1 hold. This will be useful for understanding the loss
of best constants that we will explore in Section 5.

Example 3.3 (Gauss measure). A(dz) = (2m)~4/2e~1?"/24dz. In this case a
stronger version of Proposition 3.1 has been proved by McKean [29] and
shows that P is the measure on W induced by “wrapping a & valued
Wiener process around G”. For a manifold a similar theorem has been
shown by Elworthy [11]. See also the method of Baxendale [3].

TueOREM 3.4.  Let P be the distribution on W of the diffusion process X in
G with infinitesimal generator (1/2)L¢_,&7 and with X(0) = e. Let f: W —» R

be bounded and continuous and have a bounded continuous gradient on W.
Then

(3.6) [ f(&)" 1nl f(g)IP(dg)

< [1(VF)(8) P P(dg) + IIfl ey Inllfll ey
w

Proof. Denote by A Gauss measure as in Example 3.3. We may apply
Proposition 3.1 to construct P. We start with the known [17] logarithmic
Sobolev inequality for the Gauss measure A* on £*.

37 [ Ju()[ infu(z) W (dz)
< [ J(V)(2) Fa(dz) -+ lullFzon Inllllzzo

where z = (z,,...,z,) is in &* and VU is the gradient of the C' function
u. Put A (E)=An'2E) and let u(z) = v(n~'?z). Then (Vu)z) =
n~12(Vo)(n~=1'2z) by the chain rule. We change variables to y = n~'/?z in
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(3.7) to get

(38) [ () inlo(y) Ks(dy)
= ”_1ffk|(Vv)(Y)|2A’f,(dy) + o220y Inllo 12200

With ¢, defined by (3.1) put v(y) = f(,(y)). By the definition (3.2) of P,
and by (2.18) we have

39 [If(@)F mlf(8)IP(de)
< [1(VF)(&) PP.(dg) + fl3zce, Inllflloace,.
w

Since the integrands are all bounded and continuous on W we may let
n — o in (3.9) to get (3.6).

We want now to extend the class of functions for which (3.6) holds to some
unbounded functions.

LemmA 3.5. Let M be the norm of the linear map y — ad y from &£ to
operators on & in operator norm. Put y = 2M?. Then for 0 <t < T we have

(3.10) [W|(Ad g(0))E[’P(dg) < e|¢l® for € in £,

and

— tr 2
(3.11) [W\(Ad g(b) 'g(a)) nl P(dg) < e”®~?|q|?
forne£*,0<a<b<T.

Moreover if ¢ is defined by (2.11) then

(3.12) [ #(8)P(dg) <.

Proof. Two proofs of a related integrability theorem are given in [34],
which would yield a proof. We give another short proof based on the random
walk representation of P given in Proposition 3.1. Let A be Gauss measure
on # as in the proof of Theorem 3.4. Since ||Adexp syl = |le?*?|| < eMIsYI
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the function
u(s) = ff|e”dy§|2)t(dy)
extends to an entire function of s. Clearly u(0) = |£|* Moreover
u(s) = /2((ad y)es Ve, es2 e N (dy)
and
uw'(s) = f{2((ad y)lesrdvg, e**¢) + 2|(ad y)e”dyflz}/\(dy).

Thus #'(0) = 0 since the integrand in «'(0) is odd. Similarly #”(0) = 0.
Moreover

W'(0) < [4MlyPIEIN(dy) = 4MIE[%,

Hence u(s) = (1 + as® + s*b(s, £)1¢]> where |a] <2M? and b(s, §) is
bounded for |s| < 1. Thus if 0 < @ < 1 then

JleerePa,(dy) = [len sz FA(dz) = u(n~172a)
=(1+ aa’/n + O(n'z))lflz.
Hence

(3.13) [le=ela(dy) < B,lel?

where B, =1+vy/n+0n"2). If r —1)/n<t<r/n put a=n(t—
(r — 1)/n). Then 0 < « < 1 and by (3.2) and repeated use of (3.13) we have

[ J(Ad g(0))€[°P,(dg)

=f |e2dvi ... gadyr_ipaday, g ZAn(dh) o A (dy,)

< Brl¢l*.



LOGARITHMIC SOBOLEV INEQUALITIES 469

Note that B converges to e”* as n — . Let

x(8) =l(Ad g(1))é[* and  x,(g) = min(m, x(g)).

X is bounded and continuous on W. Hence

fx(g)P(dg) lim fme(dg) = lim limfmen
m-—x® m n

IA

lim sup [xP, < lim sup;|¢|* = &I,
n n

The proof of (3.11) is similar but with the factors (e ~24%)" occurring in
reverse order. This time one integrates first w.r.t. y; for the largest j. Finally
(3.12) follows by replacing ¢ by ¢;, summing over j to get the trace and then
integrating over [0, T']. The integrand is continuous in g and ¢ and positive so
that the P and dt integrals can be interchanged.

LemMa 3.6.  Let u and v be in CX(G*). Define f: W — R by (2.6) or (2.10).
Then all integrals in (3.6) are finite and (3.6) holds.

Proof. Just as in the proof of Corollary 2.11 it suffices to consider only the
case in which f is given by (2.6). Define F.(g) as in Corollary 2.11. Since F,
and its gradient are bounded and continuous (3.6) holds for F,. As ¢ |0 the
nongradient terms converge to || f|2 In|f] dP and || flI% In||f|l, respectively. By
(2.14) we have |Vf(g)|* < Co(g) which is integrable by Lemma 3.5. Hence
the first term in (2.13) converges in L2(P) to Vf as & | 0. The second term in
(2.13) converges pointwise to zero and is dominated by 2M|f(g)|ep(g)X1 +
ep(g)) " 2%p(g)'/? by Lemma 2.10. This is bounded by 2M|f(g)|¢(g)!/? which
is in L>(P) by Lemma 3.5.

Remark 3.7. Even though u and its derivatives are bounded in the
preceding lemma Vf(g) may be unbounded as we noted in Corollary 2.8.

Lemma 3.8.  Let u and v be bounded functions in C'(G*). Define f: W — R
by (2.6) or (2.10). Then (3.6) holds.

Proof. 1t suffices as before to consider only f given by (2.6). We must
remove the compact support condition of Lemma 3.6. Let U be a neighbor-
hood of e in G with compact closure such that U™' = U. Let B € C(G)
with supt B C U such that B > 0 and [;B(z) dz = 1 where dz is left invari-
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ant Haar measure on G. Let

Ba(x) = [ B(y~'x) dy.
One verifies easily that (a) B, € CAG), (b) B(x) =1 on U""},

(© 0<B,(x)/1 on G as n — » and (d) there is a constant C such that
1B (x)&)| < Cl¢| for all x in G and all n. Now let

k
Up(Xpyenns Xy) = u(xl,...,xk)L]an(xi).

f.(8) = u,(g(ty), 8(t) 'g(t),...)

and put

k
B,(g) = Eﬁn(g(ti—l)wlg(ti))'

Then u, is in CXG*) and therefore by Lemma 3.6 f, satisfies (3.6).
Moreover

fa(8) =f(8)B.(8)

and

(V) (g) = (Vf)(g)B,(g) + f(8)VB,(g).

Since 0 < B,(g)/1 for each g as n — « and f is bounded we shall obtain
(3.6) for f in the limit as n — o if we only show that

L )(VB) () P(dg) =0 asn > o

But by (b) and (d) above, |B,(x){¢)] < Cx,(x)|€] where x,(x) = 0on U"™!
and is one otherwise. Hence by (2.16),

k 2
(VB < B Cf" (st 8(1)|Ad 8(2) "8 (5) o a5

i=1 i-

k
<CY fti Xn(g(ti—l)_lg(ti))¢(s’ti’ g) ds
i=1"ti-1
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where ¢(a, b, g) denotes the square of the Hilbert-Schmidt norm of
Ad g(b) 'g(a). Hence

[ )(VB.(8)["P(dg)
k
<CT [ ][ et 2)os, s ) PCa) | a5
i=1"%i-1

Since yx,(g(t;_)"'g(¢)) —» 0 for each g in W, (3.11) shows that the P
integral on the right goes to zero for each s and boundedly in s. Hence
JICVB X )I*P(dg) — 0 as n — o,

CoROLLARY 3.9. Let u and v be in C'(G*). Define f: W — R by (2.6) or
(2.10). Then (3.6) holds.

Proof. As usual we need to consider only the case (2.6). Put
u,(x) =ntan"'(n"'u(x)).
Then u,, is bounded, and by Lemma 3.8 the corresponding function

fu(g) = ntan"'(n"'f(8))

satisfies (3.6). Moreover |f,(g)| increases to |f(g)| and |Vf,(g) =1 +
n~%f(g)*)" Y Vf(g)l increases to |Vf(g)|. Since ¢? In|t| is bounded below on
(0, ©) we may take the limit on n to get (3.6) for f.

Remark 3.10. Just as we derived (3.6) by starting with the known logarith-
mic Sobolev inequality (3.7) for Gauss measure on R”" it is also possible to
derive (3.6) by starting with the known finite difference version of (3.7) which
is in fact the most elementary form of a logarithmic Sobolev inequality. One
starts with the purely atomic Bernoulli measure of Example 3.2. We will
sketch how this may be done because it will be useful in understanding the
failure of our method to produce best constants.

Let Q = {1, —1} and let u be the measure on ) which assigns weight 1,/2
to each point. If v: Q — R put Av = (1/2)Xv(1) — v(—1)). We regard A4 as
an operator on L*(Q, u). Then the inequality [qv? Inlv|dp < [(Av)*dp +
loll?2 Inllv]l, is the simplest logarithmic Sobolev inequality [17]. It extends to
product spaces [17] yielding

(3.14) fnmvzlnlvldp,”‘ < [Z“,(Aju)2 dw” + I3 nllvll;
J
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where (A;v)(sy,...,s,,) = (v(sls -1 — v(s)l;, __1) and s = (sy,...,s,). Now
put m = kd with d = dim / and write s = {s, ed _1 We embed 0* into
£* by mapping s to

k
= @ Zsr,jfj/nl/2

r=1 j=1

with k = [n] as in (3.1). Then u*“ clearly induces the measure A¥ on £*
where A is the Bernoulli measure of Example 3.2. For each fixed n we
identify Q*“ with its image in £* henceforth. With ¢, defined in (3.1) and
v = f o, for some bounded function f in C'(W) the inequality (3.14) reads

(315) [ 0(3)’Inlu(y) ()

k d
< [ X (4,,000)) Ml d) + ol ol

r=1j=1

where

(3.16) (A4,,0)(y) = 3(v(¥)

vy j=n" V2 Vr,i= ‘”'1/2)

and y= @ ¢ .y & is in Q. The first and last terms in (3.15)
converge to f - f ”In Ifl dP and | fll72py InlIfll 2cpy Tespectively by Proposition
3.1. We shall show in the next proposition that the finite difference terms
converge to at most [|Vf(g)|*P(dg) under suitable conditions on f, giving
another derivation of (3.6).

In the following proposition the conditions on f are satisfied by functions
of the form (2.6) when u has compact support in G and G is compact times

abelian. This case will be the only one of interest to us.

ProprosITION 3.11. Assume that f: W — R is bounded and in C'(W).
Define the kernel Vf(g)Xt) by

@) = [ V() (1), k(1)) ydt,

and put ||Vf(g)ll. = sup{|Vf(gXt)|+: 0 < t < T}. Suppose there is a constant
C, such that |Vf(g)lle < C, for all g in W and that the map g — Vf(g)-) is
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continuous from W into L*([0, T1; ). Then

k d
(3.17) limsup fjk ;l ‘;1 (Ar,j(folpn ,\k < f I(Vf)(g)l P(dg).

n-—o

Proof. Write a = n~'/2, If u is in C}(R) then

(u(a) —u(-a)) /2= 5 [ w(t)dt = a(a) + 5 [* (u(1) - /() di
= au'(a) + R(a)

where |R(a)| < asup{|u/(¢) — u/'(a)l; |t| < a}. Similarly we may approximate
(u(a) — u(—a))/2 by au'(—a) with a similar estimate on the error. Thus

(u(a) — u(~a)) /2 = a'(+a) + R(a)
with
|R(+a)| < asup{|u/(t) —w'(xa)l;lt] <a}.
Put u = f o ,. By (3.16) we therefore may write, for y in Q%9

(A4, v)(y) =adv(y)/dy,; + R, ;(¥)

where

IR, (¥)| < asup{|ov(y") /3y, ; — 0v(y) /3y,,|}

and the supremum is taken over those y’' in % which agree with y except
in the (r, ))th coordinate while |y, ; —y, ;| < 2a. Now if h, (1) = n¢; for
(r — 1)/n <t <r/n and is zero otherwise we put 3, }f(g) =n"1/%, f(g)
Since {n~'/?h, }¥¢, ;_,isan O.N.setin H we have ¥, ,(4,;f(g))* < IVf(g)I2
and in fact as n — o the left side converges to the rlght side because the
projection 0, onto span {h, J}, ; converges strongly to the identity operator
on H as n — . In view of (2.16) we have

(Ar,jv)(y) = (ar,jf)((//n(y)) + Rr,j(y)

with

(318) |Rr,](y)| < Sup|(ar,jf)((lln(y,)) - (ar,Jf)(djn(y))l’



474 LEONARD GROSS

the supremum being over the same set of y’ as before. Now
T s
(@.50)(8) = [ (F(&) (1), n ™%k, (1)) ;s

=nl/? j;:/-nl)/n(vf(g)(t)’ §,~) dt.

So if g and g’ are in W then

(3.19) |9, ;f(g)| <n7'2C,

and

(320) |(3,,£)(&) = (8,,£)(&)| < n 2 Vf(&") — Vf(&)l.
Hence |R, (y)| <2C;n~"/? by the first of these inequalities. But

(3.21)
Z.(“lr,jv)(y)2

= X (0, (4(») + R, ;(»))’

r,Jj

1/2
< L0 (W) + 2|(Vf)(¢n(y))|(ZRr,j(Y)z) + LR, ;(»)’

r,Jj

1/2

<|(VO) @) + 2|V (9(»))|(4C3kd /n)

Since k/n < T the left side of (3.21) is uniformly bounded in n and y by a
constant C,. Given ¢ > 0 there is a compact set C in W such that P,(C) >
1 — ¢ for all n because the weakly convergent sequence P, is tight. There is
a compact set o in G such that g(¢) is in « for 0 < ¢t < T whenever g is in
C. Since g — Vf(g) is continuous on W to L™([0,T], &) and C is compact
there is a neighborhood V' of e in G such that ||Vf(g") — VA(g)ll. <€
whenever g is in C and g(¢)~!g'(¢t) is in V for all ¢ in [0, T]. There is
moreover a neighborhood V; of e such that

+ (4C2kd /n).

(b~ k) 'W(h k) cV

for all & and k in «. There is an integer n, such that exp z, exp z, is in V]
whenever max(|z,], |z,]) < 2(d/ny)"/?. Thus if n > n,, y is in Q*9, y’ differs
from y only in the (r, j)th coordinate as before, with |y, ; —y, ;| <2n™'/2
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and if g=4¢,(y), g =¢,(y') and g is in C then we see from (3.1) that
g(t) =g'(t) for t < (r — 1)/n, and g(r/n)"'g(t) = g'(r/n)"'g'(t) for t >
r/n, so that

(1) 'g' (1) = (8(r/m) g(1)) " (exp y,)(exp ¥,) (2(r/m)) ~'8(1))

is in V for t > r/n, and that g(¢t)"'g’'(1) isin V for (r — )/n <t <r/n
also. Hence [|Vf(y,(y") — Vf(¥,(y)ll < e. By (3.18) and (3.20) R, (y) <
en~ 12 if y(y)isin C and n > n,. Apply this estimate to the second line of
(3.21) to get

(3.22) r}:j(A,’jv)(y)z
< ;j(a,,,f)w,.(y))z + 2/ () [(e2Td) 7 + 62T
<L 13, F) (W) + €C
if ¢,(y) is in C. Thus
fferj(A,,fv)(y)ZA':,(dy) < [{IVf(&) [ + eCa}P.(dg) + Cae

< [ |Vf(&)['P,(dg) + £C,
w

for some constants C; and C, if n > n,. This proves Proposition 3.11.
However it might be useful to point out that if one lets n run through the
sequence n = 2™ then L, /19, ; f(g)|? increases to |Vf(g)|*> hence the con-
vergence is uniform on the compact set C. By reversing the inequality (3.22)
along with the sign in front of ¢ it then follows easily that (3.17) becomes
equality and lim sup,, _,, may be replaced by lim,_,m _, .

4. Logarithmic Sobolev inequalities on G and quotient spaces

Now we shall derive from Corollary 3.9 a logarithmic Sobolev inequality for
functions on G itself with respect to the heat kernel measure. We fix ¢ > 0.
Let u, be the distribution of g(¢) with respect to P. Then convolution by u,
gives the solution to the heat equation on G for the operator %Z}L@f. In

view of the integrability result of (3.11) there is a positive operator valued
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function A(z, x) which operates on #* and which is defined by the equation

(4.1) (e, x) = [ ['(adg(n)”'8())"

X (Ad g(t)-lg(s))tr dsP(dglg(t) =x).

Note that the integrand is strictly positive and so therefore is A(z, x) for a.e.
x [u,). Explicitly A(¢, x) is determined a.e. [u,] by the equation

(42) [ (A 2)n(x), (%)) o ()

- foO’I(Ad £(1 ™" g()) (e ()| dsP(de)

where n: G = £* runs over arbitrary bounded measurable functions. As
usual the superscript tr denotes transpose. In particular

[ trace A(t, x)u,(dx) < oo.
G
THEOREM 4.1. Fix t > 0. Let u be in C(G). Then
(4.3) [ u(x)* Infu(x)|u,(dx)
G
< [ (A 2w ()0 () () + Nl Il

where u'(x){£) = du(x exp s¢)/ds at s = 0.

Proof. Put f(g) = u(g(t)). By (2.8) and the equation (4.2), which clearly
extends to arbitrary measurable n by the monotone convergence theorem,

@4 [ () P(dg)
=ij0‘|(Ad 2(0) " g(5)) "W (g(t))| dsP(dg)
= [ (AG X0 (x), 6 (2)) ().

By Corollary 3.9, (3.6) holds and this is (4.3).
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THEOREM 4.2. Assume that Ad G acts orthogonally on £ with respect to
the given inner product. That is, |(Ad x)¢| = |€| for x in G and & in &. Then
for u in CYG),

(4.5) jGu(x)2 In|u(x)|u,(dx)
< ff lw(x) P (dr) + lullfo, Illullz,-
G

Proof. Since (Ad x)" is also orthogonal the right side of the first equality
in (4.4) is

[ [l (g(0) [ dsP(dg) =t [ |u'(x) Pro(a).

Thus A(t, x) = tI s«. (4.5) now follows from (4.3).

Remark 4.3. The hypothesis of Corollary 4.2 is very restrictive. The only
groups whose adjoint action is orthogonal for some inner product are
compact X abelian.

Let K be a closed subgroup of G with Lie algebra % c . Write
M = G/K = {Kx: x € G} for the manifold of right K cosets. Let %, =
(Ad x~H¥ for x in G and denote by %,° the annihilator of %, in £*. If
u is in CX(G) and is K invariant; i.e., u(kx) = u(x) for k in K and x in G
then for any ¢ in %, we have u(x exps¢) = u({exp s(Ad x)&}x) = u(x)
because (Ad x)¢ is in . Hence w'(x){£) = 0. Therefore u'(x) is in #°.
Since ¥, = %, for k in K we may identify .%,° with the dual space to the
tangent space T,(M) if y = 7(x) and we write %], and .}z/[g] to emphasize
dependence only on m(x). If v is in C'(M) then its derivative v'(y) takes its
value in szy‘] and may be computed as v'(y) = «/(x) where u = vom and
y = m(x).

We summarize in the following lemma a well known fact.

Lemma 4.4. Let p(x) be a strictly positive continuous function on G such
that [;p(x)dx = 1 where dx is right Haar measure on G. Let p(dx) = p(x) dx
and let v = p o 7! be the induced probability measure on M. For each point y
in M there is a unique measure y(y, - ) on 7 (y) such that for any bounded
continuous function u on G|, -1,u(z)y(y, dz) is continuous in'y and

(4.6) [Gu(x)p(x) dx = fM(fﬂ__lyu(z)'y(y,dz))v(dy).
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We apply this Lemma to w,, which has a smooth density p, with respect to
Haar measure on G. We write v, = u, o7~ ! for the induced measure on M

and v, in place of y.
Define B(t, y): %) —» %, for y in M by

(47) (B(t,)mm)ge= [ _ (At 2)n,m)y(v,dz) m € X,
Ty
The integrand is nonnegative and B(t, y) exists for almost all y [»,] since

(48) [ (Bt )n(3), n(2)) 5+ .(dy)
= (A 2)n(x), () r(dr) <o

in case m is a left K invariant continuous function on G with compact
support with n(x) € #,. That is, n is a continuous section of T*(M) with
compact support.

COROLLARY 4.5. Let v be in C'(M). Then

(49) [ o) mlo()l(dy) < [ (B(t,9)0'(),0'())v(dy)
M M
+ ”U”?}(u,) Inllvll 2w -
Proof. Let u(x) = v(m(x)). Then u is in C(G) and (4.3) holds. The first
and third terms of (4.3) agree with those of (4.9). Moreover since u is

constant on right K cosets and «/(x) is in #,° for all x we have by (4.6) and
4.8),

[ (A 2y (x), w () ()

[ML_ly(A(f, 2)v'(y),v'(¥)) vy, dz)v,(dx)
= [ (B, (), v/ (n)nlab).

Remark 4.6. In case the given inner product on « is Ad G invariant
then A(t,x) = tI» as we noted in Corollary 4.2. In this case B(y) =
ty(y, 7Y 0.
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5. Best constants
We will show that the constant one in front of the gradient term in (3.6) is
the smallest possible. On the other hand we will see by example that the

coefficients of the gradient term in (4.3) and (4.5) are unlikely to be best
possible in some cases.

THEOREM 5.1.  Define P as in Theorem 3.4. Suppose that c is a constant
such that

50 [ £(8)*nlf(8)P(dg)

<cf [(V)(&) P(dg) + Wiz Inlfllzcry

for all bounded continuous real valued functions f with bounded continuous
gradient. Then ¢ > 1.

LemMmA 5.2. Let v be in C(£). Suppose that the exponential map is a
diffeomorphism of B,, = {y € & |yl < 2a} onto a neighborhood U of e in G
and that (exp y) =y foryin B,,. Let u(t, x) = v(t~2p(x)) if x is in U and
define u(t, x) to be zero otherwise. Then

(5.2) Ei?afwu(t,g(t))P(dg) = fjv(y)/\(dy)

where A is Gauss measure on & with mean zero and variance one, given in
Example 3.3.

Proof. Let &,,...,£&, be an O.N. basis of #. Define B(y): & — & as in
Lemma 2.1 for |y| <2a and denote by B;,(y) its matrix: B(y)¢, =
LB, «(y)¢;. Since B(0) = I, we have B; ,(0) = §;,. The left invariant vector

field ¢, is represented over U in canonical coordinates by X8, ,(y)d/dy;.
Put

d
a;(y) = kX_‘«lBi,k()’)Bj,k(y)
and

bi()’) = %%ﬁj,k()))ajﬂi,k(}))‘

Then a;; and b, are in C*(B,,) and a,;;(0) =5,;. Let { € CX¥) with
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0<{=<1,{=1o0n B, and { = 0 outside B, . Let a,,(y) be a;(y){(y) +
8;(1 — {(y)) on B,, and equal to §;; off B,,. Then d;; is bounded and
smooth on # and uniformly elliptic and a,(y) =a,(y) for lyl < a. Extend
b; similarly to a bounded C* function b on & Wthh coincides with b; on
B For ¢ > 0 define

(5.3) L= Ea”(el/zy)az/ay,&y] + /2 Zb (£%y)a/dy;.
i,j

Then the operator L = 1¥¢_,(£,)* is correctly given in canonical coordi-
nates over B, by the operator L!, as one computes readily from the previous
definitions.

Let X be a Markov process on [0, «) with state space &, with continuous
paths and infinitesimal generator L!. Define X,(t) = ¢~'/?X(et) for & > 0.
Then X, is again a Markov process and one computes readily that its
infinitesimal generator is L?. Now as &0 we see from (5.3) that the
coefficients of L° converge uniformly on bounded sets in  to the corre-
sponding coefficients of L which is just the operator $¥¢_,3%/dy?2. Hence if
X, denotes the corresponding Brownian motion in & beginning at the origin
and if we begin X at the origin also then by [44, Theorem 11.1.4] the
processes X, converge in distribution to X,. In particular if v € C(#) then
E(v(X,(1))) converges to E(v(X(1))). That is,

LimE(v(e™ 12X = [ v(y)Ar(dy).
lim E(0(e 72X (e))) = [ 0(»)Md)
But since X has continuous sample paths and starts at the origin we have

|E(v(t712X(¢))) — E(v(t72X(¢)),| X(s)| < afor 0 < s < t)]
< (sup|v(¥)|)E(| X(s)| > a for some s in [0, ¢])
—0ast|0.

Let L}, be the operator L over B, with Dirichlet boundary conditions. Then
for any continuous bounded function f on B, we have

E(f(X(1)),1X(s)| <a,0 <s <1) = (e'hf)(0).

Hence
(5.4) lim (ebu (1772 ))(0) = [ v(y)M(dy).

Under the exponential map the operator e'Lh goes over to the operator e'‘r
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acting on C(V) where V is the closure in G of exp B,. Since u(t, x) =
v(t~12p(x)) for x in V the left side of (5.4) is

li tLp t,:
lim (e"“2u(t, ))(e)
which is given in terms of the measure P by
LmEp(u(t,g(1)),8(s) €V,0<s <t).
£10

Since u is bounded and the paths g(-) are continuous this limit is the same
as lim, | o Ep(u(t, g(¢))) by the same argument used above for the process X.
This proves (5.2).

LEMMA 5.3. Define A(t, x) by (4.1). Then
(5.5) tim [ e724(, x) = Illu,(dx) = 0
110G

for any norm on operators on Z*.

Proof. The space of symmetric operators on * is a finite dimensional
real inner product space with respect to the inner product trace AB and is
spanned by the set of all one dimensional projections by the spectral
theorem. Hence there is a finite set 7n;,...,n, of unit vectors in &* such
that the corresponding set Pn; of one dimensional projections span this
space. Since trace(P, B) = (Bn, )y, |IBIl = Xt 1|(Bnj,m) | is a norm
on symmetric operators and is equivalent to any other one. It suffices
therefore to show that for any vector n in &£*,

tim [ ((+74(t, %) = T)m, m) . (dx) = 0.

Choose a sequence ¢, which converges to zero and put

e =1 [ (Ad(s() () [ as

with ¢ =t¢,. Put f(g) = (In,n) = 1. In view of (4.1) we must prove that
Iwlf.(g) — f(g)|P(dg) — 0. Note that 0 < f,(g) — f(g) for each g because
g(+) is continuous. Moreover

ffn(g)P(dg) < t;lft"e‘)'(tn—s) ds
0
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by inequality (3.11). Thus

limsup [f,(8)P(dg) < 1= [f(g)P(dg).
Butif 0 <a < b then |a — b| =a — b + 2|la — b|. Hence if
S, = {g: f.(8) <f(8))

then

Jifa =11 = [f. = F+2[(f(8) = £.(£))Cs ()

The second integrand is positive, dominated by f and goes to zero pointwise.
Hence the second integral goes to zero. But as

limsup [(f, —f) <0
the lemma follows.

Proof of Theorem 5.1. Assume that (5.1) holds. Then Theorem 4.1 holds
also with the constant ¢ appearing in front of the gradient term. Let v be in
CX(#) and define u(t, x) as in Lemma 5.2. Note that if v(y) = 0 for [y| > r
and t, is so small that ¢J/?r <a then for 0 <t <ty v(t72y) =0 if
lyl > a. Consequently u(z,-) is in C(G) if 0 <t < ¢, and is supported in
V = exp B,. Thus by (4.3) we have

(5.6) [t %) nlu(e, x) b ()

< e f (ACt 2w (1,3), 0 (1,0)) ()
+ lu(t, W Ezgey Il u(t, ) 2w
if t < t,. By Lemma 5.2 the non gradient terms converge as ¢ |0 to

fo(Y)21n|v(Y)|A(dy) and |lU||%.2(,\)ln||U||L2()\)

respectively. We now consider the gradient term as ¢ | 0. For ¢ < ¢, we may
compute u'(t, x) in local coordinates using the notation of the proof of
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Lemma 5.2. Thus
Eeu(t,expy) = LB, «(¥)(8/3y;)u(171/y)
J

= 172 LBk () (0 /3y,) (1 %y)
J

for |y| < 2a. If {n,}{_, denotes the basis of £* dual to ¢,,..., &, put

w(t,y) = %@,k(Y)(av/a)’j)(t_l/z)’)”lk-

Then u/(t,exp y) is t~'/?w(¢, y) for |y| < 2a and is zero if |y| > a. Further-
more putting (Vo)(¢~/2y) = £,(v /3y, Xt ~/?y)n, we see that |w(¢,y) —
(Vo)(t~12y)| goes to zero uniformly in y as ¢ |0 because both terms are
zero if ¢~'/?|y| > r while for ly| < ¢'/?r, B; () — 8, ; is small if ¢ is small,
since B; 0) = 3, x» as noted in the proof of Lemma 5.2. Clearly
I(Vv)(t‘l/zy)l and hence [w(¢, y)| are both bounded on (0, ¢,] X &. There-
fore writing ¢(exp y) =y for |y| < 2a we have

[ (A ) (2,x), 0 (8, ) ()
= [(AG ) 2w (t,0(x)), 17 2w(8, 0(x)) ()
= [ (78 x) = Dt 0(x), w(t, 0(x)) i)
+f Iw(t, 0(x) Pre(ar).

The first integral on the right goes to zero as ¢t |0 by Lemma 5.3 because
w(t,o(x)) is uniformly bounded. The second integrand may be replaced by
[(Vo)(t~%p(x))|* in the limit ¢ |0 because the difference goes to zero
uniformly for x in V. But by Lemma 5.2,

tim [ [(V0) (+ () o) = [ |(V0)() PA(a).

Thus in the limit (5.6) becomes

[P mle(r)ady) < [ 1(70)(2)FA(dy) + llol* nlloll

But it is known [17, Remark 3.4] that the smallest value of ¢ for which the



484 LEONARD GROSS

Gaussian logarithmic Sobolev inequality holds is ¢ = 1. This proves the
theorem.

CoROLLARY 5.4. Assume the hypothesis of Theorem 4.2 and assume also
that the inequality (4.5) holds with the coefficient t in front of the derivative
term replaced by a constant c(t) which is at most t. Then lim, ,c(t)/t = 1.

Proof. 1In the notation of the proof of Theorem 5.1 put u(x) = u(t, x) in
the assumed inequality to get

J lut, %) [P tnlut, x) e (dx) < e(e) [ Ju(t, %) Pui(de) + lull? inlul,
G G

where |lull, denotes the L?(w,) norm. Since A(t, x) = tI s+, the proof of
Theorem 5.1 shows that

lime f|u' (e, ) P () = [IV0(9)FA().

Hence

[ e o) a(ay)
< (liminfc(t)/t)fij(y)|2A(dy) + llol* ol

for all v in C(&). As noted in the proof of the theorem this implies that
liminf c(¢) /¢t > 1. But ¢(¢)/t < 1 by assumption.

Remark 5.5. The preceding corollary is of interest only if G is a compact
group because if G = compact times R™ then the validity of (4.5) with ¢
replaced by c¢(¢) for functions which depend only on the R™ coordinates
forces c(¢) > t since u, has a Gaussian factor.

Remark 5.6. The measure P on W is induced by “wrapping a & valued
Wiener process around G” (cf. McKean [29] and Elworthy [11]) as we noted
in Example 3.3. Indeed the basic Theorem 3.4 may be regarded informally as
following from the pulling back of the terms in (3.6) to the path space of an
ordinary « valued Wiener process on which logarithmic Sobolev inequalities
are known. However the discontinuity of this map leads to technical difficul-
ties, some of which have been studied in [7]. The proof of Theorem 5.1 is
based on the fact that for very small ¢ the Wiener process does not wrap very
far around G. But for a fixed ¢ > 0 the Wiener process may wrap around G
many times (e.g., if G is compact) with the result that the constants in (4.3)
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and (4.5) will in some cases not be the smallest possible. Indeed if G is
compact and ¢ is large then u, will be a very good approximation to Haar
measure and the large constant ¢ in (4.5) is hardly likely to be best possible.
The next example illustrates the mechanism by which the best constant in
front of the gradient term in (4.5) may be reduced because the exponential
map is not one to one. We shall first give the example, in which G = S, and
then contrast it with the case G = R.

Example 5.7 (Periodic Bernoulli algebra). We take G = S! and study in
detail the discrete approximation to the heat kernel on S! described in
Remark 3.10. We take T = 1 and study the process only at time ¢ = 1.
Moreover we analyze only the case n = 3, which gives a very simple but
interesting “approximation” to the heat kernel on S'. Let Q = {1, —1} as in
Remark 3.10. Identify the Lie algebra & of the circle with V—1R. The
exponential map is i@ — €. We take for a basis of ¢ the element ¢ =
iw37'/2, In the notation of Section 3 we wish to take k = n = 3. The
measure AX = A3 on & is then supported on the points

y = (5 @ 5,¢ ® 55¢) /32

where each s, = +1 for r = 1,2,3 in accordance with Remark 3.10. A3
assigns equal weight to each of these eight points. At time ¢ = 1 the map
¢ = ¢, is given (cf. 3.1)) by

Pa(¥)(1) = exp(51£/3/2)exp(s,£/3"/2)exp(53¢/31/2) = eimortsxtsds3,

Let x =s, + 5, + 5;. Then x is a function on Q3 which takes all values in
the set § = {3,1, —1, —3}. If ¢ is a function on S! then y — @(y(y)1))is a
function on Q3 which depends only on x: f(x) = @(e’™*/3). Moreover f is a
periodic function on S in the sense that f(3) = f(—3). Let &7 be the four
dimensional algebra of functions on Q® generated by x. Let &/, be the
three dimensional subalgebra of &7 consisting of the functions f(x) which
are periodic. Le., f(3) = f(—3). We write E(f) for the expectation of f over
(Q3, 13) and (f, g) = E(fg). The Dirichlet form operators D and N associ-
ated to the periodic and nonperiodic cases respectively are the operators on
the real Hilbert space 27, and &7 defined by the equations

3
(5.7) (Df,g) = L (A,f, A4,8), f.g€
r=1

and (Nf,g)=X3_(A4,,f, A,8), f,g € . The operator N is very well
understood with respect to its spectrum and hypercontractivity properties.
Just as D is the n = 3 approximation to the Dirichlet form operator for the
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heat kernel on the circle so also N is the n = 3 approximation to the
Dirichlet form operator for the heat kernel (Gauss measure) on the line. In
the next proposition we analyze D and then we shall contrast N and D with
respect to their spectral and hypercontractivity properties.

ProrosiTioN 5.8. (a) spectrum D = {0,2,23}
(b) There is a constant c such that

(5-8) E(f? nlfl) < c(Df, f) + IfI3 Inllfll2, f€ .

The smallest such constant lies in the interval (.532,.602).
(c) The operator e '? satisfies

(5.9) le=Pll2ne < 1 ifand only if e 2" < e o
where e ~%' = 55 (approximately).

Proof. We shall merely sketch the tedious computational proof with a
view toward explaining the origin of the above constants. Let u = x? — 3 and
v = (x? — 9)x. Then 1, u, v form an orthogonal basis for .27, and from (5.7)
one can compute that D1 = 0, Du = 2u and Dv = (23)v. This proves (a).
To prove (c) it is convenient to compute L* norms in terms of 1, u and v and

their products, for which the following algebraic relations are useful and
straightforward to verify:

x% =3+ 2(8,5, + 5,55 + 535,), x>=7Tx+ 655,55, x*=10x*-09,
u?=4(u +3) =4x%, v*=28(6—-u)=8(9—-x%), w= -2v.
Moreover E(x™) = 0if m is odd while E(x?) = 3. E(u) = E(v) = E(uv) = 0

while E(u?) = 12 and E(v?) = 48. Let f(x) = 1 + au + bv where a and b
are real constants. Then

e Pf =1+ e 2au + e~ ®'py,
We wish to find the smallest positive number ¢ for which

le=*Pflla < IIfll3

for all real a and b. Put a = e”'/%. A straightforward computation shows
that

FlI3 = lle~"Pflli = 24024 + 48 - 16b*B + 96b*C
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where
A= (6—-14a'"%)a? — 8a"a + (1 — 3a®), B=3-4a”®
and
C =12(1 — a'®)a? + 12a"a + (1 — 3a").

If we put b = 0 we see that we must have A4 > 0 for all real a. This can
happen if and only if the discriminant of this quadratic form is nonpositive.
Put s = a® and let p(s) = 13s3 — 7s? — 9s + 3. The condition of nonposi-
tive discriminant is p(s) > 0. Standard analysis of this cubic polynomial
shows that p(s) has exactly one zero on the interval [0, 1) which is the only
range of interest to us. Denote this zero by s,. Then for 0 < s < 1 we have
p(s) > 0iff 0 < s < s,. Since p(.3) > 0 and p(.31) < 0 we have .3 < s, < .31.
Define t, by e %o =5, Then (3)'/? < e~%% < (31)"/2. Hence .5477 <
e~2 < 557. That is, e~ 2%~ = 55, approximately. We have shown that
A > 0 for all a if and only if e~ 2 < e~2%. To complete the proof of (c)
assume a® < s,. Then a® < .31. One can compute then that B > 0 while the
discriminant of C, which is 48{3a!® + a'® — 1} is negative. This proves (c).
To prove (b) we first use the interpolation argument from [17, Example 2]
which shows that if |le=*P|i;2_ 14 < 1 then (5.8) holds for some constant
¢ < 2t,. On the other hand if (5.8) holds for some constant ¢ then the
argument in [17, Theorem 6] may be applied because D is a (discrete)
Dirichlet form operator on an algebra of functions and [17, Theorem 3, Case
2] may be used. From this theorem we may conclude that |le ~*P||;2_, 1+ < 1 if
e~?"/¢ < 1/3. But since |le *P|l 2, 1+ > 1if t <, it follows that e~2'0/¢ >
1/3. Hence ¢ > 2t,/In 3. Thus the smallest constant ¢ for which (5.9) holds
satisfies 2t,/In3 < c, < 2t,. But since In(.31)71/? < 2¢, < In(.3)"1/2 we
have

(—1/2)(In.31)/In3 < ¢y < —(1/2)In.3,

which implies the assertion (b) and proves Proposition 5.6.

Remark 5.9. The example illustrates three points. Suppose that v is a
probability measure on a Lie group G and L is a self-adjoint operator on
L*(v) with CX(G) as a core such that

d
(Lf &) = L [ (E£)(x)(€8)(x)v(dx)
j=1"G
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for f and g in C?2. Suppose further that there is a constant ¢ such that

(5.10) [£2 mifldv < c(Lf, £) + 13 nllfll,

and that c, is the smallest such constant. The mass gap of L is by definition
the infimum m of the spectrum of L in the subspace orthogonal to the
constant functions. One has always mc, > 1. (See e.g. [39], [42]. One need
only put f(x) = e%¥™), g € CA(G) in (5.10) and compare second order terms
in s.) Moreover mc, = 1 for Gauss measure on R as well as for the discrete
Dirichlet form operator N defined after equation (5.7). N is a well under-
stood operator for all n [17,4] with spectrum N ={0,1,2,...,n — 1} and
¢o = 1. The Gaussian case on the line follows from this via the central limit
theorem argument of Remark 3.10 above, which was used in [17]. Thus the
Gaussian case on R reflects the discrete case and in view of Remark 3.10 and
Proposition 3.11 we may expect that the behavior of ¢, for the circle reflects
Example 5.5. Since the heat kernel measure for S! is the image of Gauss
measure on R under the exponential map it is easy to see that the mass gap
for L on S! is strictly larger than that for L on R because the second lowest
eigenfunction for L on R is the linear coordinate function on R and this is
not periodic. But it is not a priori clear that the Sobolev coefficient c, for the
heat kernel measure on S! is strictly less than that for R. It is no bigger, in
any case, by Corollary 4.2. Example 5.7 shows that in the discrete approxima-
tion (n = 3) to the heat kernel on the circle (a) the mass gap increases
(m =1 for N but m = 2 for D) (b) the Sobolev constant decreases (¢, = 1
for N but ¢, lies in (.532,.602) for D). In particular mc, > 1 for D. This also
follows from Rothaus’ Lemma [39, second Lemma p. 105] since E(u®) =
48 # 0. Finally part (c) in Proposition 5.8 shows that e~ *P is a more
regularizing operator than e~*" in the sense that e~ *” is a contraction from
L? to L* for smaller values of ¢ since |le *V||;2- 4 <1 if and only if
e~ %" < 1/3[17]. This is clearly related to and perhaps presages the fact that
on the circle e ‘L is bounded from L? to L* (even to L*) for all t whereas
on the line e~'L is unbounded from L? to L* if e=2' > 1/3 [33].
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